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Abstract

We introduce a basic intuitionistic conditional logic IntCK that we show to be complete
both relative to a special type of Kripke models and relative to a standard translation
into first-order intuitionistic logic. We show that IntCK stands in a very natural relation
to other similar logics, like the basic classical conditional logic CK and the basic intu-
itionistic modal logic IK. As for the basic intuitionistic conditional logic ICK proposed
in Weiss (Journal of Philosophical Logic, 48, 447-469, 2019), IntCK extends its lan-
guage with a diamond-like conditional modality (—, but its ((— )-free fragment is
also a proper extension of ICK. We briefly discuss the resulting gap between the two
candidate systems of basic intuitionistic conditional logic and the possible pros and
cons of both candidates.

Keywords First-order logic - Intuitionistic logic - Strong completeness - Conditional
logic

1 Introduction

The present paper was written in an attempt to find and vindicate an answer to the
question, what is a basic intuitionistic conditional logic. By basic logic we mean a
logic that is complete relative to a universal class of suitably defined Kripke models.
This basic logic must also be intuitionistic in the sense of being the intuitionistic
counterpart of the basic classical conditional logic CK (introduced in Chellas [4]; see
also Segerberg [14]). More precisely, its only difference from CK must consist in
the fact that the classical reading of the Kripke semantics for CK is replaced by an
intuitionistic reading, and the classical first-order metalogic of CK is replaced with an
intuitionistic one. Finally, this logic must be fully conditional in that it must enrich the
language of intuitionistic propositional logic with the full set of conditional modalities,
both the stronger box-like [} and the weaker diamond-like {— .
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The existing literature on intuitionistic conditional logic is not vast, but it seems
to have a clear candidate for the role of a basic system. This candidate is the system
ICK, introduced by Weiss in [18] (see also the more detailed exposition in Weiss [19]).
This research was followed by Ciardelli and Liu [5], which was based on a version
of Kripke semantics different from that used in Weiss [18]; however, this change did
not affect the status of ICK which the authors of Ciardelli and Liu [5] have shown to
be also the system complete relative to the universal class of their preferred variety of
Kripke models. ICK also has a claim for the title of the intuitionistic counterpart of CK
in that its complete axiomatization results from replacing the classical propositional
fragment of CK with the intuitionistic one.

However, ICK only features the stronger conditional modality, [}, and no attempt
is made to show the completeness of ICK relative to an intuitionistic reading of the
metatheory of CK. The former shortcoming is openly acknowledged by I. Ciardelli and
X. Liu, who write: “Just like V and 3 are not interdefinable in intuitionistic predicate
logic, and [0 and ¢ are not interdefinable in intuitionistic modal logic, also [}~ and
¢— will not be interdefinable in intuitionistic conditional logic. In order to capture
might-conditionals in the intuitionistic setting, we need to add {— to the language as
a new primitive... In this extended setting, the properties of [}~ might not uniquely
determine the properties of (— . Therefore, it becomes especially interesting to look
at the landscape of intuitionistic conditional logics in a setting where the language
comprises both operators”[5, p. 830].

In this paper, we are going to propose a different system for the role of basic
intuitionistic conditional logic. This system, which we call IntCK, both answers the
concern expressed in the above quote by 1. Ciardelli and X. Liu and can be shown
to enjoy a form of strong completeness relative to an intuitionistic reading of its
metatheory. We will also show that the ({—)-free fragment of IntCK is a proper
extension of ICK, whence it follows that ICK is incomplete relative to an intuitionistic
reading of its metatheory and hence cannot be viewed as a full basic intuitionistic
conditional logic even within the ({— )-free fragment of the conditional language.

The rest of this paper is organized as follows. Section 2 introduces the notational
preliminaries, followed by Section 3, where we explain the syntax and a form of Kripke
semantics of IntCK (in Section 3.1) and then axiomatize the logic (in Section 3.2).
Sections 4 and 5 explore the relation of IntCK to other logics, both propositional
(in the former section) and first-order (in the latter one). Section 5 also contains the
completeness theorem for IntCK relative to an intuitionistic reading of its Kripke
semantics.

Finally, in Section 6, we briefly discuss the results of the previous sections, and,
after drawing some conclusions, describe several avenues for continuing the research
lines presented in the paper. The paper also has several appendices where the reader
can find the more technical parts of our reasoning, which we include for the sake of
completeness.

2 Preliminaries

We use this section to fix some notations to be used throughout this (rather lengthy)
paper.
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We will use IH as the abbreviation for Induction Hypothesis in the inductive proofs,
and we will write @ := B to mean that we define « as 8. We will use the usual notations
for sets and functions. As for the sets, we will write X € Y, iff X C Y and X is
finite. The set of all subsets of X will be denoted by P(X). Furthermore, we will
understand the natural numbers as the finite von Neumann ordinals. We denote by w
the smallest infinite ordinal; given two ordinals A, u, we willuse A € pand A < u
interchangeably. Given a (finite) tuple of any sort of objects &« = (xq, ..., x,), we
will denote by init(«) and end (o) the initial and final element of «, that is to say, x|
and x,, respectively. More generally, given any i < w such that 1 < i < n, we set
that 7/ (a) := x;, i.e. that 77/ (&) denotes the i-th projection of . Given another tuple
B = 1,--.,Ym), we will denote by («)(8) the concatenation of the two tuples,
i.e. the tuple (x1, ..., X4, ¥1, - .., Ym). The empty tuple will be denoted by A.

We will extensively use ordered couples of sets which we will also call bi-sets. The
usual set-theoretic relations and operations on bi-sets will be understood componen-
twise, so that, e.g. (X,Y) C (Z, W) means that X € Z and Y C Y and similarly in
other cases.!

Relations will be understood as sets of ordered tuples where the length of the tuple
defines the arity of the relation. Given binary relations R C X x Yand S C Y x Z,
we will denote their composition by R o S := {(a,c) | forsomeb € Y, (a,b) €
R& (b, c) € S}.

Given a set X, we will denote by id[X] the identity function on X, i.e. the function
f X — Xsuchthat f(x) = x forevery x € X. Itisclearthatafunction f : X — Y
can be understood as a special type of relation f € X x Y. Therefore, our notation
for the composition of functions is in line with the one used for the composition of
relations: namely, given two functions f : X — Yandg : Y — Z,wedenoteby fog
the function i : X — Z such that h(x) = g(f(x)) forevery x € X 2 In relation to
the operation of composition, functions of the form id[X] have a special importance
as a limiting case. More precisely, given a set X and a family F of functions from X
to X, we will also assume that the composition of an empty tuple of functions from
F isjustid[X].

Furthermore, if f : X — Y is any function, x € X and y € Y, we will denote by
f[x/y] the unique function g : X — Y such that, for a given z € X we have:

@ y, ifz = x;
7)==
§ f(z), otherwise.

! Our use of bi-sets will be similar to that in the proof of completeness of intutionistic propositional logic
relative to its Kripke semantics given in Chagrov and Zakharyashchev [3, Ch 2.4]; the technique itself
is a variation of the technique of Hintikka collections, different notational versions of which are widely
employed since mid-20th century; see, e.g. Fitting [9, Ch. 2] for an earlier version of the same idea.

2 1t seems that, in the existing literature, the more popular option is to define such function 4 by g o f
(see, e.g., Awodey [1]). However, in the logical literature our convention on the composition of relations
seems to be more popular than the alternative one, viz., to denote by S o R the relation which we denote by
R o §; and since functions go hand-in-hand with relations, we decided to adopt a similar notation for the
composition of functions as well.
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Despite our efforts to accommodate and represent the intuitionistic reading of the
classical semantics for conditional logic, the meta-logic of this paper remains classical.
Therefore, we presuppose the basic acquaintance with the language of first-order
logic and its classical model theory. Finally, in view of the fact that this paper is about
intuitionistic conditional logic, we presuppose the basic acquaintance of the reader with
both the propositional and the first-order version of this logic; in particular, the reader
should know of at least one complete Hilbert-style axiomatization of intuitionistic
logic.

3 IntCK, the Basic Intuitionistic Logic of Conditionals
3.1 Language and Semantics

We are going to consider the language £ based on a countably infinite set of propo-
sitional variables Var and the following set of logical symbols { L, T, Vv, A, =, [}—
, O—}. We will denote the propositional variables by letters p, g, r, s and the formulas
in Lby ¢, ¥, x, 6, adding subscripts and superscripts when it is convenient.

We will use —¢ as an abbreviation for ¢ — 1 and ¢ <> i as an abbreviation for
(¢ = V) A (Y — ¢). The formulas of L are interpreted by the following models:

Definition 1 A model is a structure of the form M = (W, <, R, V), where W #
is a set of worlds, < is a pre-order (i.e., a reflexive and transitive relation) on W,
V : Var — P(W) is such that, for every p € Var and all w,v € W itis true that
(w <v&w € V(p)) = v e V(p).

Next, we must have R € W x P(W) x W. Thus, for every X € W, R induces
a binary relation Ry on W such that, for all w,v € W, Rx(w, v) iff R(w, X, v).
Finally, the following conditions must be satisfied for every X € W:

(< ' oRx) € (Rxo <71) (cl)
(Rxo <) C (< oRy) (€2)

Conditions (c1) and (c2) can be naturally reformulated as requirernents3 to complete
the dotted parts of each of the following diagrams once the respective straight-line
part is given:

3 For readers interested in intuitions behind (c1) and (c2), the following quote (notation adjusted; see [15,
Ch 3.3, p. 51]) might prove helpful:

However, a more conceptual justification of the two frame conditions is possible. Following the Kripkean
paradigm for intuitionistic logic, atomic facts accumulate as we ascend the partial order. Now, it might
reasonably be held that the fact that a world w sees another world v is a reasonable sort of atomic fact that
should persist in this way. Thus any world wo > w should also, in effect, see v; but it is reasonable to expect
that we might have accumulated more facts about v too which may therefore have ‘evolved’ into some
world vy > v. Formalizing these considerations, we arrive at (c1). A dual argument based on v being seen
by a world w justifies (c2). One might well dispute that the passive property of being seen by another world
is the sort of fact which should persist. Thus (c2) seems to have less justification than (c1). ... Nevertheless,
if one does accept both arguments then (c1) and (c2) should be seen as fundamental and not as artificial
conditions imposed for purely technical reasons.
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The models defined are the so-called Chellas models. The alternatives to Chellas
models include Segerberg models which use a designated family of subsets of W in
place of its full powerset P(W) as in Definition 1.* These choices are of no import
on the level of the basic conditional logic, in other words, they all induce one and
the same logic both in the classical and in the intuitionistic case. We have chosen
Chellas models since their definition looks short and simple; yet the Segerberg models
can be perhaps ascribed a deeper foundational meaning. For example, the first-order
intuitionistic theory 7'h defined in Section 5 gives the intuitionistic encoding of the
Segerberg variety of classical conditional semantics rather than the Chellas one.

Our standard notation for models is M = (W, <, R, V). Any model decorations
are assumed to be inherited by their components, so that, for example, M, always
stands for (W, <, R,, V). A pointed model is a structure of the form (M, w), where
M isamodel and w € W.

The formulas of £ are interpreted over pointed models by means of the satisfaction
relation |= defined by the following induction on the construction of ¢ € L:

MwET

M, w L

MwEpsweV(p) for p € Var
MwEYAYxS M wEvadM,w k= x
MuwEYyVysSMwEvyo MwEgy
MuwEYy—>xeVw>2wyMovEYy=MuEyx)

MwkEYy O x & Vv =w)(Vu € WY Ry, u) = M, u = x)

MwEY 0> x & @Que W)(Rjyjr (w, u) and M, u = x)

where we assume, for any given ¢ € L, that ||¢|| ¢ stands for the set {w € W |
M, w = ¢}

Given a pair (I', A) € P(L) x P(L), we say that a pointed model (M, w) satisfies
(T, A) and write M, w E= (I, A) iff we have V¢ € T)(M,w E ¢) & (V¢ €
A)Y(M, w = ). We say that (I', A) is satisfiable iff some pointed model satisfies
it, and that A follows from I' (and write I' = A) iff (I', A) is unsatisfiable. We say
that I is satisfiable iff (I", @) is; and if (M, w) satisfies (", @), then we simply write
M, w = T.If some of I', A are singletons, we may omit the figure brackets; in case
some of them are empty, we may omit them altogether. We say that ¢ € L is valid iff
# = ¢, or, in other words, iff = ¢.

4 Yet another alternative is to use families of formula-indexed binary relations {Ry | ¢ € L}. However,
note that in this case the minimal version of semantics is not sufficient, and additional constraints need to
be imposed; for instance, the relations indexed by logically equivalent formulas must always coincide.
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We identify our system IntCK with the set of relations of the form I' = A. We
will sometimes use the alternative notation I' |=jntck A to underscore this fact. In
the special case when we have |= ¢, we will sometimes express this fact by writing
¢ € IntCK.

Given a model M and an X € W, we say that X is upward-closed in M iff
Mw € X)(Vv > w)(v € X). Definition 1 clearly implies that, for every Chellas
model M and for every p € Var, the set V(p) = | pliaq is upward-closed in M.
The latter observation can be lifted to the level of arbitrary formulas:

Lemma1 Let M be a Chellas model, and let ¢ € L. Then ||¢|| a1 is upward-closed
in M.

We omit the easy proof by induction on the construction of ¢ € L. We close this
subsection with our first result about IntCK:

Proposition 1 IntCK has the Disjunction Property. In other words, for all ¢, ¢ € L,
é1 VvV ¢ € IntCK iff ¢1 € IntCK or ¢» € IntCK.

Proof The right-to-left direction is trivial. As for the other direction, assume, towards
contradiction, that ¢1 V ¢, € IntCK, but both ¢; ¢ IntCK and ¢, ¢ IntCK. Then we
can choose pointed models (M, wy) and (M, wy) such that M;, w; & ¢; for all
i € {1,2}; we may assume, wlog, that W N W, = {J. We then choose an element w
outside Wi U W, and define the following pointed model (M, w) for which we set:

W= {w}U W, UW,

<:={w,v) ve WU <, U=

R:={(w, X, u)|v,ue W, (v, XNWi,u) e Ri}U{(v,X,u) |v,ue W, (v, XN Wr,u) € Ry}
Vip) == Vi(p) U Va(p) for p € Var

We show that M is indeed a model. The only non-trivial part is the satisfaction of
conditions (c1) and (c2) from Definition 1.

