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Abstract. We consider the quasilinear Schrodinger equation involving a general nonlinearity at critical growth. By using
Jeanjean’s monotonicity trick and the Pohozaev identity we get the existence results that generalize an earlier work [H. Liu
and L. Zhao, Existence results for quasilinear Schrodinger equations with a general nonlinearity, Commun. Pure Appl.
Anal., 19(6):3429-3444,2020] about the subcritical case to the critical case.
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1 Introduction and main results

We consider the following quasilinear Schrédinger equation:

B
iaf = —A¢ + V(@)y = Dp([ ) o' ([07) v — h(v), (1.1)

where V : RV — R is a given potential, and p and h are real functions. This modified version of the nonlinear
Schrodinger equation has been derived to model several physical phenomena, such as superfluid films in
plasma physics, condensed matter theory, etc. (see [15, 17,23] for an explanation). We restrict ourselves to
p(s) = s and the stationary wave solutions, that is, the solutions of the form ¢ (t,z) = exp(—iEt)u(x),
E € R, so that from equation (1.1) we get an equation of elliptic type of the formal structure

—Au+V(z)u — A(uz)u = h(u), (1.2)

where z € RN, N > 3, V is a potential well, and the nonlinearity A is a general term with critical growth.
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Ground state solutions for quasilinear Schrodinger equations 139

There are many results for problem (1.2) depending on different assumptions on the potential V' and non-
linearity h; for example, see [28] for the coercive potential, [31] for the radially symmetric potential, [6,25,26]
for the periodic or asymptotically periodic potential, and [7] for the steep potential well. The nonlinearity h
satisfies some growth conditions, such as the Ambrosetti-Rabinowitz condition, a nonquadraticity condi-
tion, or a monotonicity condition. Up to our knowledge, there are few results on problem (1.2) under the
Berestycki—Lions conditions (see [1,2]), which are almost optimal for the existence of solutions. Here we
mention [4, 14, 29, 30]. Colin and Jeanjean [4] proved the existence of a radially symmetric solution for
problem (1.2) with V() = 0 and the nonlinearity h(u) satisfying the Berestycki-Lions conditions. This
result [4, Thm. 1.2] can be regarded as the Berestycki—Lions theorem of the subcritical case for the quasilinear
Schrodinger equation. Then we generalize the result to critical growth in [29]. Up to now, perhaps this is the
only work on quasilinear Schrodinger equations with critical Berestycki—Lions growth that specifically ad-
dresses the case V' (x) = 0. The method is to analyze the behavior of solutions for subcritical problems and to
take the limit as the exponent approaches the critical exponent, which was also used in [3, 19]. The remaining
results on the Berestycki—Lions conditions [8, 10, 14, 30] pertain to the subcritical cases; specifically, [8] fo-
cuses on another type of quasilinear equation, whereas [10] deals with the Choquard equation. Moreover, He
et al. [9] considered the strongly indefinite problem for the Hamiltonian elliptic systems with superquadratic
or asymptotically quadratic condition and obtained ground state solutions by using the Nehari—Pankov-type
constraint.

The main purpose of this paper is to extend the result in [14] to the case of critical exponents. We borrow
an idea from [32] to obtain the ground state solution for problem (1.2). There are several difficulties in our
paper. The main difficulty is caused by the second-order derivatives A (u?)u. To address this difficulty, various
methods have been developed, such as a change of variables [4,17,19,22,25,28], a constrained minimization
argument [15,18,23,24], and the perturbation method [16,20,21]. Here we use the change of variables in [4].
Besides, the nonlinear term / in our paper satisfies very weak conditions, so it is hard to obtain the boundedness
of (PS) sequence. We employ Jeanjean’s monotonicity trick [11] to address it. At last, because of possible lack
of compactness due to the criticality of the growth and unboundedness of the domain, to obtain the existence
of the solutions, we will turn to the concentration compactness lemma due to Lions [12, 13].

We introduce some assumptions on the potential V' and nonlinearity h.

V) 0 < Vo < V(z) < Voo = limy 400 V() < +00, and there is o € [1,2) such that VV (z) -z €
1,2 /(2"—0o) (RN)

(hl) h € C(R,R), h(t) =0 for all £ < 0, and lim;_, o+ h(t)/t = 0.

(h2) limy o0 h(t)/t?2 ~1 = 1.

(h3) There exists 5 > 0and g € (2,2%)if N > 10o0rq € ((3N +2)/(2(N —2)), 2%)if 3 < N < 10 such
that h(t) > t>2"~1 4 pt2¢=1 forall t > 0.

It is well known that the critical exponent growth makes the problem very tough and more assumptions are
of course needed. Now we state our main results. The first result of the present paper concerns the case of
constant potential V() = V/, which plays an important role for studying the second result.

Theorem 1. Suppose that (h1)—(h3) are satisfied and V (x) =V > 0. Then problem (1.2) possesses a positive
ground state solution.

The second result in this paper with nonconstant V' () is as follows.

Theorem 2. Suppose that conditions (V) and (h1)—(h3) hold. Then problem (1.2) possesses a positive ground
state solution.

Remark 1.

(i) These two theorems can be regarded as a form of the subcritical Berestycki—Lions theorem in [14]
in the critical case. Due to the lack of compact embedding of H'(RY) — L2 (RY), for critical
nonlinearity A, the existence of ground states of problem (1.2) becomes rather complicated. We borrow
an idea from [32] to overcome this difficulty.

Lith. Math. J., 64(2):138-162, 2024.
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(i1) Our results also can be seen as an extension of semilinear poroblem in [32] to the quasilinear one.
NOTATION. In this paper, we use the following notations:

« H'(RY) is the usual Hilbert space endowed with the norm
Jully = [ (9P + o) da.
RN

 L*(RM) is the usual Banach space endowed with the norm

Julls = [ fuPde, s € 1+00)
RN
e E={ue HY(RY): [ V(z)u®?dx < oo} is endowed with the norm
RN

Jull = [ (9 + V) as

RN

e B.(y) ={z eRN: |z —y| <r}.

* 0,(1) is a quantity tending to 0 as n — oo.

e uT = max{u,0}, v~ = max{—u,0}.

