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ABSTRACT. Although it was traditionally thought that self-reference is a
crucial ingredient of semantic paradoxes, Yablo (1993, 2004) showed that this
was not so by displaying an infinite series of sentences none of which is self-
referential but which, taken together, are paradoxical. Yablo’s paradox consists
of a countable series of linearly ordered sentences s(0), s(1), s(2),... , where each
s(i) says: For each k> i, s(k) is false (or equivalently: For no k> i is s(k) true).
We generalize Yablo’s results along two dimensions. First, we study the
behavior of generalized Yablo-series in which each sentence s(i) has the form:
For Q k > i, s(k) is true, where Q is a generalized quantifier (e.g., no, every,
infinitely many, etc). We show that under broad conditions all the sentences in
the series must have the same truth value, and we derive a characterization of
those values of Q for which the series is paradoxical. Second, we show that in
the Strong Kleene trivalent logic Yablo’s results are a special case of a more
general fact: under certain conditions, any semantic phenomenon that involves
self-reference can be emulated without self-reference. Various translation
procedures that eliminate self-reference from a non-quantificational language
are defined and characterized. An Appendix sketches an extension to
quantificational languages, as well as a new argument that Yablo’s paradox
and the translations we offer do not involve self-reference.
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It was traditionally thought that self-reference is a crucial ingredient of
semantic paradoxes. However Yablo (1993, 2004) showed that this was
not so by displaying an infinite series of sentences none of which is self-
referential but which, taken together, are paradoxical. Yablo’s paradox
consists of a countable series of linearly ordered sentences s(0), s(1),
s(2),... , where each s(i) says: For each k > i, s(k) is false (or equi-
valently: For no k> i is s(k) true). The present paper has two goals. First,
we study the behavior of generalized Yablo-series in which each
sentence s(i) has the form: For Q k > i, s(k) is true, where QO is a
generalized quantifier (for instance no, every, infinitely many, all but
finitely many, etc). We show that under broad conditions all the
sentences in the series must have the same truth value, and we derive
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from this ‘Uniformity Property’ a characterization of those values of O
for which the series is paradoxical. Second, we show that in the Strong
Kleene trivalent logic Yablo’s result is a special case of a much more
general fact: under certain conditions, any semantic phenomenon that
involves self-reference can be emulated without self-reference (this can
be seen as a generalization of Cook 2004). Specifically, we provide a
translation procedure that associates to each sentence s of a non-
quantificational language an infinite series of quantificational sentences
ho(s), hi(s), ..., where each A,(s) has the form: For Q k> i, [s]; (with [s];
a certain modification of s). The procedure at work in Yablo’s paradox
can thus be extended to yield a general elimination of self-reference.
Importantly, however, the elimination procedure only works in full
generality for certain values of O — in essence, the quantifiers infinitely
many and all but finitely many.

The article is organized as follows. In Section 1, we review various
versions of Yablo’s paradox and prove a ‘duality lemma’ by which new
versions of the paradox can be obtained out of old ones. In Section 2, we
study the behavior of generalized Yablo-Series, and we provide a
characterization of those generalized quantifiers that make the series
paradoxical. In Section 3, we give a translation procedure that eliminates
self-reference from a simple non-quantificational language. Various
refinements are studied in Section 4, which includes a characterization
of those generalized quantifiers that can be used in the translation.
Section 5 outlines some perspectives for future research. Finally,
Appendix I sketches an extension of the elimination procedure to
quantificational languages, and Appendix II gives a new argument that
Yablo’s sentences and our translations do not involve any self-reference.

1. SiMPLE AND INFINITE LIARS

1.1. Semantic Effects of Self-Reference

Natural language includes various means to express self-referential
statements. These may be entirely innocuous, as is the case of (1) and
(2), which are uncontroversially true and false respectively:

(1) This very sentence contains six words.
(2) This very sentence contains ten words.

In other cases, however, self-reference leads to interesting logical
monstrosities such as the Liar and the Truth-Teller, illustrated in (3)
and (4) respectively:

(3) This very sentence is false.
(4) This very sentence is true.
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The Liar is paradoxical because it cannot coherently be assigned the
value true or the value false. The Truth-Teller is pathological because it
can be assigned either the value frue or the value false, but in a way that
appears to be utterly arbitrary. As shown by Kripke (1975), some
statements may or may not be Liar-like or Truth-Teller-like depending
on some empirical facts. Thus (5) as uttered by Smith is paradoxical if it
is the only statement made by Smith on a particular day. But it is simply
false if Smith utters on that same day another sentence which is true, for
instance The earth is round:

(5) Every sentence I will have uttered today will turn out to be false.

Tarski (e.g., Tarski 1944) observed that a bivalent framework is
incapable of providing an adequate theory of truth for a language that
includes (1) means of self-reference, (2) a negation and (3) its own truth
predicate. He concluded that the (bivalent) languages he studied in logic
could not contain their own truth predicates. As an account of natural
language semantics, however, this falls short. Human languages do
generally contain a truth predicate, and speakers have relatively clear
intuitions about its meaning. For this reason, Kripke (1975) suggested
that bivalence should be sacrificed, and he showed how an adequate
trivalent semantics can be given for a language that contains its own
truth predicate and means of self-reference. This move away from
bivalence would seem to be linguistically motivated, since speakers
often want to classify the Liar as being neither true nor false. We will
assume that this is the correct move, and we will say that a sentence is
‘indeterminate’ or ‘has the value #’ if it is neither true nor false.

Once a trivalent framework is adopted, Tarski’s ‘Convention T must be
reformulated to require that the truth predicate Tr be (1) true of all the true
sentences, (2) false of all the false sentences, and (3) neither true nor false
of the sentences that are indeterminate. If we design the syntax in such a
way that Tr can only take as arguments terms that denote sentences, the
revised version of Convention 7 for a language L can be expressed as
follows (the domain of objects is D, and we assume that L C D, which
means that the sentences of the language belong to the domain of objects):

6) I'(Try={dE D:dE LAId=1}
I'(Try={d € D:d € L AI'(d) =0}

An interpretation that satisfies these conditions is henceforth called a
‘fixed point’, following Kripke’s own terminology.' Kripke, 1975 gives
a procedure (which will be generalized below) to show that some fixed
points can indeed be constructed.
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1.2. Yablo’s Paradox

Once this framework is in place, one would like to understand what are the
essential ingredients needed to obtain the interesting semantic phenomena
we started out with (logical and empirical Liars and Truth-Tellers).
Granted, a truth predicate and some devices of self-reference are sufficient
to generate these phenomena. But are they necessary? Some researchers
have been concerned with paradoxes that can be generated without a
truth predicate (see for instance Egré, 2005 for a recent presentation). In
this article, we will only be concerned with paradoxes of truth. With this
restriction, two results can be established.

a) Yablo (1993, 2004) has shown that logical paradoxes can be obtained
without self-reference if quantification over infinite series of
sentences is allowed. His conclusion is strengthened by Cook, 2004,
who studies a very simple system in which every Liar (or Truth-
Teller) involving self-reference can be ‘unwinded’ to yield an infinite
Liar (or Truth-Teller) without self-reference.”

b) On the negative side, it can be shown that a Yabloesque construction
does not yield paradoxes when effected in a first-order language with
a truth predicate and sentence names but no quantifiers.’

To see an example of Yablo’s construction, let us start from a
classical interpretation / for a language L that includes some simple
arithmetic vocabulary (i.e., variables ranging over natural numbers, a
name { for each natural number i, and the relation >). We will assume
throughout that the arithmetic vocabulary is based on the standard
interpretation of the integers. We add to L a list of sentence names,
which in the present case will be functional, and which are interpreted by
a denotation relation N* (thus s(k) will be a term designating various
sentences for various values of k). L together with the sentence-denoting
terms and the truth predicate Tr yields a language L*. We will often
write {<s(K), F;>: k> 0} if we study a set of formulas F; (k> 0), and
if N* specifies that for each natural number £, s(k) denotes F. To make
the discussion tractable, we will often import the sentence names into the
meta-language by underlining them, thus using s(k) as our name for F;.

With these assumptions, it can be shown that the following system,
which we call the V-Liar, is paradoxical: no fixed point may assign to
every sentence a ‘classical value’ (i.e., 0 or 1).

(7) Ly :={<s(i), Yk (k >i= —Tr(s(k))) >:i >0}
a) Suppose that for each i > 0, s(i) is false. This leads to a contradiction:

s(0) is true iff for each k£ > 0, s(k) is false, which by hypothesis is
indeed the case. So s(0) should be true, contrary to hypothesis.
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b) Suppose that for some i >0, s(i) is true. Then for each k> i, s(k) is
false. In particular, for each k> i+ 1, s(k) is false. Hence s(i + 1) is
true, which contradicts the fact that for each & > i, s(k) is false.

As noted by Ketland, 2005 (and Hardy, 1995), Ly only yields a
paradox if it is interpreted in a model in which the arithmetic vocabulary is
given its standard interpretation. For it is in fact possible to find a non-
standard model for Ly. Let a be a non-standard number, which is thus
greater than all the standard ones, and let s be the interpretation of s.
Suppose that s(a) is a sentence which is true, but which does not belong
to Ly. Then all the members of Ly can coherently be assigned the value
0: each s(i) is false because s(a), which has a higher index (since a is
non-standard), is true, contrary to what s(i) claims. And there are no
further requirements on s(a), since it does not belong to Ly (see Ketland,
2005 for further considerations on this issue). We will thus systematically
restrict attention to models in which the arithmetic vocabulary is given its
standard interpretation — and in which Yablo’s series is thus paradoxical.*

It should be noted that quite a bit of ink has been spilled to determine
whether Yablo’s sentences are not subtly self-referential in some indirect
fashion (see for instance Priest 1997, Sorensen 1998, Leitgeb 2002). We
give in Appendix I an argument to the effect that they aren’t, but in the rest
of the paper we simply assume that Yablo’s claim is correct. The skeptic can
take our claims to be conditional, and to be prefixed with: If Yablo’s
sentences do not involve self-reference, then

While Yablo’s paradox is normally stated in a setting in which the
relevant sentences are linearly ordered (as is the case with the
denotation relation N* we just introduced), much less is necessary to
obtain the paradox (Cook, 2004, Ketland, 2005). In fact, all that is
needed is that the sentences be ordered according to a relation R which
(1) is non-empty, (2) is transitive, and (3) has no end points. Instead of
quantifying over natural numbers, we consider sentences that quantify
directly over other sentences, and we define in this way a generalized
version of Yablo’s paradox (s is a variable ranging over sentences, and
we say in the meta-language that x sees y just in case <x,)> is in the
extension of R):

(8) Ly :={<s;, Vs (s;Rs = — Tr(s)) >: i > 0}, where R is interpreted a
set of pairs of sentences of L.

a) Suppose for each i > 0, s; is false. Then for all i > 0 the content of s;
should be true (for by assumption s; sees some sentences, which must
be false). Contradiction.
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b) Suppose that for some i > 0, g; is true. Since R has no endpoints, §;
sees some sentence s;x, which must be false. s;« itself sees some
sentence or sentences, which by the transitivity of R must be seen by
sj as well, and hence be false. But this should suffice to make ;= true,
contrary to what we just showed. Contradiction.

1.3. Other Versions of Yablo’s Paradox

Even when one restricts attention to (countable) sets of linearly ordered
sentences, Yablo’s paradox comes in several varieties. We have already
shown that Ly, repeated in (9)a, is paradoxical. Yablo, 2004 shows that
L3 and L3y as defined below are equally paradoxical, and we will see
shortly that Ly is as well.

) a. Ly: = {<s(i), Vk (k> i = —Tr(s (k)))>: i > 0}
b. Ly = {<s(i), Ik (k> i A ~Tr(s (k)))>: i > 0}
c. Lav: = {<s(@), Ik (k> i A VE (K >k = ~Tr(s (K)))>: i > 0}
d. Lys: = {<s(i), Vk (k> i = 3K >k A ~Tr(s(K)>: i > 0}

Before discussing too many special cases, it is worth noting that new
paradoxical series can be obtained out of old ones by a kind of duality
principle. We will take a series to be paradoxical (given a classical
interpretation / and a denotation function N for the sentence terms) just
in case no fixed point can be found which assigns to all of its members
classical truth values. With this definition, the Duality Lemma stated
below yields a recipe to obtain new paradoxes out of old ones.

DEFINITION If F is a formula, let F* be the formula obtained by
replacing every occurrence of the form Tr (.) in F with — Tr (.).
(Note that F** is equivalent to F, and that [~ F]* is identical to — F'¥)

DUALITY LEMMA If {<sy, Fi.> : k> 0} is paradoxical, so is {<s;, = F}*
>: k> 0}.

(Note that {<sy, F;>: k> 0} and {<sy, — F;* > : k> 0} fully describe the
intended denotation functions for sentence terms; in each case s; could
be any sentence-denoting term, be it a constant or a functional element).

Proof.  Suppose that {<s;, F;>: k> 0} is paradoxical but that {<s;, —
Fi*>: k> 0} is not. This means that there is some fixed point /* which
yields a bivalent valuation for {<s;, — F;*>: k> 0}. We claim that this
suffices to find a fixed point I’ which assigns classical values to the
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sentences in {<s;, F;> : k > 0}, contra hypothesis. We take I’ to be
identical to I*, except that:

(1) I'(s) = F iff I*(s) = —~ F*
Q) I'(MTy={FEL :~F<€ * (Tr)}and ' (Tr)={F € L' : ~ F*
€ I*" (Tr)}.
We start by observing that:
(3) for each formula F, I'(F) = I*(F*)

This is because it follows from (1) and (2) that if s is sentence-
denoting and if I'(s) = F,

I'(Tr(s)) = 1 iff Fel'"(Tr) [by trivalent semantics]
iff —F*el* (Tr) [by (2)]
iff 7I*(s) € I*~(Tr) [by (1)]
iff I*(Tr(s)) =0  [by trivalent semantics]
iff  7*(=Tr(s)) =1

(The case I'(Tr(s)) = 0 is symmetric). Since F* is identical to F except
that every occurrence of Tr(.) is replaced by —Tr(.), we obtain the desired
result.

Let us now assume that /* is a fixed point, and let us show that /’ as
defined is a fixed point as well.

F eI (Tr) iff —F*el* (Tr) [by (2)]
iff I*(=F*)=0 [since 7* is a fixed point]
iff I'(=F)=0 [by (3)]
iff I'(F) =1

The case F € I’ (Tr) is symmetric: F € [’ (Tr) iff I'(F) = 0. Thus
if I’ is a fixed point, so is I*, and furthermore for any formula F, I'(F) =
I*(F*). It immediately follows that if /* is a fixed point that assigns
classical values to all the sentences in {<s;, = F;* > : k> 0}, this is also
the case of I’ with respect to the sentences of {<s;, F;>: k> 0}, which
shows that the latter system is not paradoxical.