As for (c1), assume that some v/, v, u € W and X € W are such that v’ > v Rx u.
Then, by defintion of R, we must have either v, u € Wj or v, u € W,. Assume, wlog,
that v, u € Wy. Then we must have, first, that v (R1) xnw, u, and, second, that vV > v
so that also v’ € Wj. But then, since M satisfies (c1), there must be a u’ € Wj such
that v’ (R1)xnw, ' >1 u whence clearly also v Ry u’ > u, so that (c1) is shown to
hold for M. We argue similarly for (c2).

Next, the following claim can be shown by a straightforward induction on the
construction of ¢ € L:

Claim. For every i € {1, 2}, every v € W;, and every ¢ € L, we have M, v = ¢
iff M;, v = ¢.

It follows now that M, w; [~ ¢; foralli € {1, 2}, and, since we have w < w, wy,
Lemma 1 implies that M, w = ¢; for all i € {1, 2}, or, equivalently, that M, w [~
@1V @7, contrary to our assumption. The obtained contradiction shows that IntCK must
have the Disjunction Property. O
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3.2 Axiomatization

In this subsection, we obtain a sound and (strongly) complete axiomatization of IntCK.
We consider the Hilbert-style axiomatic system ICK, given by the following list of
axiomatic schemes:

A complete list of axioms of intuitionistic propositional logic Int (a0)
(@O V)N (@O x) < (@0 (Y AX) (al)
(@ 0= YIA (PO 1) = (9 0= (¥ A X)) (a2)
(@ O= (VX)) < (@ 0= ) V(PO X)) (a3)

(@0=> V)= (@0=> x) = @O (¥ = X)) (ad)
¢ T (a5)

—(¢ O— L) (a6)

Besides the axioms, ICK includes the following rules of inference:

From ¢, ¢ — 1 infer ¢ MP)
From ¢ < v infer (¢ O— x) < (Y - x) (RAD)
From ¢ <> ¢ infer (x (0 ¢) < (x O~ V) (RCD
From ¢ < o infer (¢ O— x) < (¥ O— x) (RAQ)
From ¢ < o infer (x O— ¢) < (x O—> ¥) (RCO)

We assume the standard notion of a proof in a Hilbert-style axiomatic system for ICK,
namely as a finite sequence of formulas, where every formula is either an axiom or
is derived from earlier formulas by an application of a rule. A proof is a proof of its
last formula. A derivation from premises is a finite sequence of formulas, where every
formula is either a premise, or a provable formula, or is derived from earlier formulas
by an application of (MP). Given a I' U {/} C L, we write I' -  iff there exists a
derivation of ¥ from some (possibly zero) elements of I as premises; we omit the figure
brackets in case I is either a singleton or empty. On the other hand, we write I" Il i
iff there is a derivable rule allowing to infer ¥ from I, i.e. iff there is a finite sequence
of formulas in which the last formula is 1/, and every formula in the sequence is either
in I', or a provable formula, or is obtained from earlier formulas by an application of
one of the inference rules. Thus, we have ¢ < ¥ I (¢ [0~ x) < (Y [~ x) but
¢ < Y ¥F (¢ O x) < (Y O x).In particular, it follows from these conventions
that ¢ is provable iff lI- ¢ iff - ¢.

Before we go on to prove the soundness and completeness of ICK relative to IntCK,
we would like to quickly address the relations between ICK and the intuitionistic
propositional logic Int.

The language £; of Int is the {{T}—, — }-free fragment of £; a complete axiomati-
zation of Int is provided by («0) together with (MP). Int is one of the best researched
non-classical propositional logics with numerous detailed expositions to be found in
the existing literature (see, e.g., [6, Ch. 5] for a quick textbook level introduction). The
following lemma sums up the relations between Int and ICK:
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Lemma 2 The following statements hold:

1. IfT, A C L; are such that T =ne A, and T/, A’ C L are obtained from T, A by
a simultaneous substitution of L-formulas for variables, then T' = A’. Moreover,
Deduction Theorem holds for ICK in that for all T U {¢, ¥} C L we have I -
¢—> Yiff oy

2. Ifp € Ly, thent ¢ iff ¢ € Int

Proof (a sketch) Part 1 is trivial. As for Part 2, its (<)-part is also trivial, and its
(=)-part follows from the observation that, given a proof of ¢ € £; in ICK, we can
turn it into a proof in Int by replacing all its subformulas of the form y [(}— 6 with T
and all its subformulas of the form x {— 6 with L. m]

Turning now to the question of soundness and completeness of ICK relative to IntCK,
we observe, first, that ICK only allows us to deduce theorems of IntCK:

Lemma3 Forevery ¢ € L, if = ¢, then ¢ € IntCK.

The proof proceeds by the usual method, i.e. we show that all the axioms are valid and
that the rules of ICK preserve the validity. We are now going to show the converse of
Lemma 3, and we start our work by proving some theorems and derived rules in ICK,
which we collect in the following lemma:

Lemma4 Let ¢, v, x € L. The following theorems and derived rules can be deduced

in ICK:
¢ lI- @ O— ¢) (Nec)
(@ = Y)IF((x O~ ¢) > (x O~ ¥)) (RMD)
(@ = Y)IFE((x 0> @) = (x O—> V) (RMO)
@O> W —> x)—> (0O x) —> (T~ x)) (T1)
@O W= x) = (¢ O—=> V) = (@ O—> X)) (T2)
@O ¥)—> (¢ 0= (W — x)) — (@O~ X)) (T3)
=(¢p O—> ¥) < (¢ O~ —¥) (T4)

The sketch of its proof is relegated to Appendix A.

A bi-set (I', A) € P(L) x P(L) is called consistent iff forno A’ @ A do we have
that T = \/ A’ .5 Note that, since ICK extends Int, and also in view of Lemma 2.1,
this definition allows for the following equivalent form:

Lemma5 A bi-set (I', A) € P(L) x P(L) is inconsistent iff, for some m,n € w
some @1, ..., ¢, € I and some Y1, ..., ¥ € A we have: \!_, ¢i + \/;{1:1 v, or,

equivalently, = N\!_, ¢i — \/;"1:1 V.
Furthermore, the bi-set (I, A) is called complete iff ' U A = L; and it is called

maximal iff it is both complete and consistent. The next two lemmas present some
properties of the consistent and maximal bi-sets, respectively:

5 As for the limiting cases, we assume that \/ # = 1 and that A # = T.
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Lemma6 Let (I', A) € P(L) x P(L) be consistent. Then the following statements
hold:

1. Forevery ¢ € L, either (I' U{¢}, A) or (I', A U {¢}) is consistent.

2. Forevery ¢ — v € A, (I' U {o}, {Y}) is consistent.

3. For every ¢ (> € A, the bi-set {x | ¢ O— x € '}, {¥}) is consistent.

4. Forevery¢ O— Y € I, the bi-set (Y }U{x |¢ O— x € T'},{0 | ¢ O— 0 € A})

is consistent.

Proof Parts 1 and 2 are proved as in the case of intuitionistic propositional logic. As for
Part 3, assume that ¢ [}~ ¢ € A, and assume, towards contradiction, that the bi-set
{x | ¢ O— x €T}, {¢}) is inconsistent. Then there must be ¢ O x1,...,¢ [~
Xn € I such that, for x := A_, xi, we have x F . We reason as follows:

'E¢O- x by (x1) 1
Fx— vy by Lemma 2.1 2)
F@O->x) — (@O0 ¥) by (2), (RML) 3
'c¢O-> vy by (1),(3) 4)

The assumption that ¢ (0= i € A, together with (4), clearly contradicts the consis-
tency of (I', A). The obtained contradiction shows that ({x | ¢ O~ x € '}, {¢})
must be consistent.

Finally, as for Part 4, assume that ¢ (— ¢ € I', and assume, towards contradiction,
that the bi-set (Y} U{x | ¢ > x € T}, {0 | ¢ O— 6 € A}) is inconsistent. Then
there must be some ¢ (= x1,..., ¢ => xp,€land¢ O— 61,...,¢0 O— 0, € A
such that, for x := A7_, x; and 6 := \/;-"zl 6;, we have x, ¢ | 6. We then reason as
follows:

I'tE¢ O x by («1) Q)
Fx—> @ —0) by Lemma 2.1 (6)
F@O> x)— (@O (¥ —0)) by (6), (RMLJ) (7
I'E(@ o> ) — (¢ O~ 0) by (5),(7),(T2) (3)
'E¢ o0 by 8¢ O—> ¢ el )
T o> 601 Vv...Vo O 6y by (9), («3) (10)

It follows now from (10) that (I", A) must be inconsistent, which contradicts our initial
assumption. The obtained contradiction shows that the bi-set ({y/} U{x | ¢ O~ x €
'}, {6 ¢ O— 0 € A}) must be, in fact, consistent. m]

Lemma7 Let (T, A), (Fg, Ag), (T'1, Ar) € P(L) X P(L) be maximal, let ¢, ¢ € L.
Then the following statements are true:

1. If T+ ¢, then ¢ € T.

2. onAy¥ eliffe, v el.

3.ovyeliffpelory erl.

4. If¢p > Y, €T, theny €T.
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S ULl {YoO> ¢ el ST, and{ep O— ¢ | ¥ € T'1} € Tp then
Uy | O> v eTh{y | ¢ O—> ¥ € A}) is consistent.

6. IfT1 ST, {Yy | ¢ O ¢ €To} STy, and {¢p O— ¥ | ¥ € T'1} S Tg then
ToU{p O—= v | ¥ eT'}, {¢ O= ¢ | ¥ € A}) is consistent.

Proof The Parts 1-4 are handled as in the case of Int. E.g., for Part 3 observe that,
if¢ v €' and ¢, € A, then we must have I' - ¢ Vv ¢, thus contradicting the
consistency of (I, A).

As for Part 5, assume its hypothesis and suppose, towards contradiction, that (I"'y U
(¢~ v e} {¥ ]| ¢ O—> v € A})isinconsistent. Then there must exist some
Y, .Y €l = xt,.--,¢0 (> xm € I',and some ¢ O— 61,...,¢ O—
Ok € A, such that, for ¥ := A/_; ¥i, x := N xj, and 0 := \/1::1 6, we have
Y, x - 6. But then:

vEx—0 Lemma 2.1 an
x —> 0 el (11), Part 1 (12)
¢ 0= (x > 0)eTo UD,{p 0>y Iy e}y (13
pO—> (x—>0)el (13),To &I (14)
F'E(¢ 0> x)— (@ O—>0) (14), (T3) (15)
'E¢ O x (1) (16)
¢ O— 0 (15), (16) a7
FE@O=>0)V...V(@ 0> 0)  (17),(a3) (18)

It follows now from (18), that (I', A) is not consistent and thus also not maximal,
contrary to our initial assumption. The obtained contradiction shows that the bi-set
Uiy | O ¢ e} {y | ¢ O— ¢ € A}) must have been consistent.

For Part 6, assume its hypothesis and suppose that (I'g0 U {¢ O— ¥ | ¥ €
'}, {¢ O— ¢ | ¥ € A}) is inconsistent. Then there must exist some V¥, ..., ¥, €
To, X1,-.-, xm € T, and some 6y, ...,6c € A, such that A\]_; ¥, /\'j’;l(cb O—

xj) F \/le(q‘) 0~ 6,). Again, we set ¥ = A'_, i, x = /\;'.1:l X, and
0 := \/lr‘= 1 0, and reason as follows:

m k
Fok (@ 0= x)) > \/ (@ O~ 6,) Lemma2.l (19)

j=1 r=I1
=@ 0> x) = N\©@ 0> x) (0), (MP), (RM0) (20)

j=1
k
F\V @O 0) > (0 6) (0), (MP), (RMOJ) @1
r=1

Lo b (¢ 0= x) = (¢ O~ 6) (19),20),(21) (22)
¢ (x = 0) ey (22),(a4), Part 1 (23)
(x > 6) €T @3, (Y |p >y €T} STy (24)
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By I'y € I', we know that also (x — 6) € I'. Now, since clearly I I x, it follows
that I" F 6, whence, by Parts 1 and 3, we know that I" - 6, for some 1 < r < k, which
clearly contradicts the consistency of (I', A). The obtained contradiction shows that
the bi-set (g U{¢p O— v | ¥ € T'}, {¢ O— ¢ | ¥ € A}) must have been consistent.

O

We observe, next, that we can use the usual Lindenbaum construction to extend every
consistent bi-set to a maximal one:

Lemma8 Let (I', A) € P(L) x P(L) be consistent. Then there exists a maximal
(E,0) e P(L) x P(L) suchthatT' C E and A C O.

Next, we define the canonical model M, for ICK:

Definition 2 The structure M, is the tuple (W,, <, R, V,) such that:
o W.:={[(T", A) e P(L) x P(L) | (T', A) is maximal}.
o (o, Ag) <¢ (I'1, Ay) iff Tg S T’y forall (T, Ag), (T'1, Ay) € We.

e Forall (I'g, Ap), (I'1, A1) € Weand X € W, wehave ((I'g, Ag), X, (I'1, A1) €
R, iff there exists a ¢ € L, such that all of the following holds:

- X={T,A)eW,|¢eT)
-{YloO>v elo} ST
-{@p 0>y Iy el} ST

e Vo(p):={(T,A) e W.| peTl}forevery p € Var.

