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Abstract

The quasilinearity of certain composite functionals associated to
Schwarz’s celebrated inequality for inner products is investigated. Applica-
tions for operators in Hilbert spaces are given as well.

1. Introduction

Let X be a linear space over the real or complex number field K and let us
denote by H (X) the class of all positive semi-definite Hermitian forms on X, or, for
simplicity, nonnegative forms on X, i.e., the mapping (-,-) : X x X — K belongs to
H (X) if it satisfies the following conditions:

(i) (z,z) >0 for all z € X
(i) (ax + By, z) = a{x,z) + By, z) for all z,y € X and o, f € K;
(ili) (y,z) = (z,y) for all z,y € X.

If (-,-) € H(X), then the functional ||| = (;, ->1/2 is a semi-norm on X and
the following version of Schwarz’s inequality holds:
20 12 2

Iz ]I™ lylI™ = [(z, )] (1.1)

for each z,y € H.
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In addition, if {-,-) is an inner product on X, i.e., satisfies the condition
(iv) (x,x) =0 only if x = 0;
then the equality case holds in (1.1) if and only if the vectors z and y are linearly
dependent.

Now, let us observe that H (X) is a convex cone in the linear space of all
mappings defined on X? with values in K. Also, we can introduce on H (X) the
following binary relation [5]:

(v-)g > (), ifandonlyif |z|y>|z|, forany ze€ H. (1.2)

This is an order relation on H (X), see [5].

For some classical results related to Schwarz’s celebrated inequality, see [7],
[9], [11], [12] and [13].

For recent results, see [1], [2], [3], [4], [8], [10] and [14] and the references
therein.

2. Some functionals related to Schwarz’s inequality

Consider the following functional [5]:
GHX) X X? 5 Rey  6(()52,y) = el lyl* = [ 9)),
which is closely related to the Schwarz inequality in (1.1).

THEOREM 1. ([5]) The functional 6 (-;x,y) is monnegative, superadditive,
monotone nondecreasing and quadratic positive homogeneous on H (X).

The nonnegativity of ¢ (-;z,y) is in fact the Schwarz inequality (1.1). The
superadditivity property is translated in the fact that

(o) + odasmy) = (ll] + =l3) Uyl + 19l13) = 1@, 9)1 + (@, ),/
> (|7 g1y + 2[5 19115 = [z, 9)1* = |2, 9), )
=0(()152,9) +6(( )92, 9)
for any (-,);,(-,-)y € H(X) and z,y € X.

If (-,-)5 > (-,-); in the sense specified in (1.2), then the monotonicity property
mentioned in Theorem 1 becomes the inequality

5(( g3 2,y) = llzlls Iylls — e, y)ol”

> 2/l Iyl = [z, 9), [ = 6 (5 )y 5 2,)
for any x,y € X. This inequality is of interest due to the fact that it creates the pos-
sibility to provide various refinements for the Schwarz inequality for inner products
as pointed out below.
The quadratic positive homogeneous property means that ¢ («a (-, ) ;z,y) =
a®5 ((-,+);2,y) for any a € R,
As a natural corollary of the above we have the following result:
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COROLLARY 1. Let (-,-);,(-,-)y € H(X) be such that there exist constants
M > m > 0 with the property that

M |jzlly = [Jzlly = m |2l (2.1)

for any x € X, meaning that the seminorms |||, and ||-||; are equivalent. Then we
have the inequalities

2 12 2 2 2 2 2 2 2
MY Iy = ey w)1 7T > iz lyllz = e, m)ol” = m* [l lylly — Kz, 9),07]
for any x,y € X.

Another functional that can be associated with Schwarz’s inequality is the
following one:

BHX)x X? =Ry, B ay) = (el lyll* = o) [*)2.

The properties of this functional have been established in 1994 by B. Mond and the
author:

THEOREM 2. ([6]) The functional B (-;x,y) is nonnegative, superadditive,
monotone nondecreasing and positive homogeneous on H (X).

One can realize that the superadditivity property of 3 (-; x, y) implies the same
property for 6 (-;z,y) and therefore provides an alternative proof for Theorem 1.

A different functional associated with the order one version of Schwarz’s in-
equality, namely

Il lyll = [, )1,

has been also considered in [5]. The definition of this functional is
cH(X)x X? 2Ry, o (()say) = el lyll = Kz, )
and its properties are incorporated in

THEOREM 3. ([5]) The functional o (-;x,y) is nonnegative, superadditive,
monotone nondecreasing and positive homogeneous on H (X).

