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Abstract. We obtain an asymptotic formula for the smoothly weighted first moment of quadratic Dirichlet L-functions
at central values, with explicit main terms and an error term that is “square-root” of the main term.
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1 Introduction

An important and well-studied problem in analytic number theory is estimating moments of families of
L-functions. Considering the family of Dirichlet L-functions L(s, X(d)) with a quadratic Dirichlet charac-
ter x(?) associated with the fundamental discriminant d defined by the Kronecker symbol x(¥)(n) = (4,
a problem is understanding the asymptotic behavior of

S L(sx )"

0<d<X

as X — oo. In this note, we mainly focus on the first moment of the family of quadratic Dirichlet L-functions
at central values. We know that the Kronecker symbol restricted to a fundamental discriminant actually is
a primitive character. For this family, Jutila [8] initially obtained an asymptotic formula summing over funda-
mental discriminants d for the first moment:

> L<;ax(d)> = 412((12))X<10g); + 11:/ <i> +4y -1 +4I;(1)> +O(X3/4Fe)

0<d<X

with

o= 1;[ (1 - ps(p1+ 1)>'
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An error term of the same size was later given by Vinogradov and Takhtadzhyan [11] as a corollary. Precisely,
they studied the asymptotic behavior of the sum - - L(o, x@D) for x4 (~1) = +1and 0 < o = R(s) < 1.
Using the method of double Dirichlet series and the theory of Eisenstein series, Goldfeld and Hoffstein [5] im-
proved this result with a better error term:

Z L(O-y X(dl)) = Cl/2X IOgX —+ CX + O(X19/32+5)

1<|d'|<X
d’ squarefree

for o = 1/2, where

3 _ .
61/2: 161—[(1—2]) 2—|—p 5).

p=3

They also dealt with the case of ¢ > 1/2. We remark here that the definition of x(¢) given in [5] is slightly
different from the Kronecker symbol, which leads to the difference of the above two leading coefficients. It
is implicit in [5] that we may obtain an error term of size O(X!/2*¢) for the smoothed first moment. In [5],
it is also pointed out that it seems unlikely to improve the error term without some substantial improvement
in the zero-free region for the Riemann zeta function, simply due to the state of knowledge on the distribu-
tion of square-free integers. Restricting d to be odd and square-free, x (8% are real primitive characters with
conductor 8d. Young [12] achieved the following result based on recursive arguments:

3 L<;7X(8d)>q§<;> — XP(log X) + O(X1/2+)

(d,2)=1
d squarefree

for some linear polynomial P depending on &, where the error term agrees with the implicit result in [5].
Goldfeld and Hoffstein [5] also conjectured that the optimal error term should be O(X!/4*¢), and this has
been observed in a numerical study by Alderson and Rubinstein [1].

In this note, we denote by x(™ = (™) the Kronecker symbol to distinguish it from the Jacobi symbol
Xn = (,,)- So let for any nonzero integer m = 0,1 (mod4), called the discriminant, x™ = (™) be the
Kronecker symbol. Note that we can factor every such m uniquely into m = dl? with [ > 1, where d is
a fundamental discriminant, that is, d is either square-free and d = 1 (mod 4), or d = 4n with square-free
n = 2,3 (mod 4). Then x @ ) is a real primitive character of conductor |d|. We know that x(@) is even (resp.,
odd) 1f d > 0 (resp., d < 0). For any L-function, we write L(¢) (resp., L) for the function given by the
Euler product defining L but omitting those primes dividing (resp., not d1v1d1ng) c. We reserve the letter p for
a prime throughout this note and write L,, for L, for simplicity. Note that the Kronecker and Jacobi symbols
are connected by the quadratic reciprocity law

T —

- x™ ifn =1 (mod 4),
Xn = X if n = 3 (mod 4),

So we have

and

L(s,x*") ifn =1 (mod 4),

L(z) s Xn) —
(8 Xn) {L(S,X(_4n)) if n =3 (mod 4).
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It is well known (see [9, Thm. 9.13]) that every primitive quadratic Dirichlet character is of the form (%)
for some fundamental discriminant d. For such d, the function L(s, x(?)) has an analytic continuation to the
entirety of C, and so does L) (s, x,,).

