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Abstract. We prove the existence and uniqueness of solutions to the differential equations of higher order () (s) +
g(s,x(s)) = 0, s € [c,d], satisfying three-point boundary conditions that contain a nonhomogeneous term z(c) = 0,
() =0,2"(c) = 0,..., 2072 (c) = 0, 22 (d) — B2 (5)) = 7, where [ > 3,0 < ¢ < 1 < d, the constants f3,
~ are real numbers, and g : [c,d] x R — R is a continuous function. By using finer bounds on the integral of kernel, the
Banach and Rus fixed point theorems on metric spaces are utilized to prove the existence and uniqueness of a solution to
the problem.
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1 Introduction

To study qualitative and quantitative properties of real-world problems, mathematical models are formulated.
The majority of these models involve the rate of change of the dependent variable in relation to the independent
variable, which results in differential equations under certain conditions. In general, the theory of differential
equations can be found in the study of deflection of curved beams, flow of a viscous fluid, theory of plate
deflection, and many more [1,7, 8]. Because of its importance in theory and applications, there has been a lot
of interest in investigating the existence of solutions to boundary value problems over the past few decades.

In 1988, Gupta [10] proved the existence of solutions for the deformation of a flexible beam with fixed
ends, described by the equation

2B (s) — mla(s) + g(s,z(s)) =e(s), 0<s<1,
! Corresponding author.
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In 2003, Ma [14] studied the existence of multiple positive solutions for the deformation of a flexible beam
with fixed one end and the other one free, described by the equation

@ (s) M (s,2(s),2'(s)), 0<s<1,
2(0) = 2/(0) = 2" (1) = 2" (1) = 0.

In 2019, Li and Gao [13] demonstrated the solvability of deformation of a flexible beam with fixed ends in
the equilibrium state, described by

After that, the researchers studied the existence and uniqueness of solutions to the problems of third order;
see [3,5,17,20,21], and for fourth order, see [4,9,19,22].
In view of these interesting studies, we consider the higher-order differential equation

2 (s) +9(s,z(s)) =0, se€cd], (1.1)
satisfying the nonhomogeneous conditions

z(c)=0, 2'(c)=0, 2'(c)=0, ..., z\"2(c)=0,

1.2
27(d) = B0 () =, "
where | > 3,0 < ¢ < 1 < d, the constants /3, v are real numbers, and g : [¢,d] x R — R is a continuous
function. The results are proved using fixed point theorems based on metrics. This problem generalizes many
problems in the existing literature. Sun [23] and Almuthaybiri et al. [2] studied the third-order problems by
taking [ = 3 in (1.1) and (1.2). Sun et al. [24], Lakoud et al. [12], and Madhubabu et al. [15] addressed the
fourth-order problems (I = 4).

The problem must be well posed to study the real-world problems under specific conditions. If the problem
has a unique solution with given conditions, then several techniques can be used to verify the “well-posedness”
of problem [26].

We now suppose that the following conditions are satisfied:

(A1) the constants ¢ and d satisfy (d — ¢)/(n — ¢) # 3, and
(A2) |g(s,z) — g(s,2)| < Nz — z| forall (s,z),(s,2) € [e,d] x R, where A is a Lipschitz constant.

The paper is organized as follows. In Section 2, we obtain the solution of (1.1)—(1.2) by transforming it as
a related integral equation that contains a kernel and then establish the estimates of kernels under integration.
In Section 3, we establish the results on the existence of a unique solution to problem (1.1)—(1.2) using Banach
and Rus fixed point theorems and also provide some examples.

2 Preliminary findings
We obtain the solution of (1.1) and (1.2) by writing the related equivalent integral equation involving a kernel.