* |£2| denotes the Lebesgue measure of a set 2.

* C,(C1,Cs,... denote various positive (possibly, different) constants.

2 Preliminary results
Denoting H (s) := [; h(t) dt, we observe that the natural variational functional
1 2 1 2 219, (2
J(u) = ) |Vu|*dz + 5 V(z)u*de + [ v*|Vu|*de — [ H(u)dx,
RN RN RN RN

corresponding to equation (1.2), may be not well defined in the space H'(R") when N > 1. We have to find
a suitable functional space. Following [4], we define the function f as follows:

, B 1
FO= 4 apye

f(t) =—=f(=t), te(-00,0].

t € [0, +00),

Then we obtain the functional

I(v) :;/|Vv|2da:+;/V(a:)fz(v)dx—/H(f(v)) dez,
RN RN

RN

where I(v) = J(u) = J(f(v)) is well defined on E, I € C'(E,R) under the hypotheses (V) and (h1)-(h3).
Moreover, we observe that if v is a critical point of the functional I, then the function u = f(v) is a solution
of problem (1.2) (see [4]).

We now summarize the properties of f, which have been proved in [4, 5] and [25].
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Lemma 1. The function f satisfies the following properties:

(1) f is uniquely defined, C*°, and invertible;
() [ f'(t)| < Lforallt € R;

i) |f(t)] < |t| forallt € R;
(iv) f(t)/t = 1ast — 0;
V) f(t)/VEt— 2% ast — oo;
vi) f(t)/2 <tf'(t) < f(t) forallt > 0;

(vii) [f(t)] < 2Y4 ||V for all t € R;

(viii) there exist constants M, R > 0 such that f?* (t) — 22/242" > _ )27 1/2 forallt > R,
(ix) there exists a positive constant C such that |f(t)| = C|t| for |t| < 1 and |f(t)| > C|t|*/? for |t| > 1.

From items (iii) and (vii) of Lemma 1 we directly can get the following lemma.
Lemma 2. For o € [1,2), |f(t)] < 2Y/4(t|*/? for all t € R.

Lemma 3. (See [33].) Let k : RY x R — R be a continuous function such that for some constant C' > 0,

lim Kz, s) < C, lim k(z, 5)

C =0
s—0 S s—400 32 -1

Let {v,} C FE be a bounded sequence such that v, — v in E. Then

lim [/K(m,vn) - /K(az,v) - /K(az, vn—v)] =0,
RN RN

RN
where K (z,v) = [ k(z,s)ds.
Lemma 4. (See [27].) If v, — v in DY2(RN) and v € L3®

loc

(RN), then

2*—2Un o |Un . v|2*_2(vn . v) N |v|2*_2v in (DLQ(RN))—l'

v,

To get a bounded (PS) sequence for the functional I, we make use of the monotone method introduced by
Jeanjean [11].

Lemma 5. (See [11].) Let (E, |-||) be a Banach space, and let L C R™ be an interval. Consider a family
of C! functionals on E, I\(v) = A(v) — AB(v) for all X € L with B nonnegative and suppose that either
A(v) = 400 or B(v) = 400 as ||v]| — oc. For A € L, we set

1= {7 € (0.1, B): 7(0) =0 # (1), L(+(1) <0}

If for every A € L, the set I' is nonempty and

cy = «,iéllli tlél[g,)f} Iy(y(t) > max{I\(v(0)), Ix(v(1)) },

then for almost every \ € L, there is a sequence {v, } C E such that

(i) {vn} is bounded;
(i) In(vn) — cxs
(i) I§ (vy) — 0 in the dual E~' of E.

Furthermore, the map A\ — c), is left-continuous.
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For almost all A € [1/2,1], we search for bounded Palais—Smale sequences of the following perturbed
functional:

2
RN RN

I (v) = 1/|Vv|2dac+ ; /V(x)f2(v) da:—A/H(f(v))da;.
RN
In our case, we consider
A(v) ::;/|Vv|2dx—|—;/V(x)f2(v)daj, B(v) ::/H(f(v)) dz.
RN RN RN

Obviously, B(v) is nonnegative. The next lemma ensures that A is coercive and the functional I, has a moun-
tain pass geometry. Namely, the set I\ is nonempty, and ¢y > 0.

Lemma 6. Suppose that (V) and (h1)-(h3) are satisfied. Then:
(i) I'x = {7 € C([0,1], E): 4(0) = 07 ~(1), In(v(1)) <0} # O forall X € [1/2,1];
(ii) cx = infy e, maxe)o 1) In(Y(t)) > 0 forall X € [1/2,1];
(iii) A(v) = o0 as ||v]| — oc.
Proof. (i) Set > 0 sufficiently large and w? = w(-/6),w # 0. Define 7 : [0,1] — E in the following way:

w=w(;) f0<t<,
0 if t = 0.

Obviously, v is a continuous path from 0 to w. We consider the function

I(w) = ;/\Vw\2dm+ ; /V(z)f2(w)dm—)\/H(f(w)) dz.
RN RN RN

Let # > 0 large enough such that |9w9\ > 1. Then from Lemma 1(iii),(vii) and (h3) we have

Low(®)) <n(0w(® <9N/|V|2d+0N+2/V(9)2d
Awa \1/2w0 S 5 wxz T)w” dx

RN

]RN
1 o x B T
“ il [ 17 (00(5)) - 4y [ (0n(5) )
RN RN
N

9N+2
< ) /|Vw|2da:+ 5 /V(Q:E)wzdx
RN RN
— O oN+Z /w2* dx—029N+q/wq dz.
RN RN

Choose wo = fw’ with § > 0 sufficiently large. Then I, (wg) < Iy /5(wg) < 0 for all A € [1/2,1]. Defining
70(0) = wo = Ow?, we get that vy € T,
(ii) Thanks to Lemma 1(ix), we can deduce that there is C'3 > 0 such that

F2(t) = Cs( = 14%). 2.1)
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From (h1) and (h2) It follows that for any § > 0, there exists Cs > 0 such that

h(t) < Ot| + Cslt)** 1, teR, (2.2)

and

1) .
H(t) < [t + 2052* %%, teR. (2.3)

