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Boundary value problems in elastostatics with singular data
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Abstract. We consider the main boundary value problems of linear elastostatics with nonregular data. We prove existence
and uniqueness results for bounded and exterior domains of R? of class C* (k > 2). In the case of isotropic body, we
prove the results for domains of class C1'® (a € (0, 1]) and of class C'* in the case of the displacement problem.
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1 Introduction
The boundary-value problems of elastostatics for regular domains and data are today a well-defined part of

the variational theory for elliptic systems. For instance, let §2 be a bounded domain of R?, and let {81, 8>} be
complementary subsurfaces of 9f2. If §2 is of class C* (k > 2) and

Qe Wk_l/q7q(81), = Wk—l—l/q7CI(82)7

q € (1,400), then it is well known that the classical mixed problem

divC[Vu] =0 in {2, (1.1)
u=1u onsdq, (1.2)
Tu+s(u)=8 ondy (72=0), (1.3)

has a unique solution w € W*4((2), provided that the elasticity tensor C is regular and satisfies natural
definiteness assumptions and § is in equilibrium for 8; = () and 7 = 0; see, for example, [11, Chap. VI]
and [1,3,6, 12]. Here s(u) = C[Vu]n, with n unit normal on 9{2, is the traction field on the boundary. For
89 = () (resp. 81 = () and 7 = 0) we have the Dirichlet (or displacement) problem (resp., the Neumann, or
traction, problem) [8]. For 8; = () and 7 > 0, we have the Robin problem.

Clearly, even in view of possible applications, it is quite natural to detect whether the existence and unique-
ness for (1.1)—(1.3) still hold under weaker regularity assumptions on the boundary data, for instance, in the
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presence of concentrated loads. From the existence of a regular solution of a boundary value problem with da-
tum in a space H it follows, by transposition, the existence of a so-called very weak solution (see, e.g., [1,12]),
which is defined by a suitable integral equation and corresponds to data in the dual space H'. In this approach
the main problem concerns the sense to give to the attainability of the boundary value (see [1, Chap. 6]). An
alternative approach to the existence of a solution to the boundary value problem of elastostatics, confined to
homogeneous bodies but undoubtedly more sharp and strictly connected to the structure of system (1.1), is
based on the classical theory of layer integral equations [11, Chap. VI]. (From a historical point of view, this
approach has been the first one treating in full generality, at least for isotropic and homogeneous bodies, the
boundary value problems of elastostatics.) Following this technique and assuming the body to be homoge-
neous and isotropic with boundary of class C1, o € (0, 1], Cialdea [2] was able to show the existence of
a solution to the traction problem with a nonregular datum 8, that is, system (1.1)-(1.3) with 8 = 0, 7 = 0,
and s a Borel measure on 0f2. He proved that (1.1)—(1.3) has a solution expressed by a double layer potential
with density in L7(02) the tractions of which take the boundary value § in a well-defined sense.

In this paper, we are concerned just with the problem of establishing the existence and uniqueness of
a solution of (1.1)—(1.3) with singular data (the result for the displacement problem, that is, 8o = @) in (1.1)—
(1.3), was recently proved in [19]). In particular, using the results we recall in Section 2 on the trace operators
associated with the elastic layer potentials [17] and the Fredholm alternative, in Sections 3—4, we prove that if
2 is of class C* (k > 2), C is constant and positive definite (strongly elliptic for 85 = ), and

weWwrhleys)) s ewlThlaas,),

then (1.1)—(1.3) has a solution u expressed by layer potentials and thus taking the boundary values in a well-
defined sense. It is unique in reasonable function classes.
Moreover, we consider the problem

divC[Vu] =0 in {2,
u=1u ondy, Tu+ s(u) =8 onS8y, BIJP u(x) =0 (1.4)

(T > 0, and r will be defined further) in an exterior domain of R? (see, e. g., [13,14]). We show that under the
stated hypotheses on C, @, and 8, (1.4) has a unique solution.

We also consider the particular case of isotropic bodies. In this case, we prove the existence and uniqueness
for bounded and exterior domains of class C*% (a € (0,1]) (Section 5) and of class C'! for the displacement
problem (Section 6).

