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Abstract. We present upper bounds of the integral [~ _ || |[P{Zy < 2} —®(x)|dz for0 <! < 146, where 0 < § < 1,
@(x) is a standard normal distribution function, and Zy = Sy //ES% is the normalized random sum with ES%, > 0
(Sy = X1+ - -+ Xn) of centered random variables X, X, . .. satisfying the uniformly strong mixing condition. The
number of summands N is a nonnegative integer-valued random variable independent of X, Xo,... .
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1 Introduction and main results

Let X1, Xo,... be a sequence of real centered random variables (r.v.s). For a < b, we denote by ]-"fl’ the
o-algebra of events generated by r.v.s X, Xo11,..., Xp. As usual, R is the real line, N = {1,2,... }, Ny =
{0,1,2,... }, and 14 is the indicator of an event A.

We consider the weak dependence condition defined between the “past” and “future” in terms of the
uniformly strong mixing coefficient ¢(7) introduced by Ibragimov (1959): We say that a sequence of r.v.s
X1, Xo, ... satisfies the uniformly strong mixing (u.s.m.) condition (or the (-mixing condition) with the
u.s.m. coefficient ¢(7) if

[P(AB) — P(A)P(B)

@(r) =sup  sup — 0 (1.1)
teN AeF}, BEF P(4) 7500
P(A)>0

(see [4] or [5]).

In what follows, @(z) is the standard normal distribution function. By C'(-) with an index or without it we
denote a positive finite factor depending only on the quantities indicated in the parentheses (not necessarily the
same at different occurrences).
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Recall the following result for sums with a fixed number n of random summands satisfying the u.s.m.
condition (1.1), which will be used to prove the corresponding results for random sums.

Theorem A. (See [15, Cor. 3].) Let a sequence of r.v.s X1, Xo, ... with EX; = 0 and E|X¢|2+‘5 < oo, where
0<d<1,i=1,...,n, satisfy the u.s.m. condition (1.1) with coefficient (1) < Ke "7, where ) < K < 00
and pn > 0 are constants. Denote

s " T
Zo= " 8 =SXi  Tin-— / 2! [P{Z, < x} — &(x)|dz,
/s 2 J

A = |E|Zo| = EJY|

1 E .
’ Ly = (ES2)r/2 ZE‘X’| )
n) =l

where ES? > 0, and Y is a standard normal r.v. Then
Tin < CoLaysn In'™0(1 4 n) (1.2)

fAHO<I<lor()1<I<1+0dand Ly, < Cy;and

Ay < CoLays, In' (14 n)

fA)1<I<20rGi)2<1<2+0and Ly, < C,.
Here Cy = C(K, u,1) in cases (i), and Cy = C (K, 1, Cy) in cases (ii).

Recall that to prove Theorem A, we used the powerful and general direct Stein method introduced in [13]
for estimating the rate of convergence of sums of weakly dependent r.v.s to the normal distribution.
In this paper, we are interested in estimates of the quantities

zl:/|x|l|P{ZN<x}—q5(x)\dx, = [ElZy] — EY]),

where

g N
Zn= N, SN:ZXia So =0,
ES% i—1

assuming that ES%V > 0, the number of summands N is a nonnegative integer-valued r.v. independent of X7,
Xo, ..., the centered summands X1, Xo, ... satisfy the u.s.m. condition (1.1), and Y is a standard normal r.v.

There are not many results on the convergence rate in the central limit theorem for random sums with
weakly dependent summands. Strictly stationary sequences satisfying the u.s.m. condition (1.1), assuming
that the number of summands and summands are dependent, were considered in [9]. Similar results for strictly
stationary sequences of martingales have been obtained in [8]. A stationary sequence of m-dependent r.v.s,
assuming that the number of summands and summands are independent, was investigated in the recent paper
[10]. Without the convergence rate, the asymptotic normality of random sums of stationary m-dependent r.v.s
was investigated in [12], in the recent paper [6], and that of martingales in [11].

For a wide range of various well-known and less common methods for estimation of the accuracy of prob-
abilistic approximations, we refer to [2] and references therein. For the results on the convergence rate in the
central limit theorem for weakly dependent random variables, we refer to [1,7, 14] and references therein.