By (2.1), (2.3), Lemma 1(iii),(vii), and the Sobolev inequality we have

Iy(v) > L(v) = ;/|VU|2dx+ ; /V(az)fz(v)dm—/H(f(v) dz
RN RN RN

! / |Vo|? da + V0203 / (v* = [v]*") da

]RN
/ Pyds= 5 [P e
RN
.1 VoCs — 2 Vb03 Cs 52772\ a—27/2 2~
>
/mm{Q, : }u 12— (Y00 4 22 ) s
> Culol? - ,

where § > 0 is small enough, and S is the best constant for the Sobolev embedding DV2(RY) «— L2 (RY).
Since 2* > 2, I, has a strict local minimum at 0, and hence cy = inf, e, max;co 1) Ix(7(t)) > 0

(iii) From Lemma 1(ix) we get that

o> = / Vol? dz + / V(@)o? dz + / V() da
]RN

fa:o(x)|<1} faso(x) 21}
< / Vol dz + é / V(z)f2(v) dz + Ve / lv|?" da
RY {2 |v(2)[<1} {@: Jv(z)[>1}

2*/2
/|Vv|2dx+c/ )dx+C’6</|VU|2dm>
RN RN

< Cr(A(v) + A(U)2 ),
which implies that A(v) — 400 as ||v]| — co. O

Given e > 0, we consider the function w, : RY — R defined by

(N-2)/2
we(x) = C(N) (€2 + ||2)V=2)/2°

N-2)/4
C(N) = [N(N —2)] "2/,
We observe that {w.} is a family of functions on which the infimum that defines the best constant S for
the Sobolev embedding DV2(RY) — L2"(RY) is attained. Let ¢ € C$°(RY,[0,1]) be a cut-off function
satisfying ¢ = 1in B1(0) and ¢ = 0 in RV \ By(0). Define

Ue
Ue = P, Ve =

[|2e |2~
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By a similar computation to that in [3,25], as ¢ — 0, we have that

/ Vo dz = S+0(eV7?) if N >3, (2.4)
leell3-~1j = OV =274, 2.5)
and
O(e) if N =3,
[vel3 =S O(e?|Ine]) if N =4, (2.6)
O(€?) if N > 5.

There are positive constants k1, ko, and € such that

ki1 < / |u6|2* de < ky V0 <e<e. 2.7

Lemma 7. Suppose that (V) and (h1)—(h3) are satisfied. Then the minimax level cy satisfies

1
—(N-2)/2 gN/2
cy < N)\ S .

Proof. Tt suffices to show that there exists vgp € E \ {0} such that

1 _(n—
mggc[,\(tvo)< 2N)\ (N=2)/2gN/2

=

From the proof of Lemma 6 we have lim;_, o I)(tv.) = —oo and I\(tve) > 0 for ¢ > 0 small enough. Then
there exists ¢, > 0 such that I, (t,ve) = maxy~q I)(tve). We claim that there are constants 7} and 75 such that
0 < Ty < te < Ts. First, we prove that ¢, is bounded from below by a positive constant. Otherwise, if t. — 0
as € — 0, then t.v. — 0. Therefore 0 < ¢ < maxy>o I\(tve) — 0, which is a contradiction. On the other
hand, if ¢, — +o00 as € — 0, then similarly to the proof of Lemma 6, we can get 0 < ¢ < I)\(tve) — —o0,
which is a contradiction. Hence there is 75 > 0 such that ¢, < 75 for € small enough.

Now, by (h3) and Lemma 1(iii),(viii) we observe that

N /\va )| da + / V(a )f2(t5v5)da;—)\/H(f(tEvE)) dz
i

v
te 2 oo [ 2 2
) /|Vve| dz + 5 /tev6 dz

RN

—QA [ £ oo 5/#‘1 )
RN

< £ /\Vv | de + °°t2Hv I3 — )\22*/2_1152*

=9 ‘ g elPellz T ox ¢

RN

AM

RN
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Denote
I(t) = ’ Voe|? dz — o/
=, Ve|“ dx o« .
RN

It is quite standard to get that [(¢) attains its maximum

1 N/2
I(ty) = 2NA—<N—2>/2[/\WG\2<14 (2.8)
RN

1 1/(2*-2) ) 1/(2-2)
to = <)\2(2*_2)/2> |:/|V’UE| dx] .
RN

It follows from (2.4) and (2.8) that

at

I(terd) < 3 A D2(5 4 0( ) 4 o}

+ CQH'UE

3*:5; - C3 / f2q(tsve) dz.
RN
Using the inequality

(a+b)" <a" +7r(a+b)", a>0,b=0r>1,

we have
Ly o= 2 —1/2
Iy(teve) < 5 A (N=2)/2GN/2 4 Oy ||ve |13 +C2||UE||2*_1§2
~0 [ Pty ds+ O()
RN
Let
{e, eN=2)/4} if N =3,
v(e) = max { {e?In|e|, eN-D/4} if N =4,
{2, eN-2/43 if N> 5,
that is,

(2.9)

In view of (2.5), (2.6), and (2.9), we get that

L)) < S A—N=2/2GN72 L (o) — ¢ / P2 (10, da.

