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Abstract. We consider a spatial functional linear regression, where a scalar response is related to a square-integrable
spatial functional process. We use a smoothing spline estimator for the functional slope parameter and establish a finite
sample bound for variance of this estimator. Then we give the optimal bound of the prediction error under mixing spatial
dependence. Finally, we illustrate our results by simulations and by an application to ozone pollution forecasting at
nonvisited sites.
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1 Introduction

Functional data analysis (FDA) is a field that brings together statistical methods allowing us to process data
that are digitized points of curves representing, for example, the evolution of random phenomena over time. It
has had, over the last two decades, an extensive development which allowed the introduction of methods well
suited for the analysis of large and complex data with a space and/or time-dynamic component that abound
in a number of disciplines, such as environmental sciences, neuroimaging, and genomic, epidemiology, hy-
drology. In these domains, we are often interested in studying relationships between a real-valued response
variable and an explanatory variable of functional nature. Since the seminal paper of [17] on a functional lin-
ear model with a scalar response, several types of functional linear models have been developed for different
purposes. Estimation of the slope function is a crucial issue, which has been addressed in different ways in the
literature: [12] described and compared estimation procedures based on partial least squares, ridge regression,
and principal component regression, [5] introduced an estimator based on principal components analysis, [6]
proposed an estimator based on B-spline expansion of the functional coefficient, whereas [9] prolonged this
work by using a smoothing splines approach, [19] used a Fourier basis expansion under the assumption that
the slope function and the explanatory variable are periodic, and [8] proposed a thresholded projection esti-
mator with tuning parameter selected by minimizing a stochastic penalized contrast function. Another tackled
problem is that of prediction of the response given an unsampled value of the explanatory variable, but it is
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related to the previous estimation problem since prediction is usually achieved by replacing the slope func-
tion by its estimator in the model. The optimal mean-square convergence rates of predictor were determined
in [4] and [9] for estimators of the slope function based, respectively, on principal component analysis and
on a smoothing spline approach. All these works consider the case where the sample consists of independent
observations of the involved variables. However, in a number of disciplines, such as environmental sciences,
agronomy, or mining, the data have an inherent spatial component in addition to their functional nature. An
example in meteorological sciences is provided by long time series of meteorological variables recorded at
each point of a monitoring network [14]. In this case the observations are no more independent but are rather
spatially dependent. Spatial statistics is a field that has emerged over the last ten years to analyze this kind
of data by assuming specific dependence structures in the data, and as it was pointed out in [14], it includes
methods that use FDA methods to model spatial big data, including functional data. Nevertheless, less atten-
tion has been paid to functional linear regression with spatially dependent data. There are some researches
on functional spatial linear prediction using kriging methods (see, e.g., [1,2, 13, 14,15, 16], and [21]). Spatial
autoregressive functional models were considered in [22,23]. Prediction based on spatial linear regression
model with derivatives is tackled in [3], and the used methodology for determining this prediction is based on
the moment method combined with the one of regularization by two sequences decreasing to zero. However,
the theoretical rate of convergence of its prediction error is not optimal. It then highlights the interest of con-
sidering another method that would allow us to obtain the optimal prediction rate. In this paper, we consider
the following spatial functional linear regression model:

Y= ﬁ0+/ﬁ Hdt+e, i€Zy=1{1,...,n}% d>1, (1.1)

where Y; is an R-valued random variable, 3y is an unknown constant, X; is a random function belonging
to the space F = L2([0, 1]) of square-integrable functions endowed with seminorm, 3 is an unknown func-
tion representing the slope function, and ¢; is a centered random spatial noise, independent of X;j and with
known variance 2. This model is just an extension of the usual functional linear regression model to the case
of spatially dependent data, observed on a grid Z,, of points in Z¢ and with a specified dependence struc-
ture. We are ﬁrst interested in estimation of 3y and § by using a smoothing spline approach as in [9], when
Cov (e, eJ) = o2 exp(—al/i—j||2), where a is some known positive constant, and ||||2 stands for the Euclidean
norm on Z¢ (see [11]). We then obtain the convergence rate for the resulting estimator B of 3 in a specified L?
sense. Next, we are interested in prediction at a non-visited site, computed from the aforementioned estima-
tors and we obtain an optimal convergence rate for the resulting predictor. The rest of the paper is organized as
follows. Section 2 presents the spline estimator that will be used. Assumptions and main results, namely the
convergence rates for the proposed estimator and predictor, are stated in Section 3. A simulation study is given
in Section 4, whereas an application to ozone pollution forecasting at a nonvisited site is given in Section 5.
The proofs of the main results are postponed to Section 6.

