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On the closure under infinitely divisible distribution roots
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Abstract. For some y > 0, we show that the distribution class (L(y) NOS)\ S(7) is not closed under infinitely divisible
distribution roots, that is, we provide examples showing that some infinitely divisible distributions belong to this class
but their corresponding Lévy distributions do not. To this end, we explore the structural properties of some distribution
classes, give a positive conclusion to the Embrechts—Goldie conjecture, and study some properties of a transformation
from a heavy-tailed distribution to a light-tailed one.
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1 Introduction and main results

In this paper, unless otherwise stated, we assume that all distributions are supported on [0, co).
Let H be an infinitely divisible distribution with the Laplace transform

[e.e]

/e—Ay H(dy) = e~ Jo (=) v(dy) -~ Re ) >0,
0—

where a > 0, and v is the Lévy measure satisfying u = v(o0) = v((1,00)) < oo and fol yv(dy) < oo, which
generates the Lévy distribution

_ v((1,2]) x x € (—00, 00
" l(l,oo)(x) - M 1(1,00)( )7 6( ) )

Then the distribution H admits the representation H = H; * H», the convolution of two distributions H;
and Ho, where Hy(z) = 1 — Hy(z) = O(e=P%) for all 8 > 0, and

[e.e]
B F*k(x),uk
Hy(x) =e# E w0 ¥ € (—00,00).
k=0
! Corresponding author.
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See, for example, Feller [11, pp. 450 and 571], Embrechts et al. [10], or Sato [16, Chap. 4]. Here H is
called the compound Poisson distribution generated by a Lévy distribution and a certain Poisson distribution
as a special compound distribution or compound convolution.

If an infinitely divisible distribution in a certain distribution class can deduce its Lévy distribution belonging
to the same class as well, then the class is said to be closed under infinitely divisible distribution roots. On the
contrary, if the Lévy distribution in a certain distribution class can deduce its infinitely divisible distribution
belonging to the same class as well, then the class is said to be closed under infinitely divisible distribution. For
the recent results on the latter, see, for example, Watanabe [22] and Cui et al. [7]. In this paper, we study the
former. Clearly, the research of this subject is closely related to distribution classes. Therefore we introduce
some notions and notations of the commonly used distribution classes.

Here and thereafter, all limit relations refer to x — oo without a special statement. Let two functions g;
and go be eventually positive. For i # j, i,j = 1,2, we denote g; ; = limsup g;(z)/g;(z). Then g;(z) =
O(g;(x)) means that g; ; < oo, g;(x) =< gj(x) means that g; ; < 00, g;; < 00, gi(x) S gj(z) means that
gij < 1, g1(z) ~ g2(x) means that g 2 = go1 = 1, and g;(x) = o(g;(z)) means that g; ; = 0.

We say that a distribution F' belongs to the distribution class £(~) for some v > 0 if F'(x) > 0 for all z
and if

F(zx —t) ~e"F(x)

for each t. In this definition, if v > 0 and the distribution F' is lattice, then = and ¢ should be restricted to
values in the lattice span; see Bertoin and Doney [1, Def. 1].
Further, if a distribution F belongs to the class £(v), m(F) = [, ¢ F(dy) < oo, and

F*2(x) ~ 2m(F)F(x),

then we say that /" belongs to the distribution class S(7).

In particular, the classes £ = £(0) and S = S(0) are called the long-tailed distribution class and the
subexponential distribution class, respectively. Note that the requirement F' € £ is not needed in the definition
of the class S. See Chistyakov [4, Lemma 2].

The class S(vy) was introduced by Chistyakov [4] for v = 0 and by Chover et al. [5, 6] for v > 0. More-
over, the class U,>0L(7) is properly contained in the distribution class O£ introduced by Shimura and Watan-
abe [18] as follows.

We say that a distribution F' belongs to the distribution class OL, if for each (or, equivalently, for some)

t#£0,

F
C(F,t) := limsup ; < 00.

We also say that a distribution F' belongs to the distribution class OS introduced by Kliippelberg [14] if

F*Q({L’)

C*(F) := limsup < 0.

F(z)

The closure under infinitely divisible distribution roots has been proved for the class S(7); see Embrechts
et al. [10] for v = 0 and Sgibnev [17], Pakes [15], and Watanabe [20] for v > 0. In addition, Watanabe
and Yamamuro [23] show that the class OS is closed under infinitely divisible distribution roots if the Lévy
distribution F is infinitely divisible. Thus the following interesting problem naturally arises:

* Does H € L(v) imply F € L(v)?
To clarify this issue, we might firstly answer the following problem:

* Does Hy € L(7y) imply F' € L(7)?
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For the class £(7), the latter problem on closure under compound convolution roots is a natural extension of
the famous Embrechts—Goldie conjecture on closure of the class £(-y) under convolution roots [8,9]:

o If F*F € £(7) for some (even for all) k > 2, then F' € L(7).

Thus we call the above-mentioned two problems the generalized Embrechts—Goldie problems.

It is known that the class S is closed under convolution root; see Embrechts et al. [10]. So does the class
S(7) for some v > 0 if the distribution F' € L(7); see Embrechts and Goldie [9]. However, if F' ¢ L(v)
for some v > 0, then the conclusion does not hold; see Watanabe [21]. Earlier, Shimura and Watanabe [19]
showed that there is a distribution F such that F*? € £(v) for some v > 0, whereas F' € OL \ (U,>0L(y) U
OS). Therefore the Embrechts—Goldie conjecture for & = 2 is not valid.

Moreover, Shimura and Watanabe [18] show that in general the class OS is not closed under infinitely
divisible distribution roots. For the classes (LN OS)\ S and £\ OS, Xu et al. [24] give a negative answers to
the Embrechts—Goldie conjecture for all £ > 2 and the above-mentioned two generalized Embrechts—Goldie
problems in the case v = 0. In this paper, we are mostly interested in the case v > 0.

We will further see that the method used by Xu et al. [24] in the case v = 0 cannot be directly used in the
case v > 0. Thus, for the classes (L(y) N OS) \ S(v), we need to find a new method with more technical
details to provide negative answers to the Embrechts—Goldie conjecture in the case of v > 0 and £ > 2 and
the two generalized Embrechts—Goldie problems.

Theorem 1. Let v > 0. There exists a Lévy distribution F such that F' € OL\ (L(v)UOS) with m(F) < oo,
whereas the corresponding infinitely divisible distribution H with m(H) < oo and F** for all k > 2 are in
the class (L(y) N OS) \ S(v), and

0 21 20+1
e m(H) ) <(51)! ot 1)!) (m(F%))

=1

< liminf H{z) < lim sup H(z)
F*Q(ﬂc) F*Q(x)
o 201 20\ -1 . X
<o Mm(H) ) <(2’;_ ot (’2‘1)!> ST (m(F2)(CH(F?) —m(F2) T @

=1 i=0

These results complement the corresponding results of Embrechts et al. [10], Sgibnev [17], Pakes [15],
Watanabe [20], and Watanabe and Yamamuro [23]. To prove these results, we also found some useful methods
and interesting conclusions.

We prove Theorem 1 in Section 5. To this end, we give some structural properties of the class £(~y) for some
v = 0, as preliminary results, in Sections 2 and 3, which include the closure under random convolution and the
convolution roots for the class. In particular, we give a positive answer to the Embrechts—Goldie conjecture
under two conditions, which are proved to be necessary in a certain sense; see Theorem 6 and Remark 5. In
Section 4, we study a transformation from heavy-tailed distributions to light-tailed distributions, by which we
can get many needed distributions.

2 On the closure under random convolution

First, we provide the following lemma, which, together with Remark 1 below, is one of the keys to prove the
main results in this section and has its own independent interest.

