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1 Introduction and main results

Let (&;)ren be a sequence of independent copies of a random variable (r.v.) & with cumulative distribution
function (c.d.f.) F(z) = P{¢ < x}, 2 € R. Forn € N, put

Zn = 1212{”&. (1.1)

The asymptotic behavior of z, has been very widely studied (see, e.g., [1,2,4, 8,11, 15, 19]). A detailed
bibliography can be found, for example, in the books [10] and [7].

For example, it is known (see [1] and [11]) that for a quite large class of random variables £ with unbounded
support and differentiable c.d.f. F, z,, satisfies a law of the iterated logarithm for the lim sup and a law of the
triple logarithm for the lim inf. We refer to the recent paper [17], where these laws for continuous r.v.s were
significantly strengthened.

We are mainly interested in the asymptotic behavior of z,, in the discrete case, which has been much less
studied. It is well known that the asymptotics in continuous and discrete cases can be significantly different
(see [2,16,18]).

Let £ be a discrete r.v. with distribution (7, p;), ¢ > 0; more precisely, let

[o¢]
P =1i)=p; >0, sz'zl-
i=0
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For such ar.v., we denote

R(n)=—InP(£ >n) = —ln(ZpZ), r(n) = R(n) — R(n —1).

=>n
Let us define the following functions for sufficiently large ¢ > 0:
Lo(t) =t, Ly(t)=InLy_1(t), meN.

Let &, &1, &9, ... be a sequence of discrete independent identically distributed random variables (i.i.d.r.v.s), and
let z, be defined by (1.1). It was noticed quite a while ago that the asymptotic behavior of z, in the discrete
case is closely related to the sequence

1
n = k= 0: L 1.2
a max< 0 Zp n> (1.2)

i>k

The case where the r.v. £ has the Poisson distribution (p; = (\?/i!) exp(—2\), i > 0) or in some sense is similar
to the Poisson distribution was studied in [16, 18].
In [18] the following theorem is proved.

Theorem A. Let & be a discrete r.v. with distribution (i,p;), i > 0, let f > 0 be an arbitrary number, and
let a,, be given by (1.2). If the previously defined function r(n) satisfies the condition

r(n) = pPlan + o(Lg(n)), n — 0o, (1.3)
then
P(3ng: Yn > no, 2, € Jp = {an + m, m € Ig}) =1, (1.4)
vm e lg, Pz, =ap,+m io.) =1, (1.5)
and
an = 52112?71) (1 + 0(1)),

where Ig = {—1,0,1,...,[1 4+ 1/p]}, and “i.o.” means “infinitely often”.
For the Poisson distribution with parameter A > 0 (in this case, 7(n) = Inn + o(1), 8 = 1), Egs. (1.4) and
(1.5) hold when Ig = I} = {—1,0,1,2} and

Qn

~Inn Ls(n)+In A+ 1+ o(1)
“ (! L)

When the function 7(n) increases a bit slower than (1.3), for example, if

r(n) =o(lnn) and Zexp(—er(")) < 00, (1.6)

n>1

then Egs. (1.4) and (1.5) are still valid for 8 = 0 [18].
Note that under the condition

r(n) =v,lnn, v, » 00, n— o0, (1.7)

Equalities (1.4) and (1.5) are also true when 5 = oc.
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Although not stated in [16, 18], this statement is in fact a simple consequence of these works (see [16,
Thms. 1, 2] and [18, Lemma 3]).

Thus, under conditions (1.3), (1.6), and (1.7), we can describe the asymptotics of z,, with sufficient accu-
racy.

At the same time, for discrete r.v.s, a number of related problems remain open. For example, the geometric
distribution, which is important for probability theory and its applications, does not satisfy any of condition
(1.3), (1.6), and (1.7), and the natural question arises: does any equation of type (1.4) or (1.5) hold for it?

In this paper, in contrast to [18], we focus on the geometric distribution and random variables with distribu-
tion tails decreasing slower than the tails of the geometric distribution. Moreover, we present a discrete variant
of some results of [17] and consider some applications.

Let us state the main results of the work.

