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Abstract

In this paper we give necessary and sufficient conditions for the block

sequence of the set X = {1 < 29 < -+ < xp < ---} C N to have an

asymptotic distribution function in the form .

1. Introduction

Denote by N and RT the set of all positive integers and positive real numbers,
respectively. In the whole paper we will assume that X is an infinite set of positive
integers. Denote by R(X) = {{;x € X, y € X} the ratio set of X and say that a
set X is (R)-dense if R(X) is (topologically) dense in the set RT. Let us note that
the concept of (R)-density was defined and first studied in the papers [12] and [13].

Now let X = {z1,2,...} where z,, < x,41 are positive integers. The (R)-
density of the set X is equivalent to the everywhere density in [0, 1] of the sequence

Ty T1 L2 T1 T2 T3 Ty X2 Ln

(1)

b ) b) b) b PR | b) b
xr1 T2 T2 T3 T3 T3 LTp Tp T

It is also called the ratio block sequence of the set X and we see that it is composed
by blocks

Xn:(ﬂﬂm—"> n=1.2,... 2)
Ty T T,
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which can be studied individually. The density of the sequence of induvidual blocks
(2) implies the (R)-density of the set X. Also, if the distribution functions of (1)
or (2) are increasing, then again the set X is (R)-dense. This is a motivation for
the study of sets G(z,/z,) and G(X,,) of distribution functions of (1) and (2),
respectively (defined in Par. 2), cf. [17], [18] and [7].

The second motivation for the study of block sequence (2) is that also other
kinds of block sequences were studied by several autors, see [3], [8],[9], [14], [20],
etc.

2. Definitions and basic results

In the following we use standard notations and definitions from [2], [9] and
[16]).

By a distribution function we mean any function f:(0,1) — (0,1) such that
f(0)=0, f(1) =1 and f is nondecreasing in (0, 1).

For the block sequence (1), for n € N and = € (0,1) denote

A(Xn,x):#{i:ign,ﬁgm} and  A(X,,z)= ZAXJ,x

n

Then we can attach to the sequence of blocks (X,,) and to the block sequence (1)
the following distribution functions:

F(XTH:L.) = W,
,J] 1 <i <<k < i<, <
F (im0, 7) = #{[4, ] 1< o) Nx}+#{z i o x}
_ AXy,x) + O(k) _ A(X, ) 1
_ z - Sk +o(ﬁ),

where 2 € (0,1) and N = @ + 1 with 0 <[ < k4 1. Consequently
i ((22.7) - A2 o
N UV ( +1)/2

Denote by G(X,,) the set of all distribution functions g(x) for which there
exists an increasing sequence of indices {n;}32, such that

lim F(X,,,z) = g(z)

k—oo

almost everywhere (abbreviated as a.e.) in (0, 1).
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Similarly G(Z,/x,) denotes the set of all distribution functions g(z) of the
block sequence (1) for which there exists an increasing sequence of indices { Ny},
such that

lim Fh, (x—m,x) = g(x)
—00 Ty
a.e. in (0, 1).

If the set G(X,,) is a singleton: G(X,,) = {g(x)}, then we say that the sequence
X, has the asymptotic distribution function g(x) (abbreviated as a.d.f.). Similarly
if G(xm/zn) = {¢'(x)}, then we say that the block sequence (1) of the set X has

a.d.f. ¢'(z). In these cases

Jim F(X,,z)=g(z) and ngnoo FN(x—m,x) =4'(x)
holds for almost all z € (0, 1).

Especially, if G(X,,) = {g(z) = z}, resp. G(xm/xn) = {¢'(x) = z}, then we
say that the sequence X, is uniformly distributed (abbreviated as u.d.), resp. the
block sequence (1) of the set X is uniformly distributed.

Distribution functions of the sequence X,, and the block sequence (1) of the
set X were first investigated in the paper [17], where the next statement is proved
([17], Theorem 8.1, Theorem 8.2, Theorem 8.4).

(A1) If G(Xy) = {g(x)}, then Gz /zn) = {g(x)}.

(A2) Let G(X,,) = {g(z)}. Then one of the following equalities holds:
. 0, ifz=0

(ii) g(z) = 2* for some 0 < A < 1.

(A3) G(X,) = {co(x)} iff one of the following equalities holds:
(i)

or
>7

n
. 1
lim Z z; =0,
n—oo nx,n i1

(i)

=0.

m n
. 1 €Z; X
lim — E E - —
m,n—00 MmN < - Tm Ty
=1 j=1

We will use the following notation.
Let X ={z1 <22 <---} CR,and E C (0,1). We define

A(E,Xn):#{i:ign,% eE}

and
n

A(E, X,) :#{[i,j] 1<i<j<n eE} =Y AE, X))

x
J j=1
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Suppose that G(x,,/z,) = {g(z)} and that g is continuous on (0,1). Let
0 <a < b <1 bereal numbers. If E = (a,b), (a,b), (a,b) or (a,b), then it is obvious
that

3. Results

In this paper we give necessary and sufficient conditions for the block sequence
of the set X to have an a.d.f. of the form 2*. The main result of this paper is the
following theorem.