However, the author has not found any published results on the upper bounds of the quantities Z; and A,
I > 0, for random sums with summands satisfying the u.s.m. condition (1.1). Note that for independent
summands X1, Xo, ..., the corresponding upper estimates of Z; for 0 <! < 1+ 6§, where 0 < § < 1 (and ),
for 1 <1 < 2+ §) have been obtained in the recent paper [16].
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412 J.K. Sunklodas

To investigate the asymptotic normality and the convergence rate for random sums of independent (as well
as dependent) summands, we use, as usual, the additional r.v.s

N N N
Ay =) _EX;,, B} => VX, Ly=)Y E[X;]"
=1

i=1 i=1

In [17], seemingly for the first time, we introduced the additional r.v.s

N N
KA = ZZ cov(X;, X;) = BY +2 Z cov (X, Xj),
i—1 j—1 1<i<j<N

which are very useful for investigating the asymptotics of the normality and the convergence rate for random
sums of dependent (including weakly dependent) summands Here cov(§,n) = E&n—EEEn is the covariance
of real r.v.s ¢ and 7). Moreover, we assume that >0 (-) = 0.

The main results of this paper are Theorems 1-3.

Theorem 1. Let a sequence of real r.v.s X1, Xa, ... with EX; = 0 and E|X;|>T% < oo, where 0 < § < 1
i =1,2,..., satisfy the u.s.m. condition (1.1) with coefficient p(7) < Ke "7, where 0 < K < oo and 1 > 0
are constants. Let N be a nonnegative integer-valued r.v. independent of X1, Xo, ... . Then

Ely5n In' (1 + N) E|r} — Ex}|

Lis G (Ex2,)(2+3)/2 +C2 Bk, (1.3)
for 0 <1 < 1;1f inaddition, Ly, < Cy fork =1,2,..., then
Elj1 1N Elyysn In' (1 4+ N) E|sid! — (Ex2) D72
I, <C3 (Ex2,)(+D/2 +Cy (Ex2,)@+)/2 +Cs (B2, )+ (1.4)

for1 <1 <14 4. Here the factors C; = C1(l,6,Cp), Cy = Co(1), C3 = C(K, pu,1,Cy), Cy = C(1,0,Cp),
and Cy = C(K, u,1,Cy), where Cy is taken from Theorem A.

In particular, if the summands are identically distributed with zero mixed moments, then we have the
following result.

Corollary 1. Let X, X1, Xo, ... be real identically distributed r.v.s with EX = 0, 0 < 02 = EX?, 45 =
E|X|**0 < oo, where 0 < 6 < 1, and EX;X; =0, 1 < i # j < oo, satisfy the u.s.m. condition (1.1)
with coefficient (1) < Ke™ 7, where 0 < K < oo and p > 0 are constants. Let N be a nonnegative
integer-valued r.v. with EN > 0, independent of X1, Xo, ... . Then Zy = Sy /(cVEN),

Bors ENIn'TO(1 + N) E|N — EN|
LG o2t (EN)@+6)/2 +C2 EN (1.3)
for 0 <1< 1withENIn'*°(1 + N) < oo, and

Bri1 e Bors ENIn'TO(1 + N) E|N(+D/2 _ (EN)(HD/2)

LS G gyyene TG gaewe T (EN)H+D/2

for1 <1< 1+8withENUHD/2 <
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By \; we denote the absolute value of the difference between the absolute moments of the random sum Z
and the standard normal r.v. Y,

A = |E|Zy|' - E|Y]|.
The estimates of A; follow from the estimates of Z; of Theorem 1. Namely, we have the following result.

Theorem 2. Let the conditions of Theorem 1 hold. Then

Elyysn In' (1 4+ N)
(E ,{?V )(2+8)/2

E|x} — B} |

A < G
E/{?V

+Cr

for 1 <1< 2;if, inaddition, Ly, < Cy fork =1,2,..., then

El N
(Er%,)1/?

Elyysn It (1 + N)
(E”?v )(2+8)/2

E|xly — (Ex})/?|

A < Cg
(Er%)1/?

+ Cy + Cho

for2 <1 <2+6.
Here the factors C; = 1C;_5, 1 = 6,7,8,9, 10, where Cy, Co, Cs, Cy, and C5 are taken from Theorem 1.

If, in addition, the summands are identically distributed with zero mixed moments, then from Theorem 2
we obtain the following result.