Theorem 1. Let (i) ken be a sequence of independent copies of a discrete random variable & with distribution
(i,pi), i = 0, and let a,, be defined by (1.2). Suppose that for each fixed m,

fim "™ (1.8)

n—oo  r(n)
ACy < oo: Vn>=1, r(n) < Cp. (1.9)

@ 1f
Zrz(n) = 00, (1.10)
n>1
then for any integer m,

Pz, =ap+m io.) =Pz, =& =a, +m io.)=1. (1.11)

(i) If condition (1.10) does not hold, then for any integer m > 0,
P(zn =&, € (ap —m, ap +m) i.o.) = P(fn € (ap —m, ap +m) i.o.) =0. (1.12)

Note that Eqgs. (1.11) and (1.12) describe the asymptotics of z,, at the moments of “high jumps”, that is,
&n 2 2Zn—1. Such “high jumps” seem to be the most interesting for applications. We do not know whether
Eq. (1.12) is true for all z,, if condition (1.10) is not satisfied.

To state the following result, we introduce some necessary notation. We extend the sequence ((n)) to the
function 7 : (0,00) — R by setting r(x) = r([z]), where [z] is the least integer > .

Let R(z) = [, r(y) dy. The function R is a piecewise linear extension of the sequence R(n).

Given a function H : R — R, we denote by H ! its generalized inverse defined by

H'(y)=inf{z e Rt H(z) >y}, yeR

Put

am(t) = ZLi(t), am(t) = R (aun (1)), d(n) = R™*(Li(n) — L3(n)).

Theorem 2. Let (i) xen be a sequence of independent copies of a discrete random variable & with distribution
(i,pi), i =0, and let m > 1 be some fixed integer. Let the following condition be satisfied:

lim r(tr)

— P _
M =z, p>-1, Vr>0. (1.13)
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Then
. r(a1(n))(zn + 0n — am(n)) _ \
P<117£I1_)sotip Lo (n) = 1> =1, (1.14)
P<linrr_1>i£f Lz(n)r(al(";z(;&j On —d(n)) _ _1> _, (1.15)

where 0,, is a r.v. such that 0 < 0, < 1.
Corollary 1.

(1) If condition (1.9) holds, then the value 0,, in formula (1.14) can be omitted.
(ii) Similarly, 6,, can be omitted in formula (1.15) if La(n)r(ai(n))/Ls(n) — 0, n — oc.
(iii) If La(n)r(a1(n))/Ls(n) — oo, n — oo, then

P (liminf (2, — d(n) = ) =1, (1.16)

n—oQ

where k € [—1,0]. Here and further, by k we denote a nonrandom constant, not necessarily the same
in different parts of the paper.

In the statements mentioned, we assumed that the functions F'(z) and r(x) are known exactly. Unfortu-
nately, in many important practical cases, they are not. More often, only their asymptotics is known as x — oc.
Consider one such example.

Proposition 1. Let (& )ren be a sequence of independent copies of a discrete random variable & with distri-
bution (i,p;), i = 0, and let m > 1 be some fixed integer.
Suppose that for some v > 0 and C| < 0o, we have the asymptotic relation

R(n) =yn+ C1 +o(1). (1.17)

Then for any integer m, Eq. (1.11) holds with a,, = [(Inn — Cy + o(1)) /7], and

P<limsup Yen = am(n) _ 1> —1, (1.18)
n— 00 Lm—i—l(n)

(1.19)

n—oo ’Y

P<liminf o = (L) = La(n) /1> —1,

where k € [-1 — C1 /v, —C1 /7).

At the end of the paper, we consider examples of application of the obtained results on asymptotics of
extreme values of birth and death processes and processes in queuing systems (QSs).

Such problems were studied in many works [2,3,9, 13,21, 24]. However, it was mainly the case of weak
convergence.

2  Proof of Theorem 1

Let us start with auxiliary lemmas. For a sequence of discrete i.i.d.r.v.s &, &1, &2, ... with distribution (7, p;),
i > 0, we construct random events A,,, A, as follows:

A ={& = 2n = an + m}, A, ={& € lan —m, ap + m)}, (2.1)

where a,, is defined by formula (1.2), and m is some integer.
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Lemma 1. Let random events A,, be given by (2.1), and let m be an arbitrary fixed integer. If, under Theorem 1,

the function r(n) satisfies Eq. (1.10), then
> P(4,) = .
n=1

Proof. In Lemma 3 of [18] the following lower bounds for the series in (2.2) are obtained:
STP(A) =Y PE=a,+m)(1-PE>a,+m+1)""