Lith. Math. J., 62(2):259-287, 2022.
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Lemma 1. Let v > 0, and let Fy and F, be two distributions such that Fy x Fy € L(v). For everyi = 1,2,
assume that either

F’Z. _
lim inf (z—1) > e foreacht >0 2.1
Fi(x)
or
Fi(z) = o(Fy * F(z)). (2.2)
Then, for the same 1,
|Fi(z —t) — " Fy(z)| = o(Fy * Fa(x)) foreacht > 0. (2.3)

Further, let F be a distribution such that F*" € L(v) for some n > 2. If for everyk =1,...,n — 1,

Fk(z —t)

> e foreacht >0, 2.4)

lim inf

then, for the same k,
|F*h(z — t) — " F*(z)| = o(F*"(z)) foreacht > 0. (2.5)
Proof. Conclusions (2.3) and (2.5) with v = 0 follow from Theorem 2.1 (1) in Xu et al. [24]. Clearly, they are
valid for v > 0 under condition (2.2), and (2.5) is directly implied by (2.3) with F} = F *k and Fy = Fx(n—k)

fork=1,...,n —1and n > 2. Therefore we only need to prove (2.3) for v > 0 under condition (2.1).
Firstly, fori = 1and j =2 or? = 2 and j = 1, we prove that

Jo_ Fi(x —t —y) — "' Fi(z — y) Fj(dy)

lim limsu =0 2.6
V—00 p o Fz(aj) ( )
and
U Fi(x—t—vy)—e"Fi(x —y) Fi(d
lim lim inf Jo- B ) (@=y) Fildy) _ 0. (2.7)

V—00 F1 *Fg(l‘)

For some v > 0 and all x > v + ¢, using integration by parts to the integrals f:f__tt_v Fi(x —t—y) F5(dy) and
[ . Fi(z —y) F>(dy) in the second equation below, we have

r—t—v

Py« Fy(x —t) = Fo(x —t) + (/ /)le—t— y) F(dy)
— G Fy# Fale) + Pale — 1) + / (Fue—t—y) - " Fy(a - y)) Fa(dy)
0—

r—t T

+ / Fi(z — t — ) Fy(dy) — " Fy(z) — e / Fi(z - y) Fa(dy)

r—t—v r—t—v
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v

:e’YtFl*Fg(x)—i—/(Fg(x—t—y)—e'YtFQ(:L’—y))Fl(dy)

0—
v+t r—t—v

o / Fy(x — y) Fu(dy) + / (Fi(z —t—y) — " Fi(z — ) Fa(dy)
0—

v

+ (Fi(v) — " Fi(v+1)) Fa(x —t —v)

> Uy« Byfa) + [ (e~ t=9) =" Ba(o - ) A
0—
— (" = 1) Rz —v—-t)F(v) + / (Fl(m —t—y)—e"F(x— y)) Fy(dy)
0—
= Ii(x) + Ix(z,v) — I3(x,v) + Li(z,v). (2.8)

Now we deal with I3(z,v). By Fy * F5 € L(y) and (2.1), using Fatou’s lemma, we have

Fy * Fy(x) N Fiy+« Fy(x —v— t)e_“’(”H) > ;[;Ztl} 5__;55_1)t e Fy(dy)

Fy(x —v—1t)F(v) Fo(x —v—t)Fi(v) 7 e+t By (v)
N W 0=k (Fy (v — kt) — Fy (v — kt + 1))
- eV tt) By (v)
v/t
B [v/ ]e—’y(k-i-l)t Fi(v—Fkt) Fi(v—Fkt+t)
=1 Fl(’U—k‘t—Ft)—l Fl(U)

et —1) =00 asv — oo.

2V
Nk

b
Il
—

Thus
I
lim lim sup alz.v) (2.9)
v—00 Fy * Fy(x)

Then we deal with I5(z,v) and I4(x,v). According to condition (2.1), we know that for any € > 0, there is
a constant vg = vo(F1, Fz,€) > 0 such that for v > vg and = > 2v + ¢,

Iy(z,v) A Iy(x,v) > (—E/Fg(a: ) Fl(dy)> A (—E/Fl(a: —v) Fg(dg))

0— 0—
> —eF) x Fy(x), (2.10)
where a A b = min{a, b}. Thus, on the one hand,
I
lim limint 20 5 @2.11)
V00 Fy % Fg(l‘)
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On the other hand, by (2.8), F} x Fy € L(), (2.9), and (2.10) we have

I Fy « F —t)—1T I — I
lim limsup 2(2,) < lim limsup 1By =) = L@, v) + Iy(w,v) = La(w,v)
V—00 Fy % Fz(gj) V—>00 Fy % Fg(ﬂj‘)
<e (2.12)

According to (2.11), (2.12), and the arbitrariness of ¢, we get (2.6) and (2.7) with ¢ = 2 and 5 = 1. Similarly,
we have (2.6) and (2.7) fori = 1 and j = 2.

Secondly, we only need to prove (2.3) with ¢ = 1. To this end, we first prove that

Fi(zr—t)— e Fi(z)

Fy % Fy(x) =0. (2.13)

lim inf
Assume that, on the contrary, by (2.1) there exists a constant C' = C'(F}, Fy,t,7) > 0 such that

Fi(z —t)—e"Fi(z)

> C. 2.14
Fl*Fg(l‘) ( )

lim inf

Then (2.7), (2.14), Fatou’s lemma, and F * F, € L(7) lead to the following contradiction:

0= lim liminf [y (Fi(z —t—y) — "Fi(z —y)) Fa(dy)

v—00 Fy * Fy(x)
v
Fi(z —t—y) —e"F(z — Fy + Fy(z —
> lim [ liminf 1 y) — e Fi(r —y) liminf " L 2z =) Fy(dy)
v—00 Fy x Fy(x —y) Fy x Fy(x)
0—
[o¢]
> C/ew Fy(dy) > 0.
0—
Therefore (2.13) holds. Next, we prove that
Fi(z —t) —e"F
limsup T1F ~H — TR (2.15)

Fy x Fy(x)
By (2.6), (2.13), and F} x F» € L(), using Fatou’s lemma, we have

t 2t v
i T Fi(z =2t —y) — 2" Fi(z — y))
0= lim limsup (0[+t/+2[> Py + Fy(2) Iy (dy)
[P (2 — 2t — y) — YE (2 — 2t)) Fa(dy)
F1 * Fg(ﬂj‘)
. [P liminf Y (Fy ((z — y) — (2t — ) — "V Ey (2 — y)) Fo(dy)
F1 * Fg(ﬂj‘)

> lim sup
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+ lim ( / /)ew lim inf Fif(z —y) = 20) =B (e —y) Fy(dy)

S Fy+ Fy(x — )
0— 2t
Fi(x — 2t —y) — WF (z — 2t)) F:
s / o =2 — y) — E (@ — 2)) Fa(dy)

F1 * Fg(l‘)
t

JEF (@ = 3t) = (y = 1) = @D Py (z - 31))
Fy * Fo(x — 3t)

. [P (R ((x — 2t) — t) — " Fy (z — 2t))

limsup Fy # Fy(x — 21)

> liminf Fy(dy)

Fy(dy)

Fi((z—2t) —t) — " Fi(x — 2t)

(2.16)
Fy * Fy(x — 2t)

2t
>e /ew F5(dy) lim sup
t

Thus (2.15) follows from (2.16). Combining (2.15) with (2.13) yields (2.3) with: = 1. O

Remark 1.

(i) Ify=0orF; € L(v),i = 1,2, for some v > 0, then condition (2.1) is obviously satisfied. In addition,
there are many distributions F; ¢ L(v), i = 1,2, such that (2.1) holds and F} x F, € L(7); see, for
example, Proposition 1.

(i1) On the one hand, according to Proposition 1, condition (2.1) does not imply condition (2.2). On the
other hand, according to Theorem 3.1 of Shimura and Watanabe [19], condition (2.2) does not imply
condition (2.1).

Now we give a result on closure of the class £(~y) under convolution.