As a consequence of this result that may be useful for applications we have:
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COROLLARY 2. Let (-,-);,(-,-)y € H(X) be such that there exist constants
M > m > 0 with the property (2.1). Then we have the inequalities

M2 (lllly Nylly = K, gl = llolly lylly = 12, m)o] = m? [llzlly lyll, — [, ), ]]
for any x,y € X.

Motivated by the above results, we investigate in the present paper some com-
posite functionals that are related to the above ones, establish their superadditivity
and monotonicity properties and apply them for bounded linear operators in Hilbert
spaces.

3. Some composite functionals and their properties

Now, assume that 1: H (X) x X2 — R, is a nonnegative, superadditive and
r-positive homogeneous on H (X), meaning that

(0 (Oé <'7 > ;x,y) = arw (<’ > ;ac,y)

for any a > 0.
For e,z,y € X with e # 0 and p,q > 1 we consider the composite functional
Eepq (52,y) : H (X) — [0, 00) given by

Eoma ()12, y) o= el 0090 () s, ) (3.1)

where 9 is as above.
The following result holds:

THEOREM 4. Assume that 1: H (X) x X? — Ry is a nonnegative, superaddi-
tive and r-positive homogeneous on H (X)), then the functional & p q (s, y) defined
by (3.1) is superadditive, monotone nondecreasing and q(r + 1 — 1/p)-positive ho-
mogeneous on H (X).

Proor. First of all we observe that the following elementary inequality holds:
(@+B)F > (<)o + 57 (3.2)

forany o, >0andp>1(0<p<1).

Indeed, if we consider the function f,:[0,00) = R, f, (t) = (t+ 1) — ¥ we
have f; (t) = p|[(t + 1)P~" — t?~']. Observe that for p > 1 and ¢t > 0 we have that
fp(t) > 0 showing that f,, is strictly increasing on the interval [0,00). Now for

t=a/B (B>0,a>0) wehave f,(t) > fp(0) giving that (5 + 1)? — (/)" > 1,
i.e., the desired inequality (3.2).
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For p € (0,1) we have that f, is strictly decreasing on [0, c0) which proves
the second case in (3.2).

We will prove first the case ¢ = 1.

Let z,y € X. Since 9 (-;2,y) is superadditive and p > 1, then we have by
(3.2) that

(g (<a '>1 + <'a '>2 ;ZC,y) [ ((7 '>1 T, Y) + P (<> '>2 ;x’y)]p

>
R (3.3)
> ’l/)p (<ﬂ '>1 P y) + ,ll)p (<7 '>2 ;x,y)
for any (-,);,(-,-)s € H(X).

Let (-,-)1,()p € H(X).If e € X,e # 0 is such that either (e,e); = 0 or
(e,€), = 0, then the superadditivity property is trivially satisfied, so we can assume
further that (e,e); # 0 and (e, e), # 0. Therefore, by (3.3) we have that

Q/Jp ((’ '>1 + <'5 '>2 ;x,y) > W) (<a '>1 ;:an) + ,(/];D ((a '>2 ;.’L',y)
(e,€); + (e, €)y B (e;€)y + (e €)y

PP (G sey)

B (e, e); (ee), T (e,€)q - (e,e),
B (

<€,€>1 + e’e>2
P P
()15, P25,
(e, €)y - [ (<e e>11/py)} + (e, €)q - { (<e e)zl/py)}
€)1 €12
(e,€); + (e, €)y
Since for p > 1 the power function is convex, then
P P
P(Cdsmy P a5my
<e,€>1 ’ |: (<eye>}/:ﬂ ):| + <€)€>2 ’ |: (<eﬁe>;/13 ):|

<€;€>1 + <€;€>2

P((50) 15,
<e’ €>1 ’ (<eﬁe>li/1)y) + <€7 €>2 ’

(e;€), + (e, €)y

WP (()a52,9)
(3.4)

w(<‘»‘>2;l7y) P
()" (3.5)