THEOREM 1. Let A > 0 be a real number and X = {1 < 2 < ---} C N.
Then G(zy,/2n) = {2} iff for every k € N

lim 20 = g3 (3)

n—oo Iy

We give a sufficient condition for block sequences not to have an asymptotic
A

distribution function in the form z*.

LEMMA 1. Let A > 0 be a real number and X = {z1 < 22 < ---} C N.
Suppose that there exist numbers a and [ with 1 < o < B such that for infinitely
many n,m € Nym <n

Inos 8 and o o, (4)
Tim m

or
oo oand 2> Br. (5)
Tim m

Then G(xp,/x,) # {2}

PROOF. We prove the first part of Lemma 1 by contradiction.

Let X = {1 < 29 < -} C N be such set that (4) and G (2, /z,) = {2}
hold.

By (4) there exists a sequence {[m;, n;]}52,, such that for every i € N m; < n,,

n; < n;y1 and
T,

>3 and Moot (6)
xm,- m;

Choose d € R so that
A
1<d<20) ~1. (7)
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We now investigate the value of

A((5 1), X,

It is obvious that

[dn;]
Z((%,1>,X[dm]) :Z((%,1>,Xm) + Y A((%,1>,Xj). 8)
j=n;+1
From (6) we obtain
A((ha)ox) <m1- L), o
Then 1 1
(G )
since if z‘i’“ﬂ > %, then I% > % or k > n;. Inequalities (8) and (10) imply that

Z((%, 1), X ) < Z((%, 1), X0,) + (dni] —nni(1 - $)+

(11)
n ([dni] —ni)([dn;] —ni+1) _
2
Then G (2 /x,) = {2} yields
. Z((%’Dwx[dm]) _ _i
A @)@ D2 B (12)
. A((3,1), Xn,)
. 5 Xn) 1
Sz T (3

On the other hand, using (13) we obtain

A((3,1), X0,) + (Jdna] — ni)ng(1 — L) 4 {nalmna(dnalnat )

li 2
o0 [dna]([dni] + 1)/2
Z((lJ)’Xni) n;(n;+1 n? d—1)2
— i (T2 (et 4 (d—1)n2(1— ) + 2
RS n?d2/2
(1—-3x)+2(d-1)(1 = &)+ (d-1)

02
From this, (11) and (12) we derive that

1 (=g +2d-1)(1-35)+(d—-1)
1—§§ C e .
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Elementary calculations give

(1,i)(d2f1) §2(d71)(1f%) +(d—1)?,

B}\
(1—%)(d+1)§2<1—%)+(d—1),
df%ﬂ—ﬁ%gp%ﬂz,

dz2(§)k—1,

contradicting (7).
Now we prove by a contradiction the second part of Lemma 1. Let X =
{x1 < 29 < ---} be such that (5) and G(x,,/z,) = {z*} hold. By (5) there exists
a sequence {[m;,n;]}52, such that m; < n; < n;41 and
oo and 2> B (14)
Ty, m;
for every ¢ € N.
Let v € («, 8) be arbitrary.
First we show that for every sufficiently large n;

Aotern o 8, (15)

T, @
For a contradiction assume that for infinitely many n;

T/ nd o B (16)
T, «

i

Let v < v’ < . It is obvious that
[(v/e) ] _ (1)A _ (w’)*

(&% (0%

lim
71— 00 n;

Thus there exists ig € N, such that for every i > i

[(v/a) ni] _ (1’)*.

n; «

From this, (16) and the fact that 'YE/ < g, using the first part of the proof one
deduces that G(x,,/r,) # {z*}. Hence (15) holds for every sufficiently large n;.
Let n; be sufficiently large. We will make estimations for

Z((%) 1) Xt/
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It is obvious that
[(2)*ni]—n;

A((;,1>,X[(Z)W):A((;,1>,XW)+ Z; A((%,1>,Xm+j). (17)

Moreover, for every n; < k < [(y/a)*n;] inequalities (14) and (15) imply that

LTI T, Ton,; Ty, la 1

T T By Tn Tfapng @B B

From this using (14) we obtain for every 1 < j < [(y/a)* nl] —n;

1
Putting (18) into (17) we obtain
o 1 [(’y/oz)’\nL] Uz 1
() 1) T8 )
> Z(%’ 1>’X7”> ni(ni +1)
= ni(ni+1)/2 2 (19)
¥ 1
#([G) o =)= 55)+
LG ] —ni)([(v/0) n] —ni +1)
2
On the other hand, the assumption G(2,,/7,) = {#*} implies that
. Z((%v 1>7X[(’y/a)*m]) _q i
B 7 (Gl nd + D2~ 5 20
and
M D2 T 2!