After that, we determine finer estimations of kernels under integration.
Let¥ € C([c,d],R). Then we obtain a unique solution to the problem

2O (s)+0(s) =0, seled], (2.1)

with conditions specified in (1.2).
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Lemma 1. (See [16,25].) If condition (A1) holds, then the unique solution to equations (2.1) and (1.2) is given

by
d
o1
z(s) = s AC) + /R(S,@)W(@) de,
where
o a\-1
Ris.0) = M(5,0)+ "~ N0,
e = GO e<o<s<ad,
M(Sy 9) — (S—C)l;l(d—e) ’
(I=1)!(d—c) c<s<0<d,
e, e<o<n<d,
N(,0) =4 t-cya-o)
(d—c) c<n<0<Ld,
and

A=(1-D[(d-¢c)—Bn—c)] #0.
Proof. The integral equation corresponding to (2.1) is

2(s) = Po+ Pis+ Pys” + P3s® + -+ + Pps' 2 + P_ys'!
S

0 _11)! /(5 —0) 1w () d,

C

where Fy, P1, P>, ..., P, are constants. Using conditions (1.2), we obtain the following equations:

Py+ Pic+ ch2 + -+ Pl_lcl—l =0,
P1 + 2P20—|— 3P362 + . 4+ (l _ 2)Pl_26l—3 + (l B 1)Pl—1cl_2 _ 07
9Py + 6Psc+ -+ (1—2)( — 3)Procd ™ + (1 = 1)(I — 2)P_1d =3 = 0,

(=21 =B)P—2+ ({1 —-1d—-Bn)P -1 =T,

where
d

n
r= ’y+/(d— ) (0) de—ﬂ/(n— 0)¥ () do.

C

Solving the above, we get

r Ca-
U=)d—c—Bn—c] 257 1

P =(-1)"21-2)(1-1)d"2P_, Py=(-1)"tdtp_,.

(-1 -2)

Py = o1

2
CPI—17 Pl—3 = - c Pl—17

Lith. Math. J., 64(1):53-66, 2024.

(2.2)

(2.3)

(2.4)
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Substituting these values into (2.4), we have

1‘(8) = Z |:Sl_1 + (l ; 1) ,sl_2c 4+ (_1)1—2(l _ 2)(l _ 1)Scl_2 + (_1)l—lcl—1:|

s

/ (s — 0)~1w(6) A

/d 0)do — ,6’/77 0)¥ ] 1_11) /8(8—9)"1517(0)@

[

(-1

S—C

d
=0 (=o' d=o) =B -0+ B0 -] [,
= AT ) - Bl ) /(d 0)w(6) do

c
S

s—cl g
/ 0)do — 1_11)! /(s—e)l—lme)de

C

d d
s—c)1 s—c)1 s—c)ftm—c
_ A) +(l(_l)!(zi_c)/(d—9)£l7(9)d0+ﬁ( (d)_c)(z )/(d—H)W(H)dH

C

U]
o
s—c /|:s—clld 0) (3—9)1—1

[—1) (1—1)!

s —ef /M39 @ a0+ [ N 0wy a0

S_C /R89

To prove the uniqueness of the solution, let v be another solution of (2.1) and (1.2). Take z(s) = x(s)—u(s).
Then

20(s)=0, seled, (2.5)
2(e)=0, () =0, 2'(c)=0, ..., 2@ =0 2@ -pDm) =0 (2.6
The solution to (2.5) is
2(s) = Qo+ Q15+ Qas” + Q38 + -+ + Qi
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where Qg, @1, @2, - . ., Q; are constants. Using conditions (2.6), it can be expressed as PQ) = O, where

1 ¢ & - =t
01 2 --- (1—1)c2
P=10 0 1 - (I-1)(1-2)3
00 0 - (d—pyp)l—1)
Q=[Q @ Q - Q-]", and O=[0 0 0 -+ 0]".
Since the determinant of P, 1 - 2! - (I =3)!- (I —2)!A4, is nonzero, the system PQ = O has a trivial

solution only, and hence z(s) =0 for all s € [¢,d]. The proof is complete. O

Remark 1. Differentiating Eq. (2.2) with respect to s up to [ times yields an equivalent boundary value problem
(2.1) and (1.2).