From the Duality Lemma and our earlier observations about the V-
Liar, it follows that its dual, namely {<s;,, = Vk (k>i= —~—Tr(sy)) > :i>
0}, is also paradoxical. But the latter is immediately equivalent to the 3-
Liar {<s;, dk (k>i A = Tr (sp))> : i > 0}.
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Let us now turn to the 3V-Liar (discussed in Yablo 2004). We may
reason as follows:

(10) Lay : ={<s(@), dk (k>i AN VK" (k' > k= —Tr(s(k")))>:i>0}

a) Suppose that for some i > 0, s(i) is true. Let £ > i be such that
Vk' (k' > k = —Tr(s(k"))). In particular, s(k+1) must be false. How-
ever the condition V£’ (k' > k = —Tr (s(k’))) suffices to make s(k+1)
true. Contradiction.

b) Suppose now that for each i > 0, s(i) is false. Then in particular what
s(0) says is true. Contradiction.

It follows from the Duality Lemma that the series {<s(i), "k (k>1i A
Vk' (k' > k= ——=Tr(s(k")))) >:i> 0} is also paradoxical. Since the latter
isequivalentto {<s(i), Vk (k> i = 3k'(K' > k A — Tr(s(k"))))> : i > 0}, we
derive the result that the V3-Liar is paradoxical as well, as was announced.
(We may also note for completeness that the same results would have held if
the sentences had been ordered according to a transitive relation without
endpoints rather than a linear ordering).

It will prove important to observe that there is an interesting
conceptual difference between the V- and 3-Liars on the one hand and
the 3V- and Vd-Liars on the other. If Ly is evaluated in an interpretation
that is not a fixed point, its members need not all have the same truth
value. For instance, if I’"(Tr) = {s(1)} and I’ (Tr) = {s(i) : i > 2}, it will
follow that 7'(s(0)) = 0 and for all i > 1, I'(s(i)) = 1. A similar argument
applies to L3. By contrast, all members of Lgy and Lyg have the same
value in any interpretation (not just in fixed points) because they all have
the same semantic content. Any sentence s(i) of L3y asserts, in effect,
that all but finitely many members of the series beyond rank i are true.
But the modifier beyond rank i turns out to be semantically idle: the
claim is utterly insensitive to what happens in any given initial segment
of the series, and for this reason all the sentences make the very same
claim, namely that all but finitely many members of the series are true

(this argument will be fleshed out below). Similarly, any sentence s(i) of
Ly3 asserts that infinitely many members of the series beyond rank i are

true. But here too the modifier beyond rank i is eliminable, and thus all
the members of the series make the same claim. This conceptual
difference will have important repercussions when we provide a
translation procedure to eliminate self-reference systematically (it will
make use of a generalization of the constructions at work in the 3V- and
V3-Liars, and we will show in Section 4.2 that a similar generalization

of the V- and dJ-Liars fails in the general case).
It can be shown that the Truth-Teller has a variety of self-reference-

free versions, which parallel the corresponding constructions for the Liar.
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Thus the systems defined in (11) have the property that (1) in any fixed
point /', all the sentences in the series have the same truth value according
to I’; and (2) this value can be arbitrarily chosen to be 0, 1, or #

(11) a. Ty : = {<s(i), Vk (k> i = Tr(s(k)))> : i > 0}
b. T5: = {<s@i), Ik (k> i A Tr(s(k))) > : i >0}
c. Toy:=1{<s(), Ik (k>i AV K (k'>k= Tr(s(k'))>:i>0}
d. Tys: = {<s(i), Vk (k>i= 3K (k' >k A Tr(s (k') > : i > 0}

It should be pointed out that even with respect to the various versions
of Yablo’s paradox, we haven’t quite finished the semantic job. At least
two questions must be addressed. (1) First, we have shown that in each
case at least one member of the series must have a non-classical value.
But do all the members of the series have the value #? In the case of L3y
and Ly3 this result of uniformity follows from our earlier observation that
all the members of the series make the very same claim. But what about
the other cases? We will soon see that a more general result, the
Uniformity Property, guarantees that in series of this sort (whether
paradoxical or not), all the sentences have the same value in any given
fixed point. (2) Second, we would like to have a characterization of those
series of the Yablo type which are indeed paradoxical. The Uniformity
Property will make the characterization straightforward.

2. GENERALIZED Y ABLO-SERIES

2.1. Yablo-Series in a General Setting

We turn to a generalization of the results discussed up to this point. The
theory of generalized quantifiers turns out to offer a versatile tool to
study the more general form of the problem.

2.1.1. Yablo Series with Generalized Quantifiers

2.1.1.1. The Series. = We will provide a simple characterization of the
behavior of series of sentences of the form {<s(i), [OQk : k> i] Tr(s(k))) > :
i >0}, where Q is a binary generalized quantifier (e.g., some, no, all, an
odd number of, infinitely many, etc.) which satisfies Permutation
Invariance, Extension and Conservativity, three properties that are
believed to hold of natural language determiners (Keenan, 1996; cf.
the definition below). To see that this is indeed a generalization of the
cases we have considered so far, we may observe that for special values
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of O we obtain different versions of the Infinite Liar and of the Infinite
Truth-Teller:

(12) Sp = {<s(i), [Qk : k> i] Tr(sg))> : i > 0}.

a. For O = All, Sy is equivalent to Ty.

b. For QO = Some, Sy is equivalent to T75.

c. For Q = All but a finite number of, Sy is equivalent to T3y.
d. For Q = Infinitely many, Sy is equivalent to Tys.

a’. For O = No, Sy is equivalent to Ly.

b’. For Q = Not all, S, is equivalent to Ls.

c¢’. For Q = At most a finite number of, Sy is equivalent to Lay.

d’. For O = Finitely many, Sy is equivalent to Ly3.

Permutation Invariance, Extension and Conservativity are defined as
follows (Keenan, 1996):

(13) Let R be a (parametrized) function which, for every universe D,
has domain P(D) x P(D) and co-domain {0, 1}. R satisfies:

a. Permutation Invariance just in case for each universe D, for any
permutation © of D, for all X, ¥ C D, Rp(X, ¥) = Rp(n (X),  (¥))

b. Extension just in case for any X, Y, D, D', if X, Y C Dand X, Y C D’,
then Ry(X, ¥) = Rpy (X, Y)

c. Conservativity iff forall X, Y, D : if X, Y C D, Rp(X, Y) = Rp(X,
XNy

What is important for our purposes is that, taken together, these properties
ensure that the truth value of, say, Most students passed, only depends on
two numbers: the number a of individuals that are students and did not
pass, and the number b of individuals that are students and passed (for the
determiner most, the condition is that » > a). A generalized quantifier O
that satisfies the conditions in (13) is thus defined by its ‘tree of numbers’
Q, which is a function from pairs of numbers (including ) to {0, 1} such
that: for any formulas F, F’ with extensions F and F’, [Qx F]F’ is true (in a
bivalent system) iff Q(<|[F — E’|, |[F N F/|>) = 1 (van Benthem 1986). To
see some examples, we may note that No (<n, n’>) = 1 iff n’ = 0; and
Infinitely many (<n, n’>) = 1 iff n’ = .

2.1.1.2. Generalization of the Tree of Numbers. Since we are
interested in systems of sentences that might be paradoxical, we must
develop the analysis in a logic that is at least trivalent. The case we
consider is quite special, however, because the first argument of Q is a
classical formula, which (given any assignment function) has either the
value true or the value false. Let us call an n-valued logic reasonable if it



P. SCHLENKER 261

has the following property, which can be seen as a generalization of the
‘tree of numbers’ found in the bivalent case:

(14) Reasonableness

An n-valent logic with truth values in E is reasonable just in case: if
for any assignment function F has a classical value, then for any
generalized quantifier Q, the value of a formula [Qk: F] F’ under an
assignment function s and an interpretation / only depends on
([{d €D : Ly—q) (F) =1} N {d € D : Iy (F') = e}|)

ecE”

EXAMPLES

(1) In the bivalent case, Reasonableness is just the requirement that the
quantifiers should be definable in terms of the tree of numbers. In
other words, ([Qk F] F') only depends on {d eD: Ly _q4(F)=1}n

{deD:ls[M]( )=1}|,[{d € D: Ly_g(F _l}m{deD Lji—q) (F') = 0}].
(2) In the trivalent case, Reasonableness requlres that I, ([Qk: F_| F ! ) only

depend on the numbers {d €D : Iy 4(F) = 1} N{d € D: Ly_q(F) =1},

’{d eD: I [kﬂd] —l} N {d eD: I\[k*’d O} ‘ !{d eD: I\[k*}d]( )

yn{deD: Iy qgF)=#}|

In the formula [Qk: F] F', F is called the restrictor of Q and F' is
called its nuclear scope. Throughout our discussion, we will only
consider formulas in which every generalized quantifier takes a
classical formula as its restrictor, so that Reasonableness will have
some ‘bite’. We will also restrict attention to countable domains. With
these restrictions, the semantics of a formula [Qk: F] F’ in an n-valent
logic which is reasonable and has truth values in £ is determined by a
‘generalized Tree of Numbers’ which can be seen as a function from
({d eD: Iy_y(F)=1}n {d € D: L_q(F') = e}|).cp to E. We can assim-
ilate (|[{deD: Ly_q(F)=1}n {d€D: Lj_q(F) =e}|),., to a function
from £ to N U {oo}: a number is associated to each possible truth value
in E. We will thus adopt the following convention:

CONVENTION 1 1If Qis a generalized quantifier, we call Q" the function
from £ — NU {wo} to £ which defines its n-valent semantics on
countable domains.

For perspicuity, we will sometimes make use a further convention:

CONVENTION 2 1f fis a function in £ — N U {0}, we will sometimes
write Q" (e : f(e)), instead of Q"(f). We also write Q"(e: a, —e : b) for
Q"(f) where f(e) = a and f(e’) = b for all ¢’ # e.
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2.1.2. The Uniformity Property

It might be helpful to start by considering a special case of the
Uniformity Property. We will thus restrict attention to the series Sy :=
{<s(i), [Ok : k> i] Tr(s(k))) > : i > 0}, and we will prove the following
result:

(15) Uniformity Property (Special Case)
For any fixed point / for a language that includes Sy, for each m,

n > 0, stm)) = (s()).

Given a valuation for Sy, the truth value of each sentence s(i) in Sy, is
determined by three numbers —,, +; and #;, which are the numbers of
integers k > i that make the nuclear scope Tr(s(k)) false, true and
indeterminate, respectively. We further define /i/ = <—,, +;, #>; the
value of s(i) is thus equal to Q*(/i/) (i.e., to Q*(<—;, +;, #>)). With these
conventions, we can give an easy proof of the Property (this argument
was greatly simplified by Denis Bonnay):®

Proof.  Consider any sentence s(i) of Sp. The restrictor of s(i) holds true
of an infinite number of natural numbers (because there are infinitely
many numbers that are greater than 7). Therefore at least one of —;, +;, or
#; is infinite. Suppose for instance that —; = oo. Consider any i’ > 0 for
which /(s(i’ + 1)) = 0. Since I(s(i’ + 1)) =0, Q® (<—y 1, +ir41, #i11>) = 0.
Since —;.,= w0, we have (with slight abuses of notation):
li'"l = <oco+ 1,41, #s41> (because s(i’) is followed by the same
sentences as s(i’ + 1), plus s@i’) itself, which is false). Thus /i’/ =
<00, +i41, Fip1> = <—pit, Frn, > = [0+ 1, and@ (i’ = Q (i +
1/) = 0. By iterating this reasoning, we see that for all i” < i’, I(s (i")) = 0.
Since there are infinitely many false sentences in the series, we can show
that all sentences in the series are false. By similar reasoning, we can
show that if +; = oo all sentences are true, and that if # = oo all sentences are
indeterminate. o
It may be observed that the above argument did not depend on the
precise semantics of the quantifier O (except for the fact that it is defined
in terms of the generalized Tree of Numbers), nor even on the precise
number of truth values in the logic. This suggests that a more general
result can be proven, which is indeed the case:

(16) Uniformity Property (General Case)

Let E be a finite set of truth values and let f/ a propositional formula
that denotes a Boolean function f from £* to E, i.e.,, f: £ — E. Let
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O be a binary generalized quantifier of a reasonable logic with values in
E. Let S be defined by: S = {<s(i), [Ok: k>i] f[(s(K'))p~,]>:1>0}
(with a slight abuse of notation, we take f[(s(k’)),~,] to be a
Boolean formula — possibly an infinitely long one — which contains

terms that are among s(k’), s(’ + 1), s(k’ + 2), ... ; note that
F[(s(K")) =] does not depend on 7). Then if / is a fixed point, for all

i i' > 0, 1(s) = Ks ).
Proof.  For each i > 0 and for each e € E, let us call:

a) f, = 1(F[s(k))e=r])

b) e = [{k>i: fi = e}

To illustrate, if £ = {0, 1}, we have: 0, = [{k > i : f;, = 0}| (this is the
number of objects that satisfy the restrictor but make false the nuclear
scope of the statement s(i)). 1; = [{k>i: f; = 1}| (this is the number of
objects that satisfy the restrictor and the nuclear scope of the statement
s(i))

(1) Because the logic is reasonable, I(s(i)) only depends on (e;), .

(2) Since E is a finite set of truth values, there is a non-negative integer
i* such that for each i > i*, if f; = e, then there are infinitely many
natural numbers i’ such that fy = e.

(Note that this condition would not necessarily hold if £ were not finite.)

Specifically, we define £ := {¢ € E : only finitely many &’s are such
that f; = e}. Define i* as: i* := Max {k >0: de € E' f; = e}. F/is finite
and only finitely many sentences have values in £/, hence i* is well-
defined.

(3) Foralli > i* ife € E e =0;ife & FE, e =

(4) By (1) and (3), for all i, i'>i*, I(s(i)) = I(s(i")). So E — E'is a
singleton. Let us call e* its only member. The situation can be pictured
as follows, where the right-hand column represents the value of f; for
various values of 7.

Value of i Value of f;
i*+3 e*

i*+2 e*

i*+1 e*

l'*
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Let us define s* := Q"[(n(e)),.| where for each e#e* n(e)=0 and
n(e*)= co. We can now complete the above picture:

Value of i Value of f; Value of 1(s(i))

i*+3 e* s*

i*+2 ex s*
i*+1 e* s*
l'*
0

(5) Let us now compute the truth value of s(i¥*).

Foralle € E, ex =|{k>i* : f, = e}|. Given (4), if e = e*, e;x = o0; and if
e # e* ex=0.Thus (ex) ) E and by (1) I(s@@¥)) = I(s(@@*+ 1)) =
S*, ee

S = IUE) o)) = T UK s s ]) = froir =

By iterating the reasoning, we see that for each i > 0, /(s(i)) = s*. This
shows that in any fixed point /, all the sentences in the series have the
same truth value e;. Furthermore, the argument shows that e; must satisfy
the following equation:

ang@@ﬂwimm@:@

Conversely, any truth value e; which satisfies this equation yields a
coherent valuation for the entire series (it follows from a result to be
discussed in Section 2.2 that this valuation can then be extended to a
fixed point for the entire language).’

ecE — \%*1

2.1.3. Behavior of Infinite Series in a Trivalent System

Let us now consider a trivalent system which is an extension of a clas-
sical logic with generalized quantifiers, in the sense that for each quan-
tifier Q, for any numbers (including ) a, b,

(18) O*(0: a, 1: b, #: 0) = O* (0: a, 1: b)

With these assumptions, we study the case of Yablo-series of the form:
So = {<s(i), [Ok : k> i] Tr(s(k)) > : i = 0}.