We indicate that the characters of L-functions in the results mentioned above are in fact primitive. Gao
and Zhao [4] took the nonprimitive characters into consideration. Let x,, denote the quadratic character (, )
for an odd positive integer n defined by the Jacobi symbol. They evaluated the first moment of the family
of L (s, xn) averaged over all odd positive integer n under the generalized Riemann hypothesis (GRH) as
follows:

Z L? <; + a, Xn>w<;,> = c1()D()X + co()D(1 — ) X

(n,2)=1
+O((1 4 |af) o x1/4+), (1.1)

where 0 < R(a) < 1/2, and ¢1(«), ca(«) are two constants depending on «. Let & — 0. For the smoothed
first moment of L-functions at central values, they also deduced that

> ® @,Xn)w <;> = XQ(log X) + O(X/4+e) (1.2)
(n,2)=1

with a linear polynomial () whose expression is omitted. Note that the error terms above are consistent with the
conjectural size given in [5] and the characters in the summation are allowed to be nonprimitive. Additionally,

they indicated that (1.1) and (1.2) also unconditionally hold with the error term O(X/2+¢).
Following Gao and Zhao [4], we will unconditionally evaluate the first moment of a family of quadratic

Dirichlet L-functions L) (s, xn) averaged over all odd positive n and finally give an explicit expression of Q).
Our main result is as follows.

Theorem 1. Let w(t) be a nonnegative Schwartz function with Mellin transform w(s). Then for any ¢ > 0 and
0 < R() < 1/2, we have

@1 n\ oo C(1+20) 127172
(n;):l L <2 + a, Xn>w<X> = Xw(l)C(Q +2a) 2(1—2-2-2)
Far(% — a)].“(g‘) C(l — 20&) 92a

r(59r@ ¢2) 6

+O((1+]a])* X124, (1.3)

+ X1@(1 - a)

It is natural that the constants in the main term coincide with those in (1.1). Notice that the error term in
(1.3) is uniform for «, and therefore we can take the limit as @ — 0T to deduce the error term in the following
asymptotic formula for the smoothed first moment of quadratic Dirichlet L-functions at central values.

Corollary 1. With the notation as above, for any € > 0, we have

S L® <;Xn>w<;> — XQ(log X) + O(X/>*¢).

(n,2)=1

where Q) is a linear polynomial given by (4.4) with explicit coefficients depending only on the absolute con-
stants w(1) and w'(1).

Note that our error term is consistent with the implicit result obtained in [5] and [12]. We obtain an explicit
expression of Q.
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2 Preliminaries
2.1 Gauss sums

We write 1); = %) for j = +1, 42, where we recall that x(%) = (d) is the Kronecker symbol for integers
d = 0,1 (mod 4). Note that each v, is a primitive character modulo 4;. Let v stand for the trivial character,
that is, ¢9(n) = 1 forall n € N.

Given any Dirichlet character y modulo n and any integer ¢, the Gauss sum 7(, ¢) is defined as

(X, q) = Z X(j)€<j;]>, where e(2) = exp(27iz).
j (mod n)

If x is primitive, then 7(x, q) = x(¢)7(x), where 7(x) = 7(x, 1). For the evaluation of 7(y, ¢), we cite the
following result from [3, Lemma 2.2].

Lemma 1.
(1) Ifl = 1 (mod 4), then

0 if (¢,2) =1,
(", q) = —2r(x1,q) ifq =2 (mod 4),
27(x1,q)  ifq =0 (mod 4).
(ii) Ifl = 3 (mod 4), then
0 if2|q,
(X", q) = —2ir(x,q) ifq=1(mod 4),
2i7(xi,q)  if ¢ =3 (mod 4).

Recall that x;, = () for any odd positive integer n. We define the associated Gauss sum G (xn, ¢) by

1—1i —1\1+i T(Xn,q) if n =1 (mod 4),
G ns == (%) =
(n» 9) < o T < n > 2 )T(X 2 {—ir(xn, q) ifn =3 (mod 4).

The advantage of G(xy, q) over 7(xx, ¢) is that G(xy, ¢) is now a multiplicative function of n. Furthermore,
we have the following result [10, Lemma 2.3].

Lemma 2. If (m,n) = 1, then G(Xmn,q) = G(Xm, Q)G (Xn,q)- Let p* be the largest power of p dividing q
(put a = oo if m = 0), and let  be the Euler totient function. Then for k > 0, we have

@(pk) if k < ais even,

0 ifk < aisodd,
G(xpr,q) = § —p" ifk=a+1iseven,

(" )p/p ifk=a+ lisodd,

0 ifk>a+2.

Lith. Math. J., 64(2):210-226, 2024.