First of all, we observe that the definition of R. does not depend on the choice of the
representative formula ¢ € L. The following lemma provides the necessary stepping
stone:

Lemma9 Let ¢, € L be such that {(I', A) e W | ¢ e T} ={(T,A) e W, | ¢ €
['}. Then, for every (I'', A') € W, and every x € L we have:

L. ¢~ el Yy > xel.
200> xel &y o> xel.

Proof Assume the hypothesis of the Lemma. We will show that in this case we must
have = ¢ < . Suppose not, and assume, wlog, that ¥ ¢ — . Then ({¢}, {¢})
must be consistent and thus extendable to some maximal (I'g, Ag) 2 ({¢}, {¢/}). But
then clearly (I'g, Ag) € {(I', A) € W | ¢ e T}\{(T,A) € W, | ¥ € T}, in
contradiction with our initial assumptions. The obtained contradiction shows that we
must have = ¢ <> . The application of (RAO) and (RAQ) then yields that also

F@O> )< (Y O> ) andE (¢ O x) < (¥ O—> x) forevery x € L,
whence our Lemma clearly follows. O

We have to make sure that we have indeed just defined a model:

Lemma 10 The structure M., as given in Definition 2, is a model.

Proof We show, first, that W, # @. Indeed, consider the bi-set (¢, ¥). It is well-known
that 1 ¢ Int, and since L € £;, Lemma 2.2 now implies that | ¢ ICK, in other
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words, that /# L. But the latter means that (4, ) is consistent. Therefore, by Lemma
8.2, there must exist a maximal (I', A) D (@, ¥); and we will have, by Definition 2,
that (I', A) € W..

It is also clear from Definition 2 and Lemma 9 that <. is a pre-order, and that
R. € W, x P(W,) x W, is well-defined. So it only remains to check the satisfaction
of conditions (c1) and (c2) from Definition 1.

As for (cl1), assume that (I", A), (I'g, Ag), and (I';, A1) are maximal, and that
X C W, issuchthatwehave (I', A) >, (I'g, Ag) (R:)x (I'1, A1). Then, in particular,
I' © I'p. Moreover, we can choose a ¢ € L such that all of the following holds:

X={(E,0)eW:|¢cE] (25)
Wl¢O> v el T (26)
0= vy el}cTo 27)

By Lemma 7.5, the bi-set T U {¢ | ¢ = ¥ € TH{Y | ¢ O— ¢ € A})
must then be consistent, so that, by Lemma 8, this bi-set must then be extendable to
some maximal bi-set (I'’, A”). In particular, we will have I’ D TI'; whence clearly
(I, A") = (T'1, Ay).

Next, we get that {yy | ¢ 3> ¢ € I'} € I trivially by the choice of (I, A).
Moreover, if ¥ € T, then we must have ¥ ¢ A’ by the consistency of (I'V, A’).
But this means, in particular, that we cannot have ¢ O— ¥ € A, so that, by the
completeness of (I, A) we must have ¢ {— € I'. Thus we have shown that also
{¢p O— ¥ | ¥ € I} C I'. Summing this up with (25), we obtain that (I", A) (R.)x
(I, A"). Thus we get that (', A) (R.)x (I, A’) >. (I'1, A1), and condition (c1) is
shown to be satisfied.

As for (c2), assume that (I', A), (I'g, Ag), and (I'1, A) are maximal, and that
X C W, issuchthat we have (I'g, Ag) (R.)x (I't, A1) <. (I', A). Then, in particular,
I' D I'1. Moreover, we can choose a ¢ € L such that all of (25)—(27) hold.

By Lemma 7.6, the bi-set To U {¢p O— ¢ | v € T}, {¢p O~ ¢ | ¥ € A})
must then be consistent, so that, by Lemma 8, this bi-set must then be extendable to
some maximal bi-set (I'’, A’). In particular, we will have I'" O T’y whence clearly
(I'", A ¢ = (To, Ap).

Next, assume that € L is such that ¢ [ € I'". If ¢ T, then, by the
completeness of (I, A), we must have ¥ € A, whence it follows that ¢ [ ¥ € A'.
But the latter contradicts the consistency of (I’, A”). Therefore, we must have » € T.
Since the choice of ¥ was arbitrary, we have shown that {y | ¢ [~ ¥ € I’} C T.
Moreover, if ¥ € T, then clearly ¢ — ¥ € I so that {¢ O— ¢ | v € T} C I also
holds. Summing this up with (25), we obtain that (I'’, A”) (R;)x (T, A). Thus we get
that (I'g, Ag) <¢ (I'", A') (R.)x (', A), and condition (c2) is shown to be satisfied.

O

The truth lemma for this model then looks as follows:

Lemma 11 Forevery ¢ € L and forevery (I', A) € W,, we have M., (', A) = ¢ &
¢ el.
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Proof We proceed by induction on the construction of ¢.

Basis. If ¢ = p € Var, then the lemma holds by the definition of M. If ¢ €
{T, L}, then we reason as in the case of Int.

Induction step. The cases associated with A, Vv, and — are solved as in the case of
Int. We treat the two remaining cases:

Casel.¢p = [~ .

(<) Let(I', A) € Webesuchthatg = i [~ x € I',andlet (I'g, Ag), (I'1, Ay) €
W, be such that (I', A) <. (I'g, Ag) (RC)H'//HMC ("1, A1). Then we must have, on
the one hand, that I' C I'y, so that, in particular, v [} x € I'g. On the other hand,
there must exist a @ € £ such that all of the following holds:

Il =1{(E,0) e W |6 €&} (28)
{100~ &elo} cT' (29)
{00=>¢&18eTi} STy (30)

By IH, we know that also [|[{[|pm, = {(8, ®) € W, | ¥ € E}. We thus get that:

{(E,0)e W, |y eE})={(E,®) e W, |0 €T} (31)

Since we have shown that ¥ [~ x € I'g, we know that, by Lemma 9 and (31), we
must also have 8 [}— x € I'g. It follows now, by (29), that we must have x € I';.
Next, IH implies that M, (I'1, A1) = x. Since the choice of (I'g, Ag), (I'1, Ay) €
W under the condition that (I, A) <. (I'o, Ao) (Re)yiir,, (I'1, A1) was made
arbitrarily, it follows that we must have M., (I', A) = ¥ = x = ¢.

(=) Let (I', A) € W, be such that ¢ = v O— x ¢ . By completeness of
(', A), we must then have ¥ [}— x € A. Therefore, by Lemma 6.3, the bi-set
({6 | v O— 6 € I'}, {x}) must be consistent. By Lemma 8, we can extend the latter
bi-set to a maximal (I'", A") 2 ({6 | ¥ O~ 0 € T'}, {x}). Now, consider the bi-set
(To, Ag) =T U{y O~ 0|0 e}, {y O~ & | & € A’}). We claim that (T, Ag)
is consistent. Indeed, otherwise we can choose some i, ..., ¥, € I, 1, ..., Ty € TV
and &, ..., & € A’ such that A\, v, /\’}’:l(w O— 1)) \/],‘:1(1# [~ &). But
then, fory :== A/_, i, 7 := A\7_, 7j,and § := \/lr‘:1 £, we have:

j=1
m k
yE NW o> 1) - \/WO>&)  Lemma2 (32)
j=1 r=1
FW o> AW o> (@0), (MP), (RM) (33)
j=1
k
H \/(lﬁ 0= &) —> (Y > §) («0), (MP), (RML)) (34)
r=1
yYEWo>1)—> WO 8) (32), (33), 34) (35)
WYO->(—$§)el (35), (a4), Lemma 7.1 (36)
(t—>& el (36), choice of (I'", A') 37)
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By (37), (I, A’) must be inconsistent, which contradicts its choice and shows that
(T, Ap) must have been consistent. Therefore, (I'g, Ag) is extendable to a maximal
bi-set (I'1, A1) 2 (g, Ag).

We now claim that we have both (I', A) <. (I'1, Ay) and ((I'1, Ay), {(E, ®) €
W, | ¥ € B}, (I, A)) € R.. Indeed, the first part follows from the fact that I'; D
I'p 2 I" which is trivial by the choice of (I'y, A1) and (I'g, Ag). As for the second part,
note that (a) forevery 0 € L,if [ 0 € T'; and 0 ¢ T/, then, by the completeness
of (I, A"), we must have & € A’. But then ¢ (1~ 0 € Ay € A, which contradicts
the consistency of (I'1, A1). The obtained contradiction shows that {6 | ¥ (O— 6 €
I'1} C I'V. Next, (b) we trivially get that {/ (— 0 | 0 € '} € 'y € I';. Summing
up (a) and (b), we get that (', Ap), {(E,®) € W, | ¥ € E}, T/, A)) € R...

It remains to notice that, by IH, we must have ||| s, = {(E, ©®) € W | ¢ € B},
so that we have shown, in effect that ((I't, A1), [V | s, (T, A")) € R..

Observe, next, that we must also have x € A’, so that, by the consistency of (I'/, A”)
we must have y ¢ I'’, whence, by IH, M., (I'", A") & x. Together with the fact that
(T, A) <¢ (T'1, Ay) and (T'1, Av), 1 llm,, (T7, A')) € R, this finaly implies that
M, (T, A) =¥ O x = ¢.

Case2.¢ = O— x.

(<) Let (I', A) € W, be such that ¢ = v O— x € I'. Then, by Lemma 6.4,
the bi-set ({x}U{§ | v = & e T}, {0 | ¥ O— 0 € A}) must be consistent, and,
by Lemma 8, there must be a maximal bi-set (I'/, A’) € W, such that (I, A’) D
(Vv 0> 8T {01y O~ 0 € A)).

The latter means that x € I, so that, by IH, we must have M., (I'", A') & .
On the other hand, IH yields that || ||pq, = {(E, ®) € W, | ¥ € E}. Next, by the
choice of (I'’, A’), we know that {§ | ¢ (1> & € T'} C I'". Finally, if & € I', then,
by the consistency of (I'', A"), 8 ¢ A’, whence clearly ¥ (— 6 ¢ A. But then, by
the completeness of (I', A), we must have v ¢— 6 € I'. We have thus shown that
{y O— 0|6 € I'"} € T'. Summing up, we must have ((T', A), ¥ ||, (T, A)) €
R, and, since we have also shown that M., (T', A") = x, M., (T, A) = ¢ O— x
clearly follows.

(=) Let (", A) € W.besuchthat p = ¢ O— x ¢ I'. Assume now that (I'", A") €
W, is such that ((I', A), [|[¥[|am,, (T, A”)) € Re. Let 0 € L be such that all of the
following holds:

Ilim, =1{(E, 0)e W |0 €&} (38)
loO>gelcr (39)
{O0>&l6elycT (40)

By IH, we know that also ||| o, = {(E, ©) € W, | ¥ € E}. We thus get that:
{(E.0)eW. |y eE}={(E,0)eW|0¢€E} 41

Since we have ¥ O— x ¢ I', we know that, by Lemma 9 and (41), we must also have
0 O— x ¢ T. It follows now, by (40), that we must have x ¢ I'’. Next, IH implies
that M., (", A’) & x. Since the choice of (I, A") € W, under the condition that
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(T, A), 1Yl m,, (T, A')) € R. was made arbitrarily, it follows that we must have
Me, (T, A) =Y O x = ¢. o

The truth lemma allows us to deduce the (strong) soundness and completeness of [CK
relative to IntCK in the usual way:

Theorem 1 For every (I', A) € P(L) x P(L), (T', A) is consistent iff (I', A) is satis-
fiable. In particular, for every ¢ € L, = ¢ < (¢ € IntCK).

Proof (<) We argue by contraposition. First, note that, in virtue of Lemma 3, we can
show the following claim by induction on the length of a derivation ¥y, ..., ¥, = ¢
of ¢ from the premises in I'":

Claim. If ' | ¢, then (T, {¢}) is unsatisfiable.

Ifnow (I", A) € P(L) x P(L) isinconsistent, then we musthave I' - ¥ V...V,
for some ¥y, ..., ¥, € A. But then the Claim implies that (I, {1 vV ... V ¥, })
is unsatisfiable whence clearly (I, {¥1, ..., ¥,}) is unsatisfiable, so that (I', A) D
(T, {41, ..., ¥} is unsatisfiable as well.

(=) If (', A) is consistent, then, by Lemma 11, we have M., (T, A) = (T, A).

We have thus shown Theorem 1. In particular we have shown that, forevery ¢ € L,
F ¢ iff (4, {¢}) is inconsistent iff ¢ € IntCK. O

As a usual corollary, we obtain the compactness of IntCK for bi-sets:

Corollary 1 (T, A) € P(L) x P(L), (T, A) is satisfiable iff, for every (I'', A") &
(T, A), (I, A) is satisfiable.

Proof The (=)-partis straightforward, as for the converse, we argue by contraposition.
If (T, A) is unsatisfiable, then, by Theorem 1, (I', A) is inconsistent, therefore, for
some ¥, ..., ¥, € Awehave I' H ¥y V...V ¢y. Let x1, ..., xm be any derivation
of Y1 V...V, fromthe premisesin " and let ¢, . . ., ¢, be alist of all formulas from
I" occurring among xi, ..., xm- Then xi, ..., xm also shows the inconsistency (and
hence, by Theorem 1, the unsatisfiability) of ({¢1, ..., ¢r}, {¥1, ..., ¥n}) € (T, A).

O

4 IntCK and Other Intensional Propositional Logics

In the existing literature, one can find several systems which can be viewed as natural
companions to IntCK. On the one hand, there are different intensional propositional
logics, which either treat conditionals from a viewpoint similar to that of IntCK, or
extend Int with similar additional connectives, or both. On the other hand there is FOIL,
the first-order version of Int, which is naturally viewed as a super-system for IntCK,
in that IntCK can be seen as isolating a special subclass of intuitionistic first-order
reasoning which is relevant to handling conditionals. In both cases, one can expect
that IntCK will display some sort of natural relation to each of these logics. This section
is devoted to looking into some examples of such relations between IntCK and other
intensional propositional systems; the relations between IntCK and FOIL will be the
subject of the next section.
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Due to the great number of systems that can be related to IntCK, we only confine
ourselves to mentioning a few prominent examples; and, considering the length of this
paper, most of our claims will only be supplied with a rather sketchy proof. We will
mostly consider logical systems given by complete Hilbert-style axiomatizations. If S
is such a system and Ay, ..., A, is a finite sequence of axiomatic schemes, we will
denote by S + {A1, ..., A,} the system obtained from S by adding every instance of
A1, ..., A, and then closing under the applications of the rules of inference assumed
in S. In case n = 1, we will omit the figure brackets.

