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Abstract. In this paper, we propose and analyze numerical treatment for a singularly perturbed convection—diffusion
boundary value problem with nonlocal condition. First, the boundary layer behavior of the exact solution and its first
derivative have been estimated. Then we construct a finite difference scheme on a uniform mesh. We prove the uniform
convergence of the proposed difference scheme and give an error estimate. We also present numerical examples, which
demonstrate computational efficiency of the proposed method.
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1 Introduction

In this work, we treat the following singularly perturbed boundary value problem with nonlocal boundary
condition:

Lu:=eu"(z) + a(zx)u/ (z) = f(z), =z € £, (1.1)
ry A

u'(0) = o (1.2)

w(0) +yu(ly) = Bu(l) +d, ;€ 12, (1.3)

where 0 < € < 1 is a small positive perturbation parameter, A, B, v, and d are given constants, [; and [ are
given real numbers, and 2 = (0,!) and {2 = [0,[]. We assume that a(z) > « > 0 and f(x) are sufficiently
smooth functions on {2. Under these assumptions, singularly perturbed nonlocal problem (1.1)—(1.3) possesses
a unique solution indicating a boundary layer of exponential type at x = 0.

Differential equations with small positive parameter that multiplies the highest order derivative are said to
be singularly perturbed, and normally boundary layers occur in their solutions. These equations play an impor-
tant role in today’s advanced scientific computations. Many mathematical models starting from fluid dynamics

0363-1672/20/6002-0147 (©) 2020 Springer Science+Business Media, LLC

147


https://doi.org/10.1007/s10986-020-09471-z
mailto:cakirmusa@hotmail.com; cimenerkan@hotmail.com; gabilamirali@yahoo.com

148 M. Cakir, E. Cimen, and G.M. Amiraliyev

to the problems in mathematical biology are modeled by singularly perturbed differential equations, such as
quantum mechanics, astrophysics, chemical reactor theory, heat transport problem, meteorology, reaction—
diffusion process, oceanography, Navier—Stokes flows with Reynolds numbers, and heat transfer problem with
large Peclet numbers. More details about these problems can be found in [20, 25] and references therein.

Due to the presence of boundary layers, standard numerical methods for solving such problems may give
rise to difficulties and do not give accurate results for small values of €. Hence it is necessary to develop suitable
numerical methods that uniformly converge with respect to €. There are two types of such methods, fitted
operator methods and fitted mesh methods. In the past few decades, various e-uniform numerical methods are
proposed in the literature for solving singularly perturbed problems [12,13,19,21,22,23,24,27].

Differential equations with conditions connecting the values of the unknown solution at the boundary with
values in the interior are said to be nonlocal boundary value problems. Boundary value problems with non-
local conditions have been initiated by II’in and Moiseev [16, 17], motivated by the work of Bitsadze and
Samarskii [5] on nonlocal linear elliptic boundary value problems. This kind of problems arise in a variety of
different areas of applied mathematics and physics. Typical examples include the vibrations of a guy wire of
a uniform cross-section, mathematical models of a large number of phenomena in catalytic processes in chem-
istry and biology, problems of semiconductors, problems of hydromechanics, heat transfer problems, and some
other physical phenomena [1, 15,26]. In recent years, there has been increasing interest in studying boundary
value problems with nonlocal or integral boundary conditions exhibiting boundary layers. The existence and
uniqueness of solutions of nonlocal problems and also their numerical solution have been addressed by many
authors [2,3,4,6,7,8,9,10,11, 14, 18,28].

Motivated by the works mentioned, we give an e-uniformly convergent numerical method for solving sin-
gularly perturbed three-point boundary value problems. This paper is organized as follows. In Section 2, we
indicate the asymptotic behavior of the exact solution and its first derivative with respect to €. In Section 3,
we construct a finite difference discretization on a uniform mesh. An approximation for the nonlocal condition
has been presented using simple deviation. In Section 4, we show the e-uniform convergence of the numeri-
cal method and give the error estimate. In Section 5, we present some numerical experiments supporting the
theoretical results. Finally, this paper ends with conclusion.

Notation. Throughout the paper, C' denotes any generic positive constant independent of £ and the mesh
parameter. Some specific fixed constants of this kind are indicated by subscripting C. For any continuous
function g(x) defined on the corresponding interval, we use the maximum norm [|g||. = maxy[g(z)| and

gl = fol lg(x)| da.