214 T. Wen

2.2 Functional equations for Dirichlet L-functions

Let n > 1, and let y be a primitive character modulo n. If n = 1, then we have x = 1 and L(s, x) = ((s).
Also, we put k = (1 — x(—1))/2, so kK = 0 if x is even (i.e., x(—1) = 1) and k = 1 if x is odd (i.e.,
X(—1) = —1). Then we have the following functional equation [7, Thm. 4.15].

Lemma 3. With the above notations, L(s, x) extends to a meromorphic function on C, which is entire if n # 1.

The completed L-function
s/2
n S+ K
A = r L
so=(") (3" )eew

Ao = 70 A0 00,

Recall that the Gauss sum 7 () is of modulus /n for primitive x. In particular,

T(x) =i"Vn

for odd and square-free n. So we have A(s, x) = A(1 — s, x) for any real primitive character.

In some cases, we have to deal with the L-functions with nonprimitive characters. So we quote the follow-
ing functional equation [3, Prop. 2.3] valid for all Dirichlet characters Y modulo n, which plays a key role in
the proof of Theorem 1.

satisfies the functional equation

Lemma 4. With the above notations, let x be a Dirichlet character modulo n. Then we have

1 _
5 1‘*1 ;-Hi

oy mere K(1=8,X), whereK(s,X):ZT(X;q). 2.1
irns I q

q=1

L(S, X) =

Note that if x is a primitive character, then Lemmas 4 and 3 coincide with each other.

2.3 Bounding L-functions

For a fixed quadratic character ¢» modulo n, let 12)\ be the primitive character inducing 1. Then we have J = x(
for some fundamental discriminant d | n (see [9, Thm. 9.13]). We now gather some estimates of L(s, ).

Write n = ning uniquely so that (ny,d) = 1 and p|ns = p|d. The above notations imply that for any
integer q,

L@ (s,4) = L(s, 0 Q—¢@>. 22
(s,9) = L(s,9) [] e (2.2)
plgna
Observe that
‘1 ~ Y(p) < 9pmax(0.-R(s).
pS

‘We then deduce that

H <1 _ 7/’(?)) < 2w(q1n)(qn1)max(0,—§R(s)) < (qnl)max(o,—%(s))—i-e’ (2.3)

plgna
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where w(n) denotes the number of distinct prime factors of n. When d is a fundamental discriminant, we recall
that the convexity bound for L(s, x(9) (see [4, Eq. (2.9)]) satisfies

1 if R(s) > 1,
L(s, x'D) < ¢ ([d|(1 + [s])F-RED/2+if 0 < R(s) < 1, (2.4)
(|d|(1 + |s]))/2= R+ if R(s) < 0.

From (2.2), (2.3), and (2.4) we deduce that for any complex number s,
L(q) (57 w) &< (qnl)maX(O,—éR(S))‘i‘E (n(l + ‘8‘))max{1/2_§R(s)v (1-R(s))/2, 0}+€' (25)

We also need the following large sieve result for quadratic Dirichlet L-functions, which is a consequence
of [6, Thm. 2].

Lemma 5. Let S(X) denote the set of real primitive characters x with conductor not exceeding X. Then for
any complex number s with R(s) > 1/2 and any € > 0, we have

Do [Llsx)] < XS] 26)
XES(X)

Proof.  From [6, Thm. 2] we get
S LGt < (X))

XES(X)

The lemma now follows from the above and Holder’s inequality. O

2.4 Some results on multivariable complex functions

We gather here some results from multivariable complex analysis. We begin with the notation of a tube domain.
DEFINITION 1. An open set 7' C C” is a tube if there is an open set U C R" such that
T={zeC" R(z) eU}.
Foraset U C R", we define T'(U) = U + iR™ C C" and then quote the following theorem from [2].

Lemma 6 [Bochner’s tube theorem]. Ler U C R"™ be a connected open set, and let f(z) be a holomorphic
function on T'(U). Then f(z) has a holomorphic continuation to the convex hull of T'(U).

We denote by T the convex hull of an open set 7' C C". The next result states the modulus of holomorphic
continuations of multivariable complex functions [3, Prop. C.5].

Lemma 7. Assume that T C C" is a tube domain. Let g,h : T — C be holomorphic functions, and let g, h
be their holomorphic continuations to T. If |g(z)| < |h(2)| for all z € T and h(z) is nonzero in T, then also

13(2)| < |h(2)| forall z € T.

Lith. Math. J., 64(2):210-226, 2024.
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3 Proof of Theorem 1

For sufficiently large R(s) and R(w), we define the Dirichlet series

S mw S mw

L(2) W, Xn LS, (4m)
A(s,w) = Y (n Xn) _ Xalm) _ (527, 3.1)
(n,2)=1 (nm,2)=1 (m,2)=1

We next investigate the analytic properties of A(s,w) following the arguments in [4].