Theorem 2. For any n > 2, let F;, 1 < i < n, be distributions, where F,, € L(vy) for some ~y > 0. Further,
assume that (2.1) and the following condmon are satisfied:

|Fi(z —t) — " Fy(z)| = o(Fy(z)) foreacht>0and1 <i<n-—1. (2.17)
Then Fy, % ---x Fy, x F, € L(y) foralll <Il<n—1land1 <iy <---<i<n-—1

Proof. We first prove that Fj, * F}, € L(y). Foreacht > 0 and any 0 < € < 1, since F}, € L(v), there is
a constant vg = vo(F,t) > 2t large enough such that for all v > vy,

|Fa(v) — " Fy(v + 1) < eFp(v+1t). (2.18)
Thus

T—t—v

/ ‘Fn(a:—t—y)—e'th |F]1 dy)

0—
T—t—v

<e / Fp(z —t—y) Fj,(dy) < e}, x F(z —t). (2.19)

0—

Lith. Math. J., 62(2):259-287, 2022.
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Further, when = > 2v + ¢, by the third equation in (2.8) with 7 = F}, and Iy = Fj , integration by parts of
the integral fvert "' F, (z — y) F,.(dy), (2.19), and (2.18) we have

v

Fj « Fp(x —t) = eij1 * B (x) + / (Fj1 (r—t—y)— eij1 (x — y)) F,(dy)

0—
v+t

+ (Fn(v) — " Fy(v+ t))Fj1 (x—t—v)—e" / Fj (x—y)F,(dy)

v
r—t—v

s [ (Fale == 9) = Pl — ) By

0—
v

< Foa)+ [ (B @t 9) = "B (o~ ) Faldy)
0—

+eFj, x Fp(z —t) + (Fo(v) — ' Fp(v+ 1)) Fj(z — t — v)

—"Fj (z —v)(Fo(v) — Fu(v +1))

< o)+ [ (B @t ) = "o = ) Faldy)
0—

+eFj, « Fp(x —t) + (Fn(v) — " Fy (v + t))Fj1 (x —t—w)

+e"Fj (z —v)Fu(v +1)
v

<O Fofa) + [ (B @t 9) =P o = ) Faldy)
0—

+ eFj * Fo(z —t) + (e + ) E,(v + ) Fj, (z — t —v) (2.20)
and
Fj1 * Fn(l‘ - t) > e’YtFJi * Fn(l‘) + / (Fjl(x —t— y) - e’YtF]ﬁ(aj - y)) Fn(dy)
0—
— el % Fy(z —t) — (e + ) E,(v)Fy, (. — t — ). (2.21)

Using (2.17), we have

/‘Fjl(l‘—t—y) _e’YtFﬁ(x_y)‘Fn(dy)
0—

(2

— o( /Fn(x — ) Fn(dy)> = o< /eW Fn(dy)Fn(az)> = o(F}, * F,,()). (2.22)
0—
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By Fatou’s lemma, (2.1), and F,, € L(7) we have

F: x F,
lim liminf i * (@)
vooo z—oo [ (v)Fj (v —t —v)
Fj (z—y)
fzv oy Fnldy) 2V E(d
> liminf lim inf v+t Fj (z—t—v) — liminf fv—i—t n( y)
o Fu) B 00 (0
o S 008, 0 )~ Bkt
Z ) By (o)
[t=1—1]
= e 7 lim evkt (e—ykt B e—fy(k+1)t)
V— 00
k=1
=e " lim [or —1](1—e7) = oo, (223)

V—00

Clearly, we also have

F. «F,
lim lim inf i Fn(@) — 0. (2.24)
v—00 Fo(v+t)Fj(x —t—wv)

Combining (2.19)—(2.24) and the arbitrariness of €, we get that F}j, * F}, € L(7).
Finally, using induction, if F}j, *- - - Fj,_ *F, € L(y)forsome2 < [ < n—1, then F}j *- - -xFj xF,, € L(7)
by (2.17) and

|quz (x—1t)— e”’tFjl (az)‘ = o(Fn(az)) = o(Fj1 s’k Fy ok Fn(m))
foreacht > 0. O

Remark 2. For n = 2 and some v > 0, Theorem 3 of Embrechts and Goldie [8] states the following result
on the closure of the class £(y) under convolution. Let F5, € L(). Then F' = Fy x 5 € L(v) if either

(i) F1 € L(v) or (ii) Fi(x) = o(F»(x)). For the latter, more generally, if F,, € L(~y) for some n > 2 and
Fi(z) = o(Fy(z)) foreachl <i<n-—1, (2.25)

then F} * --- x F,, € L(7). Clearly, (2.17) is implied by (2.25) and F,, € L(~). Therefore the theorem is
a slight extension of Theorem 3 in Embrechts and Goldie [8]. However, as Remark 1(ii) points out, the inverse
implication not always holds.

Based on Theorem 2, we obtain the following result.

Corollary 1. For some n > 2, F** € L(7) forall k > n + 1 if F*™ € L(v) for some v > 0 and either of the
following two cases is true:

(i) lminf T ") S 0t foreacht > 0, (2.26)
F(z)
and
|F(z —t)— " F(z)| = o(F*(x)) foreacht > 0; (2.27)
(ii) F(z) = o(F*(z)). (2.28)

Lith. Math. J., 62(2):259-287, 2022.
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Proof.  Using the method of induction, we only need to prove that F*("+1) ¢ £(~).
In case (i), since F*"* € L(), it follows that for each ¢ > 0,

Frn(x —t)
Pwn(m)

lim inf > and |F*(z —t) — ' F(z)| = o(F(x)).

Further, by (2.26), (2.27), and Theorem 2 we have that F*("*1) = F s F*" ¢ L(7).
In case (ii), we first prove the following result: if condition (2.28) is satisfied, then

Fh(z) = o(F**+D(z)) forall k > 1. (2.29)
Indeed, according to (2.28) and the induction hypothesis, for any € > 0, there is a constant x; > 0 such that

F(z) <eF*2(z) and F*k-1(z) <eF*k(x) forz > xy.

An integration by parts of the integral f;_zk " k=) (x — y) F(dy) yields

F*k(z) = F(z) + ( + )F*(k—1>(a; — ) F(dy)
0[ x;{k

Tk

_ / Fe=) (g — y) F(dy) + F=6= (2)F(z — z) + / Fz —y) "D (dy)
0—

0—

<e / Fk(z —y) F(dy) + F*6=D (2 )F(x — 23) + € / F=2(z — y) F**D(dy)
0— 0—

<e / Fk(z —y) F(dy) + eF*2(z) + ¢ / FrE=1) (2 — y) F**(dy)
0— T—Tp—

< 2e k1) ().

By the arbitrariness of € we immediately obtain (2.29).
In the following, we continue to prove Corollarg 1 in case (ii). By (2.29) we have F(x) = o(F**(z)).
Furthermore, by F*" € £() and Remark 2, F*("*1) ¢ £(y). O

Remark 3.

(i) According to Lemma 1, we can conclude that condition (2.27) is implied by F*"* € L(~), (2.26), and
the following condition:

Fx(n—1) (IL’ _
F*(n—l) (:1:)

t 2.30
lim inf ) > e’ foreacht > 0. ( )

Specifically, when n = 2, (i) is just the same as (2.26). In addition, if condition (2.26) is replaced by
condition (2.4), then condition (2.27) can be canceled.

(i1) Condition (2.26) has been used in Lemma 7 and Theorem 7 of Foss and Korshunov [12]. On the one
hand, some distributions that do not satisfy conditions (2.26) and (2.28) are given in Example 1 in
Foss and Korshunov [12], Proposition 3.2 and Remark 4.1 in Chen et al. [2], and Theorem 1.1 in
Watanabe [21]. On the other hand, many distributions simultaneously satisfy the two conditions or
satisfy one of these two conditions; see, for example, Remark 1(ii).
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Finally, we give three results on the closure under random convolution. In the following, let 7 be a ran-
dom variable with distribution G satisfying G({k}) = P(r = k) = p; for all nonnegative integers k and
> reopk = 1. Then the distribution F*7 = "7 ppF *k is called a compound convolution generated by
distributions F" and G.

Theorem 3. For some n > 2, let F' be a distribution such that F*" € L(v) for some v > 0. Assume that
condition (2.4) or condition (2.28) is satisfied. Further, suppose that p;, = 0 for all k > n and p,, > 0. Then
7 =50 piF*F = H(n) € L(v).

Proof.  According to Lemma 1, by F* € L() and (2.4) or (2.28), we conclude that (2.5) holds. Further,
by (2.5) and p,, > 0 we have that for all ¢ > 0,

[H(n)(z —t) — " H(n) ()] < k1 Pr| F (@ — 1) — 7T F*R(z)

— 0,

H(n)(z) F*(x)pn

sothat H(n) € L(y). O

Theorem 4. Let F' be a distribution such that F*™ € L(~y) for some n > 1 and some v > 0. Assume that

P(t > n) > 0 and the following condition is satisfied: for any 0 < € < 1, there is a positive integer
M = M(F,¢) such that

> P F*R(z) <eF*m(x) forallz > 0. 2.31)
k=M

Further, suppose that condition (2.4) or (2.28) is satisfied. Then the random convolution F*™ € L(v), and
T x _
lim inf >3 Y pe(m(Fm)) (232)
L GO e R v

In particular, if m(F*") = oo, then F*"(x) = o( F*7(z)).