Applied to the present case, the equation in (17) gives a necessary and
sufficient condition for e to be a possible value of (all) the sentences in Sy:

(19) Q_3 (e:0, —e: 0)=e
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Ife is classical, QZ’ (e:0,—€:0)= Q2 (e:00, —e:0) (by (18)). In other words:
— The sentences in Sy can be coherently assigned the value 1 iff Q* (0: 0,

l:0)=1
— The sentences in S can be coherently assigned the value 0 iff Qz (0: oo,
1:0)=0

The results we have obtained so far can be summarized as follows:
(20) Let QO be a binary generalized quantifiers satisfying Permutation
Invariance, Extension and Conservativity. Then:

a. A binary valuation can be found in which Sy uniformly has the
value frue iff Q* (0: 0, 1: 00) = 1

b. A binary valuation can be found in which Sy uniformly has the
value false, iff Q* (0: o0, 1: 0) = 0

c. Sp is paradoxical iff no binary valuation can be found in which Sy
uniformly has the value #r1e and no binary valuation can be found
in which Sy, has the value false, iff Q> (0: 0, 1: o) = 0 and Q° (0:
o, 1: 0) = 1.

This result allows us to determine without further reasoning whether a
Yablo-series is paradoxical or not.

EXAMPLES

(i) No? (0: 0, 1: o0) = 0 and No? (0: oo, 1: 0) = 1 and therefore Sy, i.c.,
the Universal Liar, is indeed paradoxical.
(ii) Some? (0: 0, 1: 00) = 1 and Some? (0: w0, 1: 0) = 0 and therefore Sy is
an infinite Truth-Teller.
(iii) AIl* (0: 0, 1: c0) = 1 and All* (0: o0, 1: 0) = 0 and therefore Sy is an
infinite Truth-Teller.
(iv) All but a finite number of > (0: 0, 1: o) = 1 and All but a finite
number of 2 (0: o, 1: 0) = 0 and therefore Sy is an infinite Truth-
Teller.

2.1.4. Failure of the Uniformity Property When the Sentences
Are Not Linearly Ordered

We already observed (following Cook 2004 and Ketland 2005) that a
version of Yablo’s paradox can be produced with much less than a linear
ordering of sentences: a transitive relation without endpoints is suf-
ficient. Interestingly, the Uniformity Property fails in some cases of this
sort. Let us consider the following series, which is a modified V-Truth-
Teller (y is a variable ranging over sentences, and for each i > 0 s; is a
sentence-denoting constant):

21) T, , = {<s;, Vs (s;Rs = Tr(s))>: i >0}
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It is possible to interpret R as a transitive relation R without
endpoints, and yet to find a valuation for 7, , which does not assign
the same value to all the sentences. Here is an example:

(22) For convenience we index sentences with natural numbers written
in binary notation, i.e., as strings of 0’s and 1’s. We stipulate that
s;Rsy. iff k written in binary notation is i concatenated with 0 or 1.
We consider the valuation that assigns the value 1 to sentences
whose index starts with 11, and the value 0 to all other sentences. It
is a coherent valuation for the series {<s;;, Vs(s; ;Rs = Tr(s)) > : i,
Jj =0}

Si0: 0 S0 0 Si50° 1 801
- _
8101 0 sl
_
si: 0

In fact, the valuation also yields a counter-example to the Uniformity
Property when applied to the modified V3-Truth-Teller:

(23) {<s;, Vs(s;Rs = (3s'(sRs" A Tr(s")))>:i>0}

By permuting the semantic values 0 and 1 in the valuation, we also
obtain a counter-example for the modified 3- and 3V-Truth-Tellers:

(24) a. {<s;, ds (s;Rs A Tr(s))> : i >0}
b. {<s;, ds (s;Rs A Vs'(sRs’ = Tr(s"))>: i > 0}
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2.2. Extending Local Fixed Points to Global Fixed Points

We have been proceeding throughout as if we could interchangeably talk
about the existence of a valuation for a Yablo-series and the existence of
a fixed point for it. The first perspective is local: it only requires that the
truth predicate Tr be coherently interpreted when we restrict attention to
the sentences in the series. The second perspective is global, and requires
that we find a fixed point for the entire language. There is indeed an
equivalence between the two notions, but only because the series we have
considered are ‘semantically autonomous’, in the sense that all the
sentences whose semantic status could potentially affect their truth value
are themselves included in the series. Let us now prove this result.

It is clear that a global fixed point will yield a valuation for the series.
To show the converse, we will proceed in two steps.

— First, we start from a trivalent valuation V for the Yablo-series S. We
then define a trivalent interpretation I’ by: I’ (Tr) = {s € S: V(s') =
1}; I’ (Tr) = {sES: V(s’) = 0}. This will yield a ‘local fixed point’
for the series itself, in the sense that when one restricts attention to
sentences in S, Tr is true of those sentences that are in fact true, and
Tr is false of those sentences that are false. This is defined formally
in (25):

(25) Local fixed point
Let [’ be a trivalent interpretation. I’ is a local fixed point for a set S
of sentences justin case: Vs € S[(['(s)=1 < s € I''(Tr)) A (I'(s) =
0 —s < ' (Tr))

— Second, an Extension Lemma will show how this local fixed point can
be extended to a global fixed point for the entire language. The
argument is a modification of the proof that Kripke (1975) offered to
show that some fixed point always exists for certain evaluation
schemes. As in Kripke’s construction, the crucial assumption is that the
trivalent logic is monotonic: when we start from an interpretation /'
based on an extension £ and anti-extension 4 for the truth predicate,
if we ‘add’ sentences to £ or to 4 we will only have to revise the
value of sentences that heretofore had the value # (that is, the
classical values 0 and 1 won’t have to be revised when we resolve
some of the indeterminates as being true or false). This condition is
stated more precisely in (26).

(26) Monotonicity
An evaluation scheme is monotonic if for each language L and for
all interpretations /; and /, of L the following holds:
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if for each predicate P of L, 1, (P) CI,(P) and I, (P)CI,(P)

then{sES L:[i(s)=1} C{sE L:L(s)=1}and {s € L:[1(s)=0} C {s

e L:L(s)=0}

The key observation is that the series we study only ‘talk about’ other
sentences in the series. These series are thus semantically autonomous, in
the following sense:

(27) Semantic Autonomy

Let / be a classical interpretation. S is semantically autonomous in [ just
in case: for all trivalent interpretations I/, I” that extend / (by assigning an
extension and anti-extension to the truth predicate), if Vs € § [(s €
I'"'(Tr) @« s € I"'(Tr) A (s € I' (Tr) < s € ["(Tr)], then Vs € S
I'(s) =1"(s).

We could prove in greater detail that Yablo-Series are semantically
autonomous in any interpretation compatible with the denotation relation
that they specify, but for brevity we will accept that this is indeed so.”
We turn directly to the main Lemma:

(28) Extension Lemma

Consider a monotonic evaluation scheme. Let I’ be a local fixed point for
a set S of sentences of L which is semantically autonomous in /’. Then
there is a global fixed point for L which agrees with I’ on S.

Proof.  The proof extends Kripke’s technique to the case at hand. We
define a series of interpretations I/ (for ordinal i) each of which is fully
determined by the pair <E;, 4> of the extension and anti-extension of the
truth predicate (note that the I’;’s need not be fixed points). If ] is
determined by <E;, 4>, we further define:

f(<Ey A4P) =<{d € L: I(d) = 1}, {d € L: Il(d) = 0)}>

(fis essentially the ‘jump’ operator of Kripke 1975. Note that we still
assume that the truth predicate Tr only takes sentence-denoting terms as
arguments; without this assumption we would have to give a slightly
more complicated definition for f).

To define the interpretations 7}, it suffices to define the pairs <E;, 4,>.
We do so by the following induction:

(1) <Ey, Ag> =<I'"(Tr) N S, I' (Tr) N S >

(2) If i is a successor ordinal k£ + 1, we set: <E;, 4> = f (<E, 4;>)

(3) If i is a limit ordinal, we set: <E;, 4;> :=<U, - ; Ei, Uy < ; 4>
We immediately note that:

(*) (a) <E0, A0> g <E1, A1> and (b) <E0, A0> = <E0 N S, AO ns>=

<E\ NS, 4, NS>
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Since /' is a local fixed point over S, for any member s of S, I'(s) = 1
iff s € I''(Try N Sand I'(s) = 0 iff s € I’ (Tr) N S, and therefore <E,,
Ag> =<E; N S, A4g N S$>. This immediately proves (a) and (b).

We now prove by induction that the property (i) holds of all
ordinals i

n(Q) : for all i', i" for which i" <i' <1i, (a) <Ey,Ay> C <Ey,Ay> and
(b) <E;» NS, Ain N §> = <Ey, Ap>.

(1) m(0) is trivially true.

(2) Suppose that i is a successor ordinal £ + 1. Then <FE;, 4;> = f(<E},
A;>). By the Induction Hypothesis, for each k' < k, <Ep,Ap> C
<E}, A;>. By the monotonicity of £, it follows that for each k' <k,
f(SEp,Ap>) CA<E;, Ar>), i.e., that <Ep i1, Ap 1 >C<Epy1, Ary1>.
If k£ = 0, observation (a) in (*) states that <E;, A; > C <Ej.1,Ars1>.
If k is a successor ordinal k&’ + 1, k' < k and thus <Ey 1, Ay 1> C
<Ep + 1, Ax + 1>, hence <E, A;> C <Ej; + 1, Ay + 1>. If k is a limit
ordinal, <E}, Ay> = Up< y<Ey, A>. Clearly, for each k' < k, <Ey, 4>
C <Ej, Ay>, and thus <Ep.q,Ap1> C <Ep + 1, Ar + >. But this
entails that <Ej, 4> = Up < 1 <Ep,Ap> C Up < <Epy1,Ap1> C
<Ej i 1, Ay + . In all cases, then, <E;, 4;> C <Ej ; 1, Ax + 1>, which
together with the Induction Hypothesis yields part (a) of n(i).

To prove part (b), we observe that since S is semantically autonomous
the value of any member of § is fixed by the restriction of the
interpretation of Tr to S. From the Induction Hypothesis it follows that
<E, NS, 4, N §>=<E,, Ay>, and therefore <E; | NS, Ay + | N S>=
<E; N S, A; N §>. But by part (b) of (*), <E; N S, 41 N §>=<E,, Ag>.
With the Induction Hypothesis, this proves part (b) of 7(i).

(3) Suppose that i is a limit ordinal. Then <E;, 4; >= Uy <; <Ex, A;>,
which given the Induction Hypothesis immediately yields 7(7).

The series <FE;, A;> is increasing on the ordinals and thus it must have
a fixed point <E;«, A;+>, which determines the desired interpretation. O

3. ELIMINATION OF SELF-REFERENCE FOR A LANGUAGE WITHOUT
QuANTIFIERS I: Basic CAsg

As was mentioned earlier, there is an important conceptual difference
between the V- and the V3-Liars on the one hand and the V- and
d-Liars on the other. In this section we will show that the mechanism at
work in the former can be generalized to eliminate self-reference from a
non-quantificational language. Specifically, we provide a procedure by
which a language L’ can be translated into a self-reference-free fragment
of a language L* which includes quantifiers over natural numbers and
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functional names of sentences. In Section 4 we will show that our
construction fails if we try to generalize the procedure at work in the V-
and 3-Liars, and we will provide a characterization of those Generalized
Quantifiers that can be used successfully in the translation. For
simplicity we assume throughout the next two sections that the initial
language has no quantifiers (an extension of the translation procedure for
a quantificational language is sketched in Appendix I).

3.1. Preliminaries

3.1.1. Languages

We start from a classical language L, to which we add sentence-denoting
constants and a truth predicate Tr to obtain an enriched language L’. We
stipulate in the syntax of L’ that Tr can only take sentence-denoting
constants as arguments.

(29) Syntax of the base language L

— Object-denoting Terms :  o:=c¢; [the ¢/s are constants]
— Object-denoting Predicates : P := P}
— Formulas : F:=P!(o1,...,0,)|"F|(FAF)|(FVF)

(30) Syntax of the enriched language L’

— Object-denoting Terms : o:=c¢; [the c/s are constants]

— Sentence-denoting terms :  s:=ws;  [the 5,5 are constant]

— Object-denoting Predicates : P:=P

— Sentence-denoting Predicate :  Tr [Tr is the Truth predicate]

— Formulas : F :=P/(o1,...,0,)|Tr(s)|=F|(F NF)|(F VF)

The translation language L* is richer. Besides the truth predicate Tr, it
extends L with (1) some simple arithmetic vocabulary, and (2) function
symbols, which take as arguments number-denoting terms to yield
sentence-denoting terms. Concretely, whenever s; is a sentence-denoting
constant in L’, s;(n) is a sentence-denoting functional term in L*. We
also include in the definition of L* number-denoting variables, as well as
sentence-denoting variables and quantifiers (the latter two won’t be used
except in Appendix II).
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(31) Syntax of the target language L*

— Object-denoting terms: o := ¢; [the ¢;s are constants]
— Number-denoting terms: 7 := k;|0|Sn  [the ks are variables]
We abbreviate S”(0) as n.

— Sentence-denoting functions: ¢ :=s; [if n is number-denoting,
si(n) will denote a sentence]

— Sentence-denoting terms: s := o(n)|x; [the x;’s are variables|

— Object-denoting Predicates: P := P!

— Truth Predicate: Tr

— Number-denoting predicate: <

— Formulas: F:= P/(oy,...,0,)|Tr(s)|=F|(F AF)|

(F V F)|3F |VkF | 3F | VxF

The semantics is defined in the usual way given the specification of
(1) an evaluation scheme, (2) a base interpretation / for L, (3) a
denotation function for the sentence-denoting terms, and (4) an extension
and an anti-extension for the truth predicate.

3.1.2. Goal

Unless otherwise noted, we work with the Strong Kleene evaluation
scheme, whose main clauses are given in (32) (s is an assignment
function; other connectives and quantifiers can be defined from those in
a—c):

(32) a. I(~F) = L iff I(F) = 0; = 0 iff [,(F) = |
b. (FAG=1iff [(F)=1(G)=1,=0iff [(F)=0o0r [(G)=0
c. I(Vx F) =1 iff for each d in the domain, [y, . 4 (F)=1;=0iff

for some d in the domain, Iy, _, 5(F)=0.