2 Smoothing spline estimation of a slope function

In this section, we give an estimator of 5 in (1.1) by using an approach similar to that of [9]. Since this proce-
dure of estimation does not take into account the nature of the dependence of the data, we obtain an estimator
that has the same form than that of [9]. We assume that the random functions Xj are observed at p equidis-
tant points t1,...,t, € I := [0,1] with t; = j/p forall j = 1,...,p. By using the lexicographic order we
rewrite the sample as {(Xm Kl)}1<2<nd PutY = (Y11 Y,...,Y; ,—Y)", where uT denotes the transposed
of u, and Y = (1/n9) Ze , Y,, and consider the n? x p matrix X with general term Xj, (t;) — X (t;) for
i=1,...,n% j=1,...,p. Let P,,, be a p x p projection matrix projecting into the linear space F,, defined
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m
F,, = {Z = (21,...,Zp)T S RP\Z] = Zeﬁft?_lv J=1....p, eﬁ,ﬂ € R}’

=1
where the 0 ¢ satisfy

P m 2 . 9
Z [ﬁ(tj) - 295,€t§_1] — , min Z [ _ Zeft§_1] .
=1 —

j=1 17 7m .

Let D(t) = (Di(t),. .., Dy(t))" be a functional basis of the p-dimensional linear space NS™(t1,...,t,) of
natural splines of order 2m with knots at ¢, ..., t,, and let D be the p x p matrix with general term D;(¢;) for
i,7 =1,...,p. We consider two p X p matrices B,,, and A, defined by

B,, = D(D'D)~ [ / D" ()" dt] (D™D)"'DT,
where D™ (1) = (D™ (¢), ..., D™ ()T with Dj(.m) (t) standing for the mth derivative of the spline func-
tion D;(t) forj = 1,. ..,p,and

A, =P,, +pB,..

Then the estimator B of (3 is obtained by computing the least-squares linear estimator of the coefficients of B
introduced in (2.2) with respect to the spline basis and is given by

A(t)=D()T(DTD)'DTB @2.1)
with
3 1 L or - T
B= | X X+pA, XY, (2.2)
n® \ n
where p > 0 is a smoothing parameter. For estlmatmg the intercept [y, we take 60 =Y — <§ , X)), where

= {X(t), t € [0,1]} with X(t) = (1/n? )Ze 1 Xi, (1), (-, ) denotes the usual 1nnerpr0duct of L?([0,1]),
and ||| is its associated norm.
3 Assumptions and main results

In this section, we first introduce the assumptions needed to obtain the main results of the paper and then
theorems that give the rate of convergence of the estimator 3 and also that of the prediction at a nonvisited site.
3.1 Assumptions

ASSUMPTION 1. /3 is m times differentiable, and 3(™) belongs to L([0, 1]).

ASSUMPTION 2. There exists x €]0, 1] such that for every d; > 0, there exists a constant C'; > 0 such that for
all (t,s) € [0,1)%,

P(|X(t)— X(s)| < Cilt —s") = 1—6y.

Lith. Math. J., 63(1):13-30, 2023.
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ASSUMPTION 3. For Cy € R* and all » € N*, there exist an 7-dimensional linear subspace £, of L%([0,1])
and ¢ €]0, 1] such that

E(J}élﬁfr sup | X(t) ~ f(t)\2) < Cor™24.

ASSUMPTION 4. Forall £ = 1,2, ... and all i;, i;€ 7y,
E((X;, — E(X), ()(Xi, — E(X), ¢)) = A ([lii — ij]l2) and ¥,(0) =1,

where 3"/ )\;/ ! < o, > es1 A¥e(t) = g(t), and g and ¥, are known R -valued decreasing functions such
that °5°, t¥~1g(t) < oo. In addition, for any (j,¢) € N*such that j # ¢, we have

Cs

CE((X B, ) E((X —B(X), &),

Var(nld > (X, — E(X), ¢)(Xi, — E(X), Cz>> <
i=1

where 0 < C3 < 00, and {(; } jen- is a complete orthonormal system of eigenfunctions of the operator I" from
L?(]0,1]) to itself defined by

1
I'u:=E((u, X —E(X))(X —E(X))) =E (/ (X(t) = E(X)(t))u(t) dt(X — E(X))) :
0
each (; being associated with the jth largest eigenvalue \;, and E(X) = {E(X)(¢), t € [0, 1]}.
Assumptions 1-4 are technical conditions similar to those considered in [9]. If X is an almost surely

R;-times continuously differentiable random function that for all R3 > 0, satisfies