Proof. Using (2.31) and (2.4) or (2.28), combined with Theorem 3 of the paper and the proof of Proposi-
tion 6.1 in [23], we conclude that F*" € L(+y). Finally, the Fatou lemma implies (2.32). O

Theorem 5. Let F' be a distribution such that F*" € L(~y) N OS for some n > 1 and some ~y > 0. Let T be
a random variable as in Theorem 4 such that for some ¢ > 0,

i( f: pk’)(c*(F*n)—m(F*n)+€o)l<oo.

I=1 \ k=(l—1)n+1

Further, suppose that condition (2.4) or (2.28) is satisfied. Then F*™ € L(v) N OS, and

F*7 (s 00 in -1 i o RV
o 70 <35 (3 ) Sl () - )
@ S\ =

The proof of the theorem is similar to that of Theorem 2.2(2b) in [24], and we omit its details.
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Remark 4.

(i) Theorems 4 and 5 in the case of n = 1 are due to Lemma 4 and Corollary 1 of Yu and Wang [26], which
slightly improves Proposition 6.1 in Watanabe and Yamamuro [23]. However, when n > 2, the two
theorems do not require the condition F' € L£(7) in the corresponding results of Yu and Wang [26]. As
mentioned earlier, there exists a distribution F’ satisfying condition (2.4) or (2.28), and thus by the two
theorems, F*7 € L(v), but F' ¢ L(~); see, for example, Proposition 1. Therefore the two theorems
are an extension and improvement of Lemma 6 in Watanabe and Yamamuro [26] and Proposition 6.1
in Yu and Wang [23] for the case v > 0.

(ii) Specifically, if py > 0 for k large enough and py. 1 <pk — 0 as k — oo, then condition (2.31) is
satisfied for any distribution F'. For example, p;, = e~ *\¥ /! for all nonnegative integers k, where ) is
a positive constant.

In addition, for distribution F', if Kesten’s inequality holds, that is, there are two positive constants C' and «
such that

Fk(z) < Ce®*F(z) forallk >1andz >0, (2.33)

and if > 72, pre®® < oo, then condition (2.31) is satisfied. For example, p, = ¢p* for all nonnegative
integers k, where p and ¢ are two positive constants such that p + ¢ = 1 and pe® < 1. Using the method
applied in the proof of Lemma 5 in Watanabe and Yamamuro [26], we can show that (2.33) holds for F
satisfying F*" € L() N OS for some n > 2 and v > 0.

3 On closure under convolution roots

In this section, we give a positive answer to the Embrechts—Goldie conjecture, which also plays a role in the
proof of Theorem 1. To this end, we first give two lemmas.

Lemma 2. Let F be a distribution such that m(F) < oo and F** € L(v) for some v > 0. Then F € OS if
and only if

z—k
F(z —y)F(d
a(F') = lim sup lim sup fk (z —y) F(dy)

1. 3.1
k—o0 F*z(l‘) < ( )

Proof.  For sufficiency, assume that (3.1) holds. Then we have to prove that F' € OS. For any 0 < € <
(1 —a(F'))/4, there is an integer ko= ko(F,e) > 1 such that

G —y) F(y)

lim sup Fe2()

a(F)+e¢

and F(k)e" < ¢ for all k > ko. Thus by F'*? € L(~y) and the first equation in (2.8) we have

2y Fe—y)F(dy) _ U F(@ —y) F(dy) + Fla — B)F(R)
lim inf = liminf{ 1 —
F*2( ) F*2(z)
1—a(F
>1-— (a(F) +¢) — F(k)e™ > ;( ) > 0. (3.2)
Still by F*2 € L(y) we have the following inequality:
2 d _ *2 _ vk
lim inf Jo- F FUY) g 2@ — DEERE2(0 — k) 2P (R)er® (3.3)
F*2( ) F*2(z)F*2(z — k) C*(F)

By (3.2) and (3.3) we have C*(F') < oo, and thus F' € OS.
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For necessity, assume that F' € OS. Then we have to prove a(F) < 1. Assume that, on the contrary,
a(F') = 1. Then from the inequality

k z—k
F(x — F(d F _ F(d
1 > lim inf lim inf Jo Bz —y) F(dy) + lim sup lim sup Ji (z —y) F(dy)

k—00 F*2 (:L’) k— o0 F*2 ({L’)
> lim inf lim inf +1= +1
k—00 F*2(x) C*(F)

we get C*(F') = oo, which is contradictory to the fact that F' € OS. O

Lemma 3. Let F be a distribution such that F*> € L() N OS for some y > 0. Further, if condition (2.26) is
satisfied and

C*(F*?) < 6m(F*?) = 6(m(F)), (3.4)
then F' € OS.

Proof.  According to Lemma 7 in [12], by condition (2.26) we have that

F*2 (ZL‘)

Now we estimate a(F') in (3.1). By (3.5) and integration by parts, for any 0 < § < 1, we have

lim inf

> 2m(F). (3.5)

z—k
F*2(x —y)F(d
a(F) < limsup lim sup K (@~ y) F(dy)
k—00 (14 6)m(F)F*2(x)

PRz = R)FR(R) + [ PR (e - y) P (dy)
< lim sup lim sup

k—00 (14 6)2m?(F)F*2(x)
_ C*(F*2) o 2m(F*2) C*(F*2) o 2m(F*2)

(1+02m2(F) 4m2(F) asotl.

Thus, according to Lemma 2, by condition (3.4) we get ' € OS. O

Theorem 6.

(i) Let F be a distribution such that F € OS and F** € L(v) for some v > 0. Further, assume that
condition (2.26) or (2.28) is satisfied. Then F' € L().

(ii) Let F be a distribution satisfying m(F') < oo, (3.4), and condition (2.26) for some v > 0. If F *2 ¢
L(y)NOS, then F € L(y) N OS.

Proof. (i) Since F € OS, we have C*(F) < ooc. So, according to Lemma 1, by F*? € £(v) and condi-
tion (2.26) or condition (2.28), we have,

|F(z —t) — e F(z) - C*(F)|F(z —t) — ' F(x)]

Fa) S Fa(z) o

thatis F' € L(7).

(ii) According to Lemma 3, we have F' € OS. Further, by F' € OS, F*> € L(y) and condition (2.26),
according to statement (i) of the theorem, we get that F' € L(v). O
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Remark 5.

(i) Condition (3.4) may be improved. However, it is necessary in a certain sense; see Xu et al. [24,
Thm. 2.2(1)]. There F € OL\ (LU OS) and F*? € £ N OS, whereas condition (3.4) does not
hold, since otherwise, F' € £ N OS by Theorem 6.

A similar example for v > 0 can be seen in Proposition 1.
Clearly, if F*? € S g’y), then condition (3.4) is naturally satisfied. Therefore the condition C* (F*?)—
2m(F*2) < 4(m(F))? indicates that the distribution F*? cannot be too far away from the class S(7).

(ii) Clearly, condition (2.26) is necessary for ' € L(v). The condition cannot follow from condition
(3.4). In Watanabe [21], there is a distribution F such that F*2 € S (7) for some v > 0, and thus
condition (3.4) holds, whereas both F' € OS \ L(~) and condition (2.26) do not hold.

Corollary 2. Let F' be a distribution such that F € OS \ L() for some v > 0. Further, if condition (i) is
satisfied for each integer n > 2, then F** ¢ L(v) for all integers k > 2.

Proof.  We assume that there exists an integer n > 2 such that F*" € £(7) and F*' ¢ L() forall 1 < i < n.
Under condition (i), by F*" € L(v) and Corollary 1 we have F** € L(v) for all i > n. Hence
F*2(=1) ¢ £(5), but F*™=1) ¢ £(~). From (i) of Theorem 6 we have F*("~1) ¢ OS, which is contra-
dictory to F' € OS. O

4 A transformation between distributions

To prove Theorem 1, we need to construct some appropriate light-tailed distributions, some of which come
from associated heavy-tailed distributions defined by a certain transformation. For some constant v > 0 and
distribution [, we define the distribution £, of the form

Fy(z) = 1—0)(®) + e 7 Fo(2)1j,00)(z) for z € (—00,00). 4.1)

We might as well call F, the y-transformation of Fp. Clearly, F, is light-tailed. In this way, we can charac-
terize the light-tailed distribution F’, through the corresponding heavy-tailed distribution Fp with some good
properties; see, for example, Kliippelberg [13] and Xu et al. [25]. Here we give some new properties of the
distribution F,.