Corollary 2. Let X, X1, Xo, ... be real identically distributed r.v.s with EX = 0, 0 < 02 = EX?, 45 =
E|X|**0 < oo, where 0 < 6 < 1, and EX;X; =0, 1 < i # j < oo, satisfy the u.s.m. condition (1.1)
with coefficient p(1) < Ke™ 7, where 0 < K < oo and i1 > 0 are constants. Let N be a nonnegative
integer-valued r.v. with EN > 0, independent of X1, Xo,.... Then Zn = SN/(O'\/EN),

Bars ENIn'TO(1 + N) E|N — EN|
M < Co o2t (EN)2+0)/2 +Cr EN (1.6)
for1 <1< 2with ENln1+5(1 + N) < o0, and
1 ENIn'*(1+ N E|NU/2 — (EN)!/2
)\1<Cﬁl Ba+s n- (1 + )JFC10 | (EN)YZ|

S Y8 GLEN) (=22 TO9 a4s (EN)(2+9)/2 (EN)V/2
for2 <1< 2+ 8withEN'Y? < cc.

To present the results for three concrete random indices IV, we recall the definition of the 7-shifted £ distri-
bution (7-shifted Poisson distribution, 7-shifted binomial distribution, 7-shifted negative binomial distribution,
and so on), which was first introduced in [16]. We write £ ~ L if the distribution of ar.v. £ is L.

DEFINITION 1. We say that a discrete r.v. N is distributed by the 7-shifted £ distribution (7 > 0) (for short,
N — 7 ~ L)orthat N is a 7-shifted r.v. if for any discrete r.v. £ ~ L taking values x;, with probabilities py,

P{N =z, + 7} =P{{ =z} = ps.
In particular, the 0-shifted £ distribution coincides with the £ distribution.

Lith. Math. J., 60(3):410-423, 2020.



414 J.K. Sunklodas

DEFINITION 2. We say that ar.v. IV is distributed by the 7-shifted Poisson distribution with parameters 7 € N
and A > 0 (for short, N — 7 ~ P(N)) if

)\k
P{N=k+7}= k|e_>‘, k=0,1,2,....

DEFINITION 3. We say that a r.v. N is distributed by the 7-shifted binomial distribution with parameters
7€ No,n e N,and 0 < p < 1 (for short, N — 7 ~ B(n,p)) if

P{N=k+r71}= <Z>pk(1—p)”_k, k=0,1,...,n.

DEFINITION 4. We say that ar.v. N is distributed by the 7-shifted negative binomial distribution with param-
eters 7 € Ny, 7 € N, and 0 < p < 1 (for short, N — 7 ~ N'B(r, p) if

P{N=k+r71}= <I;:i>p’“(1—p)k_’“, k=rr+1,....

Now, we present the following statement for three presented 7-shifted £ distributions.

Theorem 3. Let X, X1, Xo, ... be real identically distributed r.v.s with EX = 0, 0 < 02 = EX?, o5 =
E|X|**0 < oo, where 0 < 6 < 1, and EX;X; =0, 1 < i # j < oo, satisfy the u.s.m. condition (1.1)
with coefficient (1) < Ke ™7, where 0 < K < oo and p > 0 are constants. Let N be a nonnegative
integer-valued r.v. independent of X1, Xo, ... . Then Zn = Sy /(0v/EN), and:

LIfFN — 7 ~P(X\) withT € Ny and X\ > 0, then

In' (1 + 7+ A)

7 <Cn (7 + \)9/2 (1.7)
for0 <1 <1, and
In' (1 + 7+ A)
A < Chg (7 + A2 (1.8)
for1 <1 <2
2.If N — 7 ~ B(n,p)witht € No,n € N, and 0 < p < 1, then
I <C ln1+5(1+7'+np) 19
LSO (1.9)
for0 <1 <1, and
In'*o(1 4 7+ np)
A < Ciy (7 + np)3/? (1.10)
forl <1 <2
3.If N — 7 ~ NB(r,p) withT € Ng, r €N, and 0 < p < 1, then
1 1+6 1
Iz<015n (L+7+r/p) (1.11)

(tp 4 1)9/2



On the rate of convergence in the global central limit theorem for random sums 415

for0 <1< 1, and

ln1+5(1 +7+71/p)

A < Crg (p+ 1)5/2

(1.12)

forl <1 <2
Here C; = Ci(K, i, 0, B245,6), 1 = 11,...,16.

Since the O-shifted £ distribution coincides with the £ distribution, taking 7 = 0 in Theorem 3, we obtain
the corresponding estimates of Z; and A; for Poisson, binomial, and negative binomial random sums.