3.1 First region of absolute convergence of A(s,w)

According to the first equality in (3.1), writing n = ngh? and arguing similarly to (2.3), we derive

A(s,w) = Z Z 25 Z s
(n,2)=1 =1 (no,2)=1 0
max(0,.~R(w >> L@ (w, yn)

< Z h2s Z* ns

(h,2)=1 (n,2)=1

) (3.2)

where Y henceforth denotes the sum over square-free integers. Note that for square-free odd integer n, x, is
a primitive character modulo n. So we have

1L (w, xn)| = | (1 = xn(2)27%) L(w, xn)| < | L(w, xa)|.
It follows from (3.2) and the above estimate that
O R o L, )|
Als,w) < Y 125 > ol (3.3)

(h,2)=1 (n,2)=1

Now (2.6) and partial summation implies that, except for a possible simple pole at w = 1, both sums of the
right-hand side expression in (3.3) are convergent for $(s) > 1 and R(w) > 1/2. If R(w) < 1/2, then it
follows from the functional equation, (2.6), and partial summation that A(s,w) is convergent for ®(2s) > 1,
R(2s +w) > 1, and R(s + w) > 3/2. It follows that A(s, w) converges absolutely in the region

So = {(s,w): R(s) > 1, R(2s+w) > 1, R(s +w) > 2},

which can be simplified to

Sy — {(s,w): R(s) > 1, Rs +w) > g}

since R(2s + w) > 1 is contained in the other two conditions.
On the other hand, writing m = mgm? with odd and square-free mg, we can recast the last expression
of (3.1) as

5 1(4m)
A= Y HEXT s Ly

(m,2)=1 (m1,2)=1 L (mo,2)=1

o L(s, X)) [Ty, (L= X4 (p)p ™)

w (3.4)
my
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Using the same method as before, we see that A(s, w) is also absolutely convergent in the region
1 1 3
S1 =1 (s,w): %(5)22,%(w)>1 U4 (s,w): 3%(8)<2,3‘E(w+5)>2,%(2w+8)>1

except for a simple pole at s = 1 arising from the summands with m = e, which means that m is a perfect
square.
Notice that the convex hull of Sy and S is

3
Sy = {(s,w): R(s +w) > 2}.
Hence Lemma 6 implies that (s — 1)(w — 1) A(s, w) converges absolutely in the region S5.

3.2 Residueof A(s,w)ats =1

We see that A(s,w) has a pole at s = 1 arising from the terms with m = e from (3.4). To compute the
corresponding residue, we define the sum

L(s, x4 C(s) [ Lpjem(X —p7%)
Ai(s,w) := Z ( o ) = Z p‘mw .
(2! (2t

For any s € C, let as(n) be the multiplicative function such that a,(p¥) = 1 —1/p® for any prime p and k > 1.
Then we have

1—p—° as(m
Ay (s,w) = C(s)(1 - 27) Z Hpm(mwp )ZC(2)(3) Z jr(ﬂ”)'

(m,2)=1 (m,2)=1

m=e m=e

1 —2w
<1+ <1 - ps) 1 gp‘m”)

Writing the last sum above as an Euler product, we get

a 2
As.w) =P T "0 =6 ]

p>2 1120 p>2
1— —s—2w 1
=) [] . _pp_2w = (@(s)¢Pw) I <1 - ps+2w>
p>2 p>2
=: ((s)C(2w)P(s,w), (3.5)
where
1 1 1
P(s,w) = <1 — 25) <1 - 22w> 11 <1 — p8+2w>. (3.6)
p>2

It follows from (3.5) and (3.6) that except for a simple pole at s = 1, the functions P(s,w) and A; (s, w) are
holomorphic in the region

Sz = {(s,w): R(s+2w) > 1} (3.7)

and
1 1 1
R_elsA<s, 5 + a> = R_elsAl <s, 5 + a) =((1+ 2a)P<1, 5 + a). (3.8)

Lith. Math. J., 64(2):210-226, 2024.
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3.3 Second region of absolute convergence of A (s, w)

We infer from (3.4) that

A(s,w) = Z L(S’X(4m))+ Z Lis,x"™)

w w
(m,2)=1 (m,2)=1
m=e m#e

_ C) My =97 > L(s, 4

mw mW
(m,2)=1 (m,2)=1
m—=e m;ﬁo
=: A1(s,w) + Aa(s,w). (3.9

Let us focus on As(s,w). Observe that x(*™) is a Dirichlet character modulo 4m for any odd m > 1 such that

x*™)(—1) = 1 but it may not be primitive. Now we can apply the functional equation (2.1) to L(s, x(*™) in
the case m # e and arrive at