Lemma 2. For all s,0 € [c, d), the kernel M(s,0) is nonnegative.
Proof.  The positivity of M(s, #) is proved using simple algebraic computations. [

Lemma 3. The kernel M(s, 0) satisfies the integral inequality

d
IS VR
/M(s,@) dé < (t=1) llzl(d °) forall s € [c,d]. (2.7)

[

Proof. Consider

\
| |

1 o (-1 (1 —1)I(d — ¢)

(=M d=02  (s—0)]" [ (5= d—0)?2]"
[ (1—1)12(d — ) Jrl(l—l)!L%_[_ (l—l)!Z(d—c)}

_G-9d=0 _(s—0)

/[ l_ c)- 1d 9)_(S—e)l_l]d9+j(8—c)l_l(d—9)d9

s

2(1 - 1) I

Let D(s) = (s — ) d —¢)/(2(1 = 1)) — (s — ¢)!/I!. Then the maximum value of ®(s) is attained at
= (d—¢)(I — 1)/2 + ¢ by application of results from the fundamental calculus and is given by

[(s —o) N d—-¢) (s—-c) (1—1D1d = ¢)

2(1 —1)! ! B 12! ’

max ¢(s) = max
s€[e,d] s€(c,d]

which gives inequality (2.7). O
Lemma 4. The kernel N (1, 0) satisfies the integral inequality

d

/|N(77,9)| df < ;(d—c)z.

[

Lith. Math. J., 64(1):53-66, 2024.
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Proof.  We have

d

/\ (n.0 \de_/wn, |d9+/wn, )| 6
1"
n

(0 —)(d—n)
JO S o+

\&

'd9+ ‘(n—C)(d—@‘de

(d—¢)

(n—c)(d—0)
(d-c) dé

d\& =

C

o Rt R

1

= —od-m < [d—o’ O

Lemma 5. The kernel R (s, 0) satisfies the integral inequality

d

(1 —1)-1 Bl(d = ¢)
/\R(Sﬁ)\ df < (d - C)l[ ne T 0d—e) - Bl — C)I}

[

Proof. 'We have

N1
/\Rse\de_/‘/vlse SAC) N(n,e)‘de

</\M (s,0) \d9+'

|N (n,0)|do

(l—l)l Hd—o) |, 1BI(d~ ) (d—c)?
s 12! * Y 2

:(d_c)l[(l_l)l_1+ ‘/8|(d_c) :| 0O

n2 T a—1eld—c) - sm—oll
The following Banach and Rus fixed point theorems are crucial in demonstrating our results.

Theorem 1. (See [6].) Let p be a metric on a nonempty set H, and suppose that the pair (H, p) constitutes
a complete metric space. If G : H — H satisfies the inequality

p(Gz,Gz) < Bp(z, 2)
forall x,z € H, where 0 < 3 < 1, then G has a unique fixed point x* € H, that is, such that Gz*=x".

Theorem 2. (See [18].) Let p and 6 be two metrics on a nonempty set H, and suppose the pair (H, p) con-
stitutes a complete metric space. Suppose G : H — H is a continuous function with respect to the metric p
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on H and satisfies the following inequalities for x,z € H:

p(Gx,Gz) < Yé(x,z), whereY >0, (2.8)
and
0(Gz,Gz) < ko(z,2), where) < k < 1. (2.9)

Then G has a unique fixed point x* € H, that is, such that Gx*=x"*.

3 Main results depending on metrics

Let H be the set of all continuous real-valued functions on [c, d]|. Define the metric p on H by

p(x,z) = max ‘a:(s) - z(s)‘, (3.1)
s€[e,d]

d 1/p
oz, z) = (/ |2(s) —z(s)‘pds> , p>1,

and let

for x,z € H. Then we can see that the ordered pair (H, p) is a complete metric space, and the ordered pair
(H, ) is a metric space. It is clear that the useful relationship between the two metrics p and 0 is given by

§(z,2) < (d—c)YPp(x,z) forallz,z € H. (3.2)

Define the operator G : H — H by
-1 ¢
Gz(s) = (s =) + /R(s,@)g(@,x(@)) df forall s € [¢,d],

where the kernel R (s, 6) is given in (2.3).
Note that z is a solution of (1.1)—(1.2) if and only if it satisfies

d
2(s) = (s —A o)t T / R(s5,0)g(0,2(8)) df forall s € [c,d]. (3.3)

Theorem 3. Suppose conditions (A1) and (A2) are satisfied. If ¢ and d satisfy the inequality

[—-1)t 16(d — ¢) 1
d—c) ( <, 3.4
e A (PRI B G4
then problem (1.1)—(1.2) admits a unique solution.
Proof.  For establishing the uniqueness of solution to the boundary value problem (1.1)—(1.2), the operator ¢
has a unique fixed point z* € H, that is, Gz* = z*. Such a fixed point will also lie in C))([¢, d]), as we can
directly see by differentiating the integral equation (3.3).