2N
RN

Lith. Math. J., 64(2):138-162, 2024.
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Consider the function 7. : [0, 00) — R defined by

((N-2)/2
ne(r) = (€2 + r2)(N-2)/2°

Since ¢ = 1 in B1(0), in view of (2.7), there is a constant C5 > 0 such that v (z) > Csne(|x|) for |z] < 1.
Notice that 7. is decreasing and f is increasing, so that there is a positive constant « such that for |z| < e,

f (teve(z)) = f(TiCsne(J2)) = f(T1Csmele)) > f(ae®=N)/?).
Then we can choose €7 > 0 such that
ac? N2 > 1 f(tgvg(a;)) > f(a6(2—N)/2) (2.10)
for |z| < €, 0 < € < ¢;. It follows from (2.10) and Lemma 1(ix) that
FA(teve(z)) = f2q(a€(2—N)/2) > Ce2-Na/2
for |x| < €,0 < € < ¢;. Hence
/ A (tewe) do = fH(teve) da + / A (teve) da

RN B.(0) RN\ B, (0)
> 06(2—1\7)!1/2‘36(0)‘ — Ce@ N2 N,

Then

I(teve) < Q}VA—W—?)/QSN/MCA:V(E)—03 / fH(tewe) da
RN

< 2}V)\—(N_2)/2SN/2 + Cyy(e) — C5Ce@=N)a/24N

Since (2—N)q/2+ N < (N—2)/4when3 < N < 10, (3N+2)/(2(N—2)) < ¢ < 2*and (2—N)q/2+ N < 2
when N > 10, and thus 2 < ¢ < 2%, we get our result. O

Remark 2. In this paper, we assume that for almost every A € [1/2,1], if {v,} C E is a bounded (PS),,
sequence, then v, > 0in E. In fact, we have (I} (vy,), v, ) = 0,(1), and thus ||v;, || = 0, (1), from which we

can derive that ||v;] || < oo, Iy (v;}) — ¢y, and I} (v;}) — 0.

Lemma 8. Suppose that (V) and (h1)—(h3) are satisfied. Then there is a positive constant v > 0, independent
of A € [1/2,1], such that if v is a nontrivial critical point of the functional Iy, then ||v|| > v > 0.

Proof. By the equality (I} (v),v) = 0 we have

/ |Vo|? dz + / V(z)f()f' (v)vde — X / h(f(v))f (v)vda = 0.
RN

RN RN
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Then by using condition (V), (2.2), and Lemma 1(vi),(vii) we have

/|Vv|2dx+‘;0/f2(v)dx
RN

/\vv\2dx+/v )vdx_)\/h(f(v))f’(v)vdx

RN

gm/ﬂ(v) dm+AC5/f2'2*(v) dz < Aé/f2(v) dm+A0522*/2/\v\2* dz.
RN RN RN RN

Combining this inequality and the Sobolev inequality, we have

/|Vv|2da:+ <‘§) —)\(5> /fQ(v)da;
RN RN
2+ /2
<)\0522*/2/|v|2* dx<>\0</|Vv|2dac+/f2(v)da:> .
RN RN RN

Since Vj/2 — \é > 0 with § > 0 small enough, from the last inequality and Lemma 1(iii) we obtain that there
is a positive constant v > 0 such that

1/2
o]l > </|Vv|2dx+/f2(v)dx> >v>0. O
RN

RN
We recall the Pohozaev identity with respect to problem (1.2). Since the proof is standard, we omit it.

Lemma 9. For a.e. A € [1/2,1], if v is a nontrivial critical point of I, then v satisfies

N2 /|Vv|2dx+ /vv ) -2 (v) do + /V ) (v) de

—)\N/H

3 Proof of Theorem 1

In this section, we present the first result by some lemmas.

Lemma 10. Suppose that V(x) = Vp and conditions (h1)—(h3) hold. Let {v,} C E be a bounded (PS).,
sequence for the functional I with

1
—(N—=2)/2 aN/2
0<ey< 2N)‘ S,

Then for each \ € [1/2,1], there are a positive integer | € N U {0}, a subsequence of {v,}, still denoted by
{vn}, and sequences {y*} C RN and {w*} C E for 1 < k <1 such that

() v, = vin E with I} (v) = 0;
(i) y¥ — +oc and |yk — y¥'| — +oo for k # K and n — +oc;

Lith. Math. J., 64(2):138-162, 2024.
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(iii) w” # 0 and I\ (w*) = 0 forall 1 < k <1,

(@) [on = v = 3y & (@ =yl = 0

V) Ix(vp) = In(v) + 22:1 I (wk), where we agree that, in the case | = 0, the above conclusion holds
without W* and {yF}.

Proof. Since {v,} C F is a bounded (PS)., sequence, up to a subsequence, v, — v in E, v, — v in
L (RY) (1 < s < 2%, and v,(z) — v(z) a.e. in RY. By using the Lebesgue dominated convergence
theorem, through the standard discussion, we can get that I} (v) = 0. Thus (i) holds.

Step 1. Setting v} := v,, — v, the Brezis-Lieb lemma leads to

lonll? = [Jub||* + l[v]I? + 0a (1), lonll3e = [[ol]|2 + vl + on (D). (3.1)
Next, we claim that
In(vn) = In(v) = Ix(vy,) + on(1) (3.2)
and
I\(vy) =0 inE~L (3.3)
Denote
k(s) = Vo(s — f(5)f'(s)) + A(f(s)) £'(s) — A2 /27 H|s|*
and
_ [ _ Voo 2 A 2% /21 _|2*
K(s)= [ k(r)dr = 5 B (s)]—l—)\H(f(s))—2*2 ls]” .

The functions k£ and K enjoy the following properties under assumptions (V) and (h1)—(h3),

k(s) k(s)

=0 2% <o =
K K

i X 0w BP0 (3.5)

s=0 s s—+o0 8

We are going to prove (3.4). From (h1), (h2), Lemma 1(iv),(v), and the fact that f’(¢) = (1 + 2]“2(15))_1/2
we have

B I s
—A2F 22 50 ass— 0

and

g2 —1 g27—2 \/S g2 —1 f2-2*—1(8) s

A2/ L0 ass — +o00.

SR IR ) RO Lov A G ROV

The proof of (3.5) is similar to that of (3.4), so we omit it.
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It follows from Lemma 3, (3.4), and (3.5) that
i [ / K(vy) - / K(v) - / K(vn — v)] 0. (3.6)
RN RN RN
Combining (3.1) and (3.6) with v, — v = v} — 0in E, we get that I}, (v,,) — Ix\(v) = Ix(v}) + 0,(1), which

gives (3.2).
It follows from (3.4) and (3.5) that for any € > 0, there exists a constant C > 0 such that

|k(s)| < 6(|8| + |s
|k(s)s| < e(|s|2 + |s
|K(s)] <e(|s]+[s]*) + Cels|* V2 <a <2 (3.8)

T 4 Cs*T V2 <a< 2t

)+ Cels|* V2 <a <2t (3.7)

Thanks to Lemmas 3 and 4, for any ¢ € C5°(RY), we have

[ [k0n) = £(uh) = k)] 6z = on(D)]
RN
and

. 2+ 2 o
/ lJonl? 20m — [0 20 — o> 0] ¢ dz = 0a(1)4].
]RN

Through the standard discussion, we can get that
(I (vn), &) + 0n(1) = (I3(va) = I (v), @) + 0n(1) = 0n(1).