E( sup | X (#) —X<R1>(s)|2> < C'RY 3.1)

|t—8‘<R3

for some Ry =0,1,2,...,0 < ¢ < 1,0 < C’" < oo. Then by the Jackson inequality we have the inequality

P
inf Y (X(t) = f(t)))" < 7 sup XU (1) — XU ()|

feL. e [t—s|<1/7

2

with probability 1 for some 0 < C” < +oo. Here £, is the space of all polynomials of order r on [0, 1].
So if Assumption 2 is replaced by relation (3.1) with R; = 0, then Assumption 3 holds. Besides, even if X
is not smooth, Assumption 3 may yet be satisfied for a large value of ¢, for instance, by Brownian motions.
Assumption 4 is satisfied when A;; = (X;, —E(X), ¢;) and A;; = (Xj, —E(X), {¢) are independent for j # ¢,
and {/A;;,i; € Zn}, j > 1 are stationary Gaussian random fields such that E(A;;Ay;) = A\¥;(|[i; — ix||2) (see
the assumptions of Proposition 8 in [18]). Two examples of correlation functions that satisfy the first condition
of Assumption 4 are:

* The powered exponential model

bo
W;(t) = exp [—(;) ] with sg;l) b; < oo,
j iz

where 0 < by < 2, and b;, j > 1 are some positive constants;
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¢ The Matern class

t
%@:fm( )
bj
where v is a positive constant, and the modified Bessel function K, decays monotonically and approxi-
matively exponentially fast.

So,if j > £ (i.e., )\? < A\jAp) and @ # k, then from Example 8 of [18] we have

Wj—l—Wg B

Cov(Aij A, Ay Are) = N30 + N30y + A\ (Y205 + N2%0,) /2y + Ao

A\ Y2 A\ Y2 30, + W
<A§[We-<@e+<>\j> wj><1+;> ]+AW J2 ¢
4 4

< 3%; WEE[(X —E(X), GV ]E[(X —E(X), ¢\,

where ¥; = W;(||i; — ix||2).

ASSUMPTION 5. || Xj|| < My almost surely, where M5 is some strictly positive constant. Moreover, the pro-
cess {Z; = (X;,Y3), i € Z7} is strongly polynomially mixing, that is, a1 oo(n) = O(n™%) — 0 asn — +oo
for some 6 > 0, where

a100(n) = sup{a(a(Zi),FH), iezt Hcz, 5(H, {1}) > n}, (3.2)

a being the «-mixing coefficient given, for two sub-c-algebras U and V of A, by olU,V) =
sup{|P(AN B) —P(A)P(B)|, AU, B €V}, Fg = 0(Z;, i€ H), and the distance 0 is defined for any
subsets Hy and Hy of Z¢ by 6(Hy, Hy) = min{|[i—j||2, i € Hy, j € Hy} with |[i—j|l2 = [Zzzl(ik—jk)2]1/2
for i, j in Z<.

The a-mixing condition in Assumption 5 is a classical assumption. As pointed out in [18, p. 1540], the
a-mixing condition is suitable if we need more delicate results. Here it is needed to establish the optimal rate
of the prediction error at a nonvisited site: it is the main difference between this work and [9], where for d = 1,
it is assumed that X,,41 is independent of X1, ..., X,,. The boundedness in Assumption 5 has already been
made in some works (see, e.g., [20]). Here we need it for obtaining the following relation:

E[(X;, — E(X), ¢)'] SAMZE[(X;, — B(X), &) ] = 4M2x,.

Details on the importance of this boundedness are given in the proof of Theorem 2. However, this boundedness
can be relaxed by a moment assumption, that is,

E[|X°] < M,
so by the Cauchy—Schwarz inequality we have
(X5, = B(X). ¢ [I; = B[(XG, — B(X), ¢)']

{E[<X10 — E(X), C£>2}}1/2{E[<Xi0 ~E(X), <€>6] }1/2

<
<NHE[ X, - B[P} = o(0?).

We will then obtain the same result by assuming that Zzzof )\é/ ® < +oo.

Lith. Math. J., 63(1):13-30, 2023.
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3.2 Main results

We consider the seminorm ||-|| - defined by
lull = (Pu,u), we L*((0,1]),

and the discretized empirical seminorm defined for any u € RP? as

1
lal? = uT<
fhp p

1

p XTX> u
nep

The following theorem gives a bound of the variance of the estimator. In this theorem, E, refers to the condi-

tional expectation given Xj,, ..., Xj ,.

Theorem 1. Under Assumptions 1 and 5, for all p > p—2md if the eigenvalues Ay 1 > Ap2 = -+ 2 A p 2 0
of 1/(np) X X satisfy Y37, 1 Aej < C 17720 with C >0, ¢ > 0, and 1 := |p~ 1/ @mA20+1) | then

EE(HB — Ee(,@)Hiw) < ncd (m + Lp—l/(2m+2q+1)J (24C- Co)),

where Cy > 0, ¢ > 0, and || is the integer part of x.