Notation and classical results

We essentially use the notation of the classical monograph [8]. A domain 2 is an open connected set of R3.
We deal with bounded or exterior domains with connected boundaries, although the results of this paper can
be easily extended to more general bounded or exterior domains with compact but not necessarily connected
boundaries. A domain {2 is said to be of class C* (k € N) (resp., C**, k € N, o € (0, 1]) if for every & € 912,
there is a neighborhood of ¢ (on 942) that is the graph of a function of class C* (resp., C*®). We assume that
(2 is at least of class C''. The symbol ¢ is used to denote a positive constant the numerical value of which is
unessential to our purposes. We denote by n the unit normal to 02 exterior (resp., interior) with respect to {2
for a bounded (resp., exterior) domain (2. We denote by o the origin of the reference frame; we suppose o € 2
(resp., 0 € C£2) for a bounded (resp., exterior) domain (2. For every x € R3,wesetx =x —oand r = |z|. If
§2 is exterior, then we set 2 = 2 N Sk, where Sk = {z € R3: r < R}. As usual, if f(x) and g(r) > 0 are
two functions on {2, by f = o(g) and f = O(g) we mean that lim,_,, , f(x)/g(r) = 0 and |f(z)| < cg(r).
R denotes the set of all (infinitesimal) rigid displacements. The Sobolev space W*4(£2) consists of all
¢ € Lj, (£2) such that ||@||yyr.a(m) = HISOHLQ(Q) Vel a2y < +o0; Wéf’q(_(?) is the completion of C§°(£2)

with respect to [|¢||yyx.q(2), and W=k ((2) is its dual space; Dé’z((}) denotes the completion of C5°(§2) with
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398 G. Starita and A. Tartaglione

respect to ||V¢||L2(Q Wh=1/04(902) is the trace space of W*4(£2), and W'+~ 1/q’7q’(8(2) is its dual space.
By [5, f«p (fa(z f¢) we denote (say) the value of the functional f € W59 () (f € W5 (912)) at
peW, M) (p € WH(D1)). Of course, if f is integrable, then [=["

If 2 is of class C¥, then since W*~1/¢.4 (89) — Ok L “(89) for kq > 3 and i = 1 — 3/¢, we have that
[CF=Lr(00)]) — VV1 k=1/4',4'(92). Then, in particular, W~19(d12), ¢ € (1,2) contains the space of all
Borel measures on 0f2.

Let {2 be a bounded domain, and let L%, ( ) = {¢p € LYN2): divep € L1{2)}. Endowed with the
norm |@|lze (o) = [|@l o) + || div ¢||Lq LY, (£2) is a Banach space, and for ¢ € (1,+00), the map
¢ € CHN) — ¢-n € C(ON) extends to a contlnuous operator from L%, (£2) — W—1/49(942), and the
following (generalized) divergence theorem holds (see [20, Chap. 1]):

Zfdiw:aém'n—g/ww

forall ¢ € L%, (£2) and f € Wh4'(£2).

LetB,D be two Banach spaces and denote by B’, D’ their dual spaces. A linear continuous map J : B — D
is said to be Fredholmian if its range is closed and dim Kern T = dim Kern 7’ € Ny, where T’ : D’ — B’
is the adjoint of J. The classical Fredholm alternative [16] states that the equation a = T[u] has a solution if
and only if (¢',a) = 0 for all ¢’ € KernJ’. Moreover, the equation ' = JT’[«/] has a solution if and only if
(a', ¢y =0 forall p € KernT.

2 The elastic layer potentials

We refer to [8] for the basics of the theory of linear elastostatics. Recall that the elasticity tensor C in (1.1) is
a linear map from Lin — Sym such that C[W| = 0 for all W € Skw. We suppose C to be symmetric, that is,

E-C[L]=L-C[E] VE,LE€ Lin.
C is positive definite if
7[E] = E-C[E] > |Sym E|*> VE € Lin,
and strongly elliptic if
mla®b] >0 Va,b#0.

Unless otherwise specified, we will suppose C to be at least strongly elliptic.
If the body is isotropic, then C is defined by

C[E] =2uSymE + A(tr E)1 VE € Lin, (2.1

where \, u are the Lamé moduli. In such a case, C is positive definite and strongly elliptic if p(3\+2u) >0
and (A + 2u) > 0, respectively, and (1.1) writes

pAu + (A + p)Vdivu = 0.