Y

(el ™ 0 ()11 3,9) + (e ed ({5055, 1)
(e,e>1 + (e,e>2

By combining (3.4) with (3.5) we get

W+ i) o [ o)+ ey o (e |
(e;e); + (e,e)y N (e;e); + (e,e)y

which, by taking the power 1/p is equivalent with

1 1

(o + Cdaimy) o (eeh P (G ay) + (eedy 7 (()giay)
[lese)y + (ese)a]” (e.e), + (ese)y
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showing that
667:071 (<’ '>1 + <" '>2 ;‘T’y) > 66,1),1 ((7 '>1 ;‘T’y) + 66,1),2 (<a '>2 L, y)

for any (-,-);, (-, )y € H (X).
Now, observe that

epa ((5)32,9) = [ep ((5)52,9)]°

for any ¢ > 1 and by the elementary inequality (3.2) we have that

epa ()1 + ()25 2,)
= [ge,pﬂ (<’ '>1 (- '>2 ;x’y)]q > [567;071 ((7 '>1 ;T,Y) + ep2 ((a '>2 ;x’y)]q
2 gg,p,l ((a '>1 ;‘T’y) + 63,;;,2 (<a '>2 ;‘T’y) = 567;07!1 (<’ '>1 L, y) + 567;07!1 (<a '>2 L y)

for any (-,-);, (-,-)5 € H (X) and the superadditivity of the functional & p, 4 (;2,¥)
is proven.

Further, assume that (-,-)5 > (-,-);. Since (-,-)5 1 = {-,-)5 — (-,+); is in its
turn an Hermitian functional, then by superadditivity 7pr0perty of &e p.q (52, y) we
have

Eepg ()23 y) =Eep,g ()1 + (- '>2,1 1 T,Y)
>Eepa((5 )13 Y) + &epa((s '>2,1 ;3,y)

which, obviously, implies that

Eepna (0232, 9) —Eepg ((5)132,Y) 2> Eepa((-s '>2,1 ;z,y) >0

giving the desired monotonicity result.
The ¢(r + 1 — 1/p)-positive homogeneity of the functional is obvious by (3.1)
and the proof is complete.

REMARK 1. If for ¢ = p > 1 we consider the functional

geyp (<a > 3 L, y) = <€, e>p71 1/}17 (<a > P y) )

then, by Theorem 4, we have that & , (-;2,y) is superadditive, monotone nonde-
creasing and (p (r + 1) — 1)-positive homogeneous on H (X).

The following result for equivalent seminorms is of interest for applications:
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COROLLARY 3. Assume that 1: H (X) x X2 — R, is nonnegative, superaddi-
tive and r-positive homogeneous on H (X) and (-,-);,(-,-)y € H(X) are such that
there exist constants M > m > 0 with the property that

M |jzlly = [lzlly = m |zl

for any x € X. Then for p > 1 and e € X with |le||; > 0 we have the inequalities
rei=1) (el 20-2)
) ()T e e
2

> 0 (i) 2 D (B (.

llell
Proor. Utilising the monotonicity and ¢(r + 1 — 11) )-positive homogeneity of
the functional & , 4 (+; 2, y) we have
o 1 2q 17113
M) 1070 g (0, )
2 1—; q 11 2q 1—]1)
> ellg 0 () =m0 0T g (L, )

from which, by taking the power 1/g, we deduce the desired result.

Now, returning back to our functionals associated to Schwarz’s inequality, we
can state the following result:

THEOREM 5. For e,x,y € X with e # 0 and p,q > 1 we consider the com-
posite functionals

Sepia (V3 2,9) = e P00 ]2 Iyl = |, w) )",
Bepaa ()52, ) 1= [lel P72 [ 1yl = [(a, ) )2

and
Gepa ()52, ) = el ([l lyll = [(, y)]]°

Then these functionals are superadditive and monotone nondecreasing. The first
functional is q(3 — 1/p)-positive homogeneous while the second and the third are
q(2 — 1/p)-positive homogeneous on H (X).

The proof follows from Theorem 4.
As applications in providing some refinements for Schwarz’s celebrated in-
equality we can state the following inequalities:
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COROLLARY 4. Let (-,-);,(-,-)y € H(X) be such that there exist constants
M > m > 0 with the property (2.1). If e € X with |e||; > 0, then for p > 1 we have
the inequalities

=D (1 g i - 4.,

2 2 2 _1 H€|| 2(1’1> 2 2 2
> [l2l3 gl = Ko, ol = m2 =) ()l gl = e,y P,

lell
and
=D (I Y g o — o
> [l Il - 1ol 2 w3 (1€ H;)( el Iyl 1, w9, )
and
=D (1Yt i, — ol
> [l Il = o)l 2 w3 (€ H;)( el = 99,1

respectively, where z,y € X.