The Strong Kleene scheme is not usually defined for generalized
quantifiers. But there is a natural way to extend it to the cases we will be
concerned with. The guiding intuition behind the Strong Kleene scheme
is that the value # represents ‘lack of knowledge’, which could be
resolved as 0 or 1 upon consideration of further information. The rules
are designed in such a way that a formula is true in the trivalent system if
it can be guaranteed to be true in classical logic no matter how the #’s
are resolved. If we now consider a generalized quantifier Q whose
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restrictor is classical, we have already posited (under ‘Reasonableness’
in (14)) that its semantics should be determined by three numbers: the
number a of elements that satisfy the restrictor and of which the nuclear
scope is false; the number b of elements that satisfy the restrictor and of
which the nuclear scope is true; and the number ¢ of elements that satisfy
the restrictor and of which the nuclear scope is neither true nor false. To
extend the Strong Kleene scheme, it is natural to ask whether no matter
how the members of the last group (corresponding to c) are redistributed
among the first two, we do or do not obtain the same classical truth
value. If we do, the formula must have the value in question (0 or 1); if
we don’t, the formula should have the value #. This recipe is made
precise in (33):

(33) O°(0: a, 1: b, #: ¢) = #iff for some a’, a”, b', b" satisfying a’ + b’ =
a"+b"=c,*(0:a+a’,1:b+b )+ Q0 :a+a", 1:b+b").If+#,
O0:a,1:b,#:¢c)=0*0:a+a',1:b+b"), where a' +b' =c

The translation procedure will keep constant the interpretation / of the
classical language L. But it will simultaneously (1) assign to each
sentence of the extended language L’ a translation in the quantificational
language L*, and (2) replace the (old) denotation function N’ for
sentence names of L’ with a new denotation function N* for the
sentence-denoting terms of L*. For simplicity, we will call interpreta-
tions of L’ and L* admissible if they extend I and are compatible with N’
and N*, respectively. We will assign to each sentence F of L’ an infinite
series of translations /(F) (k > 0), and we will call 4(L") the set of all
translations of all sentences of L’. The procedure will be shown to satisfy
two conditions:

The Uniformity Condition will guarantee that in any admissible
fixed point I* of L*, all the translations of a given sentence F of L" have
the same value according to I* (in other words, for every sentence F of
L', for all k, k' > 0, I*(hy (F)) = I*(h(F)). This condition is important to
ensure that any translation of a given sentence F, or alternatively the
equivalence class of all its translations, can be taken as ‘the’ translation
of F. As its name indicates, the Uniformity Condition can be seen as a
generalization of the Uniformity Property which holds of any Yablo-
series (Section 2.1.2). Specifically, the various Yablo-series we dis-
cussed in Section 2 will turn out to be the set of translations of the simple
Truth-Teller for various choices of the quantifier O in our translation
scheme. The Uniformity Property only requires that the translations of
the Truth-Teller have a uniform value; the Uniformity Condition, by
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contrast, requires that the translations of al// sentences receive a uniform
truth value in any fixed point.

The Isomorphism Condition, which is a bit more cumbersome to
state, will guarantee that there is a kind of isomorphism j between the
fixed points of L’ and those of L*, and that for any sentence F of L', F
has the same value in a fixed point I’ as h;(F) does in j(I’). This property
is important to guarantee that the semantic behavior of L’ is indeed
reflected in the translation. However, because only part of L* serves to
translate L', we will have to treat as equivalent those fixed points of L*
that agree on the translation of L’ (i.e., on A(L’)). As a result, the
isomorphism must be defined between the set of fixed points of L’ and
the set of equivalence classes of fixed points of L*. The relevant notions
are defined in greater detail below.

3.2. Translation and Examples

We start by defining the translation procedure and by illustrating it with
some examples.

3.2.1. Translation

As before, we call I’ the interpretation of the initial language L', which
comprises: (1) a classical interpretation I, (2) a denotation function N’ for
the sentence-denoting names of L/, and (3) a specification of the
extension and anti-extension of the truth predicate Tr. An interpretation
I* for the target language L* will be defined by (1’) the same classical
interpretation /, (2’a) a denotation relation function N* for the
(functional) sentence-denoting terms of L*, (2°b) a standard interpreta-
tion of the arithmetic vocabulary of L*, and (3”) a specification of the
extension and anti-extension of Tr. We will build simultaneously a
translation and a specification of N* from N’, and we will show that this
suffices to force the translations to mirror perfectly the behavior of the
originals. For the moment we use [Qk’ : k' > k] F as an abbreviation of
Ak" (k" > k AN VE' (k' > k" — F)), though in Section 4 we will study other
conceivable choices of O when Q is a Generalized Quantifier.

(34) a. Translation: For each positive integer i, hi(F) = [Qk' : k' > i]
[F],, where k and k' are ‘fresh’ number-denoting variables, and
where [F],, is obtained from F by replacing every atomic
formula of the form Tr(c) with Tr(c(k")).

b. Denotation: s denotes F according to N’ iff s(i) denotes h,(F)
according to N*.
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As before, we write <s, F> for a pair of a formula F denoted by a
sentence-denoting term s, and we write the set of translations-cum-
denotation relation as h(<s, F>) = {<s(i), h{(F)> :i > 0}.

As was observed earlier, our choice of O guarantees that all of the
sentences of the form [Qk’: k' > i] [F],, for various values of i have
exactly the same semantic content and hence the same truth value in any
fixed point. This will be essential to guarantee that the Uniformity
Condition is satisfied.

3.2.2. Examples
Before we study the general properties of the translation procedure, let us
illustrate some of its effects.

1. First, we check that the translation is adequate for sentences that do
not contain the truth predicate, say /¢ is raining, symbolized as R, and
named by a constant » (we henceforth call a sentence Tr-fiee if it does
not contain the truth predicate). Since R contains no occurrence of the
truth predicate, the translation procedure yields a sentence with
vacuous quantification, as follows:

(35) h(<r, R>) = {<r(i), [Ok': k'>i] R)) > : i > 0}

Given the semantics of Q (‘all but finitely many’), it is immediate that
in any interpretation all the translations are equivalent to R, as is desired.

2. Second, we observe that a sentence that ‘talks about’ a Tr-free
sentence is correctly translated. Let us consider a sentence (named by
a constant ") which says that r is true, yielding a pair </, Tr(r)>. The
translation procedure yields:

(36) h(<r', Tr(r)>) = {<r'(i), [OK": k' > i] Tr(+(K')))> : i > 0}

We have already established that all the sentences (i) (for i > 0) are
equivalent to 7. It follows that in any fixed point all the sentences r'(i)
are also equivalent to R, and hence to Tr(r), as is desired.

3. Third, we consider the Liar. We have no new work to do, since we
already discussed its translation when we introduced the 3V-Liar. As
is desired, the Liar <s, —Tr(s)> gets translated as a Yablo-like series
which is itself paradoxical, namely {<s(i), [Qk": k' > i] = Tr(s(k"))> : i
> 0}. Since this series has a uniform value, we immediately obtain the
result that in any fixed point each sentence in the series should be
neither true nor false.

4. Fourth, we should consider the Truth-Teller <z, Tr(f)>. It is translated
as {<t(i), [Qk": k'> i] Tr(#(k"))))> : i > 0}. As before, the form of the
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translations guarantees that in any interpretation they all share the
same value. It is then easy to see that there are fixed points in which
these sentences are all true, others in which they are all false, and yet
others in which they are all indeterminate.

5. Fifth, let us reconsider our empirical versions of the Liar and of the
Truth-Teller, which we gave respectively as <e, R A — Tr(e)> and
<e’, R A Tr(e')>. They get translated as {<e(i), [Qk’: kK’>i] (R A —Tr
(e(k"))>:i>0} and as {<e'(i), [Qk': kK'>i] (R A—Tr(e'(k"))> : i > 0}.
Reasoning by cases, we see that if R is false we simply obtain two
series of false sentences; and if R is true, we obtain an infinite Liar and
infinite Truth-Teller, as we wished.

3.3. Properties of the Construction

We now study the main properties of this translation. We start by
observing that 4(L’) is semantically autonomous in any interpretation of
L* which is compatible with N*. The proof would rely on the
observation that all the translations can be seen as instances of restricted
quantifications of the form [QOs: R(s)] , Where s ranges over sentences
and where R(s) is a classical formula that holds true solely of other
members of 4(L'). As a result, all interpretations that agree on the
restriction of the extension and anti-extension of 7r to A(L’) must also
agree on the values they assign to the members of 4(L’). This is just to
say that 4(L’) is semantically autonomous (related ideas are implemented
in greater detail in Appendix II).

DEFINITION. [’ is an admissible fixed point for L' just in case I’ is a
fixed point for L’ based on (1) the base interpretation / and (2) the
denotation function N’ for sentence-names. [* is an admissible fixed
point for L* just in case I* is a fixed point for L* based on (1) the base
interpretation /, (2’a) the denotation function N* for functional sentence
names, and (2’b) the standard interpretation of the arithmetic vocabulary.

Uniformity Condition: For every sentence F of L', for all k, k' > 0,

P (F)) = I*(hie (F)).

Proof Sketch.  In the Strong Kleene Scheme, it can be checked that for
all £ >0,

I¥(hy(F)) = 1 iff [F],, is true of all but a finite number of the non-
negative integers.

I¥(hy(F)) = 0 iff [F], is false of an infinite number of non-negative
integers.

I (hy(F)) = # iff I* (hy(F)) # 1 and F(y(F) # 0
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The right-hand sides make no reference to &, and therefore for all £,
k' =0, I* (hy(F)) = I* (h (F))." O

In order to state the Isomorphism Condition, we must define an
equivalence relation over admissible fixed points of L*, and an ordering
over them:

DEFINITIONS. (1) IfI7 and /5 are admissible fixed points of L*, IT = I5
iff 7 and 75 agree on A(L’). We write [I}] for the
equivalence class of I7.

(2) For any set of sentences S, we define a partial
order on interpretations by stipulating that i<g j
just in case every sentence of S that has a classical
truth value in i has the same value in j.

Isomorphism Condition: There is an isomorphism j between the set of
admissible fixed points of L’ ordered by <, and the set of equivalence
classes of admissible fixed points of L* ordered by <), and j
guarantees that for every sentence F of L', for every fixed point I’ of
L', I'(F) = j")(h(F)).

We note for future reference that the only properties of the quantifier
0O which matter in the proof are that (Q1) Q satisfies the Uniformity
Condition, and that (Q2) when F contains no bound variables, [Qk’: k' > i]
F has the same value as £ (I will underline passages that make reference
to these properties; this will become relevant when we discuss alternative
choices of the quantifier Q in Section 4).

Proof.  We write that J(I', [I*]) just in case I’ and I* are admissible
fixed points for L’ and L*, respectively, and I*"(Tr) N (L") = {hi(s): k>0
and s € I'(Tr)}, I* (Tr) N h(L") = {h(s) : k>0and s € I' (Tr)}.

1) Let I’ be an admissible fixed point for L’. We show that there is
exactly one equivalence class of admissible fixed points [/*] for L*
satisfying J(I', [I*]).

— ‘At most one’: given N* and /, the truth value of any member of A(L’)
is fixed by the restriction of the interpretation of Tr to A(L’)
(because A(L') is semantically autonomous). As a result, once
I¥(Tr) N (L") and I* (Tr) N h(L') are fixed, so is the value of
each of the members of A(L").

— ‘At least one’: we show how to construct an admissible fixed point /*
for L* which satisfies J(I', [[*]). We start by defining an
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interpretation /*, which is a local fixed point for A(L’), and we
extend it to a global fixed point for L* thanks to the Extension
Lemma.

(1) I is defined by:

157 (Tr) = {hy(F) : k>0 and F € I"(Tr)}

15 (Tr)y = {h(F) : k>0and F € I' (Tr)}

I can be shown to be a fixed point of 4(L") because for each sentence
FoflL’,

hi(F) € It (Tr) (resp. I* (Tr))

iff F € I'(Tr) (resp. I’ (Tr)) [by the definition of /*(]

iff I'(F) = 1 (resp. = 0) [because [’ is a fixed point]

iff for every £ > 0, I§([F]x) = 1 (resp. =0), where [F]y is obtained
from F by replacing each occurrence of the form Tr(c) with
Tr(c(k)) [this follows because given the definition of
g, I'(Tr(c)) = I%(Tr(c(K)) for arbitrary k& > 0]

iff I([Qk": k' > i] [F],,) = 1 (resp. = 0) [this follows because
(1) Q satisfies property (02): when F contains no bound variables,
[OK’: k' > i] F has the same value as F, and (2) for all £/, k" > 0,
I5([Fy) = I5([F]

iff I5(h(F)) = 1 (resp. = 0)

(2) By the Extension Lemma, this local fixed point can be extended to a
global fixed point.

2) Let /* be an admissible fixed point for L*. We show that there is
exactly one admissible fixed point I’ for L’ satisfying J(I', [I*]).

‘At most one’: If I} # I5, it must be that </} "(Tr), I1 (Tr)> # <I5"(Tr),
I5 (Tr)>. But (a) each 4 is 1 — 1 and (b) for m # n, the co-domains of
h,, and h, are disjoint (because members of the co-domain of 4, start
with [Qk’ : k' > m], while members of the co-domain of 4, start with
[Ok' : k' > n]). As a result, it must be that <{A(s): £ > 0 and s €
I (Tr)Y, {h(s): k>0and s € I} (Tr)}> # <{h(s) : k>0and s €
I5°(Tr)Y, {hys): k> 0 and s € 15 (Tr)}>. But this entails (contra
hypothesis) that at least one i € {1, 2} must violate the condition
FF'(Tr) N A(L') = {h(s) : k>0 and s € I[(Tr)}, I* (Tr) N h(L') =
{hi(s) : k>0and s € I} (Tr)}.
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‘At least one’: Given the Uniformity Condition, for all k, &' > 0,
I*(hi(s)) = I*(hp(s)). Given I and N’, we can thus define an
interpretation I’ by I'"(Tr) = {s: for some k > 0, h(s) € I*'} and
I' (Tr) = {s: for some k > 0, h(s) € I* }. It is then immediate that
FF(Tr) N h(L') = {hys): k>0 and s € I'"(Tr)}, I* (Tr) N h(L') =
{hi(s) : k>0and s € I' (Tr)}. All that remains to be shown is that I’ is
a fixed point.

2a. From the Uniformity Condition, it follows that for any formula F of
L', I¥(h(F)) = I*(/hi(F) /ojx), where /h;(F) /o is obtained from
hi(F) by replacing every atomic formula of the form Tr(c(k’)) with
Tr(c(0)). Therefore for all i > 0, I*(h(F)) = I* ([Qk' : k' > k|[F],.)))
= I* ([OK - k' > K|/[Flx [opw))
= [*([F]o) [because (1) quantification is vacuous, and (2) Q satisfies
property (Q2)]
= I'(F) [because by construction for any ¢, I*(Tr(c(0)) = I'(Tr(c))]
2b. We can now reason as follows:

F € I'*(Tr)(resp. I'" (Tr))
iff  for each i >0, h;(F) € I*"(Tr)(resp. I* (Tr))
iff for each i > 0, I*(h;(F)) = 1(resp. = 0)
[because /* is a fixed point]
iff I'(F) =1 (resp. = 0) [from 2a].
Taken together 1) and 2) show that Jisa 1 — 1, onto function from
the admissible fixed points of L’ to the equivalence classes of admissible

fixed points of L*. We henceforth write [/*] = j(I) for J(I', [I*]). It is
immediate from the meaning of J that 5 <. I% iff j(I1) < (). O

4. ELIMINATION OF SELF-REFERENCE IN A LANGUAGE WITHOUT
QUANTIFIERS II: REFINEMENTS
4.1. Other Evaluation Schemes

The construction given above does not work for all monotonic evaluation
schemes. Consider a logic in which Q is defined as follows (as before, we
restrict attention to Generalized Quantifiers whose restrictor is classical):

(37) QX 0:a, 1: b, #: c)=#iffc £ 0. If c = 0, Q*(0: a, 1: b, #: ¢)
= Q*(0: a, 1: b)"!
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This procedure is monotonic because once a classical value is obtained,
it never has to be modified when indeterminate values are resolved as true
or false. Still, we can construct a series of sentences of L’ each of which
has translations in L* that fail the Uniformity Condition. Consider the
series: {<s;, Tr (s; + 1) > : i > 0}. Given our translation procedure, A(<s;,
Tr(s; +1) >) = {<si(k), [Ok": k'>K] Tr(s; + 1(k")>:k > 0}

Let us define the following valuation:

I*(si(k)) = # if k < i. Otherwise, I*(s;(k)) = 1. This gives rise to the
following table:

so(.)
#

(8] ()

e g
— 3 3 I

1
1
1

Each column represents the values of the translations s,(0), s;(1), s,(2),
.. of a given sentence s; of the original language (for instance, the left-
most column indicates that so(0) has the value #, that so(1) has the value
1, that 50(2) has the value 1, etc). And each cell represents the value of a
sentence s that ‘talks about’ the truth values of the sentences that come
‘under it’ in the column immediately to its right. Let us call these
sentences the ‘followers’ of s. It can be checked that this valuation is
indeed coherent (i.e., that it defines a local fixed point). For instance,
s0(0) must indeed have the value # because it has a follower, namely s,(1),
which has the value #. More precisely, so(0) is the formula /Qk’: k' > 0]
Tr(si(k')). But there is an element (namely 1) that satisfies its restrictor,
and for which the nuclear scope has the value #. Hence by (37) 50(0)
must have the value #. Although it is coherent, this valuation clearly
violates the Uniformity Condition, since in each column we find both the
value # and the value 1.