2 ZP(E =k+m)(1-PE=k+m+ 1))eXp(R(k+1)) Z 1
h=0 n: a,=k

P =k+m)=exp(—R(k+m)) —exp(—R(k +m+1))
=exp(—R(k+m)) (1 —exp(—r(k+m+1))).
Obviously,

k+1

S PE=k+m)(1-P(E>k+m+ 1) g <1,

k=0

Putting (2.3)-(2.6) together, we get

> P(Ax) =D exp(=R(k +m) + R(k + 1)) (1 — exp(—r(k + 1)))
n=1 k=0

x (1 —exp(—r(k+m+1)))(1—exp(—R(k+m+ 1)))exp(R(k’+l))
— 1.

Further, note that if condition (1.8) of Theorem 1 is satisfied, then only two cases are possible:

(a) There exist d > 0 and subsequence (k;) suchas r(k;) > 6, r(k;+1) =6, ..., r(ki+m+1) >

(b) r(k) > 0ask — oo.

Let us start with case (a). By estimate (2.7) we have

STP(4n) > Y exp(—[m|Co) (1 — exp(—0))
n=1 )

% (1 - exp(—R(k; +m + 1)) *PEFD)

As it is well known,

Lith. Math. J., 61(2):145-160, 2021.
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Suppose that m > 0. Then R(k+m+1) > R(k+ 1), and the series on the right-hand side of inequality (2.8)
diverges, and therefore the series on the left-hand side also diverges.
Let m < 0. As mentioned before, inequality (2.8) also holds. Given the inequality

|R(k +1) — R(k+m+1)| < |m|Co (2.10)

and asymptotic relation (2.9) obtained for sufficiently large £ and € < 0.1, we have

)

exp(mCo)
(1= exp(—R(k + m + 1)))"PRED) 5 <i - 6>

that is, again, the series in the right- and left-hand sides of (2.8) diverge.

Let us turn to case (b). Again, we use estimate (2.7) and the elementary inequality 1 —exp(—z) > x—x2/2,
x > 0. Then for sufficiently large k, the corresponding item in the sum on the right-hand side is estimated
from below by the value

exp(—R(k +m) + R(k +1)) (r(k; fm1)— r(k +m + 1)2>

2

5 <r(k - r(k —2|— 1)2> (1 — exp(= R(k +m + 1)) PHED)

Since (k) — 0 as k — oo, for any fixed integer m, we have

ex 1
—R(k+m)+ R(k+1) —0 and (1 — eXp(—R(k; +m+ 1))) p(R(k+1)) _,

If we add condition (1.10), then we easily to see that the series (2.2) diverges. O

Lemma 2. Let random events Al, be given by Eq. (2.1), let m be an arbitrary fixed integer, and let the condi-
tions of Theorem 1 hold except (1.10), that is,

> r?(n) < oo. (2.11)
n>1

Then
Z P(A)) < oco. (2.12)
n=1

Proof. Just as in Lemma 1, we have the equality

ZP(A;):ZP(&E[&” m,an+m)):ZP(£€[k—m,/~c+m)) Z 1
n=1 n=1 k=0 n: Gn=
=Y D PE=k+j) Y 1
j=—m k=0 n: an=

Si=Y PE=k+j) > 1, je[-mml] (2.13)
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Under condition (1.8), we have r(k +m) = r(k)(1 + o(1)), k — oc.
Therefore

P((=k+j)=exp(—R(k+j)) —exp(—R(k+j+1))
=exp(—R(k +7))r(k)(1+ o(1)). (2.14)

Further, we put estimates (2.14) and (2.4) into formula (2.13):

Zexp (k+1) = R(k + 5))r(k)*(1+ 0(1)) + > _P(¢ =k + )|0k].
k=0

Obviously, in the last estimate the second sum on the right is less that 1. Hence, taking into account condi-
tion (1.9) of Theorem 1 and condition (2.11), we obtain the boundedness of the values S;. O

We proceed directly to the proof of Theorem 1. For the sequence of random events (A,,) defined by (2.1),
we introduce the following notation:

=Y P(4)), S,= > PANA).
j=1 1<j<i<n

Firstly, we show that under the conditions of Theorem 1, there exists a constant K < oo such that

2

limsup ", < K. (2.15)
n—oo S
To this end, we use the simple equality
Z P(A;)P(A)Cjy, (2.16)
1<j<i<n

where C;; = (P(& < ap+myi=1,...,5))" ! (see [18, Lemma 3]).
Let us estimate the value of C';; from above. Suppose that a; = k. Then | < exp(R(k + 1)), and

Cju < (1 —exp(—R(k+m—+ 1)))_l < (1 —exp(—R(k+m+ 1)))_eXp(R(k+1)).