4. Applications for operators

Denote by B(H) the Banach algebra of bounded linear operators acting on
the Hilbert space H. We recall that a selfadjoint operator P € B (H) is nonnegative
if (Pz,z) > 0 for any « € H. P is called positive if it is nonnegative and (Pz,z) = 0
implies that = = 0 and positive definite with the constant v > 0 if (Pz,z) > v ||z||*
for any € H. We denote by P (H) the convex cone of all selfadjoint nonnegative
operators defined on H. If A, B are two selfadjoint operators on H we say that
A > B in the operator order of B(H) if A— B € P (H).

Now, if P € P (H) then the functional (-, ) ,: H x H = C, (x,y) p := (Pz,y)
is an Hermitian form on H. If A > B > 0, then the corresponding Hermitian forms
satisfy the property that (-,-) , > (-,-) in the sense of the definition from the
introduction.

We can consider the following functionals:

Acpg (52,9),Ocpq (52,Y)  Bepg (52,y): P(H) = Ry
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given by
Aepq (Piz,y) = (Pe, )17 0T (P, 2y (Py, y) — (P, y) ),
Ocpa (Pi2,y) i= (Pe, )11 (P, z) (Py, y) — |(Pa, )]/

and
Sepa (Pi2,y) i= (Pe, )17 0)T [(Pa, 2y /% (Py, )/ — |(Px, )"

respectively, where e, z,y € H,e # 0 and p,q > 1.
The following result holds:

PROPOSITION 1. The functionals Acpq (52,Y),Ocpq (2,Y), Xepq (2, Y)
are superadditive and monotone nondecreasing in the operator order of P (H)
meaning, for instance that, if A > B > 0, then

3

Acpq (Ai2,y) = Acpq (Biz,y)
where e,x,y € Hye 0 and p,q > 1.

One of the important generalizations of the Schwarz inequality that holds for
nonnegative selfadjoint operators P: H — H is as follows:

(Pz,z) (Py,y) > |(Pz,y)|* (4.1)

for any z,y € H.
Motivated by this result we provide in the following two corollaries, several
reverses and refinements of (4.1).

COROLLARY 5. IfU is a selfadjoint operator with the property that 0 < U < [
and if we denote by U := I — U, then we have the inequalities

el2E= 22 (|12l ly)1® - (2, )]
> (Ue, &)™ 01Uz, 2)(Uy, y) — |(Uz, y)[?]%+
+(Ue, &)= 2 9Tz, 2)(Ty, y) — [Tz, y)*)%,

and
el [l 2]y |1 — (z, y)[?]/2
> (Ue,e)' =2 9[(Uz, 2)(Uy,y) — [(Uz, )]+
+{Ue, &)1~ 01Uz, ) (Ty,y) — Uz, y)|2)9/?
and

el [yl — |z, y))*
> (Ue, o) =2 [(Uz, 2) /Uy, y)"/? — |(Uz, y) |7+
+(Ue, e) 101 [(U, )" /> Uy, y)"/* = (U, y)|)*
respectively, where e,x,y € H,e #£ 0 and p,q > 1.
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COROLLARY 6. Let V be a selfadjoint operator such that there exist positive
constants ® and p with the property that ®1 >V > @I in the operator order. Then

aa—2) (Nl NO=2 oo )
o= (1) gl - )

> (Va,2)(Vy,y) — [(Va,y)|?

Dl 0D
20D () Pl - o),

(Ve,e
" b ( llellz Yo
P () Pl = ) PP
> [(Va,2)(Vy,y) — |(Va, ) 2]/
> g (I Y ool - e
and

w2 (el ) el = et

> <V1'ﬂ IL'>1/2 <Vy7 y>1/2 - |<V§C, y>|

. 2 \0-D)
S ,12=1) [lell P _
20" () el — 1 o)

respectively, where x,y,e € H and e # 0.
For two bounded linear operators A and B, we write that A< B if ||Az| <
||Bz|| for any = € H. This is obviously equivalent with A*A < B*B in the operator

order of B(H). For any bounded linear operator A on H we can consider the
Hermitian form

(z,y) 4 = (Ax, Ay) = (A" Az, y) = (2,Y) g- 1 -

We observe that (-,-) 4 < (+,-) 5 in the sense of the definition from the introduction
if and only if A<B.