Lemma 4. Let Fyy, Fyo, Iy be distributions, and let F, I, Fs, be their y-transformations with v > 0. Then
the following conclusions hold:

() Fy(x —t)/Fy(x) > e foreacht > 0 and all z > t.
(ii) For eacht > O andi = 1,2, if

|Fio(x —t) — Fio(x)| = o(F1o * Fao()), (4.2)
then
|Fiv(33 —t) - evtFiv(mﬂ = 0(Fiy * Py ().

(i) Fori # jandi,j = 1,2, if u(Fjo) = [~ Fjo(y) dy = oo, then

Fiy(z) = o(Fiy x Foy(2)). (4.3)

Farticularly, if Fig = Fyy = Fo, then Fi, = Fo, = F, ¢ OS, and

x xT

Fr2(z) ~ e / Folx — y)Foly) dy = / E,(z — y)F,(y) dy. (4.4)
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Proof. 'We only prove (ii) and (iii).
(i) Fori # jand i, j = 1,2, according to (4.1),

Fiy + Fyy ()

xT

= Fiy(z) + /Fjv(ﬂﬂ —y) Fyy(dy) = e 7* (Fm * Fyo(x) + W/Fjo(ﬂc —y)Fio(y) dy)
0— 0—
=e 7 Sy(x). 4.5)

Further, by (4.2) we have, for 1 < ¢ # j < 2,

|Finy(z —t) — "' Fyy ()| < V| Fig(x —t) — Fio(x)

Fla/*FQA/(l‘) Flo*FQ()(l‘)

(iii) According to (4.5), we have that for ¢ # 7,

xT

Fiy x Fjy(z) 2 ey E(z) /FJO(fB —y)dy = vF;, () /Fjo(y) dy.
0—

Therefore since p(Fjg) = oo, (4.3) holds. Particularly, F, ¢ OS, and (4.4) is proved. O

The following result plays a key role in proof of Theorem 1 and has its own independent value.

Theorem 7. Let Fyy be an absolutely continuous distribution with density f;o such that

Fio(x —t, 2] = Fio(z — t) — Fyo(x) = O(fio(x —t)+ fio(z)) foreacht >0 (4.6)
and
/ Fio(z —y) Fjo(dy) = 0( / Fio(z —y)Fjo(y) dy) 4.7)
x/2— z/2—

fori# jandi,j =1,2. Then for eachy > 0, Fi, * Fa, € L(7).

Proof. From (4.5) we know that F', * F», € L(7) is equivalent to the condition that the function Sy in (4.5)
belongs to the long-tailed function class

Lyg={fon(—00,00): f(x) > 0for x large enough, and f(z — t) ~ f(x) foreach t > 0}.
To this end, on the one hand, for each ¢ > 0 and z large enough, by (4.5) we have
So(z —t) = So(w)

= [0 * Foo(z — 1) — Fio * Fao(7)

(z—t)/2 z/2
T+ / Fao(w — t — y)Fuoly) dy — / Fao(w — ) Fio(y) dy
0 0
(z—t)/2 z/2
+ / Fio(z —t —y)Fa(y) dy—’Y/Flo(m—y)FQO(y) dy
0 0
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(z—t)/2 x/2

>y / (Fao(z —t —y) — Faolz —y)) Fio(y) dy — / Fyo(z —y)Fio(y) dy
0 (x—t)/2
(x—1t)/2 z/2
+7 [ (Pl —t-y) = Folz - 9)Fa)dy—+ [ Fuole—9)Faly)dy
0 (z—t)/2
(z+t)/2
r—t r—t
> —y / Fyo(x —y)Fio(y) dy —WtF10< 5 >F2o< 5 )
(z—t)/2
x—t
x—t1
—’yt( / Fgo(x—t—y)Flo(dy)—i-Fgo( 9 >F10(az—t)>.
(z—t)/2
Thus by
x—t
r—t r—t
So(x —t) =~ / Foolx —t — )Flo()dy>7F2o< 5 )Flo(l‘—t) 9
(z—1)/2
and (4.7) we get that
.. So(l‘ — t) — S()(ZL‘)
lim inf > 0. 4.
imin So(z — 1) 0 4.8)
On the other hand, by (4.6),
Fio* Fyo(x —t) — Fig * Fao(x)
2 x—t
Z Fyo(z —t) — Fo(2)) + / Fao(x —t —y) Fio(dy)
= (@—1)/2
x—t
x—t x—t x x
+ / Fio(z —t —y) Fo(dy) — F10< 5 >F20< 5 ) +F10<2>F20<2>
(z—t)/2
- / Fog(x — y) Fio(dy) — / Fio(z —y) o (dy)
x/2 x/2
2 x—t
< (Folz —t) — Fio(x)) + / Fao(z —t —y) Fio(dy)
=1 (@1)/2
x—t

+ / Fio(x —t —y) Fo(dy),
(2-1)/2
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and
(z—t)/2
/ (fiolz —t —y) + fiolz — y)) Fjo(y) dy
0
x—t x
= / Fjo(r —t —y) Fio(dy) + / Fjo(z — y) Fio(dy)
(z—t)/2 (x+t)/2

fori # jandi,j = 1,2, we have

So(x —t) — So(z)
(@—1)/2
§Flo*FQQ(IL’—t)—Fm*Fgo(IL’)-ﬁ-’Y / (Fgo(x—t—y)—Fgo(x—y))Flo(y) dy

0
(x—1)/2

+ v / (Flo(ﬂj‘—t—y)_FIO(x_y))Fm)(y)dy
0

2 r—t r—t
< Z(Fio(ﬂc—t)—Fio(ﬂi)) + / Fao(x —t —y) Fio(dy) + / Fio(x —t —y) Fao(dy)
i=1 (z—t)/2 (z—t)/2
(v—1)/2
+ Z 0( / (fiolz —t —y) + fiolz —y)) Fio(y) dy)
1<iAj<2 5
T r—1 T
= Z 0( /Fi0($_y)Fj0(dy)+ / Fio(x —t —y) Fjo(dy) + / Eo(:n—y)Fjo(dy)>
1A <2 z—t (z—t)/2 (z+t)/2
T r—1
= Z O( / Fio(z —y) Fjo(dy) + / Fio(x —t —vy) Fjo(dy)>
ISI#IS2 N2 (z—t)/2
= o(So(z) + So(z — 1)). 4.9)

From (4.8) we have that there is a positive constant zy = x(t) such that So(z) < 2S5y(x—t) forall z > x.
Thus by (4.9) we have

So(z —t) — So(w)
So(x — 1) <0. (4.10)

lim sup
Combining this with (4.8) and (4.10), we get that Sy € L. O

Remark 6. Here both 7., and F5, are not required to belong to the class L(7y), which is substantially different
from Theorem 3 in Embrechts and Goldie [8], Theorem 1.1(1b) in Xu et al. [24], and Theorem 2 of the paper.
For example, when Fg = Fyy = Fy, there is a distribution Fyy ¢ L satisfying (4.6) and (4.7); see distributions
in the classes 77 (0) below. Thus Fy., = Fy, = F,, ¢ L(), whereas Fj;z € L() by Theorem 7.
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5 Proof of Theorem 1

Firstly, we construct a new light-tailed distribution class. Let Fg be a distribution such that
Fo(l‘) = 1(—oo,ao)($)

> =1 T — G =1
+C Z ((Z a - aa—i—l ) 1[an72an)(l‘) + < Z a‘?‘> 1[2an7an+1)(33)> (51)
n=0 ¢ n

i=n i=n+1 *

with density fo(z) = C Y 0" a,* 11}, 24,)(2) forall z, where C = (30" a,,*) 1 o € (3/2, (v/541/2),
r=1+1/a,a” > max{1,8a}, and a,, = a”" for all nonnegative integers.

Let F1(0) be the class consisting of two-parametric heavy-tailed distributions Fy = Fy(a,a) defined
by (5.1). Then we define a new distribution class.

DEFINITION 1. We say that the distribution F’, with the density f., for some constant v > 0 belongs to the
class Fj () if the corresponding distribution Fj in (4.1) belongs to the class F71(0).

Secondly, we study the properties of distributions in the class Fi (). For simplicity, in the following text,
we replace F’, and f., by F and f, respectively.