Hence {v}} is a (PS) sequence of I, which gives (3.3).
Now there are two cases that may occur.

(I) Vanishing: limsup,,_, ., Sup,cg~ fBl(y) [vt|? do = 0;

(II) Nonvanishing: limsup,,_, supycg~ [, W) |vl|?dx > 0.

In case (I), it follows from the Lions lemma that v} — 0 in L%(RY) with o € (2,2*). By (3.7), (3.8), and
the Lebesgue dominated convergence theorem we get

/K(U}L) dz = o0,(1), / k:(v}l)v,l1 dz = o, (1). (3.9)
RN RN
Then from (3.1), (3.6), and (3.9) we get
1
Ix(vn) — I\(v) = 2(H’UnH2 —lv)I?) - / (K (vn) — K(v)] da

RN

A oo . .
_ 2*22 /2 1/(‘,071‘2 —|’U|2 )d:l}

RN

1 A oe o o
= 2\\v;|y2— 2*22 /2 1/\v}1| dz + o, (1) (3.10)
RN
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and

(I (vn), vn) = (L5 (v),0) = [[val* = [|v]* — / [k(vn)vn — k(v)v] da

RN
_22*/2—1)\/ [|vn|2* _ ‘0‘2*] dx
RN
- Hv,11|]2—22*/2_1)\/\v,11|2* da + 0n(1). (3.11)
RN

We may assume that ||v} ||> — b. Then by (3.11) and the fact that (I} (vy,), v,) — (I5(v),v) — 0 we obtain

22*/2_1>\/ |v}1‘2* dxr — b.
RN
By the definition of .S we can get that

) 2/2*
s(/\vgf dx> < [ 1voh ar <]
RN RN

where either b = 0, or b > \~(N=2)/2gN/2 /9.
Assume that b > )\_(N_2)/25N/2/2. Then from (3.10) we obtain that

) ' b 2/2*
, thatis, S<22*/2_1)\> <o,

1 1 1
> o b> )\—(N—Q)/25N/2
o <2 2*> 2N ’
which contradicts to Lemma 7. Thus b = 0. Therefore Lemma 10 is true with [ = 0.

In case (II), there exist a positive constant §' > 0 and a sequence y,, € RY such that [, ) vl |2 de =
§/2 > 0. ’

Let w)(z) := vl (x +yL). Then {w]} is bounded in E, and there exists a function w! € E \ {0} such
that w} — w! in E. It follows from v} — 0 in E that ;. is unbounded, so we can assume that |y}| — +oo.
Moreover, wee can verify that I5 (w') = 0.

Step 2. Let v2(z) = vu(x) — v(z) — w'(z — y}). Similarly to step 1, we can get

[021° = [vall® = [[ol|? = |[w"]|* + 0n(1),

0212 = lloall3: = 013 = [Jw|| + on(1),
Iy(vn) = In(v) = In(w') = Ix(v}:) + on(1), (3.12)
and
I(v2) =0 inE"L (3.13)
Define

8% = limsup sup / ‘vifdx.
n—o00 yeRN
Bi(y)
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If vanishing occurs, then |[v2[|?> — 0, that is, v, (2) — v(z) — w'(z — y}) — 0 in E. From (3.12) we can get
Iy(vy) = In(v) + IA(wl) + on(1),

and Lemma 10 holds with [ = 1. If nonvanishing occurs, then there are a function w? € E\ {0} and a sequence
{y2} C RY such that w2 (z) = v2(z + y2) — w?(x) in E. Thus by (3.13) we have I} (w?) = 0. Moreover,
v2 — 0in E, which tells us that [y2| — +oc and |y2 — y}| — +oc.

At last, by iteration we obtain the results of the lemma. O

Lemma 11. Suppose that V (x) = Vi and (h1)—(h3) hold. Then for almost every A € [1/2,1], I has a positive
critical point.

Proof. From Lemmas 5, 6, and 7 we see that ) possesses a bounded (PS)., sequence {vp}and 0 < ¢y <
A~ (N=2)/2GN/2 /(9 N). By Remark 2 we suppose that v,, > 0 in E. Then there exists a subsequence of v,,,
still denoted by v,,, satisfying v,, — v in E. If v # 0, then the result is obvious. Otherwise, we assume that
vy, — 01in E. Then we claim that there exists a positive constant o > 0 such that

lim sup / o> dz > o > 0. (3.14)

n—o0 yERN
Bi(y)

Otherwise, applying the Lions lemma, we obtain that v,, — 0 in LY(RY) for all o« € (2,2*). Similarly
to (3.9), we have

/K(vn) — (1), /k(vn)vn — on(1).
2

RN

Since vy, is a (PS),., sequence, we obtain

Do) = B0 = 5 (ol = o) = [ [ () = K] da

RN
A oo . .
_ 2*22 /2 1/(|Un|2 _ |’U|2 )dl‘
RN
1 A oo .
= llonlP = 22 [ ol da + on()
]RN

and

(I (0n), 0 — (T4(0), 0) = [fon2 = [0 - / [k(un)on — k(0)0] da

RN
_ 22*/2—1)\/ [0121 _ 02*] da

RN

— [Joa |2 — 22/2 1 / [onl?” dz + 0n(1),
RN

Lith. Math. J., 64(2):138-162, 2024.