2 Auxiliary results

To prove the main results, we use some lemmas, which were also useful for estimating Z; and \; for [ > 0 for
random sums of independent summands (see [16]) and for estimating the uniform metrics sup,cp [P{Zn <
x} — &(z)| for random sums of summands satisfying the u.s.m. condition (1.1) (see [17]). Here we present
them without proofs.

In the following lemma, we give a relationship between the first moments of the random sum Sy and the
corresponding moment characteristics of r.v.s Ay and £3;.

Lemma 1. (See [17].) Let X1, Xo, ... be (arbitrarily dependent, not necessarily identically distributed) r.v.s

with EX? < oo, and let N be a nonnegative integer-valued r.v. independent of X1, Xa, . .. . Denote
N N N N N
Sy=>Y X, Ay=) EX;,, By=)> VX, Ky =) cov(X;, X;).
i=1 i=1 i=1 i=1 j=1
Then

ESy = EAy, ES% = Ex% + EA%,
VSy = Ex% + VAy. (2.1)
If rvs X1, Xo, ... are independent, then
ES% = EB% +EA%,  VSy =EB% + VAy.

In Lemma 2, we present the upper estimates of the second moment ES%; and variance V Sy of the random
sum Sy with summands satisfying the u.s.m. condition.

Lemma 2. (See [17].) Let a sequence of real rv.s Xy, Xo,... satisfy the u.s.m. condition (1.1) with
Ziozlwl/ 2(1) < o0, and let N be a nonnegative integer-valued r.v. independent of X1, Xo, ... . Let the
notation of Lemma 1 hold, and let

N 00
b = Z EX?, Co (901/2) =1+ 42901/2(7').
i=1

T=1
Then
ES} < O (¢'?)Eb + EAZ, (2.2)

VSx < Ouo (9 EbY + VAy.

We recall that to obtain inequality (2.2) while estimating ES,% with a fixed number k£ = 1,2,... of sum-
mands, it suffices to use inequality (1.3) in [5, p.363, Lemma 1.1] or the inequality in [3, p.278, Thm. A.6].

Lith. Math. J., 60(3):410-423, 2020.



416 J.K. Sunklodas

To transfer estimate (1.2) for random sums, we need Lemmas 3, 4, and 5.

Lemma 3. (See [16, Lemma 11.) Let & and 1) be real r.v.s with E|¢|'T! < oo and E|n|"*! < oo for some | > 0,

respectively. Then

E|£|l+l + E|’I’]|l+l

/|x|l\P{g<x}—P{n<a;}|da;< 0

In particular, if n =Y is a standard normal r.v., then, for [ > 0,

1 (E|£|H—1 + 2”“)/2“(1‘*‘2)/2)) ifl >0,

00 [+1 \/7'('
/ 2l |P{E < 2} — B(a)|de < Ly (Ble[H + 1) ifo<i<1,
o L (Bl + 292) if1<1<2,

where I is the gamma function. Moreover, if E£2 =1, then, forall 0 <1< 1,

/|x|l|P{£ <2}~ B(x)| d < lil'

(2.3)

(2.4)

Furthermore, to estimate Z; ,, for 1 < [ < 1 4 0, we use an estimate, which follows from estimate (58)
in [15] under the condition of exponentially decreasing u.s.m. coefficient ¢ (7) and truncation level ¢ = 1.

Lemma 4. Let X1, Xo, ... be a sequence of r.v.s with EX; = 0 and E|X;|" < oo fori = 1,...,n, where
Kk = 2, satisfying the u.s.m. condition (1.1) with (1) < Ke™ ™7, where 0 < K < oo and 11 > 0 are constants.

Let Ly, =Y | EX?/ES2 < C.. Denote

[ee] Sn n
Tin= [ ol [P{Z, <0} - 0(a)|ds, 2, = Jps Sn= e
e n =1

where ES% > 0. Then, forall 1 <l <k —1,

1 - I+1
Lin < Co (1 + (ES2)(+1)/2 ZE|XZ‘ 1{|X¢>\/ES§}> ’
n i=1

where Cq = C(K, 1,1, C,).

Lemma 5. (See [16].) For all a>0 and [ >0, we have

T ) CoREr(@s ey, [ di
_Zo|a;| |6(xa) — B(x)| dz = a 1|0/(W))

V2r (1+2)/2
2(’+2)/21“((l+2)/2)" 1
Vor(l+1) al+1|’

where y(t) = [1 + t(a — 1)]* > 0.