Note that for x > 1, the function (1 — 1/x)~* decreases as x increases. From this and from inequality (2.10)
we obtain

Cju<Cy=(1- eXp(—R(l)))_eXP(R(l)Hm\Co).

Substituting the last estimate into (2.16), we have

Si<C Y P(A,P(A).

1<i<I<n

Finally, by Lemma 1 S}, — oo as n — oo. Then

SE=2 Y P(4)P(A)+O(S)).

1<j<I<n

The last estimates together give inequality (2.15) at K = Cq/2.

Lith. Math. J., 61(2):145-160, 2021.
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It remains to rewrite inequality (2.15) as follows:

TN PANA 25" /
lim sup 21 2t P4 % < limsup Sn + S

~ < 2K. 2.17)
(D P(4)))? s

The generalized Borel-Cantelli lemma (see [22, Chap. 6, Sec. 26]) allows us to derive the following inequality
from estimates (2.2) and (2.17):

(A04)

Hence from the Hewitt—Savage zero—one law we have

(F00)

n=1k=n

that is, Eq. (1.11) of the Theorem 1 is proved.
Item (ii) of Theorem 1 follows directly from Lemma 2 and the Borel-Cantelli lemma.

3 Proof of Theorem 2

DEFINITION 1. We say that a function H : R — R satisfies condition (U,) if the following holds:

(1) im0 H () = +00;
(ii) the function H is strictly increasing for x € (z9, c0), where z¢ := inf{x € R: H(z) > 0};
(iii) there exists p > —1 such that the derivative H' is regularly varying at +oo with index p.

The notion of regularly varying functions is well known; see [5, 20].

The main results of [17] on the asymptotic behavior of extreme values of a continuous r.v. obtained just in
the case where the function H(x) = —In(1 — F(x)) satisfies condition (Uy).

If the function r satisfies condition (1.13), then it is regularly varying at +oo with index p, denoted r € RV/,.
Then also R € RV, 1, Rl RVy(p41) [5, Prop. 1.5.8, Thm. 1.5.12], and h € RV_,(,11). Moreover,

xT

R = [nwdn wo = o 6.
0

Consider a r.v. £¢ with distribution function F(z) = 1 — exp(—R(x)), z > 0, F(0) = 0. Let (£§)en be
a sequence of independent copies of a r.v. £¢, and let

(o

z, = max .

1<i<n

First, we show that under the conditions of the Theorem 2, we have the following asymptotic equalities:
g (@ (M) = (1)

n—o00 Lm—',—l (n)

L La(mr(d()(<5 — d(n)

=1 as.VmeN, 3.2)

=—-1 as. (3.3)
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If the function R would satisfy condition (U;), then Egs. (3.2) and (3.3) would a simple consequence of
Theorems 1 and 2 in [17]. Unfortunately, the function R is not differentiable in a countable set of points.
Therefore we have to slightly modify the corresponding proof from [17].

Let us establish Eq. (3.2). Let 7° be a standard exponentially distributed r.v., that is, P(7°¢ < z) =
1 —exp(—x). Let (75)ren be a sequence of independent copies of a r.v. 7¢, and let

zy, = max Tj.
1<k<n

Without loss of generality, we can assume that
Zn — G (n) = R_l(sz) - R_l(am(n)) (3.4)

(see proof of Theorem 1 in [17]).
The following equality was obtained in Lemma 2 in [17]:

€ fR—
lim sup 2~ am(n) =1 as. (3.5)
n—o00 Lm+1(n)
Furthermore, we assume that
2y (n) = am(n) (3.6)

(since R~!(x) is an increasing function, taking into account (3.5), it suffices to choose only those n for which
(3.6) holds).
We fix an arbitrary sufficiently small € > 0 and introduce the following notation:

h, = inf h(t), ht = sup  h(t),
L WINAA () am (n)<t<2e, )
¢, =sup(t < z5: h(t) < h, (1+¢)), G =sup(t < zp: h(t) = b1 (1—€)).