4.2. Other Generalized Quantifiers

Let us now restrict attention to the Strong Kleene evaluation scheme,
extended to Generalized Quantifiers in accordance with the following
rule, already discussed above:

(38) QE(O: a, 1: b, #: ¢) =#iff for some a’, a”, b’, b" satisfyinga’ + b' =
a"+b"=c,0*0:a+a’,1:b+b)V£0Q* (0:a+a” 1:b+b"). If £
#,00:a, 1: b, #:¢)=0*0:a+a',1: b+b"), where a’+ b' = ¢
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In our construction Q ended up having the meaning of ‘all but finitely
many’ (because of our assumption that the sentences were denumerable
and linearly ordered, this turned out to be expressible in first-order
logic). Could we have used other Generalized Quantifiers? We will now
give a characterization of those quantifiers that can be used in the
construction, by proceeding in two steps:

1. We revisit the translation scheme given above, treating Q as a
parameter rather than as the abbreviation of a particular string of first-
order quantifiers. We find necessary and sufficient conditions that O
must meet if the translation is to satisfy the Uniformity Condition.

2. We then isolate those values of O for which the translation procedure
delivers the desired results.

42.1. Necessary and Sufficient Conditions for Uniformity"

We claim that in the Strong Kleene evaluation scheme, the Uniformity
Condition is satisfied by a very narrow class of Generalized Quantifiers,
which satisfy a condition of Finite Insensitivity:

(39) The following conditions are equivalent:

Uniformity Condition: For any sentence F of L', in every admissible
fixed point 7* of L*, for all k, k' >0, for all s € L', I*(hi(F)) =
I (g (F)).

Finite Insensitivity: For all finite £, /' > 0, Q*(0, f) = O*(o, f') and
O(f, =) = O(f', )

1) Uniformity Condition = Finite Insensitivity

Suppose that Finite Insensitivity fails, for instance because there are i, i’ > 0
such that Q*(c0, i) # Q*(co, i’) (the case in which there are i, i’ > 0 such
that Q*(i, ) # Q*(i’, ) is treated in the same way by duality, i.e., by
permuting 1 and 0 in the reasoning below).

Case 1. Qz(oo, 0)=0
Let i* be the least i such that Qf(oo, i)=1. Thus we have: for each i <
i* = 1, 0%, i) = 0; O(0, i*) = 1.

Now consider the series {<s;, Tr(s; + ;) >:i> 0} (this is a series in L’,
and thus the s; are constants, not functional terms). For each i > 0, A(<s,,
Tr(s; + 1)>) = {<s(K), [Qk": k' > 0] Tr(s; + 1(K')) > : k> 0}. It can be seen
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that the following distribution of truth values yields a coherent valuation
for the set of translations.

o) s1() $2() sa(:)

# # # #

0 # # #

0 # (i*+1 times) # #

0 0 # #

0 0 # (2i* + 1 times) #

0 0 0 #

0 0 0

0 0 0 # (ni*+1 times)
0 0 0 0

As in the table in Section 4.1, each cell represents the value of a
sentence s that ‘talks about’ the truth values of its followers (i.e., of the
sentences that come under it in the column immediately to its right). We
do not have a full specification of the semantics of O, but we know
enough to determine that each sentence s is:

— true if s has infinitely many followers with the value 0 and exactly i*

followers with the value 1,
— false if s has infinitely many followers with the value 0 and at most
i*—1 followers with the value 1.

Furthermore, our Strong Kleene semantics entails that s has the value # if
there are two ways to resolve its indeterminate followers as classical, one
of which makes s true and the other one of which makes s false.

In each column, it can be checked that each indeterminate sentence s
has infinitely many false followers and at least i* indeterminate followers.
If i* of the indeterminate followers are resolved as true while the others
are resolved as false, s will be true; but if all indeterminate followers are
resolved as false, s will be false. This disagreement shows that s should
indeed be indeterminate. By contrast, each false sentence s in the table has
infinitely many false followers and at most i* — 1 indeterminate followers.
No matter how the latter are resolved, s should indeed be false, as is desired.
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Case 2. O*(0, 0) = 1
Let i* be the least i such that Qz(oo, i) = 0. Thus:
for each i < i* — 1, Q%(e0, i) = 1; O%(c0, i*) = 0.

Consider the series {<s;, ~Tr(s; + 1) >:i>0}. Its translation is the set
{<s{(K), [OQk": k' > K —Tr(s; + 1(k")) > :i>0, k> 0}. It can be checked
that the following valuation is coherent:

L) ul) 50) Sy(.)

# # # #

1 # # #

1 # (i* + 1 times) # #

1 1 # #

1 1 # (2i* + 1 times) #

1 1 1 . #

1 1 1

1 1 1 # (ni* + 1 times)
1 1 1 1

Consider the first column. so(0) is the formula [Qk": k' > 0] —Tr(s; (k).
s50(0) has i* indeterminate followers and infinitely many true followers.
Depending on how the indeterminates are resolved, [Qk': k' > 0] —Tr
(s1(k")) may be resolved as false (in case all the indeterminate followers are
resolved as false, which means that their negations are resolved as true) or
as true (otherwise). Thus s¢(0) should indeed have the value #. By contrast,
so1) has i* — 1 indeterminate followers and infinitely many true followers.
No matter how the indeterminates are resolved, [Qk’: k' > 1]-Tr(s, (k"))
will be true. Thus sg(1) should indeed have the value 1. More generally, the
sentences with the value # have at least i* indeterminate followers and
infinitely many true followers, as is required by their semantic content. By
contrast, the sentences with the value 1 have fewer than /* indeterminate
followers, as their content also requires.

2) Finite Insensitivity = Uniformity Condition

We show something stronger, namely that for any admissible interpre-
tation for L* (not just fixed points) and for any series ([s], )k,> o (not just
those obtained through our definition of [s],,) the entailment holds.
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Let I* be any interpretation of L*. Let us define /(s) == [Qk': k' > K] [s],,
Let /'be an assignment function. Let us define:

0,:={K'>0: [g[k/HK']([S]k’) =0}

ls = |{K/ >0 [f k’HK/]([S]k’) = 1}'

#S = |{K/ 2 0 : Ij’[k’ﬁK/]([S]k/) = #}‘

*

Case 1. #, is finite

la) If 0, = 1, = oo, it immediately follows that for all £ > 0, I*(h(s)) =
Qj(oo,oo), and the Uniformity Condition is satisfied.

1b) Otherwise, exactly one of 0y, 1, is . Suppose it is 0. It follows from
Finite Insensitivity that for all k£ > 0, I*(h(s)) = Qf(oo, 1) for arbitrary
finite f, and hence the Uniformity Condition is satisfied. The
reasoning is parallel if 1 = oo.

Case 2. #,=w

2a) If 0, = 1; = oo, the Uniformity Condition follows as in Case 1a).

2b) Suppose 0; and 1 are both finite.

— If for some i, i’ > 0 (including o) O*(co, i) # OQ*(i’, ), then all the
sentences in the series have the value #, and the Uniformity
Condition follows.

— If for all i, i’ > 0 (including ®0) Q*w, i) = O°(i', ©) = a, the
Uniformity Condition follows (all sentences have the value a).

2¢) Suppose that exactly one of 0y, 1 is oo — say, that 0, = co and that
1, # o (the opposite case is parallel).

— If for finite f Q%(o0, f) = Q*(0,0) = a, the Uniformity Condition
follows (all sentences have the value )

— If Qf(oo, f)# Q_z(oo,oo), all sentences in the series have the value #,
and the Uniformity Condition follows again.

4.2.2. Characterization of the Generalized Quantifiers That Can Be
Used in the Translation

Clearly, a necessary condition for the translation to be successful is that

O should satisfy the Uniformity Condition, and thus Finite Insensitivity.

In addition, we may observe that even if the Uniformity Condition is

satisfied, the translation will fail in case for finite  Q*(co, f) = 1 or

O*(f. ©) = 0. To see this, let us consider the translation of the Truth-
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Teller <s, Tr(s)>. Given our translation scheme, we have that A(<s,
Tr(s)>) = {<s(K), [Qk': k' > K] Tr(s(k")) > : k> 0}. However, if Q*(w0, f)
= 1, the translations cannot be assigned the value 0, while if Qi( f, 0)=0,
the translations of cannot be assigned the value 1. This means that the
translation will fail, since the Truth-Teller can equally coherently be
assigned the values 0 and 1.

Conversely, if for finite f Q*(c0, f) = 0 and Q*(f, ©) = 1 and Q
satisfies the Uniformity Condition/Finite Insensitivity, the translation
will work as desired. The reasoning is as follows:

1. The Uniformity Condition is satisfied by assumption.

2. The Isomorphism Condition is proved as in Section 3.3, where it was
noted that the only properties of O that matter is that (Q1) Q satisfies
the Uniformity Condition, and (Q2) when F contains no bound
variables, [Qk’: k' > i] F has the same value as F. (Q2) is guaranteed
to hold by the requirement that Q_z(oo, 0) =0 and Q_z(O, o) =1, and
thus the proof of Section 3.3 can be reproduced.

The results we have obtained can finally be summarized as an
Adequacy Condition on the generalized quantifiers that can be used in
the translation:

(40) Adequacy Condition

A Generalized Quantifier O can be used in the translation scheme
defined earlier if and only if: for all finite > 0, Q*(w0, f) = 0 and
Q(fr) =1

If we are only interested in the behavior of the quantifier over infinite
domains, there are just two cases to consider:

Case 1. Q%(0, f) = O%(o0,0) = 0 and O*(f, ) = 1
This defines a quantifier that behaves like all but finitely many on
infinite domains.

Case 2. Q%(«, f) = 0 and Q*(f, ) = Q*(0,0) = 1
This defines a quantifier that behaves like infinitely many on infinite
domains.

4.2.3. Comparison between the Uniformity Property and the Uniformity
Condition

In Section 2 we asked in which cases a Yablo-series of the form Sy =

{<s(i), [Ok: k > i] Tr(s(k))>} satisfies the Uniformity Condition, which

requires that for any fixed point /', all the members of Sy, have the same
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value according to /. As was mentioned earlier, Sy is simply the
translation of the Truth-Teller obtained when the generalized quantifier
is Q. Comparing the general case to this special case, we see that

— if we only require that the translations of the Truth-Teller have a
uniform truth value, any quantifier can be used in the translation
(in some cases this won’t give an adequate translation, for instance
if the quantifier is No, which incorrectly translates the Truth-Teller
as an d-Liar; still, Uniformity is satisfied by this incorrect
translation).

— by contrast, when we wish to obtain translations that have a uniform
truth value for any sentence of the original language, we can only
use for O quantifiers that satisfy Finite Insensitivity, i.e., Qi(oo, )=
(0, f1) and Q*( f; ) = Q*(f, ) for all finite f;, f'.

— It follows in particular that the quantifiers some and every, which are
used in the most common versions of Yablo’s paradox, cannot be
used in the translation procedure.

We have seen, then, that any quantifier that is adequate for the
translation must guarantee that any two sentences in the series will have
exactly the same semantic content, in the sense that even in interpreta-
tions that are not fixed points the Uniformity Condition will be satisfied.
This is because our proof of the entailment from Finite Insensitivity to
the Uniformity Condition did not rely on the assumption that the
interpretation was a fixed point. Since all the translations of a given
sentence have exactly the same semantic content, we might be tempted
to claim that our translation procedure yields sentences that are self-
referential in a broader sense: they refer to other sentences that have
exactly the same semantic content as them. It would certainly be
interesting to define in precise terms the broader notion of self-reference
that underlies this criticism. But I believe that this objection would
eventually fail if we considered a minor variant of our translation. To see
this, suppose that we had opted for a slightly more sophisticated
translation scheme, defined as follows:

(41) a. Translation: For each positive integer i, h(F) = [Qk": k' > i]
[Fl A (Tr(ty) < (i = 1)

b. Denotation: (i) s denotes F according to N’ iff s(i) denotes h;(F)

accordingto N*. (ii) N’ specifies that 7; denotes the formula (i = ).

It is clear that in every fixed point for L* the additional conjunct
(Tr(t;) < (i =1i)) is true (since (i = i) is classical), and hence innocuous.
But in interpretations that are not fixed points, this need not be the case. In
this sense this modified translation procedure does not give the same
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semantic content to all the translations of a given sentence of L’. We could
easily add different ‘empirical’ conjuncts to /4,(F) (different for various
values of i) to further ensure that the various translations of a given
sentence £ are not equivalent to each other (but still turn out to have the
same value in any given fixed point).

4.2.4. Source of the Restriction to the Quantifiers ‘Infinitely Many’
and ‘All but Finitely Many’

It is worth asking why only the quantifiers infinitely many and all but
finitely many can be used in the translation."* All our counter-examples
were based on a failure of the Uniformity Condition, and they all
involved infinite reference paths in the language L', in the sense that a
sentence s; referred to a sentence s,, which referred to a sentence s3, etc.
As it turns out, however, if we prohibit infinite reference paths, the
Uniformity Condition will be satisfied in any fixed point. (How infinite
reference paths can be blocked naturally is another story; we may either
put syntactic constraints on the fragment of the language that we
consider, or we may restrict attention to interpretations in which infinite
reference paths do not occur).

Let us briefly sketch the argument, which is closely related to the proof
we gave in Section 2.1.2 to show that all Yablo-series satisfy the Uni-
formity Property. Consider a sentence s, together with all the sentences
that it refers to, together with all the sentences that these refer to, etc. We
obtain in this way a finite set 7 with members oLt (T is finite
because otherwise there would be an infinite reference path, contrary to
our assumption). By construction, 7 is semantically autonomous. Thus
for each #, there is a Boolean function f; such that in each fixed point,
the value t, of # is fi(t), where t is the n-tuple of values of ¢, ..., /. Now
call the translations of level i of these sentences ti, ..., 1}, respectively.
We do not make any assumptions about the generalized quantifier that
appears in the translation, except that its semantics is defined by a
generalized Tree of Numbers.