A weak solution of (1.1) is a field u € VVlicq(Q) such that

/qu C[Vu] =0 Ve e C5°(02).

If ¢ = 2, then a weak solution is said to be a variational solution.
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The following work and energy theorem holds for a variational solution u € I/Vlif (£2) of (1.1) (with
u = o(1) for exterior {2):
*

/w[V’u] = /u - s(u). (2.2)

0 of?

From (2.2) and the inequality (see [8, p. 105] and [21])

/|Vu|2 < /W[Vu] Vu € Dé’z(Q)
Q Q

the classical uniqueness results follow: if w5, = 0, then w = 0; if C is positive definite and J 8*9 u-s(u) <0,
then u € R (u = 0 for exterior {2).

As far as the traction problem for bounded domains is concerned, the uniqueness is meant in the class of
normalized displacements, that is, the fields w satisfying (see [8, p. 186])

* *
/u:O, /a:xu:O.
o1 12

Equation (1.1) admits a fundamental solution U (z — y) (see [9, Chap. III]), that is, a regular solution for
all x # y to

divC[VU(z — y)] = d(z — y),

where 0 is the Dirac distribution, expressed by U(z) = @®(z)/|z| with homogeneous second—order tensor
function @ of degree zero. If C satisfies (2.1), then @ is expressed by (see [8, p. 174])

1 zZ®z
b(z) = 167T(1_V){(3—41/)1+ ‘;®|2 },

where v = \/2(\ + p) is the Poisson ratio.
For all ¥, ¢ € L'(012), the fields

ofl(z) = / U — O(¢) dog. 2.3)
on

wlg)(z) = / C[VU(z — 0)] (¢ ® n)(C) dog 2.4)
on

represent analytical solutions of (1.1) in R \ 942 and are known as simple-layer potential and double layer
potential with densities 1 and ¢, respectively.
The fields (2.3) and (2.4) have the following asymptotic behavior:

Violg)(@) =0~ 7F), Vewlgl(x) = 0(r7*),
and

/ $=0 — V[l =02
o0
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We have
[o[][ragy < clPlwe-i-1/0000), 2.5)

@[l i) < cllelwe-/aao0)

for some constants ¢ depending only on k, ¢, and {2, and the following limits exist for almost all £ € 92 and
axis [ in a ball tangent (on the side of n) to 0f2 at &:

lim w[y](§ F el(€)) = S[¥I(9), (2.6)
Jlim_ wlp](¢F (€)= WHR(), 2.7)
Jim C[Voly]] (¢ F e(€))n(6) = T [%](), (2.8)
Jim C[Vawe]] (€ () n(€) = Z[p](9)- 2.9)

Note that (2.6) represents the trace of the simple-layer potential with density 1 and shows that v[¢] is contin-

uous in R3; (2.7) represent the traces of the double layer potential on both “faces" of 9f2; (2.8) are the traces

of the traction field associated with the simple-layer potential on the faces of 92; (2.9) represents the trace of

the traction field associated with the double layer potential and shows that C[Vw][¢]]n is continuous in R3.
The values (2.6)—(2.9) define the linear and continuous operators

S Wk=Va9(90) — Wk1/09(54), (2.10)
wE . wklea90) » wh/ea(p0),

TE  whk-l-leagr) - wh-1-Yaa50),
z . wkt=Yaag) - whi-1/e990),

and the classical jump conditions hold:

Y =T =T [, (2.11)
o =W'lp] =W [ (2.12)

As observed in [17], (2.10) can be extended to its adjoint operator
S Witk d (90) — WAk 4 (90,

defining the trace of the simple-layer potential with density ¢ € W'—k-1/¢"¢ (042), that is,
oll(o) = [ Ut~ Ow(c) dog
o2

(for the meaning of f * see Notation in Section 1), and from (2.5) it follows that

H"’W]sz—k,q'(g) < cllllwi-r-ra @ (90)- (2.13)
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Moreover, W* and 7 are adjoint to each other, so that (say)
W™ W2V (90) — w2E 9 (90)

is the adjoint of 7+ and defines the trace of a double layer potential w(¢)] with density in W?2—k=1/4-4'(902):

wlglo) = [ C[VUL - O)(w © m)()doc.

of?