2 Asymptotic estimates

In this section, we analyze asymptotic behavior of the exact solution of problem (1.1)—(1.3), which is needed
in the analysis of numerical methods. In the following, we first prove bounds for the solution of the singularly
perturbed nonlocal problem (1.1)—(1.3) and its derivative. Since the problem includes the convection term,
a single boundary layer near x = 0 is present, and a nonlocality condition is assumed to be outside the
boundary layer region.

Lemma 1. Let a, f € C[0,l] and 1 + v — B # 0. Then the solution u(x) of problem (1.1)—(1.3) and its
derivative satisfy the following bounds:

[u]loe < Co, (2.1)

where
Co = co ' [ld] + o~ (IBI + 7]) (IAl + 1£ )] + o~ (1Al + 11 £112),
Co = |1 + Y= B‘7
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and

|u' ()] < C(l + ie—ax/‘f), x € (2. (2.2)

Proof.  We first prove (2.1). We can write Eq. (1.1) in the form

o (z) = ' (0)e~ /) J5 atmyan 4 1 / F()e~ (/o) I atman g
9
0

_ fe—u/a) J5 almydn 4 i / F(e)e~ /e S atmdn qe (2.3)
0

Integrating Eq. (2.3) from 0 to x, we get

x x T

u() :u(on / o—(1/2) J3 aln) dy d”i / dr [ f(e)e /) I atman ge
0 0 0

x x x

= u(0) + ‘: /e—(l/f) Jo a(m)dn g + i / def(€) /e—(l/s) J&alm)dn g (2.4)

0 0 3

Taking into account the boundary condition (1.3), we obtain

l l l
1 AB - B -
— —(1/¢) [y a(n)dn —(1/e) f{ a(n)dn
u(0) 1+7—B{d+ . /e d7'+€/d£f(£)/e ¢ dr
0 0 ¢
0 A A
_ Ay /e—(l/s) Jo atmydn g v / d{f({)/e—(l/E)f{a(n)dn dv-}. (2.5)
€ 5
0 0 13

From (2.5) it follows that

l 1 l
- |Al|B] [ _ |B] o
|u(0)] <col{|d| + e /e dr + de|f(©) [ e 9/ ar
g 0/ £ 0/ !
Al f il f ;
T [emarizqr 4 17 —alr-6)/z
- eerear+ [ agpe)] [e dT}
g ! < 0/ !
l
< Cal{|d| + a_1|A||B|(1 o e—al/s) + a—1|B| / ‘f(£)|(1 o e—a(l—f)/z—:) d£
0

Iy
+a A1 = e ) +a ] / [FOI(1 = emt97) dé}
0
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l l
< cal{|d| +a A||B| + a7 |B] / 1£(6)] dé + a Y Al[y] + o] / 7] dg}
0 0

< o {ldl + a7 HAIBl + a7 Bl flls + a7 Ally] + a7 £}

So, we obtain

|u(0)] < g {Id| + a” (1Bl + ) (1Al + 11f 1) }- (2.6)
From (2.4) we see that
|U(l‘)‘ < |’LL(0)‘ + |1:| /e—(l/E)foTa(W)dﬁdT_i_i/dg‘f(g)‘/e—(l/s)fga(n)dnd,r
0 0 £

l
< Ju)] + 1Ala~ (1 =) a7t [ |1 - em0-0) ag

0
l

< [u(©)] + [4la~t + a1 / £(€)] de.

0

which, together with (2.6), leads to (2.1).
Next, from (2.3) it follows that

I/ (@)] < |f|e_(1/€) J3 atn) dn i / F(©)]e Vo JE abman g
0

|A| _ _ _
< ] e az/5+a lorgtagx‘f(t)‘(l_e oz:c/a)

A
< | ‘e_az/E‘FOé_leHoo,
g

which implies (2.2) and completes the proof of the lemma. O

3 Discrete problem

We further denote by wy, the uniform mesh on {2:

l
wh:{wi:ih, i=1,2,...,N —1; h:N}, wp =wpU{zg=0, zy =1}.