(1) By the definition of the translation procedure, each ¥ makesaclaim
about the series of the truth values of (¢, ..., ), {t} . ,,...,
L 5),-... Let us write these tuples of truth values as t; 4 1, ti + 2,
etc. Thus in any fixed point, the truth value of #* is determined by
the number of members of the series that make f; true/false/
indeterminate.

(2) But there are only 3" distinct n-tuples of trivalent values. So one of

the tuples — call it t* — must recur infinitely many times in the series
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ti + 1, ti + 2, ... . . Let us assume that t* occurs in particular in position
i+ k*+ 1 (thus t; 4 = 4 1 = t%). tf_‘+ (%, > Which makes a claim about
the series t; 4+ o+ + 2,  + k= + 3, ..., has a certain value t**, which by
assumption is the k™ coordinate of t*.
(3) Now we claim that tl’,‘+ » must have the very same value t** as
z‘l’_‘+ e This is because the truth value of tl’_‘+ o is determined by the
number of members of the series t; + y* + 1, i + k* + 2, ..., which make
fi true / false / indeterminate. But this series is identical to t; 4+ x* + 2,
ti + 1k* + 3, ..., €Xxcept that we have added one additional occurrence of

t* (since t; 4+ = + 1 = t¥). But there were already infinitely many

occurrences of t* in t; 4 1+ + 2, t + K+ + 3, ..., SO We certainly haven’t
changed the number of members of the series that make f;, true / false /
indeterminate.

(4) Since this reasoning can be repeated for each &, we see that t; 4 i« =
ti + k= + 1 (= t¥). By iterating the reasoning, we observe that
whenever t* occurs in the series, it occurs in all the preceding
positions as well. But since t* appears infinitely many times, this
shows that t* must occupy the entire series. Therefore the
Uniformity Condition is satisfied for all the sentences in T — and
hence in particular for s.

Finally, let us note that our earlier proofs of the adequacy of a
quantifier Q for the translation procedure only hinged on the requirement
that (Q1l) QO satisfies the Uniformity Condition, and (Q2) when F
contains no bound variables, [Qk’: k' >i] F has the same value as F. It
follows that when we block infinite reference paths, any quantifier
satisfying (Q2) will in fact be adequate for the translation. It is easy to
check that the acceptable quantifiers are all those for which Qj(oo, 0)=0
and QE(O, o) = 1. Thus when infinite reference paths are blocked, some
and every can successfully be used in the translation...

4.3. Another Translation Procedure

The translation scheme we adopted was particularly simple, but it might
be interesting to explore some alternatives. It appears that the same
generalized quantifiers that could be used in the procedure outlined
above can also be used in a different translation scheme, which is
defined as follows:

(42) a. Translation: For each positive integer 7, g{F) = {F'},, as defined
below.
b. Denotation: s denotes F according to N’ iff s(i) denotes h,(F)
according to N*.
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The translation procedure {.}; is defined recursively as:

(43) a. {P!(o1,...,00)},, = P!(01,..., 00)

b. {Tr(s)}, =[Ok : k' > k]Tr(s(k"))
c. {=F}p=~{F}y

d {(F1AF) b = ({Fi}pe A {FZ}k/g
e. {((FiVF)}y = ({Fl}k’ VA{F2

If F is a sentence, we will write g,(F) instead of {F};. And as before,
we write the set of translations-cum-denotation relation as g(<s, F>) =
{<s(i), g(F) > :i=0}.

4.3.1. Examples
To get a feel for the translation, let us look at a few simple examples.

(44)

(45)

(46)

(47)

Translation of Tr-free formulas
g(<cy, P(}>) = {<c1(k), Po>: k> 0}. This translation is obviously
adequate.

Translation of sentences that ‘talk about’ Tr-free formulas

With ¢; as in (44), we consider:

g(<cy, Tr(cy) >) = {<ca(K), [Qk' : k' > K] Tr(c (k') > : k> 0}. This
is precisely the result we obtained according to the ‘old’
translation scheme /: g(<c,, Tr(c;) > = h(<c,, Tr(c;)>

Translation of the Liar

g(<cs, 7Tr(es) >) = {<cs(k), ~[Qk" : k'> K] Tr(c3(k")) > : k = 0}.
{<c3, ~Tr(c3)>} is the simple Liar. {<c3(k), = [Qk" : k' > K]
Tr(cs(k’)) > : k> 0} is an infinite Liar. From the semantics of O, the
members of {[Qk": k' > K] Tr(c3(k’)): kK > 0} must have a constant
value. Therefore all the sentences in the series have the same value,
and it follows that this value can only be #.

Translation of the Truth-Teller

g(<cy, Tr(ca)>) = {<c4(K), [Ok' : k"> K] Tr(ca(k’)) > : k> 0}. This is
exactly the same result we obtained in the ‘old’ translation scheme:
8(<cq, Tr(ca)>) = h(<ca, Tr(ca)>)

4.3.2. Necessary and Sufficient Conditions for Uniformity

This ‘new’ translation has essentially the same properties as the ‘old’
one: the same quantifiers satisfy the Uniformity Condition, and the same
quantifiers can be used in the translation.
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1) Uniformity Condition = Finite Insensitivity

Suppose Finite Insensitivity fails, for instance because there are i, i’ > 0
such that Q? (o0, i >) # O (0, i') (the case in which there are i, i’ > 0
such that O (i, ) # Q> (i’, ) is treated in the same way by duality, i.c.,
by permuting 1 and 0 in the reasoning below).

Case 1. Qi(oo, i) = 0. Let i* be the least i such that Q_Z(oo, i=1.

The non-uniform valuation that was defined earlier for the translation of
the series {<s;, Tr(s; + 1) > : i > 0} will work just as well in the present
context, since the ‘old’ and the ‘new’ translations agree on sentences of
the form 7#(c).

Case 2. Qz(oo, 0) = 1. Let i* be the least i such that Qz(oo, 1) = 0. Thus:
for each i < i* — 1, Q%(c0, i) = 1; O%(c0, i*) = 0.

Consider the series {<s;, 7Tr(s; - ) >: i > 0}. Its translation is the set
{<s{K), 7[Ok": k' > K] Tr(s; + (k")) > :i>0, k> 0}. It can be checked
that the following valuation is coherent:

So(-) s1() $2() Sn(:)

# # # #

0 # # #

0 # (i* + 1 times) # #

0 0 # #

0 0 # (2i* + 1 times) #

0 0 0 #

0 0 0

0 0 0 # (ni* + 1 times)
0 0 0 0

Consider the first column. sy(0) is the formula —[Qk": k" > 0] Tr(s,(k")).
80(0) has i* indeterminate followers and infinitely many false followers.
Depending on how the indeterminates are resolved, [Qk’: kK’>0] Tr(s, (k"))
may be resolved as false (in case all indeterminates are resolved as true,
since O%(c0, i*) = 0) or as true (otherwise). Thus s0(0) should indeed have
the value #. By contrast, so(1) has i*—1 indeterminate followers and
infinitely many false followers. No matter how the indeterminates are
resolved, [Qk': k' > 1] Tr(sy(k")) will be true, and hence sy(1) will be
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false. Thus sg(1) should indeed have the value 0. More generally, any
sentence with value # has at least i* indeterminate followers and
infinitely many false followers; this guarantees that it should have the
value #. By contrast, any sentences with value 0 has at most i*—1
indeterminate followers, which guarantees that it should be false.

2) Finite Insensitivity = Uniformity Condition

In brief, we give a proof by induction on the construction of formulas of
L’ which shows that for each subformula G of a formula gi(F) of g(L'),
for any assignment function f, for any interpretation (and a fortiori for
any fixed point) /* of L*, for all k, k' > 0, I*/ (gi(G)) = I*/ (g (G)).
The key clause in the induction proof is the translation of subfor-
mulas of the form Tr(c), which get translated as [Qk: k' > k] Tr(c(k")).
Crucially, because of the choice of the quantifier O, the value of
[Ok":k' > k] Tr(c(k")) does not depend on k, hence the desired result.
The proof is by induction on the construction of formulas of L’.

— If F is atomic and does not contain the predicate Tr, for each k& > 0,
g(F) = F, hence the desired result.

— If F = Tr(c), for each k > 0, gu(F) = [Qk": k' > k] Tr(c(k")).
Uniformity follows from our proof of Finite Insensitivity =
Uniformity Condition for the ‘old’ translation scheme.

— If F=(F, A F,) and Uniformity holds of F; and F5, it holds of F as
well.

— If F =~ F’ and Uniformity holds of F’, it holds of F as well.

It can be checked that the Adequacy Condition holds of the new
translation without any modifications: O can be used in the translation
just in case for all finite i > 0, Q_Z(oo, i)=0and Q_Z(i, ) = 1.

5. PERSPECTIVES

The main results of this investigation can be summarized as follows.
(I) Yablo-Series satisfy the Uniformity Property no matter which
Generalized Quantifier is used. (II) Self-reference can be eliminated
from every sentence of a non-quantificational language by generaliz-
ing the procedure at work in Yablo-Series. The latter come out as the
translations of the Truth-Teller for various values of the Generalized
Quantifier Q used in the translation. However, the procedure can work
in the general case only if Q can guarantee that in any interpretation
(not just fixed points), all the translations of a given sentence F share
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the same truth value. Over infinite domains, Q should be one of two
quantifiers: all but finitely many or infinitely many. However, when
infinite reference paths are blocked in the original language, more
quantifiers become available for the translation.

We hope that the present paper will have convinced the reader that it
might be fruitful to study general results about the elimination of self-
reference rather than to attempt — piecemeal, so to speak — to replicate
Yablo’s results on a variety of semantic phenomena.

We conclude by listing some topics for future research.

1. We have only shown that self-reference can be eliminated from a
non-quantificational language. Can the procedure be extended to
quantificational languages as well? In Appendix I we sketch a
procedure for a full first-order language.

2. We have almost entirely restricted attention to the Strong Kleene
evaluation scheme. But for theories of truth a supervaluationist
scheme is in certain respects a better candidate. The elimination of
self-reference should be extended to this case as well.

3. We have assumed that our semantic vocabulary is limited to the truth
predicate Tr. What happens when other semantic predicates are
included? Uzquiano 2004 discusses a Yabloesque version of a
paradox of denotation (specifically, of Berry’s paradox). Through
this example, he shows that there are paradoxes of denotation that do
not involve self-reference (at least if Yablo’s paradox doesn’t). But
ideally Uzquiano’s result should follow from an extension of our
elimination procedure. It is likely, however, that the extension will
either be cumbersome or partial. For suppose that we include in the
initial language a predicate denote, with a fixed point requirement
according to which denote(s, c) is true just in case the interpretation
of s is a sentence that denotes the interpretation of ¢ (on some
reasonable criterion of denotation). Now consider the pair <c, denote
(¢, ¢)>. Clearly, ¢ should be taken to be true. But what about its
putative translations? By construction none of them should be self-
referential, and hence either (1) the translation of denote(c, ¢) will
have to be somewhat counter-intuitive, or (2) the translation
procedure will fail in this case.

4. To analyze our translation procedure, we heavily relied on the notion
of ‘admissible fixed points’ i.e., fixed points that interpret the
linguistic vocabulary (apart from the truth predicate) in a specified
way. This was crucial to ensure that, say, the functional terms of the
translations really did denote the sentences they were intended to. An
alternative solution would have been to consider from the start
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languages that contain enough arithmetic to code their own syntax,
and to use the Diagonalization Lemma to obtain self-reference in the
initial language (or to obtain the desired translations in the target
language). This alternative route might simplify the statement of
some of our results.

5. We could ask whether self-reference is essential to semantic results
obtained outside truth theories, for instance in the ‘paradoxes of
knowledge’ discussed most recently in Egré 2005.
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APPENDIX |

Elimination of Self-Reference in a Language with Quantifiers

So far we have assumed that our base language is non-quantificational.
But we might well want to eliminate Self-Reference from a language that
contains quantifiers. We will briefly sketch a strategy to do so in the case
of a First-Order Language.

We assume that the base language contains sorted variables xy, ..., and
1, ..., ranging over objects and sentences respectively. Similarly there
are quantifiers 3 and V, which can bind object- or sentence-denoting
variables, as the case may be. For simplicity we assume that predicate
symbols are sorted, in the sense that in any given argument position they
take either object-denoting or sentence-denoting terms, but not both (i.e.,
a given predicate may take both object-denoting and sentence-denoting
terms, but not in the same argument positions). The target language is
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identical to the initial language, except that (1) it contains arithmetic
vocabulary (as was the case in our earlier examples), (2) any sentence-
denoting constant ¢ of the initial language is a function symbol in the
target language (it takes a number-denoting term as argument to form a
sentence-denoting term), and (3) it includes a rank predicate rk, which
takes as arguments a number-denoting term and a sentence-denoting
term. The rank predicate will be used in the translations to ensure that
quantification over sentences never involves self-reference; in essence, a
translation with rank i will only involve quantification over sentences
with rank higher than i.

Let us now turn to a tentative translation scheme. In our earlier
examples, the elimination procedure involved both a translation in the
narrow sense and a specification of the denotation of the sentence-
denoting terms of the target language. This will also be the case here, but
in addition we will have to modify the interpretation of predicates that
take sentence-denoting terms as arguments. Why? Suppose we consider
in the original language a sentence that says that some beautiful sentence
is true [= Ay (B(y1) A Tr(y1))]. Of course the interpretation will have to
specify which sentences of the original language are indeed beautiful. In
fact, that very sentence might well be the only beautiful one, which
should clearly make the sentence self-referential. But what about the
translation? If we do not adapt the interpretation of beautiful, we will be
faced with two problems: (1) The translations may fail to be (in a slightly
extended sense) ‘semantically autonomous’; in other words, we might
have to ‘look’ at properties of sentences that are not found in the set of
translations to determine what the truth values of some of the translations
are. (2) We may also fail to find an adequate translation. The problem is
that if the sentence mentioned above is the only beautiful one, and if all
we can do in our translation procedure is provide a guarantee about the
translations, it will fail to be the case that one of the translations is also
beautiful (since by assumption the only beautiful sentence is the one we
mentioned above, which does not have the right form to be a translation
of anything).

The solution is to give the translation a bit more leeway. As was the
case in our earlier endeavors, we will keep the interpretation of the
‘non-linguistic’ vocabulary constant, but we will allow ourselves to
modify the interpretation of the ‘linguistic’ vocabulary. In our earlier
constructions, the only linguistic vocabulary we had apart from the
Truth predicate was a set of sentence-denoting constants, which was
duly transformed into a set of a sentence-denoting functional terms of
the target language. But in the case at hand the initial language also
includes predicates which may take sentence-denoting terms as arguments
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(be they constants or variables). What shall we do with these predicates?
We will modify their interpretations by stipulating that a formula F lies in
the extension of a predicate P according to I’ just in case its translations
ho(F), h;(F), ... lie in the extension of P according to /*. We will then
restrict attention to admissible interpretations of L*, which will have to
be built on this modification of the initial classical interpretation /, and
satisfy the conditions stated below on the interpretation of the rank

predicate rk and of the sentence-denoting terms.
With these conditions in place, we give an example of a translation

procedure that appears to deliver the desired results.