Remark 1. Let P, be a p X p projection matrix projecting onto the r-dimensional subspace L, ,, defined as
Lrp={2€RP|z=(f(t1),...,f(tp))T, f € L.}, and let I, denote the p x p identity matrix. Since

nd P

p
. 1 T 1 . 2
- < — XX | = X. (t.) — X(t;) — .
j:%url Az,j < 171)1f Tr((Ip P’“)ndp > ndp ;:1 flélcfr 2 (X, (t)) (t;) = f(t;))",

by Assumption 3 for any d; > 0, there exists Cs, > 0 such that

p
P( Z )‘957]' < 0517“_2q> = 1-— (51.

j=r+1

Besides, the difficulty encountered in the proof of this theorem is to bound Z;Lil joti Cov(e,, €, ), which is not
the case in the independent data case considered in [9]. For solving that, we consider an exponential covariance
model. However, others spatial covariance models can be used, for instance, Matérn’s spatial covariance model
or Gaussian covariance model.

Using Theorem 1 and arguing as in [9], we obtain the following:

Corollary 1. Let the assumptions of Theorem 1 together with Assumptions 2—4 be satisfied. Moreover, suppose
that np=2¢ = O(1), p — 0, and 1/(n%p) — 0 as n,p — co. Then we have

HB_ ﬂl!% _ Op(p—i— (ndpl/(2m+2q+1))—1 +n—d(2q+1)/2)'

Next, we give a bound for prediction error at a nonvisited site iy such that 6({ig},Z,) > [n*¥?|. It is
sufficient to choose 6 large for doing the prediction at any nonvisited site. We consider the prediction ffig
and the “theoretical” prediction Y;* at a nonvisited site ip € Z% such that (Xj,, Y;,) has the same distribution
as (X,Y). In fact,

07

Yio = Bo+ (5, Xi,) and Yy = fo + (B, Xi,).

We give a bound of the prediction error between ?ig and Y;" in the following theorem.
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Theorem 2. Suppose that assumptions of Corollary 1 hold with oy o(u) = O(u™0), 0 > d. If2q > 1,

p ~ n~d@m+20+0)/@mA2042) 4y is chosen sufficiently large compared to n®, then

E[(Vi, — V' P] = O(n=d@m+20+)/@m+20+2))

Remark 2.

(1) If d = 1, we obtain the same rate as that obtained in [9]. In this sense, this work is an extension from
i.i.d. data to the dependent functional times series. The O (n~4(2m+2¢+1)/(2m+24+2)) g the optimal
rate of convergence of the prediction error when the predictor is a spatially dependent random function
and the response is a spatial scalar variable, whereas [3] obtained a rate that may be quite close to
O(+/log n/n?). This work can be easily extended to the spatial grid

{i=(ir,...,ig) €24 |1 <, <mp, k=1,...,d}.

(1) If Yl: is replaced by Yj,, then we obtain
E[(Y, - Yi,)’] = E[(Y;, - ¥5)*] + 07 - 2B[a, (Yi, - ¥i)] < 2{E[(%, - ¥3)*] + 07}

4 A simulation study

In this section, we present the results of simulations made to evaluate the performances of the proposed method
for prediction in model (1.1). We compute the prediction errors from simulated spatial data in Z2. Using the
lexicographic order, we generate a sample {(Xj,, Y3,) fi<s<(nt6)> as follows: we consider the 19th first ele-
ments By, ..., Big of the Fourier basis. For k = 1,...,19, we generate a vector (&, , - - - ,51("%)2 1) T using
the R functlon rtmvnorm, which uses the smgular Value decomposition to simulate truncated Gaussian vectors
with mean 0 and the (n + 6)% x (n + 6)? covariance matrix X! with general term 2}] = Cov (&, ks &y k) =
Ak exp(—alli; — ij||2), where @ = 1, 200, A, = 1 for k = 1,...,19, and A\, = 0 for & > 20. The trun-
cation limit is taken as the square [0, 1](”+6)2. Then the components of this vector are a-mixing dependent
(see [7]). Notice that when a = 200, there is approximately no spatial autocorrelation between the compo-
nents. The process {51 k»1i € Z%} is said to be strongly correlated when @ = 1. For £ = 1,...,(n + 6),
we take Xj,(t) = Y32, &, xBr(t), where {By.} is defined by By(t) = v/2sin((t — 1/2)k:7r/2) when k is
even and Bk( ) = v2cos((t — 1/2)(k — 1)7/2) when k is odd. Considering 366 equispaced points into
[0,1], we compute each Yj, by approximating the integral in the spatial functional linear regression model
(SFLR) defined in (1.1) by the rectangular method. That gives Y;, = (1/365) 2365 B(tj) X, (t;) + €,, where
tj = j/365,j =1,...,p = 365, the vector (€;,,...,€ ,)" is generated by using the R function mvrnorm,
which simulates a vector from a normal distribution N (0 o2 X1, and B(t) = [sin(27t3)]? is the true function.
Our sample is split into two following subsamples:

e asample (X;,,Y;, )i, ic € {1,...,n}%, 0 =1,. , is used to compute the estimator B of B;
e asample (X(; ;y, Y(; ). (4, ]) e{n+1,....n + 6} x {1,...,n}, is used to compute the prediction
error between i;(n+k7j) and Y(;,, 1, ;) at the nonvisited sites (n + k,j), k=1,...,6andj=1,...,n

The estimator 3 of 5 in model (1.1) is computed from formulas (2.1) and (2.2) with m = 2 (cubic smoothing
splines), and p is obtained from the generalized cross validation given by

S (%, - %3,)?
GCV(p) = =1\ :
()= 20— n=2Tr(H,))’
where
Hy= X[ | X"™X +pA, )X
n n“p

Lith. Math. J., 63(1):13-30, 2023.
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Table 1. The mean and standard deviation of MSEP based on 100 replications.

a=1 a = 200
Oe n? Model m sd m sd
0.1 25 SFLR 0.0349 0.0035 0.0267 0.0027
SFLRD 0.0303 0.0030 0.0216 0.0022
100 SFLR 0.0281 0.0028 0.0280 0.0028
SFLRD 0.0122 0.0012 0.0110 0.0011
225 SFLR 0.0240 0.0024 0.0280 0.0028

SFLRD 0.0113 0.0011 0.0109 0.0011

We assess performance of our method through calculation of the mean squared error of predictions (MSEP):

n 6
1 o~
MSEP = 6n E E (Yintr,j) —Y(n+ku'>)2’
7=1 k=1

where Y(,, 1}, ) is the prediction of Y(,, ., ;) at the nonvisited sites (n + k,j), k= 1,...,6andj =1,...,n
We take n = 5,10, 15, o = 0.1, and a = 1, 200 over 100 replications, and we compare the prediction errors
obtained by the proposed approach in this paper with that obtained from the spatial functional linear regression
model with derivatives (SFLRD) studied in [3]. Especially, we write the SFLRD as

1 1
Z/%(t) dt+/72 t)dt + e,
0 0

where ; and - are two functions to estimate, X 1’ stands for the first derivative of Xj, and is computed from
the function “fdata.deriv”’ of the R fda package. “The estimate (71, 72) of the pair (fyl ,¥2) is obtained from
the moment method combined with the regularization sequences approach allowing us to inverse empirical
covariance operators (see [3]). These regularization sequences w and ¢ are obtained from the cross-validation
based on the evaluation of the mean standard error of prediction (CVMSEP):

CVMSEP(w,¢) =, Z (v, =V (w,0))%,

1

where Y( )(w, ¢) denotes the prediction of Yj, for a given (w, ¢), calculated without the /th observation
(X i, Yi ) For each of both these methods, the values of the regularization sequences or penalty parameter are
given for any fixed o, n?, and a. The mean m and the standard deviation sd of MSEP are calculated over 100
replications with dlfferent values of o, n2, and a. The obtained results are presented in Table 1.

Table 1 reveals that as the sample size increases, the prediction errors from both models decrease. This
means that our prediction method can well fit to the spatial functional linear regression model. Moreover,
in both these models with fixed n (i.e., n? = 100,225) and o. = 0.1, the prediction errors of strongly
autocorrelated processes (i.e., a = 1) are similar to those approximately nonautocorrelated (i.e., a = 200).
Finally, for all sample sizes (n? = 25, 100, 225), the prediction errors are similar for both models.

S Application to ozone pollution forecasting at the nonvisited sites

In this section, we apply our methodology to predict the level of ozone pollution at the nonvisited sites
of California state. For that, we consider the data available on internet site https://www.epa.gov/
outdoor—-air—-quality-data.
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Figure 1. Ozone pollution data: daily ozone concentration at the 35 stations (left and top), daily ozone concentration at the first
station (right and top), smoothed and raw of daily ozone concentration data at the first station (left and down), ozone pollution level
(right and down).