Then by (3.1) we obtain
hyy (28 — am(n)) < R7H(2E) — R (aum(n)) < B (28 — apm(n)).

The functions 7(¢) and h(t) after construction are continuous from the left. Therefore

h¢) <hg(L+e),  h(GH) =hi(l—e),
and thus

1

1 + Eh(gn_) (ZreL - am(n)) < R_l(zreL) - R_l(am(n))

1 e
< 1 n(eh) (- o).
—€
Keeping in mind the equality h(a;,(n)) = 1/r(am(n)) and Eq. (3.4), we can rewrite the last inequality as

LR 2= () _ (@) (2 — an(n)
Lt eh(am(m) Lma(m) S Los(n)
L R(G) % — am(n)
S 1 ch(am() Lnga(n) G-D

Lith. Math. J., 61(2):145-160, 2021.
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It is known (see [10, Chap. 4, Ex. 4.3.3]) that

e

“n

€
—1 and “n —1 a.s.
Inn am(n)

as n — oo. However, ¢, (T € (aun(n), 28), and therefore

- G
am(n) — 1, am(n) — 1
From this we obtain that
Aten) ()
hom(m) 7" ham(n) ! 69

as n — oo (see similar conversions in [17]).
Putting together relations (3.5), (3.7), and (3.8), we obtain

<l (@)~ an(m) 1

< a.s. 3.9
1+e€ n—00 Lm—l—l(n) 1—e¢ G

Estimates (3.9) are satisfied for any € > 0, from which we obtain Eq. (3.2). Similarly, based on Lemma 4
in [17], we can prove Eq. (3.3).
It remains to make the transformation from (3.2) and (3.3) to equalities (1.14) and (1.15) in Theorem 2.
Further, note that for k¥ € N, the random events

{¢¢ <k} and {[¢°] <k}
are equivalent, that is,

P([¢] < k) = P(€° < k) = 1 — exp(R(k)).

Thus r.v.s [£¢] and ¢ are identically distributed. The same is true for r.v.s [2¢] and z,. If we denote 65 =
28 — [25], then 2z — 0 and z, have the same asymptotic behavior at infinity. Hence by (3.2) and (3.3) we
obtain that there exist 6,,, 0 < 6,, < 1, such that for every fixed m € N,

lim sup T(am(n))(LG + (9;:)_ am(n)) =1 as., (3.10)
n— o0 m+1
lim inf Lz(”)r(d(”;)éz’gnj; On=dm) _ 4 s 3.11)
n—oo 3

Since the functions 7(x) and R~!(x) are regularly varying at infinity, we have the implication

am(n))—>1 — -1, n— o0

(see [6]).
In the same way, we get

which, together with Egs. (3.10) and (3.11), completes the proof of Theorem 2.
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Proof of Corollary 1. Here only item (iii) needs some explanation. It is simply deduced from Theorem 2.
Indeed, put

Lo(n)r(ai(n))

Xn = L3 (n)

Then by Eq. (1.15), for all e > 0, we have

1
P<El(ni): o —d(ng) + 0, < 7€ i.o.> 1,
Xn;

1
P<E|n0: Vn = ng, z, —d(n) + 6, > \ 6> = 1.

Since € is an arbitrary positive number and x,, — oo as n — oo, from the last relations it follows that

liminf (z, — d(n)) =k € [-1,0] as. (3.12)

n—oo

Moreover, by the Hewitt—Savage zero—one law, x is a degenerate r.v., that is, (1.16) holds. O
Remark 1. Since z,, is an integer r.v., then the following relations seem of interest:
P(z, — [dy] € {-1,0,1} i0.) =1, P(z, — [dn] < —1 i.0.) =0,

which we obtain from Eq. (3.12).

4 Proof of Proposition 1

From condition (1.17) we obtain r(n) = y+o(1). Thus condition (1.8) is satisfied. Accordingly, by Theorem 1
we have Eq. (1.11). The formula for a(n) simply follows from definition (1.2):

an :max(k: > 0: exp(—R(k)) = i) Zmax<k S0 k< lnn—C’;l—l—o(l))
B [lnn—Cl—l-o(l)}
y .

We obtain relations (1.18) and (1.19) from Theorem 2, since its conditions are also satisfied. It only remains
to find the asymptotic behavior of the function R~ (z).