752 D(15%)

45 T'(3)

As(s,w) = C(l—s, s+ w), (3.10)

where C'(s,w) is given by the double Dirichlet series

C(s,w) = Z T(X(4m)aQ): Z T(X(4m)7q)_ Z 7-(X(4m)7q)'

S W Sgp W Sy W
(m,2)=1 (m,2)=1 (m,2)=1
m#e m=e

Note that C(s, w) is initially convergent for sufficiently large %(s) and $(w). To extend this region, we rewrite

C(s,w) as

m) (4m

(4
Z Z % Z Z —: Cy(s,w) — Cals,w).  (3.11)

(m (m

m—o
Let 1), 9’ be two Dirichlet characters with conductors dividing 8. We define

G(Xm> )Y (m)Y' (q)

9

Ci(s,wi, ) = >

qus

m,q=>1

G, 0)0(m) (0) o
02(5>w;¢ﬂ//) = Z ’Tn2qu ’
m,q=1
Then following the arguments contained in [3, §6.4] and applying Lemma 1, we obtain that
Ci(s,w) = =27 (C1(s, w; o, 1) 4+ C1 (s, w;th_2, 1))

+4_S(Cl(3>w§¢1a¢0) +01(37w§¢—17¢0)) (3.13)

+ Cl(S,U); ¢17¢—1) - Cl(S,'U); ¢—17¢—1)7
CQ(S,'LU) = _21_502(57?1};1/}171/}1) + 21_2502(57?1};1/}171/}0)'
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Now we write every integer ¢ > 1 uniquely as ¢ = q1q3 with square-free ¢; to derive that

Cils, wiw, o) = 3 1/1;;11) - Di(s,wyq,9,¢"),  i=1,2, (3.14)
q1 1
where
2 G(xm, 1G2 1,2
Dis,wia )= 3 O mg;}}g;(;zw (a3)
m,qa= 2
’ZO lG 2 1( 2 (3.15)
D2(57w;Q17¢7¢/) = Z (sz,q;rf;u)fqz;(jl)w (q2)
m,q2=1 2

The following result gives the required analytic properties of D; (s, w; g1, 1, 9’).

Lemma 8. With the notation as above and for 1) # 1y, the functions D;(s,w;q1,¥,v"), i = 1,2, have
meromorphic continuations to the region

{(s,w): R(s) > ; R(w) > 1}. (3.16)

Moreover, the only pole of D1 (s, w; q1, 1, in this region occurs when ¢y = 1 and 1) = ¢ at w = 3/2, and
this pole is simple. For R(s) > 1/2 + ¢ and R(w) > 1 + ¢, away from the possible poles, we have

Di(s,w; q1,9,9") < (Q1(1 + |w|))maX{(3/2_§R(w))/z’0}+€,
Dy(s,w; q1, 1, 9") < gi.

(3.17)

Proof. We first focus on D1 (s, w;q1,1,1"). By Lemma 2 the summands in (3.15) are jointly multiplicative
functions of m and ¢. Moreover, we may assume that m is odd since i # 1)y with conductor dividing 8.
These observations enable us to write D1 (s, w; q1,%,1") as an Euler product such that

D1(37w§Q171/171/1/) :HDl,p(S7w;ql7w7¢/)7 (318)
P
where
oo 1(2%F) e
k=0  92ks if p=2,
Dl, (57w;Q17¢7¢,) = INo)y! (1r2K 2k (319)
p Zlo,?g:o Y(p') (z;lw)ggpz ,q1p°%) ifp> 2.
It is easy to see that for p = 2,
> 22k 1 if ' ,
Z wg(zks ) = { ~25y-1 if ”tﬁ, f i (3.20)
k=0 (1 -2 ) 1 7[) - ¢0-
Now, for any fixed p > 2,
o LY ("GO, ap?) i vHGOGar) | P ECOGnar™)

plw+2k8 plw+2k8

1,k=0

Lith. Math. J., 64(2):210-226, 2024.
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In fact, the above sums only have finitely many nonzero terms. Recalling that ¢; is square-free, we deduce
from Lemma 2 that G(x,t, 1 p?F) has the trivial bound