The explanatory functional variables
{quv (t), t=1,...,100, s; = (Latitude, Longitude);, i =1, ... ,51}

correspond to the measurements of ozone concentration obtained for the p = 100 first days, from 1 January
2021 to 12 April 2021 on each of n? = 51 sites. The response variables

{Y:s,” s; = (Latitude, Longitude);, i = 1,... ,35}

correspond to the measurements of ozone concentration obtained on 13 April 2021 on each of 35 first stations.
For evaluating the performances of our method, we yet compare it to that of SFRD defined in the previous
section. So from both methodologies we predict

{Ysi, s; = (Latitude, Longitude);, i = 36, . .. ,51},

which correspond to the measurements of ozone concentration obtained on 13 April 2021 on 16 other sites
assumed nonvisited at this date. In what follows, we illustrate our data by graphics (see Fig. 1).

In these graphics, we see that these data correspond to our study. In what follows, we present the results of
our study.

Both graphics in Fig. 2 present a small difference confirmed by computation (see Table 2) of the prediction
error (PE) given by

51
=36

We see a very minor advantage for prediction obtained from the SFLR model studied in this paper.

Lith. Math. J., 63(1):13-30, 2023.
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Figure 2. Predicted values of ozone concentration, from SLFR (left) and SLFRD (right), versus the measured values.

Table 2. Prediction error computed from both methods.
SFLR (nbasis = 7, p = 0.09) SFLRD (w = 0.01, ¢ = 0.11)
Prediction error (PE) 0.0282 0.038

6 Conclusions

In this paper, we proposed to study asymptotic properties of a prediction at nonvisited site computed from
a smoothing spline estimator of the slope function in a spatial functional linear regression model, where a scalar
response is related to a square-integrable spatial functional process. The originality of the proposed method is
that we consider spatially dependent data. We established the optimal convergence rate of the estimation and
prediction errors when the considered processes are stationary isotropic. The simulation study and application
to ozone pollution revealed that the proposed prediction fits well with the spatial functional linear regression
model. Besides, the SFLR method produces equivalent predictions with the SFLRD method for the large
sample sizes. However, the presented methodology in this paper has a minor advantage over the SFLRD
method, since its theoretical rate of convergence is better than that given in [3]. We can see the proposed
methodology as a good alternative to [9] when available data are spatially dependent and support model (1.1).

7 Proofs

7.1 Preliminary lemmas

Letting

-1
M= L XTX + pA,, L xrx , (7.1)
nip ndp

we have the following:



On estimation and prediction in spatial model 23

Lemma 1. Let Assumption 1 be satisfied. If p > n=2"4 gnd the eigenvalues \p1 > Mg = -+ = Mg p = 0 of

1/(np) X" X satisfy Y20_. | Aoy < Cr 2 with C >0, q > 0, and r := [p _1/(2m+2q+1)J, then

Tr(M?) < Te(M) < (m+ [p /@20t | (24 C- (),
where Tr () stands for the matrix trace.

Proof.  Since A,, is a symmetric nonnegative ma}tr21x its has a square root, denoted by A} L2 , which is also
a symmetric nonnegative matrix. Denoting by A,,,;’~ the inverse of AW{ and by I, the p x p 1dent1ty matrix,
we have

1

-1
M = A;}/2< L ALPXTXAN? 4 p1p> < i A;}/2XTX>.
np nwp

Then from the spectral decomposition

1

d

P
" pA;nl/2XTXA;J1/2 = Z,ug upty

where 41y are the nonnegative eigenvalues, and {uy }1<¢<, is an orthonormal basis of R” consisting of eigen-
vectors, it follows that

P D p
_ Hk 1/2 _ He —1/2. T Al/2
M= ugu upuy AL/ A wpuy A7
;:; kX::l foe p ’ S Hetp " e
Therefore, since Tr( ;,lﬂuzu;fAl/ ) = (ugTAl/2 ;7,1/21%) = Tr(uf ug) = 1, we deduce that Tr(M) =

SF . we/ (e + p). Finally,

PP
Tr(MQ):Tr<ZZ< pe >< Hk >A;11/2u£uguku;£A%2>
1

=1k pe+p) \ i+ p
p 2 p
:Z< e ) < Hoe — Tr(M).
= \He+p = Hetp

On the other hand, from a reasoning similar to the proof of Theorem 1 in [9] (see from (6.1) to the end of the
proof) we get Tr(M) < (m + |p~1/@m+2a+1) (2 4 C - Cp)), ending the proof. O

The following lemma will be useful for proving Theorem 2. Its proof is is similar to that of Lemma 1
in [10, p. 871].