Finally, Z can be extended to its adjoint operator
z Wk (90) —» Witk (90),

which defines the trace of the traction field of the double layer potential w[p] with density ¢ €
W2-k=1/d4'(502).
The following results are proved in [17].

Lemma 1. Let 2 be a bounded or an exterior domain of class C* (k > 2). The operator S is Fredholmian,
and Kern S = Kern S’ = {0}.

Lemma 2. Let {2 be a bounded or an exterior domain of class Ck (k > 2). The operators W* and T+ are
Fredholmian, Keen W = Kern T~ = {0}, and

Kern T+ — {1 : S[yp] € R}, 2 bounded,
{0}, 12 exterior,
(2.14)
_ R, {2 bounded,
RermW™ = {{O}, 2 exterior.

Lemma 3. Let 2 be a bounded or an exterior domain of class C* (k > 2). The operator Z is Fredholmian,
and Kern Z = Kern 2’ = R.

3 The Dirichlet-Neumann—-Robin problem

First of all, let us recall the following well-known existence theorems for regular data (see [1,7, 12]).

Theorem 1. Let 2 be a bounded domain of class C* (k > 2). If u € WF199(90), q € (1,400), and
¢ € CG°(12), then the displacement problem

divC[Vu]|=¢ in 12, u=u ondf?
has a unique solution uw € W*4(£2), and
wllwrao) < e{llallwe-raao0) + |@llwe-2a(0) }-

Theorem 2. Let {2 be a bounded domain of class C* (k > 2), and let C be positive definite. If 3 €
Wk=1-1/9:9(9(2), q € (1, +00) satisfies

/g-é—/g-q&:O Vo € R

o2 N

Lith. Math. J., 60(3):396-409, 2020.
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and ¢ € C3°(12), then the traction problem
divC[Vu| =¢ in 2, s(u) =8 ondf2
has a unique normalized solution w € W*9(02), and

wllweoo) < c{lI8llwe-1-1/0a00) + [|@lwe-200) }-

By the results on the trace operators associated with the layer potentials recalled in the previous section
we can apply the Fredholm alternative to prove the existence and uniqueness for the classical problems of
elastostatics with singular data. Let us consider the general boundary-value problem

divC[Vu] =0 in £, 3.1)
au +vys(u) =a ondf2, (3.2)

where « and +y are assigned scalars, not both zero and such that a-y > 0. For exterior {2, we require that

Note that for v = 0, a = 0, and oy > 0, we have the Dirichlet, Neumann, and Robin problems, respec-
tively. The following theorem holds. (The result stated by Theorem 3 for the Dirichlet problem was recently
proved in [19].)

Theorem 3. Let 2 be a bounded or an exterior domain of class C* (k > 2), and assume that C is positive
definite for v # 0. If

2, v=0,

1  otherwise,

ac Whklea90), h= {

and
*

/a-gzO Vo eR
on

for bounded (2 and o = 0, then (3.1)—(3.2) has a solution expressed by a simple-layer potential with density
W € WIk=199(90). It satisfies the estimate

|w|lw2-ro0) < cllallwn—r-1/a.0060); (3.3)

and for v # 0, it is unique in the class of all u € Wz_k’q(ﬂ) such that

loc

* 1 *
— a-z, {2bounded,
/u-¢_{ v Jos (3.4)

5 +“17 fgga-z, {2 exterior,
for all ¢ € C§°(12), with z solution of

divC[Vz]=¢ in {2, az+vs(z) =0 on 012,
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and z = o(1) if 2 is exterior. If v = 0, then w is unique in the class of all u € Wﬁ;kq(Q) such that

/*u-qz&: {—I—%fa}za-s(z), _Qboun.ded, G33)
J - fan a-s(z), Q2 exterior,
forall ¢ € C§°(02) suchthat [, 0- ¢ =0Y @ € R, with z solution of
divC[Vz]=¢ in (2, z=0 ondf,
and z = o(1) if §2 is exterior.
Proof.  Let {2 be bounded. If ary = 0, then by Lemma 1 or Lemma 2 the equation
(a8 +7T) %] = a (3.6)

has a solution 1 € W1=#~1/4:9(9(2), and the field u = w[t)] is a solution that is C* in {2 and satisfies (3.2)
in the sense of (3.6). Let a; be a regular sequence on Jf2 that converges to a strongly in Wh=k=1/a,q (092).
Let a = 0 (say), and let v[2);] be the solution of (3.1)~(3.2) with datum a;. By (2.13) v[v);] converges to v[v)]
strongly in W2~%4((2). Integration by parts gives

/’U[%]'@ﬁ:—i/%'z-

0 of?