An anonymous reviewer has somewhat refined the interval for x compared to the original version. Here is
his reasoning. If R denotes the piecewise linear extension of the sequence (R(n)), then

R(z) = R([z]) — r([z])([z] — ) = v[z] + C1 + o(1) — (v + o(1)) ([z] — )
=~z +C; +0(1)

as x — oo. Therefore, denoting x,, = R~ (u), we get, as u — oo,

u= R(x,) =7z, +C1+0(1), x,= v Cl/y_ o(1) = : - il + o(1).

Hence d(n) = (Li(n) — L3)/v — C1/v + o(1), and (1.19) holds with k € [-1 — Cy /vy, —C1/7].

Lith. Math. J., 61(2):145-160, 2021.
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S Examples
Let us consider some examples of application of Theorems 1 and 2 and Proposition 1.

Example 1 |Geometric distribution]. Let 0 < ¢ < 1, and let

P(¢=k)=pr=q(1—qF, k=0.
Then

1
P(E> k)= (1-q" =exp(—k), y=k .
thatis, R(k) = vk, r(k) = 7.
It is clear that conditions (1.9) and (1.10) of Theorem 1 hold, and therefore r.v.s z, satisfy Eq. (1.11).
Moreover, via formula (1.2) we find a,, = [(1/7) Inn].
Similarly, the conditions of the Theorem 2 hold. By Corollary 1 we obtain

— — (L - L
lim sup Ve = am(n) =1, liminf = (I (n) 3(n)) =k a.s.,
n—00 1%n+1(n) n—00 0

where k € [—1,0].
In fact, the last equation can be refined. Namely, based on the results of [15], we can prove that the
geometric distribution satisfies the following:

P<zn < [Ll(n) ; L?’(”)} i.o.> = 1.

From this and Remark 1 we have

P<zn - {Ll(");L?’(”)] e {~1,0} i.o.) —1,

P<zn - [Ll(”) ;LP’(”)} <-1 i.o.> = 0.

Example 2 [Queuing system M /M /m]. Let us now consider a queuing system with m servers, 1 < m < oo,
and customers that arrive according to the Poisson process with intensity A, service times being independent
copies of a random variable 1 with exponential distribution

P(n<az)=1-exp(—puz), x2>0.

In the standard notation, this queuing system has the type M /M /m; see [12,14].

We impose the following assumption on the parameters A and p ensuring the existence of the stationary
regime: p := A\/(mpu) < 1. Fort > 0, let Q(¢) denote the length of the queue at time ¢, that is, the total
number of customers in service or pending. Set

Q(t) = sup Q(s), t=0.

0<s<t

Let us introduce the regeneration moments (S},) for the process QQ: Sp := 0 and, for i € N, S; is the arrival time
of a new customer after the ith busy period. Let T; be the duration of the ith regeneration cycle, and let Q(77)
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be the maximum length of the queue in the first regeneration cycle. It is well known that ap = ET7 = 1/(\py)

and
m ( )k m, ., m -1
mp ptm
Po = Z ot 1 ) :
(kzo k! m!(p—l)

Put
P(Q(T1) 2 n) = exp(—R(n)). (5.1

In recent paper [9] the authors established that the sequence (R(n)) in (5.1) satisfies conditions (1.17) with

pm!

1
y=1In | Ci=In (5.2)

p m™(1—p)

Based on these equalities in [9], it was found that Q(¢) satisfies a law of the iterated logarithm for the lim sup
and a law of the triple logarithm for the lim inf.
Here we will strengthen this result as follows:

YQ(t) — ag(t)

li —1 as. Vk>1, 53
PP e TP Y
and
o = 1
hgl_l)égf <Q(t) -, (L1(t) — Lg(t))> =K as., (5.4)

where k € [-1 — (C1 +Inar)/y, —(Cy +Inar)/7].
Indeed, denote by NV the counting process for the sequence (S} ), that is,

N(t) =max{k > 0: S <t}, t=0.
By the strong law of large numbers for N, we have lim;_, ., N (t)/t = 1/ar a.s., whence, as t — o0,

mN(@) =In ' +o(1) as. (5.5)
ar

Put 7, = Q(Sn) From Proposition 1 it follows that for r.v. Z,, Egs. (1.18) and (1.19) hold with v and C}
defined in (5.2), that is,

Lp — .. 1
lim sup 7 o (n) =1, liminf <Zn -, (Li(n) — L3(’I’L))> =K as.,

n—00 Lk+l (n) l—0o0

where k € [-1 — C1 /v, —=C1 /7).
The procedure of the transition from here to (5.3) and (5.4) is known and is based on estimate (5.5) and the
following inequalities:

Znw < Q) < Zyw4r  as.