Lith. Math. J., 64(1):53-66, 2024.
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Forall z,z € H and s € [c, d], using (A2), we obtain

(s—c)l_1 ;

d
S—cC =
Gals) — Ga(s)| = |79 +/R(s,9)g(9,x(e))de—” B —/R(s,e)g(e,z(e)) do

A

C

d
</wuamuﬂaxw»—gwanwe

d d
gA/\R(s,e)Hx(e)—z(e)\degA/\R(s,e)\p(a:,z)de

(i — 1y 1B1(d— o
gA“‘@ﬂ 2! *u—nmw—a—gm—ad“%”

From this it follows that

p(Gz,Gz) < Yp(z, 2),

where

n2 - 1)2ld—c) - B - o)

By applying (3.4) we can see that 77 < 1, and thus the operator GG satisfies the conditions of Theorem 1.
This shows that the operator G has a unique fixed point and is a solution of (1.1)—(1.2).

T:A(d_c)l[(l_l)l_l ‘B|(d_c) :|

In accordance with Rus’ theorem, we employ two metrics to establish the uniqueness of (1.1)—(1.2).

Theorem 4. Suppose that conditions (A1) and (A2) are satisfied. If two constants p > 1 and q > 1 satisfy
1/p+1/g=1and

d

d p/q 1/p
)\(/ (/\R(S,H)Pde) ds> <1, (3.5)

C

then problem (1.1)—(1.2) admits a unique solution.

Proof.  For establishing the uniqueness of solution to the boundary value problem (1.1)—(1.2), the operator G
has a unique fixed point z* € H, that is, such that Gz* = z*. Such a fixed point will also lie in C)([c, d]), as
we can directly see by differentiating the integral equation (3.3). First, we demonstrate that (2.8) of Theorem 2
holds.

Using (A2) and Holder’s inequality [11], for all x, z € H and s € [c, d], we obtain

d
|Gz(s) — Gz(s)| < / (R (s,0)|]g(0,2(0)) — g(6,2(0))|do

c
d

< / IR(s,0)|\|2(6) — =(6)| d6

[
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d 1/q d 1/p
< </|R(s,9)|qd9> A</|x(9)—z(9)\pd9>
1/q

d

< A\ max (/ |R(s,9)‘qd9> o(x, z).
s€[e,d]

d 1/p
Y = \ max (/ \R(s,e))\ch) :
s€[e,d]

p(Gx,Gz) < Yd(x,z) forsomeY > Oandforallz,z € H, (3.6)

Now we define

‘We conclude that

and so inequality (2.8) of Theorem 2 is satisfied. Now applying inequality (3.2) to (3.6), we get
p(Gx,Gz) < Yo(x,2) < Y(d—)YPp(x,z) forallz,z € H.
Thus, for any given ¢ > 0, we can take 2 = ¢/(Y(d — ¢)'/P) such that p(z,z) < 2, which implies that

p(Gz,Gz) < e. Hence the operator G is continuous on H with respect to the metric p given in (3.1).
Now we show that inequality (2.9) of Theorem 2 is satisfied. For all z, 2 € H and for s € [c, d], we obtain

d 1/p
</‘G$(s) —Gz(s)‘pds>
d d 1/q d I/pqp \1/p
< (/ [(/\R(s,e)r]de) A(/\x(e)—z(e)V’de) ] ds>

C

d , d pla \1/p
gA(/( \R(s,e))\ch) ds> §(z, 2),

Cc c

and so we conclude

d , d pla \1/p
(Gz,Gz) < A(/ </|R(s,9)‘qd9> ds) 0(z,z) = kKé(x, z),

where
d

mzA(/ (/dm(s,e)\qde)p/qu)l/p.