(48) a.

Translation: For each positive integer i, h(F) = [Qk': k' > i]
[F],,, where k and k' are ‘fresh’ number-denoting variables and
where [F],, is the result of replacing: 1) each occurrence of the
form Tr(s) [where s is a constant] with Tr(s(k’)) 2) each
subformula of the form dy; __and Vy; __ with [y;: rk(y;, k')] __
and [Vy;: rk(y;, k')] __ (oranunrestricted quantificational version
of these, i.e., Jy(rk(y;, k') A _) and Vy; (rk(y; k') — _),
respectively).

. Denotation: If s is a sentence-denoting constant of the initial

language L', s denotes F according to N’ iff s(i) denotes h,(F)
according to N*.

. Rank: <F*, i> is in the extension of rk according to N* iff for

some natural number i, for some formula F of L', F* = h(F).

. Interpretation of predicates that take sentence-denoting terms as

arguments: If P is a predicate of L, if F, ... F; are formulas of L',
and if d, ..., d;, ..., d;_ are objects, <d, ..., d;, Fo, d;, . , ..., d;,
Fi,di v1y s diy s Fiodi 41, ..y d;, > & I'(P)if and only if
foralli > 0, <d, ..., d;, hi(Fo), dj +1, -..n diy B(FY) d s ..y diy .,
hi(Fk), di,(+ L e di > € I*(P)

L1

1+1°

. Admissible interpretations

An admissible interpretation of L’ is one that extends / and is

compatible with N'.
An admissible interpretation of L* is one that extends the

modification of / defined by d. and is compatible with 4. and c.

For future reference we note that:

(a) for every i > 0, the function A4; is 1 — 1: if F and F’ are distinct
formulas, h,(F) # h;(F') (intuitively, this is because from A;(F) we
can mechanically recover the formula F: we strip the quantificational
prefix, get rid of the rank predicate, etc.).
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(b) for m # n, the co-domains of #4,, and 4, are disjoint. This is because
the members of the co-domain of 4, start with [Qk’: k' > m], while
the members of the co-domain of 4, start with [Qk’: k' > n].

Let us immediately turn to some examples.

(49) ‘Some sentence is true’

h(<s1, Iy Tr(y1)>) = {<si(0), [Qk": &> 1] [Ty rk(y1, k)] Tr(y1)>
i > 0}. It is clear that both the original and its translation are true in
any admissible interpretations.

(50) ‘Some beautiful sentence is true’

h(<sy, vy (B A Tr(py))>) = {<s1(i), [Qk": k' > i] [Fyy: rk(yy, k)]
(B(y1) A Tr(yy) > :i=0}

If I'(B) = {s1}, I*(B) = {s1(i): i > 0}, and both the original and its
translations are true. More generally, I*(B) = {h{(s): s € I'(B) A i >0},
which guarantees that the original and its translations have the same
value (which turns out to be the same in all admissible interpretations).

Can we ascertain that this translation scheme satisfies both the
Uniformity Condition and the Isomorphism Condition? A full proof is
left for future research, but here is a brief sketch of a positive argument.

1. The Uniformity Condition is satisfied because all the translations of a
sentence F are of the form h,(F) = [Qk': k' > i] [F],,, where O is in
effect the quantifier ‘all but finitely many’.

2. To study the Isomorphism Condition, we use the same notations as in
Section 3.3, with the difference that the admissible fixed points of L* are
defined as extensions of a modification of the initial interpretation /.

Proof Sketch. ~ We write that J(I', [I*]) = just in case I’ and I* are
admissible fixed points for L’ and L*, respectively, and /*"(Tr) N h(L') =
{hi(s): k>0and s € I''(Tr)}, I* (Tr) N A(L") = {hy(s): k>0 and s €
I' (Tr)}.

1) Let I’ be an admissible fixed point for L’

We show that there is exactly one equivalence class of admissible fixed

points [I*] for L* satisfying J(I', [I*]).

— ‘At most one’: given N* and 7, the truth value of any member of (L")
is fixed by the restriction of the interpretation of Tr to A(L'). As a
result, once /*(Tr) N (L") and I* (Tr) N h(L') are fixed, so is the
value of each of the members of i(L").



296 THE ELIMINATION OF SELF-REFERENCES

— ‘At least one’: we show how to construct an admissible fixed point /*
for L* which satisfies J(I', [I*]).
(1) I is defined by:
I5°(Tr) = {h(F): k>0 and F € " (Tr)}
Iy (Tr) = {h(F): k>0and F € I' (Tr)}
I can be shown to be a fixed point of 4(L") because for each sentence
Fofl’,

hi(F) € I5'(Tr) (resp. I*" (Tr))

iff F € I'"'(Tr) (resp. I' (Tr))
iff I'(F) =1 (resp. = 0) [because [’ is a fixed point]
iff for each £ > 0, I5([Flx) = 1 (resp. = 0), where [F]y is obtained

from F by replacing (a) each occurrence of the form Tr(c) with Tr(c(k)),
and (b) each formula of the form dy; __and Vy, __ with [Jy;: rk(y;, k)] __
and [Vy;: rk(y;, k)] __.

The latter equivalence is proven by induction on the construction of
formulas of L'. Specifically, we show that for all £ > 0, I)( F) = I o ([Flw),
where for all i s*(y;) = h(s(3,)).

The crucial induction step is that for which F = dy;G (a similar
argument can be made for F = Vy,G, or alternatively we can take the
second case to be an abbreviation of /' = — Vy; = G). We then have that

[Flk = [@yi rk(yi, K)] [G] &, and

Iy (F)=1 iff  for some sentence d of L', I, ,(G) =1
iff  for some sentence d of L', 1% px [Gly =1
[induction hypothesis]
iff  for some sentence d of L', I S pm@ ([Gl) =1
iff 1% «([Fyi rk(yi, K)] [Gl) =1
i1 w((F]) =1
Iy (F) =0 iff  for some every sentence d of L', I, ,(G) =0
iff  for every sentence d of L', I px [Gl, =0
[induction hypothesis]
iff  for every sentence d of L', I (@ ([Gli)= 0
iff IS «([3yi: rk(yi, k)] [G]) =0
iff 1%« ([Fl,) =0
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In the special case of sentences, we have that Io(F) = I§([Flx), as
desired. We can finish the proof:

h{(F) € I (Tr) (resp. I* (Tr))
iff for each £ > 0, I5([F]x) = 1 (resp. = 0),
iff I ([Ok': k' > i][F],,) = 1 (resp. = 0) [this follows because (i)
for all k', k" >0, F§([F],) = I} ([F];)], and (ii) Q is ‘positive’, i.c.,
Q satisfies property (Q2)]

iff F5(h(F)) = 1 (tesp. = 0)

(2) By the Extension Lemma, this local fixed point can be extended to
a global fixed point.

2) Let I* be an admissible fixed point for L*.
We show that there is exactly one admissible fixed point I’ for L’
satisfying J(I', [I*]).

— ‘At most one’: If I} # I, it must be that <I{"(Tr), I{ (Tr)> #
<I5"(Tr), 15 (Tr)>. But as we observed immediately after the
definition of the translation in (48), (a) each A, is 1—1 and (b) for
m # n, the co-domains of 4,, and 4, are disjoint. As a result, it must
be that <{/;(s): k>0 and s € I1"(Tr)}, {hi(s): k>0and s € I}~
(Tr)}> # <{h(s): k>0 and s € I5°(Tr)}, {h(s): k>0 and s €
I5 (Tr)}>. But this entails (contra hypothesis) that at least one i &
{1, 2} must violate the condition I*"(Tr) N (L") = {h(s): k>0 and
s € I'/(Tr)y, I*(Tr) N (L") = {hi(s): k>0 and s € I/ (Tr)}.

— ‘At least one’: Given the Uniformity Condition, for all &, ¥’ > 0,
I*(hi(s)) = I* (hw(s)). Given [ and N’, we can thus define an
interpretation I’ by I'"(Tr) = {s: for some k > 0, h(s) € I*"} and
I' (Tr) = {s: for some k> 0, hy(s) € I*}. It is then immediate that
I (Tr) N A(L") = {hy(s): k> 0and s € I'(Tr)}, I* (Tr) N (L") =
{hi(s) : k>0ands € I’ (Tr)}. All that remains to be shown is that
I' is a fixed point.

2a. From the Uniformity Condition and the definition of an admissible
interpretation for L*, it follows that for any formula F of L/,
[*(h,(m) =[* (/hi(F)/O/k’)a where /hi(F)/O/k’ is obtained from h,(F)
by replacing:
every formula of the form Tr(c(k’)) with Tr(c(0))
every formula of the form [Jy;: rk(y;, k')] __ with [Jy;: rk(y;, 0)] __
every formula of the form [Vy;: rk(y; k)] __ with [Vy;: rk(y;, 0)] __
Therefore for all i > 0, I*(h(F)) = I* ([Ok' : k&' > k|/[Fly /o))
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= I*([F']o) [because quantification is vacuous, and Q satisfies Property

(Q2)]
= ['(F) [this could be shown in a proof by induction].

2b. We can now reason as follows:

F eI'*(Tr) (resp. I' (Tr))
iff ~ for each i >0, h;(F) € I**(Tr) (resp. I* (Tr))
iff for eachi > 0, I*(hi(F)) =1 (resp. = 0)
[because /* is a fixed point]
ifft  I'(F) =1 (resp. = 0) [from 2a].

Taken together 1) and 2) show that Jisa 1 — 1, onto function from
the admissible fixed points of L’ to the equivalence classes of admissible
fixed points of L*. We can write [[*] = j(I') for J(I', [I*]), and it is
immediate from the meaning of J that I} < I% iff j(I’;) < h(L/)j(Ié).

AprPENDIX 11

A Sufficient Condition of Non-Self-Reference
Basic ideas

It has sometimes been argued that Yablo’s Paradox is in fact ‘covertly’
self-referential (see the debate in Priest, 1997, Sorensen, 1998, Leitgeb,
2002, 2005). A large part of the difficulty is that there is no accepted
criterion of what it means for a quantificational sentence to ‘refer’ to
anything. We will not solve the problem in full generality, but we will
develop a plausible criterion of non-self-reference which is strong
enough to show that Yablo’s Paradoxes (as well as the various sentences
produced by our translation schemes) do not involve self-reference. Our
conclusions agree with those of Leitgeb, 2005, who offers a necessary
and sufficient condition of self-reference.

Reference of Quantified Sentences To start with the simplest idea, we
could determine that an unrestricted quantifier ‘refers’ to all objects in
its range. But this would not be a particularly helpful analysis, since
it would entail that any statement that contains any quantifier ‘refers’
to every object in the domain. However, we can develop a more
discriminating analysis by taking a hint from natural language, which
includes the device of restricted quantification. Every student is sick is
understood to ‘refer’ in a broad sense to the students, but certainly not to
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anyone else. And similarly for Some student is sick. There is a logical
reason behind this intuition: natural language quantifiers have two
properties, called ‘extension’ and ‘conservativity’, which ensure that
in evaluating any sentence of the form Q student is sick we can safely
disregard those individuals that are neither sick nor students (this is a
consequence of ‘extension’), and that furthermore among those we may
restrict attention to the students, disregarding the sick people who are not
students (this is guaranteed by ‘conservativity’).
Let us say that a sentence s is in Restricted Quantifier Notation if:

(1) every quantifier Q appears with a restrictor, and thus has the form
[Ox;: F]F’; in addition no other occurrence of a quantifier
introduces the variable x; in F.

(2) no function symbol (including constants) appears except in sub-
formulas of the form x = ¢ that occur in a restrictor, and

(3) all restrictors are classical, i.e., they do not contain the predicate Tr.

To give a simple example, Ix(P(x) A O(x)) is equivalent to several
formulas that are in restricted quantifier notation: [dx : P(x)] O(x),
[Ax - Q)] P(x), [Tx - x = x] (P(x) A O(x)) (the list is not exhaustive).
Similarly, Vx(P(x) = Q(x)) is equivalent to the formula in restricted
quantifier notation [Vx : P(x)] O(x). And by the same token P(c) is
equivalent to [dx : x = ¢] P(x) or to [Vx : x = ¢] P(x), which are both in
restricted quantifier notation.

Obviously the restricted quantifier notation is particularly well-
adapted for the ‘binary generalized quantifiers’ that are found in natural
language, such as most in Most students passed the exam, or for that
matter infinitely many as in Infinitely many numbers are prime. As we
observed earlier, the 3V-Liar can be rewritten as the set {<s(i), [Qk': k' >
i] =Tr (s(k’))> : i > 0}, where Q is a binary generalized quantifier
meaning ‘all but finitely many’.

As a first approximation, we will say that a closed formula F is
guaranteed not to refer (directly) to an object d if (1) F is equivalent to a
formula F’ in restricted quantifier notation, and (2) d does not satisfy any
restrictor of F’. (This notion will be defined more precisely below, since
we have to take into account the possibility that restrictors may contain
several variables, which makes the notion of ‘satisfaction’ somewhat
trickier. The precise notion we develop below is called ‘Primary
Reference’, or PR for short).

Transitive Reference  The notion of ‘direct reference’ will not be suf-
ficient, however. Even in the simplest cases, which involve constants and
no quantifiers, we need some notion of ‘referential closure’. Consider for
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instance the following set: {<cy, Tr(cp)>, <c,, Tr(cy)>}. Intuitively, c¢;
doesn’t directly refer to itself, but it is still indirectly self-referential
because it refers to c¢,, which in turn refers to ¢; (Leitgeb 2005 calls this
phenomenon ‘circularity’, reserving the term ‘self-reference’ for what we
call ‘direct self-reference’). In order to develop an adequate notion of
reference, then, we will need to look at the transitive closure of the notion
refers directly to. In this way we obtain the general notion of direct or
indirect reference, which is of interest for the paradoxes. Clearly, it would
be of no particular import to show that Yablo’s paradox does not involve
any direct self-reference, since much simpler constructions that share this
property are known to generate Liar-like phenomena. This is in particular
the case of the Circular Liar: {<c,, Tr(cz)>, <cp, ~Tr(c;)>}.

The rest of this Appendix is organized as follows. We define a notion
of Primary Reference set of a formula, intended to include all the objects
that the formula may refer to directly. We then define the Transitive
Reference set of a formula, intended to include all the objects that the
formula refers to directly or indirectly. Finally, we define conditions
under which a closed formula

(1) is guaranteed not to be (directly or indirectly) self-referential (in case
it does not belong to its own Transitive Reference set), and

(2) is guaranteed not to involve self-reference (in case no member of its
Transitive Reference set belongs to that very same set).

We assume throughout that all the relevant formulas are in restricted

quantifier notation — an assumption which makes our criterion much less

general than Leitgeb’s characterization of self-reference in Leitgeb 2005.

We will conclude the Appendix with an application of our criterion to

Yablo’s Paradox.