Proposition 1. If F' € F\(v) for some v > 0, then:

(i) Condition (2.26) is satisfied, but condition (2.28) is not.

(i) F € OL\ (L(y) U OS) with m(F) < oo, whereas F** € (L(y) N OS) \ S(v) for all k > 2 and
Fi% € OS\ L for all k > 1. Further, if condition (2.31) is satisfied with some nonnegative integer-
valued random variable T, then F*™ € (L(~) N OS) \ S().

Proof. (1) According to Lemma 4(i), condition (2.26) holds for F'. However, condition (2.28) does not hold.
Indeed, by (5.1)

F0(4an - y) = F0(2an) = F0(4an) fory € [07 2an]’
Then by (4.5), Fy € OS, and p(F) < oo we have that, for n large enough,

2a,
F*2(4a,,) = e~ (F52(4an) + 2y

/

< 2(C*(Fy) + 2yu(Fp) ) e 1% Fy(4an) = o(F(4an)).

Fy(da, —y)Fo(y) dy)

(i) Clearly, for z € [ay,an+1), sincer =1+ a ! and Gn41 = a,,, n = 0, we have

sup foly) =a,* 1 = a, %1 < Folaps1) < Fo(z) = O(z79). (5.2)

20]7171 <y<a71+1
Further, since ov > 3/2, we have u(Fp) < oo, and thus m(F') < co. Then from

F0(2an - 1)

im =2>1
n—00 F0(2an)
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we conclude that Fy ¢ L, and thus F' ¢ L(~y) for each v > 0. In addition, by (5.1) and (5.2), for all n > 0 and
x € [an, ant1), we have

T

Wo(x) = / Re—))R@)< s iy / Fo(x — ) dy < pu(Fo) Fo(2),
YE|an /2,00 41
x/2 x/2

and thus Fy € OS. Further, according to Proposition 2.6 of [18], Fif* € OS for all k > 1. Then according to
Corollary 2, by Fyy ¢ £ we have that F;* ¢ £ forall k > 1.

Now we show that F*2 € L(7). To this end, according to Theorem 7, since (4.6) holds, we just need to
prove (4.7) with Fyg = Fyy = Fp, that is, Wy(z) = o(Tp(x)), where Ty(x) = f;c/z Fo(x — y)Fy(y) dy. Since
Wo(xz) = 0 for x € [4an,an+1), n > 0, we only need to deal with Wy(x) for x in the following two cases:
x € [an, 3ay) and x € [3ay,4ay).

When z € [ay,, 3a,), by /2 + a,, /4 < min{z, 7a, /4} we have

z/24a, /4
x T ap )\ an 3an, Tap \ an
To(z) > / Fo(m—y)Fo(y)dy>Fo<2>Fo<2+ 4> 4 >F0< 5 >Fo< 4 > 4
x/2

Thus by Fy(3a,/2) < a,;* < Fy(7a,/4) and a < (v/5+ 1)/2 < 2 we have that

min{z,2a, }
—a—2
WO(J:) — Ca;a—l FO(.Z’ . y) dy g 4Can H(FO)TO(J:) — O(TO(.T)) (53)

max{an,r/2}

When z € [3a,, 4a,,), since

T 2a,
/ Fole — ) dy < u(Fy) < oc, / Fo(z — y) dy < Fo(an)an — 0,
x/2 Gn

and Fy(y) < a,* ! fory € [3a,, 4a,), we have

2a,, T
W()(IL’) < Ca;a—l / FQ({L’ N y) dy = o(a;a_l / FO(;E — y) dy) = O(To(x)) 5.4)
an, x/2

Combining (5.3) and (5.4), we conclude that F'*? € L().

Further, according to Lemma 1, Corollary 1(i), and Theorem 4, we have that F** for all k¥ > 2 and F*7
satisfying (2.31) belong to the class £(7).

In addition, according to Theorem 6(i), by F*2 € L(7) and F ¢ L(y) we have F' ¢ OS.

In the following, we prove that F*2and thus F** for all k& > 2 belong to the class OS. Since p(F*2) =
2u(F) < 2u(Fp) < oo, we can define an integrated tail distribution (F*2); of F*? such that

[ F2(y) dy 1pg o0y (2)

(F*2) (2) = Lo ) (@) + L(F2) ,

x € (—00,00).
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According to the Karamata theorem, from F*? € £(-y) we have that F*2(z) ~ u(F*?)(F*2);(z). Thus there
are two constants 0 < K7, Ko < oo such that

F*2 F*2
sup () =K; and inf () = Ko.
w20 (F*2)(x) w20 (F*2)(x)
Integrating by parts, using the continuity of I*?, we have
x €T
F*4(z) = /F*Q(m —y) F*(dy) + F*2(z) < K3 / (F*2) (z —y) F*2(dy) + F*2(x)

0 0
x

< K / Fe2(z — y) (F*2),(dy) + K1 (F*2), (x) + F2(2)

0
T

* -1 * * Kl *
< Ko (u(F7?)) /F Ao —y) F*2(y) dy + <1+ K2>F 2(w).
0
Similarly,

xT

Fi(z) > Ko (u(F*?)) ™" /F*2(w — ) F*2(y) dy — Ko F*2(x).
0

Therefore F*2 € OS is equivalent to

xT

[ Fre - nre) dy = 0(F ). 55
/2

Further, from (4.5), [y € OS, and u(Fp) < oo we have

F*2(z) = e " (Fy2(2) + 2vT0(z)) = O(e 7" (Fo(z) + 29Tp(2)))
= 0(e 7" Ty(z)),

which implies F*2(z) < e~ 7Ty (x). Hence, to prove (5.5), we only need to prove that

T

Ro(z) = / Ty — y)To(y) dy = O(To(x)). (5.6)
/2

To prove (5.6), we need to study the properties of Ty (). For each x > 4ay, there is a nonnegative integer n
such that z € [4a,,,4a,+1). By (5.1) and pu(Fp) < oo we have

Fota) [ Fule — ) dy < i) < w(F a5 ) = O(Fo(2an)
x/2
=0(a, ) =0(z79). (5.7)
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Thus by « > 3/2 and (5.7) we have fo To(y) dy < oo. In addition, for any 4ag < z1 < x,

< / /)FO r—y F()( )d T($1)—|—F0(1‘1) (F())

z1/2 T1

F
<To<x1)<1+ xl/j;o())d > (5.8)
o\y)ay

that is, Ty () is almost decreasing. We also need the following properties of T'(z), the proof of which is given
in Appendix.

Lemma 5.
(i) When z € [4a,_1,2a, — 2a27%), To(z) < Fy(z).
(ii) When z € [3a,,/2,2a, — 2a,—1) U [2a, + 6ay,—1, 4ay, — 4an—1], To(z — 4an—1) =
when x € [2a, — 265, 1,20y, + 6a,_1), To(x — 4a,_1) = O(an Ha/(+a)p To(x)).
(iii) When € [3a,,/2,4a, — 4a,_1), To(z — a2~%) = O(Tp(x)).

O(To(x));

Now, we continue to prove (5.6) in the proof of Proposition 1 for the following four cases: = € [a,,, 3a,/2),
x € [3an/2,3ay), x € [3an,4a, — 4an_1), and x € [4a, — 4an_1, ani1).
For the case z € [ay, 3a,/2), by (5.8), u(Tp) < oo, (5.7), and (A.1) we have

xT

Ro(z) = O <To <a2”> / To(z — y) dy) = 0(a;®) = O(Fy(x)) = O(To(x)). (5.9)

/2
For the case = € [3a, /2, 3a,), by (A.1) and (5.8) we have that

Tan /4

a2 = 0( / Fo(3an — ) Fo(y) dy) = 0(To(3an)) = O(To(x)). (.10

3a,/2

Then by (5.7), (5.8), (ii), Lemma 5(iii), (5.10), and o < 2 we get

(/ T />TM_ )4

x/2 z—4an-1  g—a?
4an_1 aiia
3an o
O(Tg To(4an—1)an, + To(x — 4an—1) / To(y)dy—i-To(m—ai ) /To(y)dy>
aZ= ™ 0
4an_1
:O((Fo (2an-1)an + a5~ 2ta/(1+a) / y @ dy—i—l)To(x))
= O(ap 2 + (a2 + 1)Ty(x)) = O(To(x)). (5.11)