Lemma 2. Assume that (3.2) holds. Let L,.(A) be the class of A-measurable random functions X satisfying

| Xl = (B(|X|")/" < +o0. Let, s, h be positive constants such that r—* 4+ s~ +h~ = 1. Then for any
X € L,(B(S)) andY € L(B(S")), we have

1/h
[E(XY) = ECOE(Y)| < 101X Y lo{ar.00 (305, ) }™
The following three lemmas will also be useful in the proofs of Theorems 1 and 2.

Lith. Math. J., 63(1):13-30, 2023.
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Lemma 3. Let the assumptions of Theorem 1 together with Assumptions 2 and 3 be satisfied. If n%p

O(1), p—= 0, and 1/(n%p) — 0, as n,p — oo, then we have

15 =Bl = 0p(1) and ||B|I* = Op(1).
Proof.  The proof of this lemma is done in two steps:
. AT~
(i) (1/p)B B = 0,(1);
PN ~T~
(i) 181> = (1/p)B Bl = Op(1/p).
The proof of (ii) is very similar to that of Theorem 2 in [9, p. 59], and we have

—~ 1~T~ 1 p_2“ 1
2 _
‘Hﬁ” - pﬂ 5‘ =0p <p <1 + p + nd p2m+2q+2)/(2m+2+1) >>

It remains to prove (i). We have

1 ~T~
pﬂTﬂ<A+B+C,
where
31 1 o1 T - T
A="8"  X™X( | XTX+pA,, L XTxp,
nwp
3 7 T - T
B= o d'X( o XXk pAn ) X1,
3 7 T - T
C—ndpeX XX+ pAy, de €,
where
d=(d—d,...,dp —d)"
with
1 L 1 L
dg = / BOX;, (t)dt— > Bt Xy, (L),  d= / BHX () At — Y Bt;) X (t)),
0 ! 0 Pim
and

d
1 n
e= (6, —¢ ..., 6, -l withe= ndzeif'
=1
By a reasoning similar to that in Theorem 2 in [9, p. 24] we get
3 p—2li
AL BY™B=0(1) and B= 0,,( )
p p
Finally, putting

1 1 -2
= X XX 4+ pA,, | X7,
ndp ndp

—2K
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we have
3 3 3 oL
E(C) = "jEe(€"Ze) = > Zull(r)) + > > SuB(nm),
i=1 i=1 j=1
J#i
where 7; = ¢;, — €. From (7.2) we have
3 _ 9 6K _ 6K 1 1
nd Z:ZZE(TZ) < nd Tr(Z) < nd Tr[(pAn) '] = O<ndp>'
i=1

Note that = = ¥ X1, where

1

~ Vndp

1 -1
z X( P XTX+pAm> :
np

Then

nd

1 1.
< 9 Z (S5 + Z?k) = 2(:% + Zj5),
k=1

> Tk

k=1

—
= =
|“7«]|_

and using (7.4) we obtain

3 n? n? 3 n? n? 3 n? nd
a2 D EBmm)| < D Y ISIEEm)] < Y Za )y | [B(n)|
=1 j=1 =1 j=1 =1 7=1
G#i J#i J#i
3K, _ 3K, _ 1
< nd Tr(Z) < nd Tr[(pAn) '] :O<ndp>.

Therefore

17 R
,B,B:Op<1+p + d>.
p p nlp

So from (i) and (ii) we deduce that ||3]|* = O,(1) and ||B— BI> =0,(1). O

nd 2
1 1
<nd;€ie> _O<nd>'

Lemma 4. We have

E

Proof.  We have

1 nd 2 1 nd 1 nd nd
2
E (nd 6i£> ] = 2 E E(eik)—'_nQd E E Cov(e;,, ;)
(=1 =1 i=1 j=1
J#i
2 2 nd nd
o o .. 1
= n; + n26d g E exp(—alli; — ij]l2) = O(nd>. O
i=1 j=1
JFi
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Lemma 5. Under Assumptions 4 and 5, we have

Blllx - EC0)* = 0( 1 ).

Proof.  From Assumptions 4 and 5 we have

[HX E( X [n2d Z HXM - EX n2d Z ) Xi, — E(X)>
£
:O< ) o ZZE — B(X), Ge) (X, — E(X), )]
ij=1k>1
i#£]
= O<;d> + nlzd 0> ([l — ),
i%;:jlk%

and thus

el 0] < g+ S S =0 ),

k>1

where K; and K are some positive constants. O

7.2 Proof of Theorem 1
Putting

1

1 —1
XTx XX +pA,, | XT,
ndp ndp

-1
@:X< }1 XTX+pAm> <
np

we have

~ —~ 1 1 1 —1
BB~ B, ) = B e X( i, XTX 4 08

1 -1
x < }l XTX>< P XTX+pAm> XT6>
np n

n2d <Z@”E —I—ZZ@Z']'E(TZ'T]')>,

i=1 j=1
J#i

. d . .
where 7; = ¢;, — e withe = n—d Z;‘:l €;,. We deduce from the stationarity and Lemma 4 that

E(r7) <2[0? +E(¢*)] < K<1 i ! > (7.2)

nd
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where K is a positive constant. Clearly, Z?:dl 6;; = Tr(0) = n’p Tr(M?), where M is defined in (7.1).