(2.5)

(2.6)

2.7)
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In Lemmas 6, 7, and 8, we present some useful estimates of (E|N —EN|)/EN, where the random number
N is a 7-shifted Poisson r.v., a 7-shifted binomial r.v., and a 7-shifted negative binomial r.v., respectively.

Lemma 6. (See [17].) If N — 7 ~ P(\) with 7 € Ny and A > 0, then

E|N -EN| _ 1

2.8
EN \/7_ oy (2.8)
Lemma 7. (See [17].) If N — 7 ~ B(n,p) with T € Ng, n € N, and 0 < p < 1, then
E|N — EN| 1
. 2.9
EN = VT +np 9
Lemma 8. (See [17].) If N — 7 ~ N B(r,p) withT € No, r € N, and 0 < p < 1, then
E|N —EN 1
| | < (2.10)

EN VDT

3 Basic inequality for Z; with EX; = 0,2 = 1,2,...

Denote
o0 N
I = / |;L‘|I‘A(aj)| dz, A(z) =P{Sy < $\/ES]2V} — P(x), Sy = ZXZ',
o i=1

S \/ES2 k

fk:\/ESg, \/E52 ;X k=1,2,...,

where X1, Xo, ... are (arbitrarily dependent) r.v.s, ESJQV > 0, and Sy = 0. Itis clear that if V is a nonnegative
integer-valued r.v. with p, = P{N =k}, k =0,1,2,..., independent of X7, X, ..., then, for all z € R,

NE

A@) = Y [P{S < a\/BS%} - 8(2)]pr.
k=0
Let
K(a)={k e N: |[ES; —ES}| < (1 - 0)ES}}
and
K(a) = {k e N: |[ES; —ES}| > (1 — )ES}}
fora € (0,1).

First, we observe that ES? > aES% > 0 for k € K (). Since

[P{SO < qu\/ESJQV} - 95(5’3)]1’0 = [1{x>0} - 95(33)]100

Lith. Math. J., 60(3):410-423, 2020.



418 J.K. Sunklodas

and

i_": [P{Sk < x\/ESJQV} — ()] pk

k=1

= Z [P{&, < zay} — D(way)|pr + Z [®(zay) — ()| pr

keK (o) kEK (c)

+ > [P{& < zar} — O(2)]p,

keK(a)

we can state the following:

Basic inequality for 7;. Let X1, Xo, ... be (arbitrarily dependent, not necessarily identically distributed)
rvswith EX; = 0foralli =1,2,..., and let N be a nonnegative integer-valued r.v. with p, = P{N = k},

k=0,1,2,...,independent of X, X»,... . Then, forall [ > 0,

LY +D > D

where

Zl = Z /\mHP{fk < zag} — ¢($ak)| dpy,

keK(a) oo

= X [ leletem) o) i,

keK(a) oo
0o

o= [l o) dum

—00
[e.9]

= X [llip{se <oy /B8 - o) o

keEK (a) oo

3.1

where K (o) = {k € N: [ES? —ES%| < (1-a)ES%}and K (a) = {k € N: |ES; —ES%| > (1—a)ES%}
1

fora € (0,1).

4 Proofs of Theorems 1-3 and Corollaries 1, 2

In what follows, the sequence of r.v.s X1, Xo, ... satisfies the u.s.m. condition (1.1).
First of all, note that under the condition EX; = Oforall: =1,2,...,

N N
kv => Y EX;X;=b3+2 Y EXX,
i=1 j=1 1<i<j<N

where b3, = YN EX?.



On the rate of convergence in the global central limit theorem for random sums 419

Proof of Theorem 1. For the sum &, with fixed number &k of summands, we use the notation
o
- /|x\l|P{£k <o) —@()|dr, k=1.2,....