152 J.-X. Han, M.-C. Chen, and Y.-F. Xue

that is,
1 9 A 2% /2—1 2+
ex+on(1) = sznH — 2*2 lun|” dez, (3.15)
RN
| vn | :22*/2—1A/|vn|2* dz + 0, (1). (3.16)
RN

We may assume that ||v,,[|> — . Then by (3.16) we obtain 2%/~ 1\ [0« [v,]* dz — v.
If v > 0, then by the Sobolev embedding theorem we get that

y>ix—w>mmSNM. (3.17)

Joining (3.15), (3.16), and (3.17), we get that ¢\ > )\_(N_2)/2SN/2/(2N), which is a contradiction. Therefore
we get (3.14), which implies that there exists a sequence {1, } € R” such that |y,,| — 400 and

/ on |2 dz > ‘; > 0. (3.18)

Bi(yn)

Let wy,(x) = vn(x + yn). Then {w,} is also a (PS),.., sequence for I). Furthermore, w,, — w # 0 in E.
The maximum principle implies w > 0, which ends the proof. O

Proof of Theorem 1. In view of the proof of Lemma 11, I has a bounded (PS)., sequence {v,} for a.e.
A € [1/2,1]. Moreover, v, > 0and 0 < ¢) < A\~(NV=2/29N/2 /(9N'). Lemma 10 implies that

!
ex=D(vn) +on(1) = () + > L(wF), LK) =0, L") =0 1<k<l
k=1

By Lemma 9 we have I,(v) > 0 and I(w*) > 0,1 < k < I. Hence ¢y > I)(v) > 0. Therefore there exist
An € [1/2,1],0 < ¢y, < )\;(N_Q)/zSNﬂ/(QN), and vy, € E satisfying A, — 1, vy, >0, I} (vy,) =0,
0 < Iy, (vx,) <cn,- By Iy (vy,)=0and Lemma9 we have

1
ex, = I (on) = / |Voy, |2dz > 0.
RN

Thus by the Sobolev embedding theorem we get the boundedness of ||vy ||2«. It follows from the Pohozaev
identity, (2.3), and Lemma 1(vii) that

N -2 1%
R N RN
RN RN

:)\/H(f(v,\n))dmg g/fQ(vAn)deng;* /f2'2*(%)dx
RN RN

RN

1) . .
< 2/f2(vxn)dl’+ (21522 /2_1/\UAH|2 dz,
RN RN
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which implies that
‘/b 5 2 06 2*/2_1 o* N -2
_ < %2 _
<2 2> /f (vy,)dx o /|v>\n dx o N /|Vv>\"
RN RN RN

Letting 6 < Vp, from the boundedness of ||Vvy, [|2 and [vy, [|2-we get that [5y f2(vy,)dz is bounded.

Namely, there is C; > 0 such that fRN f?(vy,)dx < Oy, and then we get that fRN vy, |? dz is bounded.
In fact, according to (ix) of Lemma 1 and the Sobolev inequality we can get

2 dx.

1
vin dr < 02

{z: [ox, (2)[<1} {z: [ox, ()[<1}

2*/2
/ vg\n dz < / vii dz < CQ( / |V7}>\n‘2 dl’)

{z: [ox, (2)[>1} {z: [ox, (2)[>1} {@: o, ()| 21}

2+ /2
<C’2</\Vz}>\n|2dx> .

RN

C
oy, dz < C;

and

So there exists a constant C'3 such that
2 g — 2 2
vy, dor = vy, dz + vy, dr < Cs.
R {z:|vx, (2)[<1} {z:|vx, (z)[>1}

Then we get that {v) } is bounded in E. Without loss of generality, we may assume that the limit of I, (vy, )
exists. By Lemma 5 we know that A — ¢, is continuous from the left, and thus we have

< < 2,
0 = HEI—EOO I)\n (U)\") sa< 2NS

Observing that

I00,) = I (02, + O = 1) [ H(F(03,) do.
RN
where I = I, together with the boundedness of ||v) ||, we have

1 N
< lim [ < /2 : 4 )
0 S nh (’U)\n) S < ZNS s nh[[l (U)\") =0

By Lemma 8, ||vy, || = v > 0, where v > 0 is independent of \,,. Note that ||v || is bounded. Then following
the lines as in the proof of Lemma 11, we obtain that problem (1.2) has a positive solution vg. Moreover, by
Lemma 10

: L ony2
I(vo)énll)rfool(v)\")<01< ZNS )
Finally, we try to find the ground state solution. Let
m =inf{I(v): ve E, v#0, I'(v) =0}.
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Since I’ (vg) = 0, we have m < I(vg) < S™/2/(2N). Lemma 9 implies that m > 0. Hence 0 < m < I(vg) <
SN/2 /(2N). By the definition of m there exists {w, } C E such that w,, # 0,I(w,) — m, and I’(wn) =0.
Lemma 8 implies that ||w,|| > v > 0. Note that |w,| < C. Following the same lines as in the proof of
Lemma 11 and Remark 2, we have that there is {u,,} C F such that u,, > 0, u,, — ug > 0in E, I(u,) — m,
and I'(u,) = 0. By Lemma 10, I’(ug) = 0 and I(ug) < m. The fact I'(ug) = 0 implies that I(ug) > m.
Therefore uy # 0 satisfies I(ug) = m and I’(ug) = 0. The proof is complete. [

4 Proof of Theorem 2

In this section, we assume that V' (z) is not identical to a constant. We discuss the family of functionals

/|Vv|2da:+ / (ac)f2(v)dx—>\/H(f(v)) dz
RN
:;/|Vv|2da:+;/Voon(v)dx—)\/H(f(v)) dz,
RN RN RN

and

where A € [1/2,1].

Lemma 12. For A € [1/2,1], let v € E be a nontrivial critical point for 13°. Then there is a path v €
C([0,1], E) such that 7(0) = 0, I°(y(1)) < 0, 0 ¢ (7(0,1]), v € ([0, 1)), and maxyepo1) I°(V(¢)) =
I (v).

Proof. Define

where v € E is a nontrivial critical point for I3°.
It follows from the Pohozaev identity that

2 N
|Vo|? dz + Voo f2(v)dz = AN | H(f(v))dz
Jrtas ] /

and
(o) = 1/(|wt\ + Voo f2(v!)) dz — A /H
RN
(N=2 N
— /|Vv|2d:1:—|— ) / Voo f2(v) AtN/H
N- 2
:< ) >/|Vv|2dac
Hence

%138(1)‘ (v") = I3 (v), IP(v') = —c0  ast — 4o,
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and

[o]|* < ||V 0|5 + Veo [0 2 = £V =2 W03 + t"Vio |03 — 0 ast — 0.