The first of the systems that we would like to consider is the basic system CK of
classical conditional logic, introduced in Chellas [4] and defined over £. One variant
of a complete axiomatization for CK is given by extending of («0), («1), (@5), (MP),
(RAD), and (RCO) with the following axiomatic schemes:

¢V ¢ (Ax0)
(@0 Vv) © —(@ > —yY) (Ax1)

The addition of (Ax0) to («0) and (MP) transforms the purely propositional base of
the system from Int to the classical propositional logic CL. It is natural to expect that
a similar relation holds between IntCK and CK in that the former is a subsystem of the
latter and that IntCK, in its turn, can be transformed into CK by the addition of (Ax0),
thus giving us the intuitionistic counterpart of CK. This is indeed the case, as we will
show presently. We prepare the result with a technical lemma:

Lemma 12 The following statements are true:

1. Every instance of (a2)—(a4), (a6), (RAQ), and (RCO) as well as all the theorems
and derived rules given in Lemma 4, are deducible in CK.
2. Every instance of (Ax1) is deducible in (IntCK 4 (Ax0)).

We sketch the proof in Appendix B.
The relation between IntCK and CK is then analogous to the relation between Int
and CL:

Proposition 2 The following statements are true for every ¢ € L:

1. If ¢ € IntCK, then ¢ € CK.
2. ¢ € CKiff ¢ € (IntCK + (Ax0)).

Proof (Part1)If¢ € Land ¢y, ..., ¢, = ¢ is aproof in IntCK, then we can transform
it into a proof of ¢ in CK by replacing every occurrence of («2)—(«4), («6), and every
application (RAQ), and (RC{) by the deductions given in the proof of Lemma 12.1.

(Part 2) If ¢ € (IntCK 4 (Ax0)), then we can argue as in Part 1. The only difference
will be possible presence of instances of (Ax0) which do not require any additional
work. In the other direction, if ¢ € CK and ¢y, ..., ¢, = ¢ is a proof in CK, then we
can transform it into a proof of ¢ in (IntCK + (Ax0)) by replacing every occurrence
of (Ax1) by the deduction given in the proof of Lemma 12. O

Another logic that is very natural to compare with IntCK is the system of intuitionistic
conditional logic ICK introduced by Weiss in [18]. ICK is defined over the ((—)-free
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fragment of £ which we denote by L,. One of its complete axiomatizations is
obtained by simply omitting (Ax0) and (Ax1) from CK. One (Chellas-style) variant of
semantics® for ICK can be given, if we replace conditions (c1) and (c2) in Definition 1
by the following condition to be satisfied for every X € W:

<oRx € Rxo < (cw)

We will call the resulting models Weiss models. The satisfaction relation used by Y.
Weiss (we will be denoting it by =) is also different from k= in that the inductive
clause for {— is no longer needed and the inductive clause for [}— is given in the
following, more classically-minded’ version:

Mow =y ¥ 0= x < Yue WYRy o w, 1) = M, u =y x)

The relations between ICK and IntCK can be summarized as follows:

Proposition 3 We have ICK C IntCK. However, IntCK extends ICK non-conservatively,
in that we have (——(T O— 1) - (T O— 1)) € (IntCKN L) \ ICK.

Proof 1t is clear that every proof in ICK is also a proof in IntCK. As for the non-
conservativity claim, it is easy to see that =——(T [}— 1) — (T O~ ) is derivable
in IntCK:

(T L) o ——=(To>T) by (T4), Int (42)
——(TO> L) < —~(T o> T) by (42), Int (43)
(TOsT) = (TO> L) = (TO> L) by (e4), Int (44)
(T~ 1) = (T 1) by (43), (44), Int (45)

However, if we consider the Weiss model M = (W, <, R, V) where W := {w, v, u},
< is the reflexive closure of {(w, v)}, R := {(w, W, u)}, and V(p) = @ for every
p € Var, then we see that M, v =, T [~ L, hence also M, w = = (T O~
1); however, since M, u =, L and we have RT),,(w, u), we get that M, w }~=,
T L. O

The question then arises as to how one should interpret this difference between ICK
and IntCK N L1 is it due to ICK being incomplete over L3, or is the reason
that IntCK smuggles in some principles that are not intuitionistically acceptable? The
latter answer seems to be favored by the fact that the elimination of double negation
is not very typical for intuitionistic reasoning; moreover, it is clear that the proof

6 The semantics given in Weiss [18] and Weiss [19] uses the formula-indexed binary relations but yields
the same logic as the semantics we give in this paper.

7 The Chellas variety of Kripke semantics of CK is usually defined by adopting this clause over the class
of Kripke models that is given as in Definition 1 except that the pre-order < is now omitted and conditions
(c1) and (c2) are no longer imposed. The clause that we used in Section 3.1 for ¢— can be derived in this
semantics as a by-product of adopting (Ax1) and thus can be also deemed classical. Cf. the semantic clause
for 3 which is exactly the same in both classical and intuitionistic first-order logic.
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of (——=(T O— 1) — (T O— 1)) in IntCK essentially uses principles that are
only expressible with the help of the additional connective (— and can be therefore
seen as, loosely speaking, ‘impure’. However, the former answer is clearly favored by
Theorem 2 of this paper which implies that the standard translation of the questionable
formula (——(T O— 1) — (T O 1)) is a valid first-order intuitionistic principle.
Nevertheless, the weight of the latter argument is somewhat diminished by the fact
that the proof of Theorem 2 in this paper depends on classical principles.?

Turning once more to CK, it has been shown that it corresponds to the basic normal
modal logic K, which is defined over the language £,, given by the following BNF:

pu=p|TILI¢AG|dVPId—>¢|Uo]| 0.

More precisely, consider the translation Tr : L£,, — L defined by the following
induction on the construction of ¢ € L,,:

Tr(¥) =y Y e Var U{T, 1}
Tr(Y*x):=Tr()*«Tr(x) *x € {A,V, =}
Tr({Oy) =T O Tr(y) Tr(Ov) =T O Tr(y)

By Weiss [19, Theorem 4], K is embedded into CK by 77 in the sense that, for every
¢ € Ly, ¢ € Kiff Tr(¢p) € CK; the idea to use T'r to relate modal and conditional
logics seems to be due to Lowe [12]. It is natural to expect that Tr also embeds
some basic intuitionistic modal logic into IntCK and this is indeed the case for the
basic intuitionistic modal logic IK introduced independently in Fischer-Servi [8] and
Plotkin and Stirling [13].

Just like K, IK is defined over L,,. One variant of its complete axiomatization can
be given by adding to («0) and (MP) the following additional axiomatic schemes plus
a new rule of inference:

Ul — ¢) — (Lo — Uy) (al)
U@ — ¢) — (0 — OY) (a2)
=01 (a3)
@V Y)— (O Vv OY) (a4)
(O¢ — Oy) — Lo — ¥) (a5)
From ¢ infer Clg (nec)

8 It is very natural to ask whether the counter-argument against ICK derived from Theorem 2 by
standard-translation considerations can be extended to the set of stronger intuitionistic conditional log-
ics {IV, IVW, IVC, IC2} considered in Ciardelli and Liu [5], and we would like to thank the anonymous
referee of this paper for bringing up this question. It would seem that for these stronger systems, our coun-
terexample won’t work in its current form; the reason for this is that the counter-model given in the proof of
Proposition 3 fails the constraint C2 imposed in Ciardelli and Liu [5] on the Kripke semantics of every logic
in the set {IVW, IVC, IC2}. However, the case of IV appears to be much easier: indeed, consider the model
M = (W,<,U, R, V), where W, <, V are defined as in the proof of Proposition 3, U is the set of <-
closed subsets of W, and we set R’ := {(w, X, u) | X € {W, {v, u}, {u}}}. It is then easy to check that M’
satisfies both Definition 3 and the constraints C1 and C3—C5 of Ciardelli and Liu [5]; thus, M’ is a model of
IV and still fails (=—(T O— L) — (T O— 1)) as the paper [5] uses the Weiss semantics for intuitionistic
conditional logic. Therefore, also the system IV is seen to be intuitionistically incomplete, which raises
doubts as to whether IV provides the correct intuitionistic counterpart for the classical conditional system
V introduced by Lewis in [11].
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Again, we prepare the result connecting IK to IntCK with a technical lemma:

Lemma 13 The following theorems and rules are deducible in K for all ¢, € Ly,:

Lo ALY) < U@ A ) (th
O ALY) > O AY) (t2)
OV ) < (0p Vv OY) (t3)
aT (t4)
From ¢ —  infer ¢ — Ty (r1)
From ¢ —  infer O¢p — QY (r2)
From ¢ <  infer Up < Uy (r3)
From ¢ < ¥ infer O¢p < Qv (r4)

Proof The theorem (t1) and the rule (r1) can be deduced as in K. To obtain the deduction
of (12), one needs to replace the occurrence of (al) in the deduction of (r1) by the
respective occurrence of (a2). Rules (13) and (r4) are deduced by applying rules (r1)
and (12), respectively plus the definition of <». The theorem (t4) can be deduced by
applying (nec) to the provable formula T; one half of (t3) is just (a4), the other half
follows by applying (12) to provable formulas ¢ — (¢ V ) and ¥ — (¢ V V).
Finally, (t2) can be deduced as follows:

Oy — 0@ — (@ AY)) (20), (MP), and (r1) (46)
Oy — (09 = O A ) (46), (a2), («0), (MP) (47)
O ALTY) — 0@ AY)) 47), («0), (MP) (48)

O

We now claim that:
Proposition 4 Forevery ¢ € L,,;, ¢ € IKiff Tr(¢) € IntCK.

Proof If ¢ € IK then let ¢1,...,¢, = ¢ be a deduction of ¢ in IK. Consider the
sequence Tr(¢1),...,Tr(¢,) = Tr(¢). The translation Tr leaves intact every
instance of («0) and (MP) and maps every instance of (al), (resp. (a2), (a3), (ad),
(a5)) into an instance of (T1) (resp. (T2), («6), one half of («3), («4)). Similarly,
every application of the rule (nec) is mapped by Tr into an application of (Nec).
Therefore, one can straightforwardly extend Tr(¢1), ..., Tr(¢,) = Tr(¢) to a proof
of Tr(¢) in IntCK by inserting the variants of deductions sketched in the proof of
Lemma 4.

In the other direction, let ¥y, ..., ¥, = Tr(¢) be a deduction of Tr(¢) in IntCK.
Consider the mapping Tr : £ — L,, defined by induction on the construction of
¢ eL:

Tr(y) =1 ¥ e Var U{T, 1}
Tr(y * x) = Tr() * Tr(x) x € {A,V, >}
Tr(y O x):=0Tr(x) Tr(y O— x) = OTr(x)
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The following can be easily proved by induction on the construction of ¢ € L,,:

Claim. For every ¢ € L,,, Tr(Tr(¢)) = .

Indeed, both basis and every case in the induction step are pretty straightforward.
As an example, we consider the case when ¢ = (. We have then ﬂ(Tr(()l//)) =
Tr(T O— ¥) = Oy. Our Claim is proven.

Turning back to our proof of Tr(¢) in IntCK, we consider the sequence of L,,-
formulas Tr(y1), ..., Tr(¥,) = Tr(Tr(¢)) = ¢, where the last equality holds by
our Claim. We observe that the translation given by Tr leaves intact every instance
of («0) and (MP); as for the other axioms and rules, Tr maps every instance of (« 1),
(resp. (@2), (@3), (x4), («5), (¢6)) into an instance of (t1) (resp. (t2), (t3), (a5), (t4),
(a3)). Similarly, every application of the rule (RCO) (resp. (RC¢)) is mapped by
Tr into an application of the rule (r3) (resp. (r4)). Finally, the conclusion of every
application of the rule (RAO) (resp. (RAQ)) is mapped by Tr into a formula of the
form Oy <> Oy (resp. Oy <> Q) which is clearly deducible from («0) and (MP).
Therefore, one can straightforwardly extend ﬂ(l/f]), ... ,ﬂ(wn) = ¢ to a proof of
¢ in IK by inserting the variants of deductions sketched in the proof of Lemma 13. O

It is easy to see, that in the clauses Tr(0dy) := T O— Tr(y¥) and Tr(Qy) =
T O— Tr(¥), T can be replaced by an arbitrary fixed x € L£; with this replacement,
the above proof of Proposition 4 will still go through with minimal changes. Our
translation T'r is thus seen as but one member of the infinite family Tr = {T'r, |
Y e L}, where, for a given x € L, Tr, is characterized by the inductive clauses
Try(@y) := x O—= Tr(y) and Try, (O¥) = x ¢— Tr(¥), and commutes with
the other connectives; more precisely, we get that Tr = Tr1 € Tr. The obvious
adaptation of the proof of Proposition 4 then yields us the following:

Corollary 2 For every ¢ € L, and every T € Tr, ¢ € IKiff T (¢) € IntCK.

As a further result of the tight connection between IK and IntCK we observe that
the countermodels that show in Simpson [15, p. 54-55] the mutual non-definability
of O and ¢ in IK can be re-used to show the mutual non-definability of (3— and {—
in IntCK, thus answering the concern expressed in the passage from Ciardelli and Liu
[5] quoted in the introduction to this paper.

We add that the gap between IntCK and ICK is also mirrored at the level of £,, as the
gap between the O-free fragment of IK and the system HK introduced in Bozi¢ and
Dosen [2], which Weiss cites in [19, p. 138—139, Footnote 11] as one of the sources
for ICK. Indeed, one can easily show both that ICK stands to HKJ in the same relation
ascribed to IntCK and IK in Proposition 4 above, and that —=——[] L — [J.L is in the
O-free fragment of IK but outside HK[. This is all the more surprising in view of some
confusing claims made in the existing literature.’