Estimation of . First, we observe that

> .= Z ZHII KDk- 4.1)

keK (a A

Since a, > 1/4/2 — a and ES2 aESN for k € K(«), using (1.2) of Theorem A, from (4.1) we obtain that,
foral0 <1 <1+,

1
(D)2 246 1,146
X, € @m0 3 ot B
keEK (o)
- (2 - a)(l+1)/200 Ely 5 N 1n1+6(1 + N)]-{NEK(a)} 40
= a(2+9)/2 (ESJQV)(2+6)/2 ) (4.2)
where loy51, = Zle E|X;|?T9 and Cj is taken from (1.2) of Theorem A.
Estimation of ) _,. To estimate ) _,, using (2.6) of Lemma 5, we get that, for all [ > 0
Fi 2HD/2D((1 + 2) /2
/ 2| ®(zar) — D(z)| dz = j;ﬂ )/ ) —1 / (l+2)/2, (4.3)
where v (t) = [1 + t(ar — 1)]*.
Since
1 <Ca < 1
\/2 —a X U x \/Ot
for k € K(«), we easily obtain that
1
Vi (t) = 92— o 4.4)
for0<t<1l,a€(0,1),and k € K(«a) (see [16, p. 255]).
The upper bound of |a;, — 1| for k € K («) easily follows:
2 |Q2
|ES? — ES%/| < 1 |ES; 2ESN| @5)
\/ES2 \/E52+\/E52 O£+\/O£ ESN
Substituting (4.5) and (4.4) into (4.3), we obtain that, forall [ > 0 and k € K(«),
r 2(2 — a)]+D/2T((1 + 2)/2) K2 — ES?2

Lith. Math. J., 60(3):410-423, 2020.



420 J.K. Sunklodas

Here we used the fact that ES,% = /{% fork = 1,2,... if EX; = O0fori = 1,2,.... It only remains to
substitute (4.6) into the expression of ZQ. We obtain that, for all [ > 0,

— o)+2)/2 E|k2 —ES2|1 o
Zg - 2(2 — a)] L((1+2)/2) Elry NlL{ver( )+ @7

V2 (a4 y/a) ES3%

Estimation of ) 4+ »_,. Taking into account that Sy = 0, from (2.3) of Lemma 3 the estimate of ) _, for
0 < I < 2follows:

o 1 if0<l <1,
DA Y 4s)
3oL 122 ifl<ig
We easily see that

24 S 241 t 242 + 243’ 4.9)

where

241 - Z l+IIl kPk> 242 = Z l+IIl kPk;

keK (a) k€K+ )
243 = Z /‘m|l‘¢($ak) - @(x)‘ dxpy,
keK(a)-oo

and K (o) = K~ (a) U K" () is rewritten as the union of K () = {k € N: ES? < aES%} and K'(a) =
{k e N: ES? > (2—a)ES%}.

Since 1/a, < afork € K (a)andZ;;, < 2/(1+ 1) for 0 < I < 1 by (2.4) of Lemma 3, using (4.8),
we obtain that, for 0 <[ < 1,

2Oé(l+l)/2
Z 241 l + 1 l + 1 Z Pk
keK ™ ()
1
(I+1)/2
< max{l,Qa }l 1 Z Pk
k>0:|r?—ES%|>(1—a)ES%,
1 E|“N ES} NI LiNek @uo
< 1.200+1)/2 {NeK(a)u{0}} 4.1
max{1,20T 5 L) ES% (+10

Nowletl <l <1+4+9,0 < < 1. In this case, instead of (2.4) of Lemma 3, we use (2.5) of Lemma 4,
whereby for any fixed k = 1,2,.. .,

k
1 I+1
ik < Cop (1 T (ES2)(+1)/2 >_EIX| 1{Xi|>\/E55}>’
i=1

and therefore

1

1 1 l
< i1
aﬁjlzhk < Cp a7t Co (B52)(+1)2 ;ZI:E|XZ| 1y o /ms2) 4.11)
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Thus, using (4.8) and (4.11) and recalling that 1 /ay, < y/afork € K («), we obtain that, for 1 < [ < 146,
0<d<1,

2v/2po (1+1)/2
Z +Z41 \/7Tl—|—1)+00a Z Pk

keEK (o)
1 1+1
+C0 gz 2 ZE|X| x> By P
keK (o) =1
2y/2 Elj4 1,81 -
(1+1)/2 {NeK (a)}
< maX{ S+ 1) Co« } Z pe+Co (ES3,)(H1)/2

k€K~ (a)u{o}

2 2
< max{ 2v2 C (l+1)/2} 1 Elry - ESN‘l{NEK(a)U{O}}
Vr(l+1) -« ES2,
ElH_l N]. —
NHNeK (a)}
T gz (4.12)