Hence (3.4) follows by letting 7 — +o00. Analogously, for v = 0, we obtain (3.5). Estimate (3.3) follows from
Theorems 1 and 2 and a duality argument.

If ary > 0, then since S is compact from W1 =¥=1/4:4(942) into itself, S +~7* is a compact perturbation
of a Fredholmian operator, and so it enjoys the same property. Set

olp] = avlp] — ywlep].

To prove existence of a solution of (3.6), it is sufficient to show that if ¢ € Kern(aS —yW™), then ¢ = 0.
Now, since o[p]~ = 0, by uniqueness o[p] = 0 in 0§2. By the jump conditions (2.11) and (2.12) we have
olp]™ = —vp, s(a]e])t = ay so that, integrating by parts,

[ rIvolel = [ olel - s(ole) " =—av [ Il
o1

0 of?

Hence ¢ = 0. The uniqueness follows from the usual argument. The proof of the existence and uniqueness in
exterior domains is analogous to the previous one and so is omitted. O

Note that, choosing ¢ = div C[V(] in (3.5) (say) with ¢ € C*(£2) vanishing on 42, we have!
*

/u~divC[V§] = i; /a.s(g) V¢ e CR(0). (3.7)

0 of?

In particular, if ¢ € C§°(£2), then [{,w - div C[V¢] = 0 for all ¢ € C§°(£2), that is, w satisfies (3.1)~(3.2) in
the sense of distributions.

! Some authors call a field u € Li., . (£2) satisfying (3.7) a very weak solution of (3.1)—(3.2) (see, e.g., [1,12]).

Lith. Math. J., 60(3):396-409, 2020.
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Remark 1. Similar results to those stated in Theorem 3 have been proved for the Dirichlet problem associated
to Stokes and Oseen systems in [18] (also see [15]).

Remark 2. By the well-known interpolation and stability results [10] Theorem 3 ensures that oS + 77'i are
Fredholmian. Hence the existence and uniqueness follows for boundary data in the Sobolev—-Besov space
W#4(942). In particular, for every a € L1(912), (3.1)—(3.2) has a unique very weak solution, which takes the
boundary datum in the following sense:

lim (au+vys(u)) (& —t(€)) = a(§)

t—0*

for almost all £ € 0f2 and axis [ in a ball tangent to 0f2 at £.

4 Mixed problems

Once a regular boundary-value problem is solved, we can construct the associated Green function. Consider,
for instance, the Dirichlet problem in a bounded domain

divC[Vu] =0 in {2, u=1u onodf. “4.1)
For every y € (2, the equations
div, C[VA(:E, y)] =0 in{2,
A(&y) —U(z—€) =0 ondf?

have a unique regular solution, and the field G(z,y) = U (z — y) — A(x,y) defines the Green function of the
Dirichlet problem. The very weak solution of (4.1) can be written as

/ CIVG)(z, ) (@ ® n)(C) do. 42)

of?

Beside its intrinsic interest, (4.2) is also useful to deal with mixed problems as the Dirichlet-Neumann—Robin
problem (1.1)—(1.3) in a bounded domain we treat in details as a sample. To this end, we follow [11, p. 606].
Let us look for a solution of (1.1)—(1.3) expressed by

*

/G 2, ) da<+/C[VG](;U,C)(ﬁ®n)(C) do

= v[¢](z) + wla)(z). (4.3)

Since by construction w satisfies (1.2), we have to find 1) such that, on 8o,
T[] + s(0[¢]) = 8 — Tw[a] — s(wlal). (4.4)
By the regularity properties of the Green function over regular boundaries (4.4) is a Fredholm equation of
index zero. Thus, to show that (4.4) is uniquely solvable, it is sufficient that the homogeneous equation has

only the trivial solution. If 79[1] + s(©[]) = 0 on Sy, then ¥[t)] is a regular solution of

divC[Vu] =0 in {2, u=0 on§y, Tu+ s(u) =0 onds.
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By uniqueness ¥[t)] = 0 in £2. Since ¥[+] is continuous through 942, again by uniqueness ¥[1p] = 0 in (42,
so that (2.11) implies ¢ = 0.
Moreover, the usual argument shows that u satisfies