To simplify the notation, we set g; = g(x;) for any function g(z), whereas y; denotes an approximation of
u(x) at z;. For any mesh function g(x;) defined on wy,, we use
9i — gi—1 G+l — Y o Gxi T Yz _ Gzi — 9z

Y - ) -

9z = h Gx,i h 9ii 2 ) 9zxi = h

and

N—-1
lglloo = llglloogn = max lgil,  lgllw, = Z} |93
1=
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To obtain a difference approximation for (1.1), we integrate (1.1) over (x;_1, x;41):

Tit1 Tit1
wt [ Luetode =it [ f@e@dn 1<i<N -1

with the basis functions {; ()} ;" of the form

(1) X e%i(@—mi_1)/e_q
@, (x) = T < x < T,

eaih/e_l Y
pi@) = QP (@) i= 1T < < mi,
0 otherwise,
where %(1) (z) and 3052) (z), respectively, are the solutions of the following problems:
ep; —aip; =0, mq <z <
pi(wi—1) =0, pi(zi) =1,
and

epi —aip; =0, x; << Tig,
pi(zi) =1, @i(riy1) = 0.

Rearranging (3.1) gives

—eh™! / ol (x)u (x) do + a;h~! / ei(x)u/ (x)de = fi — R;, 1<i<N—1,
with
ro=i7t [ )~ e @z it [ 5@ - f@)]e) i

151

3.1

(3.2)

(3.3)

Using the interpolating quadrature rules (2.1) and (2.2) from [3] with weight functions ¢;(z) on subintervals

(zi—1,%;) and (z;, x;41) from (3.2), we obtain the following precise relation:

Tit1 Tit1

—eh™! / Oh(x) (z) dx + a;h ! / i () (z) dz
) T; - Tit1
= —eh luz; + a;h g, / gogl)(a:) dz + a;h™ g / ng@) (z) dz + eh ™y,

(1)

2
= EUzgi + ai(X; @)

Uz + X, Uzyi)

where

Lith. Math. J., 60(2):147-160, 2020.
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Tit1
(2) _ p-1 (2) _ 1 €
i =h / pi (@) de = 1 —e-wh/e  ha;’
Z;
Substituting
Uzi = Ui = o Uaais Ugzi = Ugi+ o UTa;i

into (3.4), we get

2)

(1) 2
EUzzi + @i (X; Uzi+ X Uai) = E0iza; + aitz

where
L wh o)y o aih
Oi=1+ ", e —x;i ') =vicothy, 7= o
x; Tit1
X§1)+X§2):h_1 / gogl)(a:)dx—l—h_l / 902(2)(:E)da::1.

As a consequence, for Eq. (1.1), from (3.2) and (3.5) we obtain the approximate relation

€ui = EHiUM,i + AiUg 5 = fz — RZ', 1 <1 < N —1.

(3.5)

(3.6)

3.7)

It is now necessary to define an approximation for boundary condition (1.2). Similarly to the process

in (3.7), we start with the identity

Z1

[ Lutwyonle) do = 7f(96)s00($) dz,

where

_ea—ag(zy—x)/e
! le_eo—aolh/s , To <x < Ty,
po(z) =
0, x & (zo,21).

Note that the function () is the solution of the following problem:
epp—apph =0, o< <1,
¢o(zo) = 1, ¢o(r1) = 0.
Rearranging (3.8), we take

_5/%(9”)“/(33) d$+a0/900(90)ul(90) d$=A+f0/900($) dz 4 r(©),

where

r® = fug — A = / lao — a(x)] o (z)u’ (z) dz + / [f(x) = fo]po(a) da.

(3.8)

(3.9)
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By arguments similar to the process (3.7) we have

x7 x7 x7

—& / oo () (z) dx + ag / wo(2)u/ (z) dz = EUgz,0 + AoUz,0 / wo(z) doe = ebyug, o,
where
0 —1+a0f @)de= WP (3.10)
0= c ¥o _s(l—e—aoh/s)' .