To estimate Y ;,, we use (1.2) of Theorem A. Since ES? > (2 — a)ES%, for k € K+(a), we obtain that,
foral0 <I<1+6,0<6<1,

k

1 1 246 7,, 146
242 < Go Z H—l (ES2) (249)/2 ZE‘X | In (1 T k)
ke () Tk

k
- ! 1 246 1. 146
=G0 2. (mgz)ernz (mpyres-yz 2 BN L+ b
kK () k i1

_ 1 S EIXPH (1 + k)py,
<Co ) (ES2)+D/2 (2 — a)ES2)(1+6-1)/2
keK () N
O Ely s n In' (1 + N)l{]vezﬁ(a)}

- (2 — a)(1+5-1)/2 (ES2)(2+0)/2 : (4.13)

To estimate ) | 43> we use (2.7) of Lemma 5 and obtain that, for all [ > 0,

3 24221 ((1 + 2)/2) 3 ‘
43 S V2r(l+1) ) l+1

2042)/20((1 + 2)/2) EIRY" = (BS) U211 v ey _
Vor( 4 1) (ES3)¢+)/2

4.14)

X

Substituting (4.10) in the case 0 < I < 1 ((4.12) inthe case 1 < I < 1+ 9), (4.13), and (4.14) into (4.9)
and observing that the function f(I) = \1 1/a'*|, where 0 < a < oo, is nondecreasing for I € [—1,00), we
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obtain that

1 2+221((1 4 2)/2)
Dt < <max{1, 20(11/2} + >

l—a V2r
L] Elx} — ESYIL ver@uion
1+1 ES%
Co Elyysn In' (1 4+ N)1 (NeK* (@)
+ (2 — a)(1+5-D/2 (ES2,)(2+9)/2 (4.15)
for0 <! <1land
2v/2 1 20+2/21((1 4-2)/2)
< (1+1)/2
252 S <max{ yr €00 . Vam
) 1 E‘ﬁé\—}_l _ (ES]2V)(1+1)/2u{NGK(a)U{O}} . EllH,Nl{NeK*(a)}
I+1 (ES%,)(+1)/2 0 (ES2,)(+1)/2
Cy Elys,n I (1 4+ N) Ly gt oy
+ (2 — a)(1+6-D)/2 (ES2)(2+0)/2 (4.16)

forl<I<1+46,0<6<1.

Substituting (4.2), (4.7), and (4.15) for 0 <1 < 1 ((4.16) for 1 < < 1+ ¢) into (3.1), taking into account
that ES?V = Eﬁ?v in the case of EX; = O for7 = 1,2,... and Z?:1(') = 0 (see (2.1) of Lemma 1), and
taking a concrete o € (0, 1), for example, & = 1/2, we obtain estimates (1.3) and (1.4) of Theorem 1.

Theorem 1 is proved. O

Proof of Corollary 1. The proof immediately follows from Theorem 1. O
Proof of Theorem 2. The proof immediately follows from Theorem 1 since for all [ > 1,

N < Uy, O (4.17)
Proof of Corollary 2. The proof immediately follows from Theorem 2. 0O

Proof of Theorem 3. Since Z; < 2/(I+ 1) for0 < I < land Ay < 2for1 <1 < 2 (see (2.4) and (4.17)),
we assume, without loss of generality, that EN is sufficiently large. To estimate the first terms in (1.5) of
Corollary 1 and in (1.6) of Corollary 2, we use the estimate

ENIn'*(1 + N) < VVNEY2 102049 (1 4 N) + ENEIn'*°(1 + N). (4.18)

Now observing that the functions f;(2) = 09 (1120 4+ 1 4+ 1) and fo(x) = In'™(e® + 1 + z), where
0 < § < 1, are strictly concave for all x € (—1, 00), we obtain by Jensen’s inequality that

B2 (1 + N) < n20+9) (120 4 1 4 BN), (4.19)
Eln'™(1+ N) <In'* (¢ + 1+ EN). (4.20)

Now substituting (4.19) and (4.20) into (4.18), substituting the obtained inequality into (1.5) and (1.6) of
Corollaries 1 and 2, respectively, and estimating, in the corresponding cases of the number /N of summands,
the second terms in (1.5) and (1.6) by (2.8) of Lemma 6, by (2.9) of Lemma 7, and by (2.10) of Lemma 8, we
obtain (1.7)—(1.12) of Theorem 3.

Theorem 3 is proved. 0O
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