Choose ¢y > 1 such that I{°(v'*) < 0 and set y(t) = v'’ for ¢ € [0,1] and y(0) = 0. This is the desired
path. O

Remark 3. From Theorem 1 we know that /3°(v) has a ground state solution for A € [1/2, 1].

Lemma 13. Assume that condition (V) and (h1)—(h3) are satisfied. Then for almost every X € [1/2,1], I\(v)
has a positive critical point.

Proof. Forae. A € [1/2,1], it follows from Lemma 7 and Remark 2 that there exists {v,} € E, v, > 0,
such that v, = vin E, I\(vy,) — ¢, I3 (vn) — 0, and

1
—(N—-2)/2 aN/2
0<ey< 2N)‘ S,

We claim that v # 0. Suppose by contradiction that v = 0. Similarly to the proof of Lemma 11, there exists
a sequence {y,} C R¥ such that |y,| — +oc and wy,(x) = v, (x + y,) — w(z) # 0in E. Since v, — 0
in 7, we have
I;\X)('Un) —7 CX),s (I;\)O)/(Un) — 0.
Thus
I2(wa) = en, (1) (wn) = 0.

Since w, = w # 0in E, we have (I°)'(w) = 0. From Lemma 10, ¢) > I3°(w). Remark 3 implies that /3°
has a ground state solution w. Thus ¢\ > I3°(u). It follows from Lemma 12 that

WV

I (u) = max I°(v(t)),

C
t€[0,1]

where v € C([0,1], E) is such that v(0) = 0, I°(y(1)) < 0,0 ¢ ~((0,1]), w € ~([0,1]). Thanks to
condition (V), we have Iy (v(t)) < I3°(y(t)) for all ¢ € (0, 1]. Thus the definition of ¢, implies that

< IL(~()) < I3 (v(t) < e,
o < max A(v(1)) max L) <

which is a contradiction. Then we obtain v # 0. A standard argument shows that v > 0. Thus Lemma 13
holds. O

Lemma 14. Suppose that conditions (h1)—(h3) and (V) hold. Let {v,} C E be a bounded (PS)., sequence for
the functional I with

1 (v
v, =0, 0<ey < 2N>\ (N=2)/2gN/2

Then there is a subsequence of {vy,}, still denoted by {v, }, such that

(i) v, = v in E with I\ (v) = 0;
(11) Cx = I)\(U).
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Proof.  Since {v,} C E is bounded, up to a subsequence, we may assume that v,, — v in E. Then we can
get that I} (v) = 0. Thus (i) holds.
Set v} = v, — v. The Brezis—Lieb lemma leads to

lonl|? = [[o2]|* + [[0]12 + oa(1), loall3 = |05 -+ on(1). 4.1
Next, we claim that
Ly(vn) — Iy(v) = I (v) + 0, (1) (4.2)
and
(I2) (vl) =0 inE~L (4.3)
Denote
koo (5) = Voo (5 — f(s)£/(5)) + A (F(s)) f/(s) — N22 /27 s> 7L,
k(z,s) = V(x)(s — £(s)f'(5)) + M(f(5)) f/(s) — A2> /2715~
Kools) = [ () = 52 = £206)]  M((5) = 5022 s
0
and
K(xz,s) :/k(IL’,T) dr = V(;) [32 — fz(s)} + )\H(f(s)) — 2);22*/2_1|3|2*.
0
Then
1 A o .
Iy(v) = (Vo> + V(z)v?) dz — [ K(z,v)dz — *22 /270 ) de,
] ey
and

1 . .
I (v) = 5 /t(|Vv|2+Voov2t) dz — /Koo(v)da:— 2);22 /2_1/|v|2 dz.
RN RN

RN

Similarly to the proof of (3.4), the functions k. (s), k(z, s), Ko (s), and K(z, s) enjoy the following proper-
ties under assumptions (V) and (h1)—(h3):

lim Foo(8) _ 0, i Fee(®) _ 0, lim k(z,s) _ 0, i P9 0, (44
s—0 S s§——+400 82 -1 s—0 S s——+00 82 —1

KOO . KOO . K 9 . K 9
lim o(8) _ g, lim A A im K@% _o s
5—0 82 s—+oo 2 s—=0 g2 s too  §2

Since v} = v, — v and I\ (v,) — ¢y, by Lemma 3 and (4.1) we have

e — (v anH —/K 22 /2= 1/| P e+ 0,(D). (4.6)
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It follows from (4.4) and Lemma 3 that

lim [/K(a:,vn)dm—/K(az,v)dx—/K(az,v}l)dm} = 0.
n——+00
RY R¥ R¥

Combining (4.7) with v} — 0in E, we get that

I\(vy) — In(v) = L (vy) + on(1) = I3°(vy) + on(1),

which gives (4.2).
It follows from (4.4) and (4.5) that for any € > 0, there exists a constant C. > 0 such that

|k00(5) )

(2,8)| <e(|s|+ s> 1) + Cels|*" V2 << 2"
By an argument similar to that in the proof of Lemma 8.1 in [27], for any ¢ € C§°(RY), we have
/ (k(, o) — k(2 01) — k(z, v)] dde = 0u(1)]4].
RN
Thanks to (4.6)—(4.10) and the fact v}l — 0in F, we get that
(14 (02), ) + 0u(1) = (I} (va) — I (v), 6) + 0n(1) = 0n(1),
which implies that I} (v)) = 0,(1). Hence
ex — L) = I (v)) +0,(1),  (I2) (v}) = 0n(1),

which gives (4.3).
We will consider two cases.

Case 1. Vanishing: lim;, oo SUp,cp~ fBl () lvl|2dz = 0.