(see, e.g., [9]).
Further, we consider the r.v.s

Qn= sup Q(tx), n=0,
0<k<n

where tg = 0, t1, 12, ... are the moments of receipt of applications in the system.

Lith. Math. J., 61(2):145-160, 2021.
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We easily see that

CON(t) _ Nt 1
lim = lim = =po a.s.
n—oo N n—oo t, n ar

Repeating the observations mentioned from Proposition 1, we obtain

In — - L —L
lim sup VGn = ar(n) =1, liminf <Qn — 1(n) 3(n)> =K a.s.,
N—s00 ‘Lk+1(n) n—o00 vy

where k € [-1 — (Cy +1npg) /v, —(Cy + Inpg) /7]
Example 3 [Birth and death processes]. Let X = (X (¢)):>0 be a birth and death process with parameters

A=A+ A pp=pv,+B, n=12 ...,

(5.6)
)‘0:A7 NOZO, )‘7MJUH7A7B>OJ

that is, (X (¢))¢>0 is a time-homogeneous Markov process such that, for ¢t > 0, given {X(¢) = n}, the
probability of transition to state n + 1 over a small period of time 0 is (Av,, +A)d + 0(J), and the probability of
transition to n—1is (uv, +B)d+o0(d),n = 1,2,3,... . The parameter a can be interpreted as the infinitesimal
intensity of population growth due to immigration, and B characterizes the intensity of population decline due
to emigration.

In the case v,, = n the birth-death process X is usually called the process with linear grow (see [14, Chap. 7,
Sec. 6]).

We assume that X (0) = 0, v, T 0o asn T oo,

1 A
> " <oo, and pi=" <1 (5.7)
n>1 Un H
Put
k s
bo=1, =[] keN
=1 M

Under condition (5.7), there exists a stationary regime, that is, lim;_, P(X (t) = k) = px with py = Oxpo,
k=0,1,2,3,..., where pg = 1/(3>_722 Ok)-

Further, X is a regenerative process with regeneration moments (S), where Sy = 0 and S;, i € N, is the
moment of ith return to state 0. It is known that ap = ETy, = 1/(Apyg), where T}, = Sy, — Sk_1 is the duration
of the kth regeneration cycle; see [24].

Put

X(t)= sup X(s), t=0,
0<s<t

and
q(n) :==P(X(T1) = n) = exp(—R(n)).

It is known (see [3] or [24, Eq. (34)]) that ¢(n) = 1/22;5 oy, where o = 1 and oy, = Hle wi/N; for k € N.
Further, we write oy in the following form:

_ B - _ B/u—A/A

= — 1 i)y i .
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As it is known from the analysis, if the series of condition (5.7) converges, then there exists

Jim By =" = gu +6) (5.8)

(see [23, Chap. 1, Sec. 4]).
To estimate the value ¢(n), we need the following:

Lemma 3. For arbitrary p > 1 and By, that satisfies equality (5.8),

1

1(14—0(1)), n — 00.

Ay = ZP ﬁk = ﬁ*
k=1 P

Proof. By the Stolz—Cesaro theorem we have

. An . An - An—l . pnﬁn ﬁ*
lim = lim = lim = .
n—oo pttl  nooo pntl — pn n—oo pttl —pn p—1

The proof is complete. O

The estimate follows directly from Lemma 3:

1—p
n (14 0(1)),
q(n) o P (1+0(1))
that is,
R(n) = —Inqg(n) = yn+ C1 + 0o(1),
where
vem' =m (5.9
p I—p

It remains to apply Proposition 1 and repeat the reasoning from the previous example. Thus, for birth and
death processes with parameters defined in (5.6), we obtain

KO-l (e N
h?if:olp Lot (t) =1, lt—mof <X(t) ’Y(Ll(t) L3(2€))>— a.s.,

where k € [-1 — (Cy +1nar) /v, —(Cy + Inar)/~], and v and C are given by Egs. (5.9).
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