9 For example, the author of Simpson [15] is clearly in favor of IK as the basic intuitionistic modal logic;
yet he says, right after introducing the axiomatization of HKOJ in Figure 3-3 that: “The logic of Figure 3-3
is uncontroversially the intuitionistic analogue of K in the (-free fragment”[15, p. 56]. While working on
the final version of this paper, we were also directed to a very interesting discussion at https://prooftheory.
blog/2022/08/19/brouwer-meets-kripke-constructivising-modal-logic/ which shows that the tricky relation
between HK and the ¢-free fragment of IK keeps being re-discovered by the logical community since 1990s.
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5 IntCK and First-Order Intuitionistic Logic

We define the first-order intuitionistic logic FOIL over the language £ fo,lo based on a
countable set Ind of individual variables and given by the following BNF:

¢ u=px|Rxyz | Ox | Sx | Exy|x=y[T|LloAnd[oVd|d—¢|Vxd|Ixe,

where p € Var and x, vy, z € Ind. The formulas of the form px, Rxyz, Ox, Sx,
Exy, x =y, T, and L, will be called atomic formulas, or simply atoms. We will
continue to use the abbreviations <> and —; additionally, we will use (Vx)p¢ as
an abbreviation for Vx(Ox — ¢). Given a formula ¢ € Ly,, we can inductively
define its sets of free and bound variables in a standard way (see, e.g. [6, p. 64]).
These sets, denoted by FV(¢) and BV (¢), respectively, are always finite. These
notions can be extended to an arbitrary I' € L z,, although F'V(I') and BV (I") need
not be finite. If x € Ind \ (FV(¢) U BV (¢)), then x is said to be fresh for ¢.

{pelp| FV(P) S{x1,....xs}}. Ifp € E?O, then ¢ is called a sentence. Finally,
givena ¢ € Ly,, and some x, y € Ind such that y is fresh for ¢, we can define the
result (¢)} of substituting y for x in ¢ simply as the result of replacing free occurrences
of x in ¢ with the occurrences of y.

While the most popular semantics for FOIL is given by Kripke models (see e.g.
[6, Section 5.3]), we will use for this logic a slightly more involved but equivalent
semantics based on intuitionistic Kripke sheaves. The reason for our choice is that
Kripke sheaves allow for highlighting the use of the canonical model M, in obtaining
the main result of this section. Another reason is that, in the particular case at hand,
Kripke sheaves yield a simpler main model construction than the usual Kripke models.
The following definition provides the necessary details:

Definition 3 A Kripke sheaf is a structure of the form & = (W, <, 2, H) such that:

o W #£ (s the set of worlds or nodes.

e <isa pre-order on W.

e 2 is a function, returning, for every w € W a classical first-order model 2{,, =
(Ay, ty) over the vocabulary (sometimes called signature) ¥ = { p1 | p € Varju
{R3, ol, st Ez}, where A,, # 0 is the domain and ¢, is the function assigning
every P" € X some ¢, (P") € (Ay)".

e Finally, H is a function defined on {(w, v) € w2 | w < v}, which, for every pair
(w, v) in its domain returns a (classical) homomorphism H,,, : 2, — 2. This
function has to satisfy the following additional conditions:

— Forallw € W, Hy,,, = id[Ay].
— If w, v, u € W are such that w < v < u, then H,,, = H,,, o H,,.

We use S = (W, <, 2, H) as our standard notation for Kripke sheaves; we will
assume that any decorations of & transfer to its components.

10 More precisely, we only define the version of FOIL over a particular vocabulary. But we will never need
other versions of FOIL in this paper, so, for the purposes of the present discourse, we can identify FOIL with
its particular variant that we introduce below.
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Given a Kripke sheaf G, anda w € W, we will call an (S, w)-variable assignment
any function f : Ind — Ay,. In order to determine the truth value of a formula, one
needs to supply a Kripke sheaf &, a node w € W and an (&, w)-variable assignment
f. With these data, the satisfaction of a formula ¢ € L ¢, is given by the relation =,
which defined by the following induction on the construction of a formula:

S, wkyf TISf]
S, w fEro LIf]
G, w ks Px[fl & f(x) € tw(®) P e VarU{S, 0}
S, wkro Exylfl1 & (f(x), f() € tw(E)
S, wkEp c=f1& f(x)=f)
S, w =fo Rxyzlf1 & (f(x), f(), f(2) € ty(R)
G, wlkr (WAl 6wk vIf1&6, w k= x[f]
S.wkr WVl 6 wkr ¥iflooS,wi=r x[f]
S, wkr = 016 Yo =>w) (6, viEf YIf o Huwl = &, v k=ro x[f o Hyyl)
S, w ko GxP)If1 & (Fa € Aw)(S, w =y, Y flx/all)
S, w o VxYIf]1 & (Yv = w)(Ya € Ay)(6,v =ro YI(f o Hyy)lx/all)

As usual, it follows from this definition that the truth value of a formula ¢ € L,
only depends on the values assigned by f to the values of the variables in F'V (¢). We
will therefore write &, w =7, ¢[x1/al, ..., xp/a,] iff ¢ € L{ﬂ"”’x”} and we have
S, w =7, ¢[ f]for every (equivalently, any) (&, w)-variable assignment f such that
f(xi) =a; forevery 1 <i < n.In particular, we will write G, w =y, ¢ iff ¢ € E“O
andwehave &, w =y, ¢ f]forevery (equivalently, any) (&, w)-variable assignment
f.
It is easy to see that |=,, just like = before, can be used to introduce the com-
plete set of semantic notions. More precisely, given a Kripke sheaf G, a w € W,

and a tuple (ay,...,a,) € Ay, we will call the triple (&, w, (a1, ...,a,)) an n-
evaluation point, and, given a pair (I', A) € 77(5{)601 """ by o P(E{fx;"”’x"}), we say
that an evaluation point (&, w, (a1, ..., a,)) satisfies (I', A) and write &, w =y,

(T, A)[x1/ay, ..., xp/a,] iff we have:
(V¢ e )6, w Eypo ¢lxi/ar, ..., Xn/an]) & VY € A) (G, w fpo Yxi/ar, ..., Xn/anl).

We say that (I', A) is first-order-satisfiable iff some n-evaluation point satisfies
it, and that A first-order-follows from I' (and write I' =7, A) iff (T, A) is
first-order-unsatisfiable. We say that I' is first-order-satisfiable iff (I, ¥) is; and if
(6, w, (a1, ...,ay)) first-order-satisfies (I', ¥), then we simply write &, w =y,
Clxi/ai, ..., xa/a,]. We say that ¢ € L is first-order-valid iff § =y, ¢, or, in
other words, iff =7, ¢.

FOIL is known to be strongly complete relative to the semantic of Kripke sheaves;
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paper we will be mainly interested in things that first-order-follow from a specific
subset Th C L?c - This subset includes all and only the sentences that follow below:

Vx(Sx Vv Ox) (Thl)
Vx—=(Sx A Ox) (Th2)
Vx(px — Ox) (p € Var) (Th3)
VxVy(Exy — (Ox A Sy)) (Th4)
VxVyVz(Rxyz — (Ox A Sy A O2)) (Th5)
Ax(Sx AVy(Eyx < py)) (p € Var) (Tho6)
Ix(Sx A (Vy)o(Eyx)) (Th7)
Ax(Sx AVy—Eyx) (ThS8)
VxVy((Sx A Sy)— Fz(SzAVw) o (Ewz < (EwxxEwy)))) (x€{A, VvV, —}) (Th9)
VxVy((Sx A Sy) — 3z(Sz A Yw)o(Ewz <> Yu(Rwxu — Euy)))) (Th10)
VxVy((Sx A Sy) — Fz(Sz A Yw) o (Ewz < Ju(Rwxu A Euy)))) (Th11)
VxVy(Sx A Sy A (Y2)o(Ezx < Ezy) = x =) (Th12)

It is easy to notice that Th encodes a two-sorted universe, where the sorts are rep-
resented by the unary predicates O (for ‘objects’) and S (for ‘sets’). The predicate
E then represents the elementhood. The principles (Th6)—(Th12) ensure that the sets
assigned to the formulas of £ as their extensions by the classical Kripke semantics of
CK, are all present in the domain of any model of Th.

These clauses can be rather straightforwardly formalized in FOIL also in the form
of the following standard translation of L into the two-sorted first-order language.
Given an x € Ind and a ¢ € L, the formula ST,(¢) € Ly, is called the standard
x-translation of ¢ and is defined by the following induction on the construction of ¢
(where x, y, z, w € Ind are pairwise distinct):

ST (p) := px p e Var
ST (@) == ¢ ¢ e{T, 1}
ST (Y * x) := STe(¥) * ST (x) * € {A,V, >}

ST (Y O x) :==3y(Sy A (VD)o (Ezy < ST (¥)) AVw(Rxyw — STy(x)))
ST (Y O—= x) :=3y(Sy A (V2)o(Ezy < ST (¥)) A Fw(Rxyw A STy (X))

Thus the standard translation simply encodes the (Segerberg version of) Kripke seman-
tics for CK under the assumption that the underlying logic of the meta-language is
intuitionistic rather than classical. The following lemma is then easily proved by
induction on the construction of ¢ € L:

Lemma 14 For every x € Ind and every ¢ € L, STy (¢) C E)}O.

L\ lightened version is given in van Dalen [6, Cor. 5.3.16], where the semantics of Kripke sheaves is
referred to as ‘modified Kripke semantics’.
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The next couple of lemmas are more tedious, but still rather straightforward to prove:

Lemma 15 For all ¢, € L and for all pairwise distinct x,y,z, w € Ind, the
following statements hold:

LTh l=fo V(ST (¥ O= x) = Vy(Sy A (V2)o(Ezy < ST (¥)) = Vw(Rxyw — STy (x))))-

2.Th Efo YX(STe (Y 0= x) = Vy(Sy A (V2)o(Ezy < ST:(¥)) — Fw(Rxyw A STy (x)))).

Lemma 16 For every ¢ € L and for all distinct x, y € Ind the following holds:

Th l=fo Ax(Sx A (Yy)o(Eyx < STy(¢))).

These lemmas provide a stepping stone for our first result on the relations between
Th and IntCK:

Proposition 5 For every ¢ € L and every x € Ind, if ¢ € IntCK then Th =y,
Vx (ST (9)).

The proofs of Lemmas 15, 16, and of Proposition 5 can be found in Appendix C.
Using the compactness of FOIL, we are now in a position to prove one direction of
the main result for the present section:

Corollary3 For all T, A C L and for every x € Ind, if ' Einck A, then
Th{ST:(®) | @ € '} =po {(STx(Y) | ¥ € A}

Proof If I' Ejntck A then, by Theorem 1, (", A) must be unsatisfiable, whence, by
Corollary 1, there must exist some I'" € T" and some A’ € A such that (I, A') is
unsatisfiable. But then, again, by Theorem 1 and Lemma 5, we must have AT/ —
\/ A" € IntCK. Proposition 5 now implies that Th =7, VxST,(AT' — \/ A'),
whence clearly Th ¢, VX(A{ST(¢) | ¢ € T} = V{STc(¥) | ¥ € A}), and,
furthermore: Th, {ST(¢) | ¢ € T’} =70 {STL(¥) | ¥ € A"}
But then, trivially, also Th, {STy(¢) | ¢ € '} =70 {STx(¥) | ¥ € A} must hold.
O

Example 1 To illustrate the import of Proposition 5, let us consider the intuitionistic
meaning of the formula ¢ := —=—(T O0— 1) — (T - 1), whose status as a
part of a basic intuitionistic logic of conditionals is, as we saw in Section 4, disputed
between ICK and IntCK. Setting ¥ := Sy A (Yz2)o (Ezy), we see that we must have
STy () = =—Iy(Y A Yw—Rxyw) — Jy(Y A Vw—Rxyw). By (Th7), we know
that Th =y, 3yy, so the whole formula is reduced, modulo T'h, to the following
theorem of FOIL: =—Vw—Rxyw — Vw—Rxyw. It is clear now that the case of
double negation elimination claimed in ¢ is intuitionistically acceptable and that ¢
indeed must be accepted as a theorem of a basic intuitionistic conditional logic.

We now intend to prove the converse to Corollary 3; to this end, we need to throw a
more attentive look at the canonical model M, given in Definition 2. We adopt the
following further definitions:
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DEﬁniti0n4 FOr any n € (1), a Sequence o = ((F()a A0)9 d)la ) ¢n9 (Fm An)) iS
called a (T'g, Ap)-standard sequence of length n + 1 iff (I'g, Ag), ..., (Tn, Ay) € W,
1,5 ...,¢n € L, and we have:

(Vi <n)(Re((Ti, Ai), @i 1llm,s Tigrs Aig1)))-

Given a (I', A) € W,, the set of all (I', A)-standard sequences will be denoted
by Seq(I", A). The set Seq of all standard sequences is then given by Seq :=
UiSeq(I', A) | (T, A) € We).

Finally, given a § = ((Eg, ®0), ¥1, .-+, ¥m, (Em, On)) € Seq, we say that g
extends o and will write < B iff (1) m = n, 2) ¢1 = Y1, ..., Iy = V(= Yum),
and
(3) (To, Ag) <c¢ (Ep, ©0), ..., (Tn, Ap) <c (En, Op)(= (Em, On)).

We will need the following facts about standard sequences:
Lemma 17 The following statements hold:

1. Ifa,B € Seq are such that « < B, and ¢ € L, (I', A) € W, are such that
o' =a (¢, (T, A)) € Seq, then there exists a B’ = B~ (¢, (E, ©®)) € Seq and
a < B

2. For all (T, A),(E,®) € W, such that (I', A) <. (E, ®), and every a €
Seq (I, A), there exists a B € Seq (&, ®) such that o < B.

3. Forall (T, A), (E,0) € W, and o € Seq(l', A) such that end(a) <. (8, 9),
there exists a B € Seq such that o < B and end(B) = (E, ©).

Proof (Part 1) Assume the hypothesis. Since @ < 8, we must have end («) <. end(B),
and, since ' = a” (¢, (I', A)) € Seq, we must have R.(end(a), [¢llprm,. (T, A)).
Since M, satisfies condition (c1) of Definition 1, there must exist some (&, ®) € W,
such that both (T, A) <. (E, ©) and R.(end(B), ¢l pm,, (E, ®)). The latter means
that we have both 8/ = B~ (¢, (E, ®)) € Seq anda’ < B'.

(Part 2) By induction on the length of «. If @ has length 1, then we can set 8 :=
(8, ©). If « has length k + 1 for some 1 < k < w, then we apply IH and Part 1.