/*u.d):/a.s(z)_/g.z “s)
(P4 81

Sz
for all ¢ € C°°(£2), with z solution of
divC[Vz]=¢ in {2, z=0 on$y, 7z+s(z) =0 on8s. (4.6)

Therefore, calling a very weak solution of (1.1)—(1.3) a field u € WQ_k’q(_Q) that satisfies (4.5) for all ¢ €
C°°(£2) with z the solution of (4.6), we can state the following:

Theorem 4. Let 2 be a bounded domain of class C* (k > 2). If u € W?*+1%498)) and 5 €
Wl_k_l/q’q(Sg), then (1.1)—(1.3) has a unique very weak solution

we Wrhi(Q)nCc=(),
expressed by (4.3) for some ¢ € Wl_k_l/q’q(Sg), and

lwllwe-ro2) < c{llallwe-r-1/008,) + 18Ilwi-r-1/0.as,) }-
Analogous problems in exterior domains (like (1.4)) can be treated by the same method.
Remark 3. Taking into account that, for every x € (2,

*

/[VmU(:E—C)Mb(C) do¢| < c(x,m, 2, C)|[hllwi-r-1/0.4(60),
of?

[ Vinv[9]|(z) =

we see that for all £2” such that £2” C (2, there is a positive constant ¢ depending only on £2”, {2, and C such
that

lwll ooy < c{ll@llwe-r-1/aacs,) + [18lwi-r-17a.9(s,) }-

5 The Dirichlet-Neumann—Robin problem in domains of class C1“

Let C be expressed by (2.1). If 2 is of class C1* for some a € (0, 1], then classical results of V. Kupradze
and S. Mikhlin ensure that the operators

WE: L9(002) — L1(02)

are Fredholmian for all ¢ € (1,+00) and Kern WE Kern T+ C C0%®(042) (see [11, Chap. VI]). Thus,
proceeding as for Lemma 2 in [17], we see that Kern W+ and Kern 7+ are expressed by (2.14). Hence from
the same argument used in the proof of Theorem 3 the following existence results easily follow.

Theorem 5. Let {2 be a bounded or an exterior domain of class CY® (a € (0,1)). If 8 € L4(0%) is in
equilibrium for {2 bounded and o = 0, then the problem

pAu+ A+ p)Vdive =0 in (2, au+ys(u) =38 ondf?

Lith. Math. J., 60(3):396-409, 2020.
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(cv, v not both zero and such that oy > 0) with u = o(1) if {2 is exterior, has a unique solution expressed by
a simple-layer potential with density in L1(02), and

(V)|

raon) < Al3llLeoa),
where f* = esssup f.
From (2.11) it follows

1l o) < (| T[] ooy T 1T | Loy < Sl yragony-

Therefore, proceeding as for Lemma 1 in [17], we see that the operator S : L9(0f2) — Wh4(912) is Fred-
holmian and Kern S = {0}. Hence we have the following:

Theorem 6. Let 2 be a bounded or an exterior domain of class C1® (o € (0,1]). If 4 € L(992), then the
problem

pAu+ AN+ p)Vdivue =0 in (2, u=1u ondf,

with w = o(1) if (2 is exterior, has a unique solution expressed by a simple-layer potential with density
P € WH4(002), and

[u™|Laa0) < cll@llLeon)-
Moreover, if & € W14(092), then 1 € LI(052), and

(V)]

La(812) < CH"ALHWM(aQ)'
From (2.12) it follows

lellwraan) < HWJF[‘P]HWM(M) + HW_[‘P]HWM(aQ) S CHZ[‘P]HLq(aQ)'

Proceeding as for Lemma 3 in [17], we see that the operator Z : W14(9£2) — L4(942) is Fredholmian and
Kern Z = R. Let € = {¢: S[¢] € R}.