[

By applying (3.5) we can see that x < 1, and, consequently, the operator GG satisfies all of the conditions of
Theorem 2. This shows that the operator G has only one fixed point, which is a solution of (1.1)—-(1.2). O

Examples are provided to support our established results.

Lith. Math. J., 64(1):53-66, 2024.
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Example 1. Consider the third-order differential equation

1
"+ 9% +s%* =0, sell,2], (3.7
with
/ / 1 / 3
z(1)=0, 2'(1)=0, x'(2) — 2 o) = 0. (3.8)

Clearly, A = 2![(d — ¢) — B(n — ¢)] = 3/2 # 0. Then

dg(s,xz)| |1 <1
or 28]
and
" G- 1 1 1
4= 1y Loy pip—at] =4 =0 <

Hence by Theorem 3 problem (3.7)—(3.8) has a unique solution.
To determine the numerical solution of the above problem, from Eq. (3.7) we obtain

2"(1) = —e® and 2W(1) = —4¢?.

Therefore the Taylor series solution is

" 1 2 2
w5)=F M52 so1p = € s 1)t
6 6
Using the condition z'(2) — 2/(3/2)/2 = 0, we get
17
" 1) = 2.
Hence
7 o , € 5 ¢ 4
= S22 = (s—1)3 =T (s — 1)L
w(s) = 1re(s =17 =S (5= 1P = (s = 1)

The graph of the solution x is displayed in Fig. 1.

Figure 1.
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Example 2. Consider the fourth-order differential equation

2@ 466> + 2+ cosz =0, sel0,1],
with

Clearly, A = 3![(d — ¢) — B(n — ¢)] = 3 # 0. Then

‘ag(s,aj)

=sinx < 1.
ox =

For convenience, taking p = 2 and ¢ = 2, by algebraic computations we obtain

1
2 2 5 14 4
= 1—
/\R(s,e)\ 0= &+ 511 -9,
0

1 1
2 43

— % —0.022751
/(/\R(s,e)\ d@) ds 1890 0.022751,
0 0
1,1 1/2 .

(/ </|R(s,9)|2d9> ds) = 0150834346 < .
0

0

and so

Hence by Theorem 4 problem (3.9)—(3.10) has a unique solution.
To determine the numerical solution of the above problem, from Eq. (3.9) we obtain

W) = -7
Therefore the Taylor series solution is
20 5 T,
x(s) = 6 5 948

Using the condition z”(1) — 2”(1/2) = 0, we get

49
"
0)=__.
Hence
_ 49 5 T4
x(s) = 1085 ~ 95

The graph of the solution x is displayed in Fig. 2.

63

(3.9

(3.10)

Remark 2. The Rus theorem has two metrics that are not necessarily equal. The space in the Rus theorem is
considered to be complete with respect to the first of these metrics but not necessarily complete with respect
to the second one. In addition, the operator is assumed to be contractive concerning the second metric. Hence
the Rus theorem applies to a wider class of problems even though the interval length is large when compared

to the Banach theorem.

Lith. Math. J., 64(1):53-66, 2024.
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x(s)

Figure 2.

Let us consider an example illustrating Remark 2.

Example 3. Consider the third-order differential equation

X

n
x +
352

+e¥st=0, se(1,3], (3.11)
with

2(0)=0, #'(0)=0, a/(3)— 2/(2)=0. (3.12)

Clearly, A = 2![(d — ¢) — B(n — ¢)] = 7/2 # 0. Then

dg(s,x) 1
ox 352 T
and
18I(d —¢)

1
(d‘c)g{w T uld—c) - B - o)

Therefore Theorem 3 is not applicable to problem (3.11)—(3.12).
For Theorem 4, taking p = 2 and ¢ = 2, by algebraic computations we obtain

26 1
= 2% 19238005 > ..
] 21 -\

3

/\R(s,e)\zdez

1

1

17
Lossao® 1)°(605s% — 46755 + 9362) +

18" 45+ 3)",

3

3
9 1492
= = (.22
/</|R(s,9)| d9ds> 6615 0.22555,
1

1

3,3 1/2
(/ (/\R(S,H)Fde)ds) = 0.474921 < i
1

1

and so

Hence by Theorem 4 problem (3.11)—(3.12) has a unique solution.
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