(Part 3) Again, we proceed by induction on the length of «.. If o has length 1, then we
canset B := (E, ©).If o haslength k+1 for some 1 < k < w, thenforsome o’ € Seq
of length k and some ¢ € L, we must have o = ((T', A), ¢) " ('), with end(a) =
end(a’). Applying now IH to o, we find some 8’ € Seq such that end(8’) = (B, ®)
and o/ < B’. But then, in particular, we must have init(a’) <. init(8"). Moreover,
sincex = ((T', A), )~ () € Seq, we must also have R.((T', A), |¢[| rm,, init(a')).
But then, since M, satisfies condition (c2) of Definition 1, there must exist some
(I'", A") € W, such that both (T", A) <. (I'", A”) and R.((I", A"), [|¢ll pm,., init(B)).
But then, for 8 := ((I'", A’), )" (a’) we must have B € Seq, end(B) = end(B’) =
(E,0),and @ < B. O

Given any (I', A), (E,®) € W, such that (I', A) <. (E, ®), a function f :
Seq(I', A) — Seq(E, ®) is called a local ((T', A), (E, ®))-choice function iff
Yo € Seq(I', A))(x¢ < f(a)). The set of all local ((T', A), (E, ®))-choice func-
tions will be denoted by §((I', A), (E, ®)). The following Lemma sums up some
facts about local choice functions:
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Lemma 18 Let (I', A) € W,. Then the following statements hold:

1. Forevery (B, ®) € W, suchthat (I', A) <. (E, ®), wehave F((I', A), (E, ®)) #
@.

2. For every a € Seq(T", A) and every (E, ®) € W, such that end(a) <. (E, ©),
there exista B € Seq such thatend(B) = (E, ®), andan f € FU(T', A), init(B8))
such that f (o) = B.

3. Forevery (E, ®) € W,, id[Seq(E, ©)] € F((E, ®), (&, O®)).

4. Given a n € w, any (I'g, Ag), ..., Tn, Ay) € W, such that (g, Ag) <.

. <¢ (Ty, Ap), and any f1, ..., fu such that for every i < n we have fi1| €
S((Ti, Ai), (Tit1, Aig1)), wealso havethat fro.. .o f, € (Lo, Ao), (Fn, Ap)).

Proof (Part 1) By Lemma 17.2 and Axiom of Choice.

(Part 2) Assume the hypothesis. By Lemma 17.3, we can find a 8 € Seq such
that both « < B and end(B) = (E, ©®) are satisfied. Trivially, we must also have 8 €
Seq (init(B)). Assume, wlog, thatae = ((I'g, Ag), @1, .-, Pn, (Tn, Ay))andthat 8 =
((Eo, ©®0), @1, .., n, (En, Opn)). We now set f((T'o, Ao), b1, ..., @i, Ty Aj)) 1=
(Eo, ©g), @1, ..., di, (Ei, ®;)) for every i < n and, proceeding by induction on
the length of a standard sequence, extend this partial function to other elements of
Seq (', A) in virtue of Lemma 17.1. The resulting function f clearly has the desired
properties.

Part 3 is trivial, and an easy induction on n € w also yields us Part 4. O

However, ((I', A), (E, ®))-choice functions will mostly interest us as restrictions of
global choice functions. More precisely, F : Seq — Seq is a global choice function
iff for every (I', A) € W, there exists a (E, ®) € W, such that (I', A) <. (E, ®) and
F | Seq(, A) € (T, A), (E, ®)). The set of all global choice functions will be
denoted by &. It is easy to see that an analogue of Lemma 18 can be proven for global
choice functions:

Lemma 19 Let (I', A) € W,. Then the following statements hold:

1. For every (E,®) € W, such that (I', A) <. (E, ®) and for every f €
FUT, A), (B, ®)), there exists an F € & such that F | Seq(I', A) = f.

2. For every a € Seq(I', A) and every (B, ®) € W, such that end(ax) <. (8, O),
there exists a B € Seq such that end(B) = (E, ®), and an F € & such that
F(ax) = B.

3. id[Seq] € &.

4. Givenanyn € wand any Fi, ..., F, € & we also have that F1o...0 F, € .

5. Forevery a € Seq and every F € &, we have o < F (o).

Proof (Part 1) Note that we have Seq(I'g, Ag) N Seq(I'y, A;) = @ whenever
(To, Ag), (I'1, A1) € Wearesuch that (I'g, Ag) # (I'1, A1). Therefore, we can define
the global choice function in question by F := ((J{Id[Seq(To, Ao)] | (T, Ao) #
(', A)}) U f. Lemma 18.3 then implies that F € &.

(Part 2) Assume the hypothesis. By Lemma 18.2, we can choose a § € Seq such
thatend(B) = (8, ®),and an f € F((T", A), init(B)) such that f(«) = 8. By Part 1,
we canfindan F € & suchthat F | Seq(I", A) = f and thus also F(x) = f(a) = B.
Parts 3 and 4 are, again, straightforward.
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As for Part 5, note that we must have both @ € Seq (init(«)) and, for an appropriate
(', A) € W, that F | Seq(init(x)) € §(init(a), (I, A)). But then we must have
a < (F | Seq(init(x)))(a) = F(a) by definition of a local choice function. m]

The global choice functions are the basis for another type of sequences, that, along
with the standard sequences, is necessary for the main model-theoretic construction
of the present section. We will call them global sequences. A global sequence is any
sequence of the form (Fy, ..., F,) € &" wheren € w (thus A is also a global sequence
with n = 0). Given two global sequences (F1i, ..., Fx) and (Gy, ..., G,), we say
that (G1, ..., Gp) extends (Fy, ..., Fy) and write (Fy, ..., Fi) E (G, ..., Gy) iff
k <mand F1 = Gy, ..., Fy = Gy. Furthermore, we will denote by Glob the set
U e ®", that is to say, the set of all global sequences.

The final item in this series of preliminary model-theoretic constructions is a certain
equivalence relation on £. Namely, given any ¢, ¢ € £, we define that:

¢~ Y& (¢ < ¥ € IntCK).

For any ¢ € £, we will denote its equivalence class relative to ~ by [¢]~.
We now proceed to define a particular sheaf G, which can be viewed as induced
by the model M, of Definition 2.

Definition 5 We set S, := (Glob, C, A, F), where:

e Forevery F € Glob, A 7 =A=(A,1),ie. every global sequence gets assigned
one and the same classical model .A. As for the components of A, we set:

A= Seq U{[$]- | ¢ € L}.

- «(p):={B € Seq | p € w'(end(p))}, for every p € Var.

- 1(0) := Segq.

= u(8) ={l¢]~ | ¢ € L}.

- (E) == {(B,[#]~) € 1(0) x 1(S) | ¢ € 7' (end(B))}.

- UR) == {(B, [#]~,y) € L(O) x u«(S) x (0) | AE,O) € W)@y €
1)y = B~ (¥, (E, ©)}

e For any F, G € Glob such that, for some k < m we have F = (Fy, ..., Fy) and
G=(Fi,...,Fy)wehave Fzz : A — A, where we set:
o JFrqr0.. 0 Fy)(y), ify € Seq;
IFFG(V) = .
y, otherwise.

We show that G, ) is, indeed, a structure that can be used for discussing 7'/ and its
relation to IntCK. Again, we begin by establishing another technical fact:

Lemma20 Forall F,G € Glob such that F T G, it is true that:

1. Fpe | Seq € &.
2. For every a € Seq we have a < Fra(a); in particular, we have end(a) <.
end(F ;¢ (), or, equivalently, 7l (end(a)) C 7! (end(F 5 (a))).
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Proof Assume the hypothesis; we may also assume, wlog, that, for some k < m < w,
F and G are given in the following form:
F F) (def-F)

(Fi
( Fm) (def-é)

In this case, we also get the following representation for IF 7 :

Fre | Seq =id[Alo Fyy1o0...0Fy (defl-IFz)
Frg [lol~ | ¢ € L} = id[{[¢]~ | ¢ € L}] (def2-Fzq)

Part 1 now easily follows from (def1-IF ) and Lemma 19.4.
As for Part 2, we observe that, if @ € Segq, then

Fra(@) = (id[A]o Fri1o0...0 Fy)(a) € Seq.

Now Part 1 and Lemma 19.5 together imply that o < [z («). By Definition 4,
this means that end(a) <. end(F;s(a)), or, equivalently, that alend(@)) <
7l (end(F g (@))).

Lemma21 &, is a Kripke sheaf.

Proof 1t is clear that Glob is non-empty and that T defines a pre-order on Glob. It is
also clear that A = (A 1), as given in Definition 5, makes up a classical model, and
that, for any given F, G € Glob such that F C G, we have F 7 e A=A

As for the conditions imposed by Definition 3 on the functions of the form F 7,
it is clear from Definition 5 and from our convention on the compositions of empty
families of functions that (1) for any F € Glob we will have in Fzz = id[A] and
that (2) if F, G, H € Glob are such that F C G C H, thenFrs oFgp =Frpg.

It remains to establish that, for each pair F, G € Glob such that F £ G, the
function F 7 is a (classical) homomorphism from A to itself. The latter claim boils
down to showing that the extension of every predicate P € X is preserved by F .
In doing so, we will assume that, for some appfopriate k<m<w F,G,and Fzg
are given in a form that satisfies (def-F), (def-G), (def1-IF 7 ), and (def2-IF ). The
following cases have to be considered:

Case 1.IP € {0, S}. Trivial by (defl-F ) and (def2-IF 7).

Case 2.P = p € Var.If ¢ € A is such that @ € ((p), then, by Definition
5 and Lemma 20, we must have all of the following: (1) o, Fz5(a) € Seq, (2)
nl(end(a)) € 7w'(end(F g (@))), and (3) p € m'(end(w)). But then clearly also
pE 7! (end(IF p7 (r))), whence, further, F 75 (o) € 1(p), as desired.

Case 3.P = E. If a, B € A are such that (¢, 8) € ((E), then, arguing as in Case
2, we must have: (1) o, Fz5(a) € Seq, (2) B € «(S), in other words, 8 = [¢]~
for some ¢ € £, (3) 7' (end(e)) € w'(end(Fp())), and (4) ¢ € ml(end(a)) <
nl(end(IF,:-G(a))), so that we also have, by (def2-F ), that (Fz5 (), Fpa(B)) =
Fre@).Fra(dl-) = Fpg(@). [9]-) € L(E)
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Case 4.P = R. If a, B, y € A are such that (a, 8, y) € t(R), then, arguing as in
Case 2, wemusthave: (1) «, y, Fa (@), Fpa(y) € Seq, (2) B € 1(S), in other words,
B = l¢]~ forsome ¢ € £, (3) a < Fzz(a), and y < Fzz(y), and, finally, (4) for
some (&, ®) € W, and some ¢ € [¢]~ we must have y = o™ (¢, (E, ®)). Now,
Definition 4 implies that, for some (&', ®') € W, such that (8, ®) <. (&, @) we
must have Fz5(y) = Fza(@) ™ (¥, (E/, ©)). Therefore, by Definition 5, we must
have

Fre@), Frs(B), Fra() = Frg(@), Frg([9l~), Frs(¥) = Frg(@), [¢]~, Frg(¥)) € ((R).

Next, we show that the Kripke sheaf &, satisfies (Th12):
Lemma22 &, =y, (Th12).

Proof Let F € Glob and let a,b € A be such that &, F =7, Sx A Sz A
(Vy)o(Eyx <> Eyz)[x/a, z/b]. Then a, b € 1(S), that is to say, for some ¢, € L,
we must have a = [¢p]~ and b = [¢¥]~. Assume, towards contradiction, that
a = [¢]~ # [¥]~ = b, then we must have (¢ <> ¥) ¢ IntCK; in view of Lemma 11,
we can suppose, wlog, that for some (I', A) € W, we have ¢ € I" but v ¢ T.
Since we clearly have (I', A) € Seq C A, it follows from Definition 5 that we must
have &, F Fro Sx ASzA Oy A Eyx[x/a,y/(T', A), z/b], and, on the other hand,
S, F & fo Eyz[y/(I', A), z/b], which contradicts our assumption. Therefore, we
must have a = b.

The next lemma can be seen as a version of ‘truth lemma’ for &,.

Lemma23 Let F € Glob, a € Seq, x € Ind, and let ¢ € L. Then the following
statements hold:

L &, F =50 STu(@)x/a]l & ¢ € 7' (end(@)).
2. &¢, F =ro Sx A(Yy)o(Eyx < STy (¢)[x/[¢]~].

Proof We observe, first, that, for any given ¢ € L, Part 1 clearly implies Part 2. Indeed,
if Part 1 holds for a given ¢ and for all instantiations of F, «, and x, then we clearly
must have S., F F=ro Sx[x/[¢]~], and, as for the other conjunct, assume that a
G € Glob is such that F © G. Then, by Part 1, we must have, for every 8 € Seq:

EB,[¢]~) & ¢ € ' (end(B) & &, G k=ro STe(d)x/Bl.

Since we have [¢]~ = Fzz([¢]~), we conclude that &, F Ero VY)o(Eyx <
STy (@) x/[p]~].

We will therefore prove both parts simultaneously by induction on the construction
of ¢ € L; but, in view of the foregoing observation, we will only argue for Part 1.

Basis. Assume that ¢ € L is atomic. The following cases are possible:

Case 1. ¢ = p € Var. Then ST, (¢) = px and Definition 5 implies that we have:

S, F Ero pxlx/al & aciu(p) & pe nl(end(ot)).
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Case 2 and Case 3, where we have ¢ = T and ¢ = L, respectively, are solved
similarly.

Induction step. Again, several cases are possible:

Case 1. ¢ = ¥ A x. Then ST, (¢p) = ST, () A STy (x) and we have, by IH and
Lemma 11:

Se. F o (STe(Y) A ST () x/a] & &, F =fo ST (W)lx/a] & S, F = po STe(x)x/al
& Y enl(end(@) & x € n'(end(@))
& M, end(@) Ec v & M., end(a) ¢ x
& M, end(a) e ¥ A X
S Y AYE ﬂl(end(a))

Case 2. ¢ = y Vv x. Similar to Case 1.
Case3. ¢ = — x.Then STy (¢p) = ST (¥) — STy(x), and, by Lemma 11, we
know that:

Y —x € nl(end(@) & M., end(@) = ¥ — x
< (Y(8,0) € We)(end(a) < (E,®) & M., (E,0) e ¥ = M., (B, B) = %)
& (V(B,0) € Wo)(end() <. (E,0) &y € E= x € B) (=)

We now argue as follows: B B B
(<) Assume that  — x € 7! (end(«)), and let G € Glob be such that F C G.