For the case z € [3ay,4a, — 4a,_1), by a2 < a,_1 we have z — y € [z — 2a, + 2a27%, /2) C
[4an_1, 2a, — 2a2~%) fory € [2/2, 2a, — 2a2 @). Thus, according to Lemma 5(i) and (ii), by (A D), (5.7),
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and o > 3/2,
2a, —2a%"" 40, 1 x
Ro(x) = ( / + / + / )To(l“ —y)To(y) dy
x/2 2a,—2a27% T—4an_1
2a,—2a%"“
= O( / Fy(z — y)Fo(y) dy + anTp(2an, — Zai_o‘)To(élan_l)
/2

4a, 1
+ To(x — 4an—1) / To(y) dy)

0
= O(To(z) + anFy(2a, — 205" %) Fo(dan—1) + Ty(x))
= O(Ty(z) + ai_%‘agl_o‘) = O(To(x) + ai_Qo‘Fo(:r)) = O(Tp(x)). (5.12)

For the case x € [4a,, — 4ay—1, ant1), we first deal with Ty(4a,, — 4a,—1). By pu(Ty) < oo, (A.1), and
—1 —a+3a/(1 + a) < 0 we have that

To(4a, — 4ap—_1)

2a., 4a, —4an, 1
_ ( / i / >F0(4an—4an—1 —y)Fo(y) dy

20, —2a, 1 2an

2a,

= agl_o‘ / Fy(4ay, — 4ap—1 —y)(1 + 2a, —y) dy + Fo(2a,)

2a, 2an+an—1
< a;l_"‘an_l ( / + / )Fo(y) dy + Fo(an+1)
2a, —4a, _1 2a,

2a,

= Fo(ant1)an—1 (agl_o‘ / (1+2a, —y)dy + Fo(an+1)an_1> + Fo(an+1)

20, —4a, 1

~ Fy(ant1)ay, 7030 4 Fy(an11) = O(To(2)).

Then by (5.8), Lemma 5, u(7p) < oo, (5.7), and (A.1) we have

2a,—2a27%  4dan,—8an_1 x

Ro<x><< [+ |+ )To<x—y>To<y>dy

2an,—2an -1 2(177,—2(1?7,_& 4a, —8an—1

= O(an—1T4(2an — 2an_1) + To(2an — 2a2"*) To(4an_1)an + To(4an — 8an_1))
= O(an_1F02(2an —2a,-1) + Foy (Qan — 2ai_a)anTo(4an — 8ay,—1) + To(4a, — 4an_1))
= O((a, @113/ By (a,40) 4 a2 2Ty (2) + To(z)) = O(Ty(x)). (5.13)

Combining this with (5.9)-(5.13), we conclude that (5.6) holds, that is, F*2 € OS.
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Finally, we prove that F** ¢ S(v) for all k > 2. On the one hand, successively by

xT

[P (x) =277 / (vFo(z — y) + folz — y)) (vFo(y) + fo(y)) dy = 2v°e " Ty(x),
x/2

(4.5), (5.7), (A.1), and (A.2) we have

2a,

/ F*2(2a, —y) F**(dy)
a’Vl
2an 20/71
> 242 / F*2(2a, —y)e WTo(y) dy < e 7 / To(2an — y)To(y) dy
a/”/ a’Vl
An, 2 20/71
> (/Fo(y) dy) e 2an /F0(2an —y)Fo(y) dy
0 Qn
2an

= e—"f"“"a;l_a / Fo(2a —y)(1 + 2a, —y) dy

an
Qn

= e Mg 1m0 / Fo(y)(1+y) dy ~ e 7 a; =2,
0

On the other hand, by (4.5) we have

2a,,
F*2(2a ) ~ ¢ 2T (2a ) — o 2an F (2a _ )F ( duy = e 720n 412
n) = 0(2an 0(2a, —y)Fo(y)dy < e ay .

[£25)
Combining the above two facts and

2a,
F*(2a,) ~ 2F*2(2a,) + 2 / F*2(2a, —y) F**(dy),

An

we have F*2 ¢ S(v). Then since F** € L() N OS for each k > 2, F*2(z) =< F*¥(x) for each k > 3, and

by Lemma 2.6 in [20] and F' ¢ S(v) we get that F** ¢ S(v) for all k > 2.
So far, we have completed the proof of Proposition 1. O

Proof of Theorem 1. Consider any distribution F' € F (). According to Proposition 1 and Remark 4(ii), we
have Hy = F™ € (L(y) N OS) \ S(7) with m(Hz) < oo. Since Hy(z) = O(e™"%) for each 3 > 0, we have
that H,(z) = o(Hz(x)). Further, according to Lemma 2.1 of Pakes [15] or Theorem 1.1(i) of Cheng et al. [3],
the infinitely divisible distribution

Therefore H € (L() N OS) \ S(v) with m(H) < co.
Further, by (5.14), according to Proposition 1, Theorem 4, and Theorem 5, (1.1) holds. O
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Appendix

Here we prove Lemma 5.

(i) When = € [4a,_1,2a, — 2a27?], by (5.7) we only need to prove Ty(x) = O(Fy(x)). The conclusion
follows from the following (A.3) and (A.4). To this end, we first give two facts. For z € [a,,, ant1], by (5.1)

0 -a _ —a _ _—a—1
and ) ;% a7 < a, 'y =a,]" we have that

Fo(x) = C< Z a; “ + a, “ (1 + 2a, — 7)1q, 24,)(T) + a;o‘_ll[gamanﬂ}(:p)>

=n-+2
~ C(aga_l(l + 2a, — x)l[an,2an)(x) + aga_llpan,an_;_ﬂ(m))
2 200]711_20[1[@",2an—2a%7a} (x)7 (Al)

and by the generalized ’Hospital rule and (5.7) we get that

" F d F @
lim sup fo 02(y)y 4 < limsup o)z < 00, (A.2)
TéTe 22—«

thatis, [, Fo(y)ydy = O(z*~®).
To deal with Ty (), we further split [4a,,_1, 2a,, — 2a2~%] = [4a,_1, 3a,, /2) U [3a, /2, 2a, — 2a2~%). For
x € [4anp—1,3ay,/2) and n large enough, by the second expression in (A.1) we have

To(z) < F0<;:> / Fy(x —y)dy = O(F0(2an_1)) = O(Fo(an))
x/2

_ O<F0 <3g”>> = O(Fy(x)). (A3)

For x € [3a,,/2, 2a, — 2a2~%) and n large enough, by (A.1) and (A.2) we have

To(z) = (7+]>Fo($ —y)Fo(y)dy

x/2  Gn

- O(F0<a2n>F0<3Z”>an + jFo(x —9)a, (1 +2a, —z) + (x — y)) dy>

[e79)

=0 <a71~720‘ + Fo(x)p(Fo) + a, @ /Fo(y)y dy)
0

= O(Fy(z) + ay ) = O(Fy(z)). (A.4)

(i) When z € [3a,/2, 2a,, — 2a,,—1] and n is large enough, = — 4a,,—1 — y € [an, 2a,, — 6a,_1] for
y € [0, x — 4a,,—1 — a,]. Further, because o > 3/2,
a2—o¢
. _ a%—a—a/(1+a) _ aqll—a+1/(1+a) < a111—3/2+2/5
n—1

— 0,
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and thus = € [3a,,/2, 2a, —2a,_1] C [an, 2a, —2a2~?]. Therefore by (A.1), (A.2),and —1 —a+a/(1+a) <
1 — 2a we have

TO (1‘ — 4an_1)

an T— 4an 1
_ ( / I )Fo x —4an_1 —y)Fo(y) dy

(z—4an—_1)

r—4a, _1—an

3an,
=0 <F0< 5 ~ 4an_1>F0< Z — 2an_1> an + / Fy(y)Fo(z —4an—1 —y) dy)
0

r—4a,, _1—an

O<a711—2a —1 e /
0

0] (a}[zo‘ + Fo(x)p(Fo) + 4an_1a51_0‘u(F0) + a;l_a /Fo(y)y dy)

(1 +2a, — x) + 4an— 1+y)dy>

= 0(a} 2 + Fy(z) + a, ' ~or/ta) 4 1720 = O(Fy(x)) = O(Tp()). (A.5)
When z € [2a,, — 2a,,—1, 2a, + 6a,_1), by (A.1) and (A.2) we have that

T0(2an — 6an_1)