157

4.7)

(4.8)

4.9)

(4.10)

4.11)

The Lions lemma implies that v} — 0in L®(RY) with a € (2,2*). It follows from (4.10) and (4.11) that

x= o) = [V el an— 2727 [l v
RN

and
/ (190 ? + V(@)[ol]?) dz_mz*ﬂ—l/\vgf* -
RN RN

Thus we can get from (4.12) and (4.13) that

ey — I\(v) = ; / (Voo — V(l‘))‘v}lfdﬂ}—l- <; - 21*>22*/2_1 / |v}1‘2* dz +o0,(1) 2 0,
RN RN

that is, ¢\ > I\ (v).
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Case 2. Nonvanishing: lim, o0 SuPyegpv [z, () |vl|? dz > 0. There exist a constant 5; > 0 and y}: € RV
such that

/ |U}L‘2daj > 621 >0, |yt | — +oo0.
Bi(yy)

Then v} (z +y)) — v!(z) # 0in E,

ex = () = I (vn (2 +yp)) +oa(1), (1) (v (@ +yn)) = 0n(D),

and thus (I°)'(v') = 0. If
1

—(N—2)/2 gN/2
2N>\ S

cn— In(v) <

then similarly to the proof of Lemma 10, we can get this lemma. Otherwise, let v2(z) = v} (x 4+ y.) — v!(z).
Then

ex — L) — I (v1) + 0,(1) = I5°(v2), (Ifo),(vi) = o, (1),
and either
lim sup / 02 |” dz = 0, (4.14)
n—oo yERN
Bi(y)

or there is a positive constant 35 > 0 such that

lim sup / |v%‘2daj > P2 > 0. 4.15)
n—00 y RN 2
Bi(y)
If (4.14) holds, then by case 1 and Lemma 10 we have
c)\—I,\(v)—Ifo(vl) >0, Ifo(vl) > 0.

Thus ¢\ > I »(v). So we may assume that (4.15) holds, and continuing the above process, we get v’ € E,
vl € RN, |yi| — 400, i € N, such that

(Ifo)/(vi) =0, U:L(:L‘ —I—yfl) — ' (z) #0 inE,

and

ex = (v ZI)\ ) +ou(D) = I (0f), (1) (0T) = 0a(1),
where v}, (2) = v}, (x 4 y},) — v (z). Since (I3°) (v') = 0, we get

I (o) :]b/‘Vvifdx. (4.16)
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We claim that there is 7 > 0, independent of ¢, such that

/|vq)2’|2dx>¢>0. (4.17)

In fact, by (h1)—(h3) and (I5°)'(v') = 0, for any € > 0, there exists a constant C > 0 such that

/(|Vvi\2+Voo|vi|2)d /m dx+c/|v\ da.

RN RN

J (9ol + (v = o) /m da.

RN

Then we have

Choosing € € (0, V) and combining this inequality with the Sobolev inequality, we have

/|vvi\2dx</(\vvi\2+<v |v') de < C. /m dr < (/\wfdx)m,

which shows that (4.17) holds. By (4.16) and (4.17), at some j = [, we get
1
— Iy( PO < o ATWN22gN2
er = Il Z A ON
Similarly to the proof of Lemma 10, we obtain the results of Lemma 14. O
Proof of Theorem2. By Lemma 13, for a.e. A € [1/2,1], I) has a bounded sequence {v,,} C E such that
1
I(vy) —cn, (o) =0, 0<cy< 2N)\_(N_2)/2SN/2, v, v #0 inkFE.

Then from Lemma 14 we obtain ¢y > I)\(v) and I} (v) = 0. Therefore there exist \,, € [1/2,1] and vy, € E,
vy, # 0, satisfying

1
Ap — 1, I;\n (vy,) =0, 0<ey, < A, (N— 2)/2SN/2 0< Iy, (vy,)<cy < 1/2-

2N

Then we can deduce that {v),, } is bounded in E. It follows from 0 < I) (vy,) < ¢
identity that
/ Vo, [
RN

Lith. Math. J., 64(2):138-162, 2024.
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By the Holder inequality, the Sobolev inequality, assumption (V), and Lemma 2 we get
o/2*
2*/(2*—0)</f2'2 ﬁ’(mﬂ)dm) +N61/2
RN

o/2* o/2
< Cl(/‘z))\n|2* dm> +Ncl/2 < CQ(/‘V'U)\"PCL’]}) +N01/2.
RN

RN

1
/|V1)An|2dm < 2|VV(33) -
RN

Since o € [1,2), we can get that

/ |V7))\n‘2 dz < Cg
RN
for some C5 > 0. Then using the same arguments as in the proof of Lemma 8, we obtain

2" dx

A(U)\n) < 04/ (|VU)\"

RN

2+ /2 )
< 06</ |Vv,\n\2dm> < CgC2 2,
]RN

2+ f2(vy,)) dz < Cs / U,
RN

Combining this inequality with the coercivity of A, we get that {v,, } is bounded in E. Set

I(ox,) = In, (02,) + (Ao — 1) / H(f(0x,)) da,
RN

where I = I;. Then we have

1 N,
< I < /2 : / )
0\nhm I(’L))\n)\cl < ZNS , nhm I(v)\")—()

By Lemma 8, ||vy, || > v > 0, where v > 0 is independent of \,,. Note that ||v || is bounded. Then following
the same lines as in the proof of Lemma 14, we can get that v), — vg # 0 in E. Moreover, by Lemma 14 we
get

1
I(vg) < lim I(vy,) < < 2NSN/2> I'(vo) = 0.

n—-+00

At last, we try to find the ground state solution. Define
m =inf{I(v): ve E, v#0, I'(v) =0}.

Since I'(vg) = 0, m < I(vg) < SN/2/(2N). By the definition of m there exists {w,} C E such that
wy, # 0, I(wy,) — m, and I'(w,) = 0. Lemma 8 implies that ||w,| > v > 0. Similarly to the proof of the
boundedness of ||vy, || above, we have ||w,| < C. Following the same lines as the proof of Lemma 13, we
have w, = win E, w # 0. From Lemma 14 we get I'(w) = 0 and I(w) < m. Moreover, I'(w) = 0 implies
that I(w) > m. Therefore w # 0 satisfies I(w) = m and I’(w) = 0. The proof is complete. [
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