Then, by Lemma 20.2, end(a) <. end(Fgz(a)), so that (—) implies that ¢ €

nl(end(F g () = x € n'(end(F g (a))), whence, by IH, it follows that

Se, G ':fo STx(Iﬂ)[x/]FﬁG(O‘)] = &, G szo STx(X)[x/FF(;(Of)l

Since G I F was chosen in Glob arbitrarily, we have shown that &., F = fo
(ST () = ST, (x))[x/a], or, equivalently, that &, F Ero STy () [x/a].

(=) We argue by contraposition. Assume that  — x ¢ 7l (end(a)). By (—),
there must be a (E, ®) € W, such that end(«) <, (E,0), ¥ € E,and x ¢ E. By
Lemma 19.2, we can choose a 8 € Seq such thatend(f) = (E, ®),anda F € & such
that F(«) = B. But then we can set G := F~(F) € Glob; we clearly have GIF,
Fra(a) = F(a) = B, and nl(end(,B)) = E. Therefore, under these settings, we
also getthat Y € nl(end(FFG(a))), but x ¢ nl(end(IFFG («))). Thus we must have,
by IH, that &, G =70 STe(¥)[x/Fpg(@)] but &, G Fro ST (O /Fg@)].
The latter means that &, F =7, (STy () — ST (x))[x/a], or, equivalently, that
Se, F fEfo ST (@)[x/a].

Case 4. ¢ = [0~ x.Then we have

ST (@) :==3y(Sy A (Y2)o(Ezy < ST (¥)) AVw(Rxyw — STy (X)),
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and, by Lemma 11, we know that:

¥ O-x € n'(end(@)) & M., end(@) e ¥ O X
& (Y(E,®), (B,0) e W)
(end(@) <¢ (B, ©) & R:((E, ©), Y] m,. (B, ) = M., (E,0) c x)
& (Y(E,0), (B,0) e W)
(end (@) <c (B, 0) & RA(E. ), [¥|m,. (. 0)) = x € E) (0-)

We now argue as follows:

(<) Assume that (- x € w!(end(a)),let B € Seq,andlet G € Glob be such
that F T G. If (Fpg(a), [¥]~, B) € ((R), then we must have, by Definition 5, that,
for some (I', A) € W, and some 6 € [¥]~, we have 8 = Fzs ()™ (0, (I, A)). But
then, by Definition 4, also R.(end(IF z¢ (@), 0]l pm,., (I', A)); and, since 6 € [¥]~,
Lemma 11 implies that |0 || o1, = |V || Mm,.» 50 that Re(end (F ¢ (o), 1Y | m,, (T, A)).
By Lemma 20.2, we must further have end (a) <. end(IF z (oc)) and now ([}~ ) yields
thaty e I'=m (end(,B)) Therefore, 1tfollowsbyIchat 60, G Ero STw(x)[w/B].

Since the choice of 8 € Seq and G € Glob such that F £ G was made arbitrarily,
we have shown that &, F Ero Yw(Rxyw — STy, (x))[x/a, y/[¥]~]. Moreover, IH
for Part 2 implies that S, F Ero SYA(NV2)o(Ezy < ST, (¥)[y/[¥]~]. Summing
up the two conjuncts and applying the existential generalization to y, we obtain that:

Se, F =10 Iy(Sy A (Y2)0(Ezy < ST, () AVw(Rxyw — ST, (x))lx/al,

or, in other words, that S, F Ero STy (¢)[x/al], as desired.

(=) Arguing by contraposition, we assume that ¢ [(}— x ¢ 7' (end(a)). In this
case, ((1~) implies the existence of (E, ®), (E/, ®) € W, such that end(a) <,
(E,0), RA((E,0), [¥lm,, (E,0O)), and x ¢ E'. By Lemma 19.2, there exist
a B € Seq such that end(,B) = (E,®) and an F € & such that F(a) = B.
But then clearly G = F~(F) € Glob and F T G. Moreover, Definition 5
implies that Fzz (o) = B. Next, R.((E, ©), [V || m,, (E, ©)) implies that y =
B~ (¥, (8, @) € Seq, whence, by Definition 5, (8, []~, ¥) € t(R). So, all in all
we get that &, G |:f0 Rxyw[x/Fzg(a), y/[¥]~, w/y], and, on the other hand,
since x ¢ & =nx (end(y)) IH for Part 1 implies that &, G Ero STy(O[w/y].
Therefore, given that F = G, it follows that:

S, F ¥ po Yw(Rxyw — STy ())lx /e, y/[¥]~] (M

If now a € A is such that we have:
S, F l=f0 Sy A (Y2)o(Ezy < ST, (¥))ly/al ()
then note that, by IH for Part 2 we also have &, F Ero Sy A (Y2)o(Ezy <
ST, (Y))[y/[¥]~]. Therefore, Lemma 22 implies that we must have a = [{]~

in this case. But then (1) implies that we must have &, F Ero Yw(Rxyw —

@ Springer



G. Olkhovikov

STy (x))[x/a, y/a]. Since a was chosen in A arbitrarily under the condition given by
(%), we have shown that

Se, F e fo 3y(Sy A (Y2)o(Ezy < ST, (¥)) AVw(Rxyw — ST, () x/al,

or, in other words, that S, F Ero ST (¢)[x/a], as desired.
Case 5. ¢ = O— x.Then we have

STx(¢) :=3y(Sy A (V2)o(Ezy < ST () A Fw(Rxyw A STy (X)),

And, by Lemma 11, we know that:

¥ O—x € tl(end (@) & M, end(@) e ¥ O—
& (A(E, ©) € W) (Re(end (@), |¥llam,, (B, ©) & M, (E, ©) = )
& (3(E, ©) € W) (Re(end(a), 1Yl am,, (B, ©) & x € E) =)

We now argue as follows:

(<) Assume that v O— x € m!(end(a)). Then, by ((—), we can choose a
(E, ®) € W, such that both R.(end(a), ¥l m,, (B, ®)) and x € E. The former
means, by Definition 4, that 8 = o™ (¢, (E, ®)) € Segq, and the latter means that
x € m'(end(B)) whence, by IH for Part 1, it follows that &, F =7, ST, () [w/p].

Finally, note that Definition 5 implies that &, F Ero Rxywlx/a,y/[¥]~, w/

Bl and that, by IH for Part 2 we have & ., F ks, Sy A (V2)o(Ezy <
ST, (¥))[y/[¥]~]. Summing everything up, we have thus shown that

Se, F =po 3y(Sy A (VD)o (Ezy < ST, (¥)) A FJw(Rxyw A STy, (x)))[x/l,

in other words, we have shown that S, F Ero STy (¢)[x/al, as desired.

(=) Again, we argue by contraposition. Assume that ¥ (— x ¢ 7! (end(@)). In
this case, (O— ) implies that forevery (8, ®) € W, suchthat R.(end(a), |Vl rm,. (E,
®)), we must have y ¢ E. Now, if 8 € Seq is such that (¢, [Y]~, B) € t(R), then,
by Definition 5, there must exist a (I, A) € W, and a 8 € [¢¥]~ such that 8 =
a” (0, (I', A)).Since B € Seq, Definition 4 implies that R.(end (), 01| pm,., (T, A));
but, since 6 € []~, the latter means that we must have R.(end (a), [[¥[| m,., (I, A)).
But then our assumption implies that y ¢ T' = 7l (end (B)), whence, by IH for Part
1, we must have &, F ¥ro STy (x)[w/B]. Since B was chosen in Seq arbitrarily
under the condition that (¢, [{]~, B) € t(R), we have shown that:

Ge, F = fo Iw(Rxyw A STy GO)x fet, y/[¥]~] )

Next, suppose that a € A is such that we have:

Sc, F =fo Sy A (Y2)o(Ezy < ST.(¥))ly/a] ®

then note that, by IH for Part 2 we have &, F Ero Sy A (Y2)o(Ezy <
ST, (Y))[y/[¥]~]. Therefore, Lemma 22 implies that we must have ¢ = [{¥]~ in
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this case. But then () implies that &, F o Jw(Rxyw A STy, (x))[x/a, y/al.
Since a was chosen in A arbitrarily under the condition given by (), we have shown
that

Se, F Fero Iy(Sy A (VD) o(Ezy < ST,(¥)) A Jw(Rxyw A STy(X)))lx/al,

or, in other words, that &, F Ero ST (¢)[x/al, as desired. O
Before we move on, we would like to draw a corollary from our lemma:

Corollary4 Let F € Glob, a € Seq, x € Ind, and let y, x € L. Then the following
statements hold:

1. &, F Efo STe(Y O x)lx/a] & &, F Ero Yw(Rxyw — STy (x))[x /e,
Vs ]

2. G, F Efo STx(Y O— x)x/al & &, F =po Iw(Rxyw A STy (x)[x/a, y/
(Y1~

Proof (Part 1) (<) Trivial by Lemma 23.2.
(=>)If6&,, F Ero STy (¥ O~ x)lx/al, then we can choose an a € A such that:

Se, F =0 Sy A (Y2)o(Ezy < ST.(¥)) AVw(Rxyw — ST, (x))[x /e, y/a]

But then, by Lemmas 22 and 23.2, we must have a = [{¥]~, so that &, F Ero
Yw(R(x,y, w) — STy (x))[x/a, y/[¥]~] follows. Part 2 is proved similarly to Part
1.

It only remains now to show that &, is a model of T h:
Lemma 24 For every F € Glob, we have S, F Ero Th.

Proof That the Kripke sheaf &, must satisfy (Th1)—(Th5) is clear from Definition 5.
The satisfaction of (Th6)—(Th8) is implied by Lemma 23.2 (one needs to instantiate
y by [pl~, [T]~, or [L]~, respectively). The satisfaction of (Th12) was shown in
Lemma 22. We consider the remaining parts of 7/ in more detail below:

(Th9). Let x € {A, Vv, =}, F € Glob,anda, b € t(S). Then, by Definition 5, there
must exist some ¢, ¥ € L such that a = [¢]~ and b = []~. But then Lemma 23.2
implies that we have all of the following:

Se. F g0 Sx A (Yw) o (Ewx < STy(¢))[x/a] (%)
Se. F =50 Sy A (Yw)o(Ewy < ST, (¥))[y/b] M
Se. F =50 Sz A (Yw)o(Ewz < STy (¢) * STw(¥)2/[ * V1]
whence &, F = ro (Th9) clearly follows.
(Th10). Again, let F € Glob and a,b € ((S). Then let ¢, € L be such that

a = [¢]~ and b = [{]~. Lemma 23.2 implies that both (§) and () hold, and that we
have:

Ge, F o Sz A (Yw)o(Ewz <> STy (¢ O ¥)[z/[¢p O ¥l~].
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By Corollary 4, it follows now that we must have:
S, F Efo Sz A (Yw)o(Ewz <> Yw' (Rwxw' — ST,y (¥))[x/a, z/[¢ O ¥1-].

whence &, F = o (Th10) clearly follows. The case of (Th11) is similar. m]

We are now finally in a position to prove a converse to Corollary 3:

Proposition 6 ForallI', A C L andforeveryx € Ind, if Th, {ST<(¢) | ¢ €T} =0
{STc(Y) | ¥ € A}, then T’ Fnwck A.

Proof We argue by contraposition. If I =ik A, then (I, A) must be satisfiable, and
therefore, by Lemma 8, we can choose a (I, A’) € W, such that (I, A”) 2 (T, A).
By Definition 4, we have (I, A’) € Seq, therefore, Lemmas 23.1 and 24 together
imply that &;, A |=fo (ThU{ST:(¢) | ¢ € T}, {STx(¥) | ¥ € AD[x/(T', AN], or,
equivalently, that Th, {ST,(¢) | ¢ € I'} K=o {STx () | ¥ € A}, as desired. O

We can now formulate and prove the main result of this section:

Theorem2 For all T, A C L and for every x € Ind, we have I' ek A iff
Th {STx (@) | ¢ €T} Epo {STx(¥) | ¥ € A}

Proof By Corollary 3 and Proposition 6. O

6 Conclusion, Discussion, and Future Work

We have shown that IntCK is indeed the correct version of basic intuitionistic con-
ditional logic in the sense outlined in the opening paragraphs of this paper. Thus,
Theorem 1 shows that IntCK is basic in the sense that it is strongly complete relative
to a (suitably defined) universal class of Kripke models; Theorem 2 then shows that
IntCK is intuitionistic in the sense that it is strongly complete relative to an intuition-
istic reading of the classical semantics of conditional logic. Finally, IntCK is fully
conditional in that it features the full set of conditional connectives {{1—, {—>} which
are not definable in terms of one another.

It seems that the construction of G, used in the proof of Theorem 2 is relatively
novel, since similar results for intuitionistic modal logic are proved by other methods;
in particular, Simpson [15] proceeds proof-theoretically whereas Ewald [7] uses the
method of selective filtration forming a countable chain of finite models. The latter
method was not very convenient to use in the case of conditional logic since one has to
keep a supply of counterexamples distinguishing modal accessibility relations induced
by formulas that fail to be provably equivalent.

Our answer to the question of what is the basic intuitionistic conditional logic is
still open to criticism, mainly in relation to the intuitionistic component of our claims.
We would like to briefly mention here two possible counter-arguments. First, despite
the fact that Theorem 2 shows that the reasoning given in IntCK is but a subsystem of
the first-order intuitionistic reasoning and can be embedded into the latter by the same
standard translation that is also appropriate in the classical case, the fact that our proof
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of Theorem 2 is itself decidedly classical, diminishes the foundational importance of
this result in the eyes of an intuitionist. Secondly, the theory T& used in this result is
open to doubts as to whether it smuggles in too many classical set-theoretic principles
to be acceptable for an intuitionist.