2a, —6a,_1

_ ( 7 + / )Fo(2an — 6a,-1 —y)Fo(y) dy

an_ganfl an
Ay —30pn_1 20, —6a, 1
= Fo(an) / Fy(y)dy + agl‘“ / Fy(2ay, — 6a,—1 —y)(1 + 2a, —y)dy
an_6an71 Ap
an_ﬁanfl

2 1

= Fy (an)an—1 + anl « / Fo(y)(1 + 6an—1 +y)dy
0
an_ﬁanfl
= Fo (an)an—1 + a, —l-a agl_o‘anq + a;l_o‘ / Fo(y)ydy
0

- a;2a+a/(1+a) + agl—a +a;1—a+a/(1+a) _l_aib—2a ~ a;l—a—l—a/(l—i—a)
and

To(2a, + 6ay_1)

2a., 2an,+6an -1
_ ( / + / >F0(2an+6an—1 —y)Fo(y) dy

An+3a, 1 2a,
2an
~ Ca;l_a / Fo(2apn + 6an,—1 — y)(1 + 2a, — y) dy + Fo(2a,)pu(EFp)
A +3an -1
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2a,
_1 a( / FO 2an 6an 1Y )(zan_y)dy+1+N(F0)>
An+3an-1
An 4305 -1
_1 a( )y — 6an—1)dy + / Fo(y)(y —6a,—1)dy + 1+ u(F0)>
6a, 1 Qn,
a,'” Q<F0 (y — 6an—1)dy

Gan 1

An+3an 1

+ Ca, '™ / (1+2a, —y)(y — 6an—1)dy + 1+,u(F0)>

[e79)

- 12« —2a+ta/(14a) —1-« 1—2a
a,, + a,, + a,, ~a, .

Then since © — 4a,—1 € [2a,, — 6ay—1,2a, + 2a,,1] for x € [2a,, — 2ay,—1, 2a,, + 6a,_1], we have

_ To(x —4an—1)To(z) To(2a,, — 6a,—1)To(x)
Tofw = day) =7 To(g;)1 O _O< 0T0(2an+6al_10) )

= O(a22+e/0F) T (2)). (A.6)

When z € [2a,, + 6a,_1, 4a,, — 4a,—1], successively by (A.1), [(z — 4a,—1)/2, 2a,,) C [an,2ay,) and
y —4an_1 € [2ay, 4a, — 8an—1) fory € [2a, + 4an—1, ), /2 < 2a, +4an—1, v — 20, < (x —4an—1)/2,
and 1 + 2a,, — = + 4ap,—1 +y < 1+ 4a,_; fory € [x — 4ay—1 — 2a,, © — 2a,], and = — y € [ay,, 2a,) for
y € [x — 2a,, x/2). Therefore we have

To(z — dan_1) o
%, a—dan
_ ( / n / )Fo(z —dan—1 —y)Fo(y) dy
(z—4an_1)/2 2an
2a,
~ / Fo(a — 4ay—1 —y)Ca, (1 + 2a, —y) dy
(x—4an,-1)/2

T

+ / Fo(x — y)Fo(y — 4an—1)dy

2a,+4a, 1
(r—4an—1)/2 T
= / Fo(y)Ca, “ Y1+ 2a, — x + 4an_1 + 7)) dy + / Fo(x —y)Fo(y) dy
r—4a, _1—2a, 2a,+4a, 1

x_2an (I—4a",1)/2
< (

+ / )Fo(y)Ca;a_l(lJr%n —x +4an—1 +y)dy + To(x)

r—4a, _1—2a, r—2a,
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r—2an, (z—4an-1)/2
= / Fo(y)a,* (1 +4an_1)dy + / Fo(y)a,* t4a, 1 dy
r—4a, _1—2a, r—2a,
(r—4an—1)/2

+ / Fo(y)a;"‘_l(l—i-Qan —x+y)dy + To(z)

r+a,_1—2a,

(z—4an—1)/2 z/2
= O( oLy / Fo(y)dy + / Fo(y)Fo(z —y)dy + To(a:)>
r—4a, _1—2an, r—2a,

2a,
=0 (ago‘_lai_lFo(a: —dap—1 —2a,) + / Fy(x —y)Fy(y)dy + To(a:)>
x/2

= O(a,* 'ai_Fo(z — dap_1 — 2a,) + Tp(2)). (A.8)
Next, we deal with Fjy(z — 4a,,—1 — 2a,) in two cases = € [2a,, + 6a,—1, 3a,, + 4a,—1) and z € [3a, +

dan—1, 4a, —4a,—1). Forz € [2a, + 6a,—1, 3a, +4a,—1), thatis, z —4a,—1 — 2a, € [2a,-1,a,), by (A.1)
we have that

Fo(x — 4dan—1 — 2ay,) = Fy(ap) < Folan + 6an,-1) < Fo(z + 2a,-1 — 2ay,).

For = € [3a, + 4a,—1, 4a, — 4a,_1), thatis, x — 4a,,—1 — 2a,, € [a,, 2a, — 8a,—1) and z + 2a,,—1 — 2a,, €
[an, + 6an,—1, 2a, — 2a,—1), by (A.1) we have that
Fo(x — dan—1 — 2a,) < a;o‘_l(l +4dap_1 + 4da, —x) < a;o‘_l(l —2ap-1 + 4a, — x)
= Fo(l‘ + 2a,_1 — 2an).
Thus, for z € [2a,, + 6a,—1, 4a,, — 4a,—1), successively by a,,—1 < 1+ 2a, —z+yandz — y € [2a,, —

2ay,-1, 2an—an—1) fory € [x+an—1—2a,, x+2a,_1—2ay,), +2a,_1—2a, > x/2,and x+2a,_1 —2a, <
x we have

To(z — dan—1) = O(a,* az_1 Fo(z + 2an_1 — 2a,) + To(z))

n—1

I
Q

z+2an 1—2a,
( Fo(y)a,* ' (1+ 2a, — 2 +y) dy+To(1’)>

Tt+a, _1—2an

z+2an 1—2an
— ( Fo(y)Fo(x — )dy+T0(a:)>

Tt+a,_1—2an
= O( /Fo y)Fo(x —y)dy + To(a:)> = O(To()).
/2

Therefore conclusion (ii) follows from (A.5)—(A.8).

(iii) To deal with Ty(x — a2~%), we further split [3a,,/2, 4a,, — 4a,_1) = [3an/2, 2a, — 2a,_1) U [2a, —
20,1, 2a, — 2a27%) U [2a, — 2427, 2a, + 6a,_1) U [2an + 6a,—1, 4a, — 4a,—1).
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For x € [3a,,/2, 2a, — 2a,_1) U [2ay, + 6ay,_1, 4a, —4a,_1], by (5.8), a2~ = o(a,_1), and (ii) we have
To(z — ai‘o‘) = O(To(x — 4an—1)) = O(To(x)).

For z € [2an—2an 1, 20, — 2a279), by x — a2~ € [2a, — 2a,_1 — a2~

—a a2—a) C
[4an_1, 2a, — 2a2~%), (i), a2~ = o(a,_1), and (A.1) we have !

2
*, 2a, — 2a;,

To(z — ai‘o‘) = Fp(z — ai‘o‘) = O(a,lf%‘ + Fy(z)) = O(Fo(z)) = O(To(w)).
For z € [2a, — 242, 2a, + 6a,_1), by (5.8),  — a2~ > 2a,, — 3a2~%, (A.1), and (A.2) we have that
To(m — ai_o‘) = O(T 2a, — 3a2 O‘))

=((/

an—3az""/2 an

2—«
2a, —3a;

) Fy(2a, — 3a27 — y) Fo(y) dy)

2a,—3a%™"

=0 (Fo * 4+ a;l_a / Iy (2an — Ba%_a — y) (1+2a, —y) dy)

An

an—3a%™%

=o(a o / Fo<y>(1+3ai‘”+y)dy>

0

an—3a2™"

= (a ay 2 + a7 / Fo(y)ydy> = 0(ay ).

0

In addition, we know that Ty (2a,, + 6a,—1) = O(Tp(z)); see proof in (ii). Therefore

To(z — a2 @) = Ty(x — ap~*)To() _0 <To(2an - 3a%‘0‘)To(a:)>

To(x) To(2a, + 6ay_1) B O(Tg(m)).

Based on the above results, conclusion (iii) holds.
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