G (xp, ™) < p'

and G(x,, q1p**) = 0 for | > 2k + 3. The above estimates allow us to obtain that when R(s) > 1/2 and
R(w) > 1,

V(Y ()G xp . p®) = ' )G (x1, ip**) V()Y ()G (X 1p**)
lw+2ks - Z 2ks + Z lw+2ks
p E>1 p Lk>1 p

[o¢]
1
—2%(s)
<p + Z Z plw—1)+2ks
k=1 1<I<2k+2

120,k>1

[e.e]

2k + 2 1 1
< p_2§R(S) + Z 2ks < w—1 + 2k+2)(w—1 )
P P P p( +2)( )

< p—2§R(S) _’_p—2§R(S)—§R(U})+1 +p—2§R(s)—4§R(w)+4. (322)

More precisely, it follows from Lemma 2 that for p{ ¢1, the Gauss sum

1 if I =0,
G(xp @) = XW(p)yp ifl=1, (3.23)
0 it >2:,
and for p | q1, p # 2,
1 ifl=0,
G(Xplv(h) =<0 ifl=1orl > 3, (3.24)
—p ifl=2.

Combining the above estimates together yields that for p{2¢; and R(w) > 1,

S PNGOG @) X ) (X e)\ 1
> < -(1 ) (1)

lw pw—1/2 pw—1/2 o p2w—1

_ Lp(w - ;J/JX(ql))

3.25
GQR2w —1) ( )

since (1(p)x %) (p))? = 1. Then we derive from (3.19)~(3.25) that for pt2¢;, R(s) > 1/2, and R(w) > 1,
Lp(w - %7 X(4q1)¢)

(2w —1)
% (1 + O(p—2§R(S) +p—2§R(s)—§)‘E(w)+1 +p—2§R(S)—4§R(w)+4))' (326)

Dl,p(s> w; 41, QZ}? 1[),) =

Now we deduce the first statement of the lemma from (3.18), (3.19), and the above. We can see that the only
pole that is simple in the region given by (3.16) is at w = 3/2, and this occurs when ¢; = 1 and ¢ = 9.
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According to (3.24), we further obtain that when p | ¢, p # 2,

V(PG (xps q1)

2
plw —1— w(p ) 1 + O(p—Qm(w)'f‘l)' (327)

2w—1
1=0 p

It follows from (3.19), (3.22), and (3.27) that for p | ¢1, p # 2, R(s) > 1/2, and R(w) > 1,
Diy(s,w;q1,9,4') = 1+ O(p—za%(w)ﬂ 4 p2R) 4 2RE)—R(w)+1 +p—2§R(s)—4§R(w)+4)

and the finite product
I Drsls,wiqn, v,9) < 2909) < gf. (3.28)
p|2q:

We conclude from (3.18), (3.19), (3.26), and (3.28) that for R(s) > 1/2 + cand R(w) > 1 + ¢,

L) (- §, )
¢2a) (2w — 1)
< (Q1(1 + |w|))max{(3/2—§R(w))/2,0}+a

L(’UJ - %7 ¢X(ql))

<4 cow 1)

D1(57w;Q17¢7¢,) < qi

9

where the last bound follows from (2.5) and the absolute convergence of (~!(2w — 1). This leads to the
estimate in (3.17).

Using the same method, we give a sketch of the proof for Dy(s,w;q1,1,1"). For ®(s) > 1/2 + ¢ and
R(w) > 1+ ¢, we have

D2(37w§Q171/171/1/) = H D2,p(57w;Q17¢7¢,) H D27p(87w;q17¢7¢,)

pi2qu p2q1
< H D2,p(57 w;q1, ¢7 Qﬂ) < qia
p2q:
since (3.23) and (3.24) give that
S~ V) G0gea) _ f1 if pt2a1,
— pH 1— 5%, itplar, p#2,

This completes the proof of the lemma. O

Now applying Lemma 8 with (3.13) and (3.14), we see that (w — 3/2)C/(s,w) is defined in the region

{(s,w): R(s) > ; R(w) > 1, m<s+ ‘2”> > Z}

This, together with (3.7) and (3.9), now implies that (s — 1)(w — 1)(s + w — 3/2) A(s, w) can be extended to
the region

Sy = {(s,w): R(s+2w) > 1, R(s) < ;, R(s+w)>1, R(w—s) > g},

Lith. Math. J., 64(2):210-226, 2024.
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in which the condition R(s + 2w) > 1 coming from S3 is redundant. So
1 3
Sy = {(s,w): R(s) < o R(s+w) >1, Rw—s) > 2}.