As for the second concern, we note that (Th1)—(Th5) are clearly harmless principles
typical for two-sorted formulations of FOIL, and (Th12) is a form of extensionality
axiom,; the latter is generally uncontroversial and present in every known form of con-
structive set theory. Finally, (Th6)—(Th11) are particular forms of comprehension. Even
though the question about the intuitionistically acceptable amount of comprehension is
definitely open and contested, the comprehension principles given in (Th6)—(Th11) all
seem to be very tame in that they only use the formulas with guarded quantifiers over
the object sort. It seems reasonable to expect, therefore, that they will be acceptable
under any of the existing accounts of intuitionistc set theory.

As for the first concern, however, we can only acknowledge it as a drawback of our
work; to do better in this respect, one should rather prove Theorem 2 in the spirit of
Simpson [15, Ch. 5], and we hope that we will be able to publish in the near future
some sort of continuation to the present paper in which we will close this gap.

Another major direction for future work is to extend the methods and results of this
paper to the treatment of conditionals in constructive logics with strong negation, for
example, to Nelson’s logics N3 and N4, and to the negation-inconsistent connexive
logic C introduced by Wansing in [16]. Among these three systems, C looks, perhaps,
the most promising one, given that this subject has already seen its first rather intriguing
steps in Wansing and Unterhuber [17], and the methods of the current paper seem to
open a way to a considerable refinement of these first results.

Appendix A Proof of Lemma 4

We sketch the respective proofs and derivations in ICK:

(Nec) : ¢ premise (A1)

¢ < T (A1), («¢0), (MP) (A2)

WO @W=>T) (A2), (RCD) (A3)

V> ¢ (A3), (@5), («0), (MP) (A4)

(RMLJ) : ¢ — P premise (AS)
@AY) < ¢ (A5),(«0), (MP) (A6)

(X O (@Ay) < (xO=>¢) (A6), (RCL) (A7)

XO=>¢) —> xO->v) (A7), (@1), («0), (MP)  (A8)
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RMO): ¢ —> ¢ premise (A9)
(VY)Y (A9),(«0), (MP) (A10)

X 0= (V) < (x 0> V)  (A10), (RCO) (A1)

X 0= @) = (x 0= ¥) (A11), (a3), («0), (MP)  (Al2)

(TH:(YA W — X)) = x («0), (MP) (A13)
@O=> @AW = X)) = (¢ O~ x) (A13), (RMLJ) (Al4)

(@O=>YINGTO=> = x))—> @0 x) (a), (Al4),(«0), (MP) (Al5)

(T2) : (@ O= VIN@DO=> (W= )= (90— W AW — X)) (@2) (Al6)
W AW = x) = x («0), MP) (A7)
(@ O=> W AW = X)) = (@ 0=>x) (A17), RMQ)  (A18)
(@ O=> VNGO ¥ — ) — @ 0= x) (Al6), (Al8),(«0), (MP) (A19)

M) = (¥ = )= 1) («0), (MP) (A20)
(@O ¥) = (@O (¥ = x) = X)) (A20), (RML]) (A21)
(@0 ¥) = (9 O=> (¥ = X)) = (@ 0= X)) (A21),(T2),(0), (MP) (A22)

(TH: (¢ 0= (¥ — D) = (9 0= ¥) = (¢ 0= 1)) (T2) (A23)
(@ 0= ¥) = (@ 0> 1) = (@ 0> ¥) = L) (26),(x0), (MP) (A24)

(@ O= —Y) = —(@ 0= V) (A23),(A24),(x0), (MP)  (A25)
(@0=>¥)—= L) = (@0=> V)= (90— 1)) («0), (MP) (A26)

=@ 0= ¥) = (T —¥) (A26),(a4),(«0), (MP) (A27)

Appendix B Proof of Lemma 12

(Part 1) Note that («3) follows from («1) in CK by applying (Ax1) plus duality prin-
ciples; (a6) can be deduced from («5) similarly. Moreover, (RMOJ) and (T1) can be
deduced in CK in the same way as in IntCK. We sketch the proofs for the remaining
axioms and inference rules:

(@2) : (0= x) = (9 O= (=W A x) = —¥)) («0),(MP),(RML]) (B28)
(@0 )= (9O~ Ax)) = (9= ) (B28),(T1),(«0),(MP) (B29)
(@O= x) = (—(@0->—~¥) = —(pO> (¥ A X)) (B29),(«0),(MP) (B30)
(@O= x)—=> (9 O=>¥) = (90— (W Ax)) (B30),(AxD),(«0),(MP) (B31)
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(a4) (¢ 0> ¥) = (@ O~ x) premise (B32)
—(¢pO->~y)— (90— x) (B32), (Ax1),(0),(MP)(B33)
(0= —Y)—> (¢ O (¥ = X)) («0),(MP),(RMLJ) (B34)
(@0 x)—=> (@O=> (W —x)) (a0),(MP),(RMLJ) (B35)
—(¢pO->—y)— (9O~ (¥ — X)) (B33),(B35),(0),(MP) (B36)
(@O —Y)V=@O>—y) —> @O ¢ — x)  (B34),(B306),(«0),(MP) (B37)
(0> —y) V(- —y) (Ax0) (B38)
¢ (Y — %) (B37),(B38),(MP) (B39)

RAQ): ¢ < Y eCK premise (B40)

(@O —x) < (Y O>—x)eCK (B40),(RALJ) (B41)
—(¢ O —x) < =¥ O —x) € CK  (B41),(«0),(MP) (B42)
(@ 0= x) < (¥ 0= x) e CK (B42),(Ax1),(«0),(MP) (B43)
RCO): ¢ < ¥ e CK premise (B44)

(X O= —=¢) < (x O~ —~¢y) € KK (B44),(«0),(MP),(RCL)  (B45)
X 0= )« (x 0= ¥)eCK (B45),(Ax1),(«0),(MP)  (B46)

Having now every element of [CK deduced in CK, we can deduce the remaining parts
of Lemma 4 as it was done in Section 3.2.

As for Part 2, note that (Ax0) intuitionistically implies —=—(¢ O— V) < (¢ O—
), whence (Ax1) follows by (T4).

Appendix C Proofs of Some Technical Results from Section 5

All of the sketches in this Appendix are semi-formal but allow for an easy completion
into full proofs in any complete Hilbert-style axiomatization of FOIL. The following
lemma lists most of the intuitionistic principles assumed in this appendix:

Lemma25 LetT'U{¢p, '} C Ly, andletx € Ind. Thenall of the following statements
hold:

Loy o TEpe—> ¢ (DT)
Fifod > ¥ =T g dxg > ¢ x ¢ FVITU{Y)  (Bem)
Tlerod =T Efo Vxé x ¢ FV(I') (Gen)

In case our formulas get too long, we will be replacing them with their labels, writing
e.g. (C123) — (C124) instead of ¢ — ¢ in case ¢ did occur earlier as equation
(C123) and ¢ as equation (C'124).
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Proof of Lemma 15 (Part 1) Consider the following deduction D1 from premises:

Sy A(V2)o(Ezy' < ST.(¥)) premise (C47)
Yw(Rxy'w — STy (X)) premise (C48)
Sy AN o(Ezy < ST, (¥)) premise (C49)
(V2)o(Ezy < Ezy') by (C47), (C49) (C50)
y=y by (C50), (Th12) (C51)
Yw(Rxyw — STy, (x)) by (C48), (C51) (C52)

We now reason as follows:

Th, (C47), (C48) =0 Vy(Sy A (V2) 0 (Ezy < ST (Y1) = Yw(Rxyw — ST (x))) (D1, (DT), (Gen))
Th k=7, 3y (C4T) A (C48) = Vy(Sy A (Y2) o (Ezy <> ST.()) = Yw(Rxyw — ST, (x))) ((DT), (Bern))

Now the definition of ST yields the result claimed for Part 1. Part 2 is proved by a
parallel argument. O

Proof of Lemma 16 We proceed by induction on the construction of ¢ € L.

Basis. If ¢ = p € Var (resp. ¢ = L, T), then the Lemma follows by (Th6) (resp.
(Th7), (Th8).

Induction step. The following cases are possible:

Case 1. ¢ = % x, where x € {A, V, —}. We consider first-order deduction D2:

Sx A (Yw)o(Ewx < STy, ((¥)) premise (C53)
Sy A (Yw) o (Ewy < STy, (%)) premise (C54)
Sz A Yw)o(Ewz < (Ewx x Ewy)) premise (C55)
Yw)o (Ewx * Ewy) <> (ST, () *STy,(x))) by (C53), (C54) (C56)
Yw) o (Ewz < (ST (¥) * STy (x))) by (C55), (C56) (C57)
Az(SzA(Yw) o (Ewz <> STy (¥ * %)) by (C55), (C57), def. of ST (C58)

We now reason as follows:

Th, (C53), (C54) =, 32(C55) — 3z(Sz A (Yw) o (Ewz <> STy (¥ * x))) (D2, (DT), (Bern))

Th, (C53), (C54) =0 Sx A Sy (trivially)
Th, (C53), (C54) = 7o (Sx A Sy) — 3z(C55) (Th9)

Th, (C53), (C54) k= 7o 32(Sz A (Yw) o (Ewz < STy (¥ * x))) (MP)

Th 7o 3x(C53) > (Az(C54) — F2(Sz A (Yw) o (Ewz <> ST, (¥ % 1)) (DT), (Bern)
Th =7, 36(C53) A 3y(C54) (IH)

Th =50 32(Sz A (Yw) o (Ewz < STy (¥ * X)) (MP)

Case 2. ¢ = (I~ x. We consider the following deductions from premises.
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Deduction D3:
SY' A (Yw)o(Ewy' < ST, (V) premise (C59)
Yw(Rxy'w — STw(x)) premise (C60)
Iy (((C59) A (C60))§,) by (C59), (C60) (C61)
ST, (Y T~ x) by (C61), def. of ST (C62)
Deduction D4:
(C59) premise
Sy A (Yw) o (Ewy <> ST, (¥)) premise (C63)
Yw(Rxyw — STy (x)) premise (C64)
Yw)o (Ewy < Ewy’) by (C59), (C63) (C65)
y=y by (C65), (Th12) (C66)
Yw(Rxy'w — STy (x)) by (C64), (C66) (C67)

D3 and D4 lead to the following intermediate results:

Th, (C59) = £o Yw(Rxy'w — STy(x)) — STe(¥ O x) (D3, (DT)) (C68)
Th, (C59) = 1, 3y((C63) A (C64)) — Yw(Rxy'w— ST,y (x)) (D4, (DT), (Bern)) (C69)
Th, (C59) Efo STe (¥ O~ x) = Yw(Rxy'w — STy(x)) ((C69), def. of ST) (C70)
Th, (C59) = 0 Yx (ST (¥ O~ x) <> Yw(Rxy'w — ST,(x))) (C68),(C70), (Gen) (C71)

We now feed these results into the next deduction D5:

(C59) premise

Sz A Yw)o(Ewz < STy, (x)) premise (C72)
Sy A Sz by (C59), (C72) (C73)
37 (Vx) o (Exz' < Yw(Rxy'w — Ewz)) by (C73), (Th10) (C74)
37 (Vx)o(Exz < Yw(Rxy'w — STy (x))) by (C72), (C74) (C75)
32/ (Vx)o(Exz <> ST (Y O x)) by (C75), (C71) (C76)

We now finish our reasoning as follows:

Th Efo 3y'(C59) — (F2(CT72) — 3/ (Vx)o(ExZ < STe(¥ O x))) (D5, (DT), (Bern))
Th o 3Y'(C59) A 32(CT2) (IH)
Th =y, 32 (VX)0(Exz' < ST (¢ T X)) (MP)

Case 3. ¢ = {O— x. Parallel to Case 2.

@ Springer



G. Olkhovikov

Proof of Proposition 5 We show that the standard translation of every axiom of ICK
first-order follows from T & and that the rules of ICK preserve this property. First, note
that every instance of («0) is translated into an instance of («0) and hence a FOIL-valid
formula; the same is true for every instance of («6). By Lemma 16, we also know that
every instance of («5) first-order-follows from T'h. Next, the applications of (MP)
translate into applications of this same rule (MP), and the applications of every rule
in the set {(RAO), (RCO), (RAQ), (RCH)} translate to applications of some FOIL-
deducible rule. It remains to consider the instances of axiomatic schemas («1)—(a4),
which is a tedious but straightforward exercise in first-order intuitionistic reasoning.

We display the reasoning for («4) as an example.

Let ¢, ¥, x € L. Consider the following first-order deduction D6 from premises:

ST (¢ O— V) = ST (¢ T x) premise (C77)
Sy A (V2)o(Ezy < ST;(¢)) premise (C78)
Rxyw A STy, () premise (C79)
Aw(Rxyw A STy (Y)) by (C79) (C80)
Ay ((C78) A (C80)) by (C78), (C80) (C81)
STy (¢ O— V) by (C81), def. of ST (C82)
ST (¢ O x) by (C77), (C82) (C83)
Vy(Sy A (Y2)o(Ezy < ST.(9))) —

— Yw(Rxyw — STy (x))) by (C83), Lemma 15 (C84)
Yw(Rxyw — STy, (x)) by (C78), (C84) (C85)
STw(x) by (C79), (C85) (C86)

We now reason as follows:

Th, (CT7),(C78) =ro Yw(Rxyw — (ST, () — STy (x))) (D6, (DT), (Gen))
Th,(CT7),(C78) l=fo Yw(R(x,y, w) = STy, (¥ — x)) (def. of ST)
Th, (CT7), (C78) k= o Iy((CT8) A Yw(Rxyw — ST, (¥ — x)))
Th, (CT7),(C78) k=70 STy (¢ O~ (¥ — X)) (def. of ST)
Th,(CTT) Efo 3y(CT8) — STx (¢ O~ (¥ — X)) (DT), (Bern)
Th k=5, 3y(CT8) (Lemma 16)
Th,(CTT) Efo STx(¢ O~ (Y — X)) (MP)
ThEfo (CTT) — STy(¢ O~ (Y — X)) (DT)

ThiEf ST (9 0= ¥) > (9O x) = (9O (¥ — x)))  (def. of ST)
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