Theorem 7. Let (2 be a bounded or an exterior domain of class C1 (a € (0,1]). If u(3\ + 2u) > 0 and
8 € W19(002) is in equilibrium for bounded 2, then the problem

pAu+ A+ p)Vdive =0 in (2, s(u) =8 ondf2,

with u = o(1) if {2 is exterior, has a unique solution expressed by

wlep], 2 bounded,
u =
p| +v[p], 2 exterior,

B

for some @ € LI(012) and vp € €. Moreover, if 8 € L1(012), then p € W14(992).

Proof. Let {2 be exterior. Consider the equation

Zlp]=5-T [¢] (5.1
with ¢ € €. Of course, (5.1) has a solution if and only if

*

/(é—T—[¢]>-g:o Vo e R,

o2
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This is equivalent to say that the homogeneous system
/T_[¢]-9=0 Vo e R
o

has only the null solution b = 0. To show this, choose g such that S[¢)] = . Then, integrating by parts, we
have

[ #[volol] = [ sw)- 7wl =o

0 a12

Hence it follows that @» = 0. The proof for bounded (2 is immediate. O

Remark 4. Since for q € (1,2), W~19(9£2) contains the space of Borel measures on d£2, Theorem 7 extends,

in particular, the existence theorem of [2].

6 The displacement problem in domains of class C*

In this section, we are concerned with the problem

puAu + (A + p)Vdive =0 in {2, (6.1)
u=u ondf, (6.2)

for bounded (2.
Taking into account the identity Au = V(div u) — curl curl w, we can write (6.1) as

(u+ k) Au+ A+ p— K)V(divu) — k curlcurlu = 0
for every x € R. In particular, choosing x = j1(A + p)/(A + 3p) and calling

B+ )

_2p(A +2p) W G
7

So(u) = o o AT A+ 20)

divau)l + 2
A+ 3 Apgy  (dive)dls

the pseudostress field and
so(u) = So(u)n
the pseudotraction field, we obtain the Somigliana-type formula
u(z) = v[so(u)](z) + wolu](z),
where v[so(u)] is the simple-layer potential with density so(u), and
wolul(@) = [ So(U(e ~ O) (e n)()doc.
a0

Clearly, for every density ¢ € L'(02), the double-layer field wo[p] is an analytical solution of (6.1) in
R3 \ 2. Moreover, a direct computation shows that [5, 11]

wmdz/ﬁw—04umw>

, e —0)- 0Oz - )
o {Awo+u }dq,

|z — (P
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and if £2 is of class C', then the trace of wg[¢] exists on both “faces” of 9f2:

walel(a) » WELR(©) = 2,90 + [ Su(U(E - ) (@ m)(c) doc

of?

= (474l

for almost all £ € 92 with compact K : L9(9§2) — L7(012), and the conjugates of W give the trace on 912
of the pseudotractions of the simple-layer potential v[v)]:

+

Tit) = so(vl)* = =, (€) — K'[9),

where K’ is the adjoint of K.

Using the results of [4], we are able to prove the following:
Lemma 4. Let §2 be a bounded domain of class C*. If u(\ + 2u) > 0, then the operator War from L1(0S2)
into itself and from W14(092) into itself, q € (1,+00), is Fredholmian, and Kern W, = Kern 7, = {0}.

Proof.  The Fredholm property of W follows from the results of [4]. If ¢ € Kern 7, , then ¢ € LI(012)
for all ¢ € (1,400) (see [4] p. 182), so that we can integrate by parts to see that v[t] is zero in 0f2. By
uniqueness v[p] = 0 in £2, so that v = T, [1p] — T, [¢] = 0and Kern 7, = {0} = Kern W, . O

The existence and uniqueness of a solution of (6.1)—(6.2) is now a simple consequence of Fredholm’s
alternative.

Theorem 8. Let (2 be a bounded domain of class C*, and let (X + 2p) > 0. If & € LI(912), q € (1,+00),
then (6.1)—(6.2) has a solution expressed by

u = wo[p]

for some p € LI(012). The solution is unique in the class of all fields w € L (§2) that satisfy the relation

loc

for all ¢ € C§°(12), with z the solution of
pAz+ A+ p)Vdive = ¢ in (2, z=0 ondf.
Ifa € WhH4(092), then o € WH(042).
Remark 5. By this method we can also consider the displacement problem (6.1)—(6.2) in exterior domains of

class C'! with the condition w = o(1). If {2 is of class C?, the theorem also holds in the borderline case
a € L1(992) [5].
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