From (19), (20) and (21) we can derive

L1 A=) +2A0/e - D= ) + (/) - 1)*
pr (7 /a)2x

Using elementary computations we obtain

(1= () 2(3) ) =((0) )

1
I—EZI

hence

a contradiction.

The following lemma is required for the proof of Theorem 1.
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LEMMA 2. Lete >0 and X = {z1 < 22 < ---} C N. Suppose that for every
keN

lim 5 — ke (22)

n—oo Ty

Then for every real number a > 0

. T an
lim —en — af
n—o0 xn

PrOOF. We will prove the lemma in two steps. First we prove the following

claim. If lim %= = k° for some € > 0 and every natural number &, then

n—oo ¥n

lim L1, (23)

n—oo  Ip

Let k be a fixed positive integer and n a sufficiently large positive integer.
Then there exists a positive integer m such that

Em<n<(k+1)m.
Then obviously km < n+1 < (k+ 1)m. From this we obtain

g Tt Bsm_ Sem/ Ty

Tn Tkm ka/xm

If n — oo, then m — oo and obviously V(m) — (&), Hence

1 < limsup

n—oo «In

Tntl _ (k:+ 1)5.
- k
This inequality holds for every k € N. For k — oo we obtain from this inequality

that .
lim =L — .

n—oo Ip

Now we prove the lemma for the case o € Q.
Let o« = p/q where p,q € N. Let n > ¢ be an integer. Let [ be the integer
given by
gl <n<ql+1).

Then obviously

Tpr /T w @ Tlan) _ Tpl+) _ Tp(141)/Ti+1 Tiga
Tou4+1)/Ti41 Tig1 Tqut1) | Tn | Tgl Tq /2 xy
From this, (22), (23) we obtain
€T £
lim —om — P e

n—oo Iy, q5
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It remains to prove that the lemma is valid also for irrational a > 0.

Let 6 > 0. From the facts that the set Q7 is dense in RT and that the function
f(x) = 2° is increasing and continuous it follows that there are numbers aq, as € Q
such that 0 < a1 < a < as and

of—af <6 and af—a®<é.

Then from the inequalities

T T
af — 6 <aj= lim Zlean] SliminfM
n—oo T n— 00 In
T
< lim sup Zlon] < lim

n—oo Tn n—oo  Tp

x
Zlazn] _ a5 <a®+6

it follows that .
lim —enl — af
n—oo I, |

Using Lemma 1 and Lemma 2 we can prove Theorem 1.

Proor oF THEOREM 1. We will prove the theorem in two steps.
I) The condition (3) is necessary for block sequences to have asymptotic dis-
tribution function in the form z*.
Suppose that there exists a set X = {27 < 29 < ---} C N and k € N such
that G(z,,/7,) = {z*}, but
lim 2R £ g1/
n—oo Ip
(It is obvious that k > 2.) Then there are two possibilities:
1) liminf, oo (Tpn/zn) < B2,
2) limsup,, o (Trn/Tn) > kYA,
In the first case put

o' = liminf 2% and B = kY.
n—oo xn

Since 1 < o/ < @, we can take numbers «, 3 such that o/ < o < 8 < 3. Then we
have for infinitely many n € N

x kn

2o and = =k = () > B .

Tn n
Using Lemma 1 we obtain G(z,,/z,) # {2}, a contradiction.

In the second case put

8 = limsupxﬂ and o = kY.

n—oo 'Tn
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(It is possible that 3" = +00.) Since 1 < o’ < (', we can take numbers «, 3, such
that o/ < a < 8 < @'. Then we have for infinitely many n € N
n k
Thn ~ B and —n:k:(o/)A<oz>‘.
T, n
Using Lemma 1 we obtain G(z,,/7,) # {2}}.
IT) The condition (3) is sufficient for block sequences to have asymptotic
distribution function in the form .
From (A1) it follows that it is sufficient to prove that G(X,) = {z*}. Let
a € (0,1). We will show that

at.

1:1<n, % <«
lim F(X,,a) = lim #lizisnm g }:

n—oo n—00 n
Let 0 < a; < a. Lemma 2 implies that

x[akn]
lim —— =
n—oo xn

(e =a; < a.
Then there exists ng € N such that for every n > ng
Llajn]

Tn

Hence, if i < [a7'n], then z;/7, < a. This means that
. Z; A
#{z:zgn, —<a}2[a1n].
Tn

Then
. 1:1<n, xi/r, <« .
lim inf #liiisn, ifon } > lim —— =a7.
n— oo n n—00 n

Since (24) holds for every 0 < ay < a, we have

#{i:i<n, x;/z, < a} > o

lim inf - (25)
Similarly
S i/ n
lim sup #lisisn, zi/on <o} <ot (26)
n—oo n

Inequalities (25) and (26) imply that

lim #{ii<n, z;/z, <a} Y

n— o0 n

This completes the proof of Theorem 1.
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COROLLARY 1. The block sequence (1) is uniformly distributed iff

. T
lim m—k

n—oo ITp

for all k € N.

PROOF. The statement is an immediate consequence of Theorem 1.
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