We then easily observe that the convex hull of Sy and Sy equals
Ss = {(s,w): R(s +w) > 1}.
Now Lemma 6 gives that (s — 1)(w — 1)(s + w — 3/2) A(s, w) converges absolutely in the region S5.

3.4 Residue of A(s,w)ats =3/2 —w

With the notation as above, we deduce from (3.11), (3.13), (3.14), and Lemma 8 that C'(s,w) has a pole at
w = 3/2 and

Res C(s,w)=4"° Res Di(s,w;1,¢1,10)+ Res Di(s,w;1,¢1,9_1). (3.29)
w=3/2 w=3/2 w=3/2

It follows from Lemma 2 that for p # 2, ¢ = 11, and ¢/ = 1)y or ¢_1,

3 () ()G (X, %) _ 3 G(x1,p™) Y G x> ™)

31/2+2k 2k 31/2+2k
1>0,k>1 p / ° E>1 P 1,k>1 p / °
1 1 o®) = p*yp )
S IFIED SN DAl
2k 2k 3l 3(2k+1)/2
k=1 P k>1 P =1 p p ( d
1 1 1 1\ p %
— Z + Z = <1 + ) ) (3.30)
2k 2k 2
el A e p)l—p==*
Furthermore, we derive from (3.19), (3.21), (3.25), and (3.30) that for p # 2,
e1(p)xM (p) 1\ p
Dl,p(57w;17¢17¢0) = Dl,p(57w;17¢17¢—1) - 1+ pw_1/2 + 1+p 1_p_2s
1 1\ p 2% 1
=1+ pu—1/2 + <1 + p> | 2 =G <w - 2>Qp(s,w), (3.31)
where
1 1 1\ p %
Dl e)lwms/2 = <1 N p“"l/2> <1 T2 T <1 " p> 1 —p‘2s>
1 _
— <1 — p2> (1-p )" (3.32)

For p = 2, D (s, w; 1,41,¢") is given by (3.20). It follows from (3.18)—(3.20), (3.31), and (3.32) that

D1(87w; 1711)171!)0) = C(UJ - ;)Q(va)v
(3.33)

Dl(S,’UJ; 171/1171/1—1) = (1 - 2_2S)C<w - ;)Q(S,UJ),
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where
(1 — 2-(0=1/2))¢(2) 2¢(2s)
Q(s,w)|p=s3/0 = = . (3.34)
ollomsz =" ey |, T a0
We deduce from (3.29), (3.33), and (3.34) that
_ 3 _9 3 2((2s)
=4° 1—27%° = .
e, Cls,w) Q<8’ 2) + )Q<8’ 2> 3¢(2)
Now (3.9), the functional equation (3.10), and the above lead to
2. ql-w F(w_l/z) C(2w—1)
A = A = 2
i A = B = g e ey ()
Setting w = 1/2 + « gives
1 2204—17.[.1/2—041"‘(04) <(20é)
A = 2 . .
2, <8’ 2" O‘) 30150 ¢(2) (3:39)
Note that the functional equation in Lemma 3 for n = 1 implies that
'l —a)
) — 200—1/2 2 1—2a).
C(20) =722 (1~ 20)
This allows us to rewrite e expression (3.35) as
1 (L —a)T(%) ¢(1—2a) 22
Res A(s,  +a)= 2 27 3.36
—oa (s 2 @) NG IN () ¢(2) 6 (330

3.5 Bounding A(s,w) in vertical strips

We will estimate |A(s,w)]| in vertical strips following the arguments in [4]. For the previously defined re-
gions S, we set

5. =550 {(S,w): R(s) > —2, R(w) > ; —5},

where ¢ is a fixed number with 0 < 6 < 1/1000 and S; 5 = {(s,w) + §(1,1), (s,w) € S;}. We further set

p(s,w) = (s—1)(w— 1)<s+w— §>’ p(s,w) =1+ |p(s,w)|.