We denote by HB (H) the convex cone of all Hermitian forms generated by
the operators from B (H) as above. Consider the following functionals:

Ae,p,q (';xay) ) ee,p,q (';-Tay) 7Ee,p,q ('; x,y) :HB (H) — R-ﬁ-

given by

Avpa (2 )g5,9) = (e 08 (@, 2)0 (1 9)7 — (22 9) 21
= [|Te2O=2)e (72| Tyl - (T, Ty) )",
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Oua (- )pi0) = (€00 P (@, 2)p (4. 1)p — | 2192

. (4.3)
= |1 Tel?C= )7 T | | Ty|? — (T, Ty) /2
and
Bepa (Cpizy) = (o (@l o <l

— |7l )9 || | Tyl| - (T, Ty)])?

respectively, where e, z,y € H,e # 0 and p,q > 1.
Utilising Theorem 4 we can state the following result concerning the properties
of the functionals introduced at (4.2)—(4.4):

PROPOSITION 2. The functionals Acpq(52,y), Oepq(sz,y) and
Yepq(i2,y) are superadditive and monotone nondecreasing on HB(H).

In terms of operators, the superadditivity property for the functional
Acp g (32,y) can be translated as
(ITe|2+Ue]2)(=5)ex
2 2 2 2 2
x[(1T]]” + Uz Tyll™ + Uy[") — Tz, Ty) + (Uz, Uy)|")?
1
> | TelP ) [T | Ty — (T, Ty) )+
2(1-12 2 2 2
el U Uyl - Uz, Uy)P)e
for any T,U € B(H) and z,y,e € H.
The monotonicity is as follows: if T,U € B(H) are so that ||Tz| > ||Ux| for
any x € H, then we have the inequality
1
| Te)| 02 | Ta)*|| Ty||* — (T, Ty)|*)
> |[UelPU 2| U] ?|[Uyl)* — Uz, Uy)[*)?

for any x,y,e € H, which, by taking the power 1/q is equivalent with

_1
I Tel*C) (T2 | Tyl* — (T, Ty) )
1
> |[Ue| D [[U|*|Uyl* = [(Uz, Uy)|*]

for any z,y,e € H.

If one uses the Schwarz inequality for the values Tx and T'y of a bounded
linear operator T: H — H with x,y € H, that one gets the nonnegative quantity
|Tz||” | Ty||> — |(Tz, Ty)|* and the question of how this quantity relates to the
nonnegative difference ||z||* ||y||* — |(z,y)|” is a natural question to be investigated.

In the following two propositions we provide several inequalities connecting
the above quantities.
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ProprosITION 3. Let U,V be two bounded linear operators with the property
that U*U + V*V = 1. Then we have

el [l ][> = [(z, y)|*)¢
1
> (|[Ue|* =9 [Uz|?||[Uyl|* — [(Us, Uy) )"+
H[VelPC V] Vy)? = [(Va, V)29,

and
2(1—1
el 29 |||y ]| — |z, y)[*]7/2
1
> |Uel?Y =2 [|U|?|Uy|1* — Uz, Uy)*]/2+
HVel2Em 2| Va2 Vy||? — [(Va, Vi) |29/
and

el [l lly ]| — [, y) )
1
> |Uel*C 2| Uz||Uy]| - (U=, Uy)[)*+
H[Vel D[ Va]|[Vyl - [(Va, V)|
respectively, for any e, x,y € H.

Finally, the following result that holds for invertible bounded linear operators
is of interest as well:

PROPOSITION 4. Let T be an invertible bounded linear operator on H. Then
we have

oy ( llell 2=
1T (gey) " UelPlyl? = e

> || Tl Ty | — (T, Ty)

Camztaty (llell \20-0)
> T2 ()T eyl — e w) L

e
" lell y20-3)
R e 2(1-
1T () Wl = ) P12
> (| T2 Ty|1? - (T, Ty) 4
—1)-2(2—-} llell \2(=5) 211,112 211/2
> T2 () el - sl
e
and

1y lell 205
1T () el =1,

> || T|[[[Tyl] = KTz, Ty)|

Cipeze-y ( llell \20-5)
2 72 () el = el

respectively, for any x,y,e € H and e # 0.
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PROOF. Since T is invertible, then we have

Tl = [Tl > 17| [l

for any = € H.

Utilising the monotonicity property of the functional Ae7p7q(-; x,y), we have
1 _1
TG [e] 249 |2 |1y > — [, y)[*)¢

1
> ||Tel[*C 2| T |*| Ty || - (T, Ty)[*]*
> (|7 72C7 09 e PO 92yl — [, y) )

and by taking the power 1/q we deduce the desired inequality (4.4).

A similar approach for O, ,.,(-;,y) and X, 4(+; 2, y) will produce the other

two inequalities.
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