Then from Lemma 1 it follows that
Z O < np(m + p~V/EMTIN (2 4 - ().

Then from (7.2) and (7.3) we deduce that

1 & K( 1 o
n2dp g OiE(r?) < nd <1 + nd) (m+p YEmt2atl) (g 4 C- Co)),

On the other hand,

1
E(i7j) = E(e,61,) — nd = ZE €1,€5, ) — nd ZE(Gijfik) + E(e2).
k=1

k;éz k;«:éj

Then from Lemma 4 we obtain [E(7;7;)| < |[E(e;,€;,)| + K1/n and
nd
> |E(mim) Z |E(ei,61,)| + K1 < Ko,

Jj=1
JF#i J#Z

where K and K are positive constants. Note that © = F2, where

-1
F = (ndp)_1/2X<n}leTX e Am) X5
then
nd 1 1
6:;] = ZFikaj < 9 (F +Fij) = 2(@ii + 655),
k=1 k=1
and putting

n2d Z Z O;;E(7iT)),

=1 j=1
JF

we deduce from this inequality and from (7.3) and (7.4) that

1 n? nd
n2dp ZZ 163 [B(ri7;)| < n2dp Z@“’ Z [E(7i7))]
i=1 =1

=1 j5=1 = =1
J#i J#i

< n2d Z Oi <, (m+p /B2t (24 O Cy)).

Lith. Math. J., 63(1):13-30, 2023.

(7.3)

(7.4)



28 S. Bouka, S. Dabo-Niang, and G.M. Nkiet

7.3 Proof of Theorem 2
Since By = E(Y) — (8,E(X)) and By = Y — (B, X), we have

i;io - Y;: =Y - E(Y) - <//B\7 X _E(X)> + <//B\_/87 Xio - E(X)>7
and thus
E[(Vi, — Y7 ] <4E[(Y —E(Y))'] +4E[(3, X - E(X))’]

+2E[(B - 8, X, — E(X))].
However, from Lemmas 3 and 5 we have
E[<E, X — E(X))z] =0(n™%),
and from Lemmas 4 and 5 we have
E[(Y —E(Y))] < 2E() + 2E[(8, X —E(X))*] = O(n™9).
Besides, we have
B =E[(B -8, Xi, - B(X))’]

_ ZE[(B— B, P (Xi, —E(X), )]

j=1
+> BB -8, G)(B - B, ()(Xi, — B(X), G){(Xi, — B(X), ()]
J#e
= DB + Bs.

On the one hand,

B =3 Cov((B -8, G, (Xi, —E(X), GY)
Jj=1
2

+ B - 8 GRE((X, — BCY), GF)

Jjz1

= B3 + Bj.

Since Xj, has the same distribution as that of X, from Assumption 4 we have

By =Y E((B -8, GP)E(X, — E(X), ¢)')

j=1
<B—ﬁ, > NG ®<j<5—ﬁ>>

Jjz1

_E =E[(B- 8, (B~ P))]
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where ® stands for the tensor product defined by (f ® g)(h) = (f,h)g. From Lemmas 2 and 3 with
d({io}, Zn) = Ln4d/ej we have

By = Zcov(<§— 8, G (X, — E(X), ;YY)

KZH B =5, G (|16, = B, G ly{on e (5( {0}, Za)) }
St L)

j>1

where K and K are positive constants. On the other hand, from Lemmas 2 and 3 with §({i},Z,) > [n*%?|
and Assumption 4 we have

By =" Cov((B =5, ) (B =B, &) (Xi, — B(X), ¢){(Xs, — B(X), ()
J#e
S K2 (B =8, G)B = B, ¢l | (X, — B0, ¢)(Xi, — B, ¢l
J#L

x {00 (6({i0}, Za)) }*
S (Bl - B0, 6F VB, ~ B0, 6 1 =0 L)
j#L

where K5 and K3 are positive constants. It follows that

E[(F, - ¥if ) < 28(15 - 813+ 0( 1, )
Applying Corollary 1 with 2¢ > 1, p ~ n~4m+2a+1)/(2m+24+2) e obtain the result of Theorem 2.
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