Definitions and Examples

Primary Reference We start with the definition of direct reference for a
formula in which all quantifiers appear in restricted quantifier notation.
The definitions we give are supposed to be very liberal, in the sense that
an element d will be ‘referred to’ if there is some chance that d might
affect the value of the formula. Since we are after a criterion of non-
reference (specifically: of non-self-reference), it is of course judicious to
make the criterion as liberal as we possibly can.

The definitions we give hold for formulas in restricted quantifier
notation in a trivalent logic satisfying Reasonableness (defined formally
in (14)), which can be seen as a trivalent generalization of the Tree of
Numbers. We start with the definition of the Reference Set of a formula
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F relative to a set S of assignment functions. Intuitively it can be seen as
the set of all assignment functions which will be ‘accessed’ in the
evaluation of F relative to a member of . We write e for the null
assignment function. As usual, s[x; — d] is the assignment function
which is identical to s with the possible exception that it assigns d to x;,
(note in particular that e[x;, — d] is simply the partial function that
assigns d to x; , which we also write as [x; — d]).

(51) Reference Set of F relative to S

a. If F' is atomic, R(F, S) =S

b. If F=—F',R(F, S)=R(F', S)

c. fF=(F" ANF"YorF=(F'V F"),R(F,S)=R(F',S) U R(F",S)

d. fF=[0Ox;: F'1F",R(F,S)=R(F", {s[x;—>d:s = SAd<E DA
Iya) (F)) = 1})

If F is a closed formula, we define its Primary Reference, PR(F), to be:

(52) PR(F) = Uy ¢ R(F{e}) rng(s)

In other words, PR(F) is the set of all objects that are in the range of
assignment functions that are in the Reference Set of F relative to {e}.

EXAMPLES.

(53) F = [Vx: P(x)]0(x1)
R(F, {e}) = R(O(x1), {[x1 = d]: d € D A I, . a1(P(x1))=1})
= R(O(x)), {[x) > dl: d € D Ad E I'(P)})
={[x, >d:d € DAdEITP)
PR(F) = Userr, (o) 1mg(s) ={d € D: d € I+(P)}

(54) F' = [Vx;: P(x))][Vx2: P'(x2)]0(xy)
R(F',{e})=R([Vx,:P'(x,)]
O@x1), {[x1—d]:dE DAl 41(P(x1))=1})
= R([Vx2: P'(x2)]0(x1), {[xi > d]: d € D Ad EI'(P)})
= R(Q(x1),{[x1 > d][x, > d'l: dEDANd EDAdE
I'(PYAd' ET°(P)))
={[x;—>d][x,—d'l:dEDAd ED/\dEF(P)/\d’ EF(P’)}
PR(F')= U e rary, oy mg(s)={d ED:d EI'(P")}

Transitive Reference

We are now in a position to define the Reference Set of Level £ and then
simply the Reference Set of a formula. These notions are intended to apply
to a fragment whose sentences are all in Restricted Quantifier Notation.
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(55) We define the Reference Set of Level k£ and the Reference Set of F'
as follows:

a. Reference Set of Level &

Ref\(F) = PR(F)
Refy + 1(F) = U {PR(d): d & Refi(F) A d is a closed formula}

b. Reference Set
Ref(F) = Uy > 1 Refy (F)

EXAMPLES.

(56) F = [Vx;: P(x1)] O(xy)

Suppose that I'(P) = {d, F}, where d is not a sentence. As shown in (53),
PR(F) = {d € D: d € I'(P)}. Hence Ref,;(F) =PR(F)={d € D:d €
I'(P)} = {d, F}. Refy(F) = U{PR(d): d € Ref|(F) A d is a closed
formula}= U{PR(F)}={d, F}. Ref(F) = Uy > Ref; (F) = {d, F}. Fis
clearly self-referential, since it is contained in its own Reference Set.

(57) F' := [Vx;: P'(x1)]0(xy)

Suppose that I(P) = {d’, F'}, where d’ is not a formula and F is as in (56).
Replacing P with P’ in (56), we obtain: PR(F’) = {d’, F'}. Ref|(F') =
PR(F") = {d', F}. Ref5,(F') = U {PR(d): d € Ref|(F') A d is a closed
formula}= U {PR(F)}={d, F}.

It is clear that Ref(F) = {d’, d, F'}. F’ is not self-referential, since it is
not contained in its own Reference Set. However it involves self-
reference, in the sense that it refers to a formula, namely F, which is
itself self-referential.

We can finally state (1) a condition that guarantees that a formula is
not self-referential, and — more interestingly — (2) a condition that
guarantees that a formula does not involve self-reference, in the sense
that it does not refer to any formula that is self-referential. (Note that the
second condition entails the first. If F' is self-referential, it refers to F,
and hence it refers to a formula that is self-referential. Failure of the first
condition entails failure of the second, and so by contraposition the
second condition entails the first).

(58) Sufficient Conditions of Non-Self-Reference

a. F' is guaranteed not to be self-referential if F & Ref(F)
b. Fis guaranteed not to involve self-reference if Vd ((d is a sentence A
d € Ref(F)) — d & Ref(d))
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Note: 1f F refers (directly or indirectly) to a formula F’ which is not in
Restricted Quantifier Notation, the criterion for determining what F” refers
to will not work (since our criterion is not even defined in that case). Still,
by inspecting Ref(F) we will be in a position to tell that our criterion of
reference is not reliable, since we will find a formula, namely F’, which is
in Ref(F) and which does not have the right syntactic form. This limitation
will not have any consequence in what follows, since all the formulas we
will be considering will only include in their Reference Set formulas that
are in Restricted Quantifier Notation.

Application to Yablo’s Paradox

We now apply the notions we defined to Yablo’s paradox. It will be seen
that each of Yablo’s sentences satisfies our Sufficient Conditions of
Non-Self-Reference, and does not involve self-reference. For simplicity
we only consider the Universal Liar, which we put in Restricted
Quantifier Notation. The language in which it is stated is the target
language of our translation schemes; it is sorted, with variables #;
ranging over non-negative integers and variables x; ranging over objects.
We assume that Sy is evaluated with respect to an interpretation / which
is compatible with the denotation function that Sy specifies.

(59) SV = {<S(k), [Vk]Z kl > k][V)CQI Xy = S(k])] —'Tr(x2)>: 1> O}

For each k> 0,

R(s(k), {e}) ={lky = n]lxo > dlin ENAdEDAn>kANd=
(I(s))(m)}

PR(s(k)) = {n: n >k} U {s(n): n>k}

We note that for each k£ > 0, PR(s(k + 1)) C PR(s(k)) (*)

We show by induction that for all i > 1, Refy(s(k)) C {n: n>k} U {s(n):
n >k}

a. Refi(s(k)) = PR(s(k)) = {n: n>k} U {s(n): n >k}

b. Ref;1(s(k)) = U {PR(d): d € Refi(s(k)) A d is a closed formula}

C U {PR(s(n)): n>k)

C PR(s(k + 1))  (by (%))

C PR(s(kD

C {n:n>k}U{s(n): n>k}

In the end Ref(s(k)) = {n: n> k} U {s(n): n > k}. We see that for no k' > k is

s(k’) a member of Ref(s(k’)). Thus s(k) does not involve self-reference.

The same methods can be used to show that none of the translations
we have used in this article involves self-reference either.
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NOTES

! A few words might be in order to justify this terminology. Kripke starts from a classical
interpretation 7, to which the Truth predicate Tr (which is itself trivalent) is added. A new
(trivalent) interpretation 7’ is determined by the combination of 7 and a specification of a
pair <I"*(Tr), I'"(Tr)> of an extension and an anti-extension for Tr. If we define
f(<I"(Tr), I'(Tr)>) = <true sentences according to /', false sentences according to /’>,
we see that a fixed point in Kripke’s sense satisfies f (<I'*(Tr), I' (Tr)>) = <I'*(Tr),
I' (Tr)>.

When the truth predicate can take as arguments terms that denote non-sentences,
some decision must be made as to how these should be classified. Kripke puts them in
the anti-extension of the Truth predicate, which can then be paraphrased as: is a true
sentence (rather than: is true). The revised Convention 7' must then take the following
form:(1) I''(Tr)={d €ED:d EL AT (d)=1:1" (Tr)={dED:dELV(dELA
I' (d) = 0)}.

% See also Leitgeb 2001. Cook’s construction departed from Yablo’s in relying on
infinite conjunction rather than on quantification over sentences. We will not be
concerned with this distinction in the present paper.

3 The argument, which was pointed out to me by Tony Martin, goes as follows.

Consider a series of sentences of the form {<cy, fi (¢ + 15 -» Ck + n)>: k= 0}, Where
for each k£ > 0 f; is a Boolean function. We show that for any such series there exists a
bivalent valuation. Let us say that an assignment of truth-values to ¢y, ..., ¢, is acceptable
just in case for each i < n, (1) or (2) holds:

(1) for some k such that ¢, is an argument of f;, k > n
(2) (1) fails, and the truth value assigned to ¢; is as required by the value of f;.

For each n, there is an acceptable assignment of bivalent values to cg, ..., Cj.
We can simply start with an arbitrary value for ¢, and any other sentence which
has at least an argument c,, for m > n. We then compute the values of the other
sentences as the f;’s dictate. Thus the binary tree of all acceptable assignments has
arbitrary long branches. By Koenig’s Lemma, it has an infinite branch, which is the
desired valuation.
Albert Visser (p.c.) suggests an alternative argument. Consider the theory Th = {¢; <
Ji €k + 15 s €k + ) k= 0}, where the ¢;’s are construed as propositional letters rather
than as sentence names. Each finite subset of Th has a model (as in the preceding
argument, we assign an arbitrary value to the ‘last’ ¢;’s, and compute the value of the
‘earlier’ ¢;’s as the f;’s require to make the equivalences true). By the Compactness
Theorem for propositional logic, Th itself has a model, which provides the desired
valuation.

4 Thanks to an anonymous referee for suggesting that this point be clarified.

> To put it more rigorously: for each value v € {0, 1, #}, there is a fixed point in which

all the sentences in the series have the value v.

© A prior version considered many more cases than was necessary.

" To see an application of the Uniformity Property, let us consider the following

series:

(1) V= {<s(), [Vk : k> i] (— Tr(s(k + 2) V Tr(s(k + 1))>}
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By the Uniformity Property (General Case), if / is a fixed point compatible with V,
all the sentences in 7 have the same value according to /.
Case 1. All sentences have the value 0. This is immediately absurd: for each i > 0, s(i)
asserts something true, since for each k> 0, s(k + 2) is false, and hence — Tr(s(k + 2)) is
true, as is (~Tr(s(k +2)) V Tr(s(tk + 1))).
Case 2. All sentences have the value 1. No contradiction follows: for each i > 0, for each
k> i, s(k + 1) is true, and hence so is (~Tr(s(k +2)) vV Tr(stk + 1))).
Thus we see that all the sentences in V" have the value frue in any fixed point in which
they have a classical value; and by construction, none of these sentences involves self-
reference.
8 Note that the requirement holds of al/l interpretations, not just fixed points. Semantic
autonomy could be stated in terms of Leitgeb’s notion of dependence (Leitgeb 2005),
properly extended to apply to the trivalent case: S is semantically autonomous iff every
member of S is dependent on S.

We give in (1) below Leitgeb’s original definition, and in (2) the modification we
need for the trivalent case (using the notation we adopt in the text).

(1) Leitgeb’s definition of Dependence (Leitgeb 2005, Definition 1 p. 161, slightly
rephrased)
Let L, be the expansion with a truth predicate of a classical language L. A formula
F of Ly, depends on a set of formulas S of Ly iff for all sets G, G’ of Lt if SN G =
S N G’, Valg(F) = Valg:(F), where Valg(F) is the truth value of F in the expan-
sion of the standard model of first-order arithmetic obtained by giving 7r the
extension S.
(2) Modification of Leitgeb’s definition for a trivalent framework
F is dependent on S iff for all trivalent interpretations /', I” that extend I (by
assigning an extension and anti-extension to the truth predicate), if Vs € S [(s €
I''(Tr)) « s € I"'(Tr)) A (s € I' (Tr)) <= s € " (Tr))], then I'(F) = I''(F).
Given (2) [in this footnote] and (27) [in the text], S is semantically autonomous iff
every member of S is dependent on S.
° In a nutshell, the argument is that all the sentences we have considered can be
expressed in terms of a special form of restricted quantification, with each quantifier
being of the form [Vx : F]__ or [Ax : F']__ for some classical formulas F, F’ (henceforth
called restrictors). Conservativity implies that only the objects satisfying the restrictors
F, F' need to be taken into account when evaluating the truth of these formulas. If the
restrictors only hold true of other sentences in the series, Semantic Autonomy is
guaranteed. A development of this idea is used in the Appendix to find a sufficient
condition of non-self-reference.
19 Here is a more complete argument. Suppose that k denotes an integer K. Then for any
formula F with one free variable &/,

1) *@Qk" (" >k A VE' (K'> k" — F[k']))) = 1 iff for some K" > K, I*(Vk'(k'> K" —
FIk'])) = 1, iff for some K” > K, for each K "> K", I*(F[K']) = 1. If this condition is
interpreted in a standard model of the integers, it is equivalent to: F is true of all but
a finite number of the integers.

2) F@AK" (K" >k A VE'(K' = k" — F[k']))) = 0 iff for all K", I*(K” >k A VK'(k' >
k" — F[k'])) = 0, iff for all K" > K, I*(Vk'(k' > K" — F[k'])) = 0, iff for all K" >
K, forsome K’ > K", *(F[K']) = 0. If this condition is interpreted in a standard
model of the integers, it is equivalent to: F is false of an infinite number of
integers.
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' This logic can be seen as one of the possible extensions to Generalized Quantifiers of
the “Weak Kleene Logic’, whose connectives are defined by the following rules:

(1) a. I(-F)=1iff [(F)=0; =0 iff [(F) =1
b. I(F A G)=1iff I(F)=IG) = 1; =0 iff (I(F) ## and I(G) ##) and (I(F)=0
or I(G) = 0)
(37) is by no means the only natural choice to extend the Weak Kleene Logic to (some)
generalized quantifiers, in particular in view of the Weak Kleene rule for existential
quantifiers:

(2) I(3x F) = 1 iff for each d in the domain, /.4 (F) ## and for some d in the
domain, Ij,_.4(F) = 1;
I,(3x F) = 0 iff for each d in the domain, L4 (F) =0
Suppose that we wanted to define [Some x: F]G as Ax(F vV G). In case for any element
d in the domain I, .4 (G) = # , we would have that [y, .4 (F A G) = # and hence
that [(Ix(F A G))=#. But if we apply the definition in (37), it may still be that /([Some
x: F1G)## (this will be guaranteed in case each d in the domain that satisfies
Lie—q)(F) = 1 also satisfies [y,_.q(G) = #).
12 Duye to the simplicity of the series {<s;, Tr(s; + 1) > : i > 0}, it is hard to see how any
translation could avoid this difficulty. But it would be interesting to settle this question in
full generality, something that we do not attempt here.
'3 Thanks to Denis Bonnay for pointing out one error and one omission in an earlier
version of this paragraph.
' Many thanks to an anonymous referee of Schlenker 2006 for urging that this question
be addressed (the present discussion borrows from a footnote added to Schlenker 2006
after the referee’s query).
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