Observe that p(s,w)A(s,w) is analytic in the regions under our consideration. We apply (2.6) and partial
summation to bound the expression for A(s,w) givenin (3.3) if R(w) > 1/2 and apply the functional equation

to convert the case *(w) < 1/2 back to the case ft(w) > 1/2. This gives that in the region Sp,

pls, w)A(s, w) < (s, w) (1 + |w|) /2R 0+

Lith. Math. J., 64(2):210-226, 2024.
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Similarly, we bound the expression for A(s,w) given in (3.4) to see that in the region S,

p(s,w)A(s, w) < p(s,w)(1+ |s|)max{1/2—§R(s)70}+a‘

Using the above estimates, we apply Lemma 7 to deduce that in the convex hull S, of §0 and S,

Dmax{l/2—§)‘i(w),0}+6( 3+€'

p(s,w)A(s,w) < p(s,w)(1+ |w 1+ |s]) (3.37)

Moreover, using estimates (2.5) for ((s) and ((2w) (corresponding to the case with ¢ = 1 being the trivial
character) to bound A (s, w) given in (3.5), we see that in the region Ss,

A, (57 'LU) < (1 + ‘w‘)max{1/2—§R(2w), (1-R(2w))/2,0}+€ (1 + |$|)1rnax{1/2—§]‘€(s)7 (1-R(s))/2, 0}+€. (3.38)
Also, we deduce from (3.11)—(3.15) and Lemma 8 that
C’(s,w) < (1 i |w|)max{(3/2—§R(w))/2,0}+6 (3.39)

in the region

{(S,w): R(s) > ; +e, R(w) = 1+, B‘E<s+ Z) > Z+5}‘

Now applying (3.2) and the functional equation (3.10) together with estimates (3.38) and (3.39), we obtain
that in the region Sy,

)max{(3/2—§)?(s+w))/2,0}+6( )3—}-5

p(s,w)A(s,w) <<j5(s,w)(1+ |s + wl| 1+ s
< s, w) (1 + [w]) 2 (14 |s) " (3.40)
Finally, we conclude from (3.37), (3.40), and Lemma 7 that in the convex hull §5 of gg and §4,
p(s, w)A(s,w) < p(s,w)(1+ \w\)2+6(1 + \s\)5+€.

Dividing by p(s,w), we obtain the following bound valid in S5 and away from the poles of A(s,w):

2+4¢ (

A(s,w) < (14 Jw]) (1 4 1s])**. (3.41)

3.6 Completing the proof

Using the Mellin inversion on w(n/X), we see that for the function A(s,w) defined in (3.1),

1 1 1
Z L(2)<2 + a, Xn>w<;> = o /A(s, 5 +oz>Xs@(s) ds, (3.42)
2

(n,2)=1

where w is the Mellin transform of w given by

B(s) = / w(t)t it.
0
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Integration by parts renders that for any integer £ > 0,

1

PO 1 se

(3.43)

We shift the line of integration in (3.42) to (s) = 1/2 + . The integral on the new line can be absorbed
into the O-term in (1.3) upon using (3.41) and (3.43). We also encounter two simple poles at s = 1 and
s = 1 — « with the corresponding residues given by (3.8) and (3.36), respectively. Direct computations now
lead to the main terms given in (1.3). This completes the proof of Theorem 1.

4 Proof of Corollary 1

Following the proof of Theorem 1, we derive from (3.9) and (3.10) that for w = 1/2,
Iy _ oy L) _ e r(y) !
A<s,2>— > iz =4 T() Cl1=s 5+, (4.1)
(m,2)=1
with
1 T(X4ma Q)
C<1 =5 Sst 2> - Z 1—syps+1/2°

gm>1 4
(m,2)=1

It follows from (3.11)—(3.15) and Lemma 8 that for R(s) > 1/2 + ¢, the pole of the integrand occurs when
q1 = 1 and v = 1. We derive from (3.13) that at this time,

1\ (1—27%)¢(2 — 2s)
C<1—8,8+2> =((s) - (1-9-2)¢(2) 4.2)

Inserting into (4.1) and using the Mellin formula, we obtain that

> L(2><;Xn>w<;> _ 2;1 /A<3, ;)Xs@(s) ds. 4.3)
@)

(n,2)=1

Similarly, shifting the line of integration to R(s) = 1/2 + £, we will encounter a unique pole s = 1 of
order 2 and deduce the same error term as in Theorem 1. It suffices to estimate the main term. According to
the expansions of Laurent series

6=t rvroe-n. (1) = o,

we see that the residue at s = 1 gives the main term of (4.3). The residue is given by

im 4 (s — 1)2A<s, ;>X%(s).

s—1ds
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We derive from the above, together with (4.1), (4.2), and the Laurent series, that

_d
Qlog X) = Iim | 2

S
_ w(1) v, log3 VT 2(’(0)> w(1) | w'(1)
_6g(2)10gX—|—<4+ 6 +12P,(;) 3 + (4.4)

(s — 1)2A<s, 1)@(3))(8—1

as ((0) = —1/2andI'(1/2) = /=. This gives an explicit expression of ) and finishes the proof of Corollary 1.
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