For boundary condition (1.2), we can write an approximate relation in the form

lou == otz = A + ko fo + 7, (3.11)

where
h €

= | et " oy (3.12)

Ko

Next, we introduce an approach for the boundary condition (1.3). Let x, be the mesh point nearest to /1. By
Taylor’s formula with respect to zy, we can write

U(ZL‘) = u(l‘No) + (ZL‘ - I’NO)U,(E), g € (aij ll) (313)
Substituting & = [; into (3.13), for the boundary condition (1.3), we obtain
uo + YunN, + (V) = Buy +d, (3.14)

where
T(N) = ’Y(ll - $NO)U/(§), § € (:Z:Nwll)’ (315)

As a consequence of (3.7), (3.11), and (3.14), we propose the following difference scheme for approximat-
ing problem (1.1)—(1.3):

ly; = 0iyzai + aiyis = fi, 1<i<N-—1, (3.16)
loy = eboyz,0 = A + Ko fo, (3.17)
Yo + Yyn, = Byn +d, (3.18)

where 6;, 8y, and k¢ are given by (3.6), (3.10), and (3.12), respectively.

4 Analysis of the method

Let z; = y; — u;, 0 < ¢ < N. Then the error function in the numerical solution satisfies

elizzei + aizz i = Ry, 1<i< N -1, 4.1)
00220 = -1, (4.2)
20+ ven, = Bay + V), 4.3)

where the errors R;, r© and r®) are defined by (3.3), (3.9), and (3.15), respectively.

Lith. Math. J., 60(2):147-160, 2020.
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Lemma 2. If a, f € C'(0,1], then the errors R;, r'9), and (V) satisfy the following inequalities:

|IR||1,w, < Ch, 4.4)
r©] < Ch, (4.5)
[r™)| < Ch. (4.6)
Proof.  'We can express the remainder term R; as follows:
R; = tu; — f; = RM + R®), 4.7)
where
Ti41
Rgl) = h! / [a(m) — a(mi)}goi(m)u’(m) dz, 4.8)
IE:’+1
R =h~! / [f(x:) = f(@)]pi() da. (4.9)

Let us first prove (4.8). Using the mean value theorem for the functions in (4.8), we get
1)‘ <C / |u/(ac)Hg02(:E)‘ dz. (4.10)

Substituting (2.2) into (4.10), since 0 < @;(x) < 1, we obtain

N1 Titt l l
|RV,,,, <cnys [ l@]de<on [ i@]de<on (1 . /) da
=1, 0 0
< COh(l+a7 (1 —e0Ve)). (4.11)

We now prove (4.9). Also, using the mean value theorem for the functions in (4.9), we have |R§2)| <
c T4 ()| dr. Consequently,

|R@||, < Ch. (4.12)

H l,wh

Substituting (4.11) and (4.12) into (4.7), we obtain (4.4).
Next, we estimate the remainder term (%) Using the mean value theorem for the functions in (3.9), since
0 < ¢p(x) < 1, we obtain

|7‘(0)‘ < Ch/|u’(x)|g00(m) dm+Ch/g00(m)dx < C’h(/ <1+ ie—ax/e> dx+h>

Zo Zo

< Ch[(2h + a7 (1 — e o"/e)],

which leads to (4.5).
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It remains to estimate the remainder term (™), Since we accept I, except for the boundary layer domain,
u'(z) is bounded. From (3.15) we obtain

rM < |yl = 2w [[W/(©)] < Ch. O
Lemma 3. Let the error function z; be the solution of problem (4.1)-(4.3), and let 1 +~ — B # 0. Then
lellocay < CLFOT+ [r™ ] + 1R 1w, }- (4.13)
Proof. If v; = 2z, ;, then we can write Eq. (4.1) as follows:
549113“—1— (vﬁ-vZ 1)=R;, 1<i<N-1 (4.14)

2
From (4.14) we get

ef; — 0. 5haZ - hR;
eh; + 0. 5haZ e6; + 0.5ha;

U, =

Solving this first-order difference equation with respect to v; and setting the boundary condition

. B r(0)
0 — 590 )
we have
v; Qz + Z Pk Qi (4.15)
k=1
where
17 k - iy th
Qir = i €0;—0.5ha, , Ye= g haw
[li—kt1 e +05ha L S<Ek<i—1, €0r + 0.5hay,
From (4.15) we take
hr(©)
sr=am— , Qith Z Pk Qik- (4.16)

k=1

Solving the first-order difference equation (4.16), we obtain

Zi =21 — hz Qk“—hzzngij

k=1 j=1
i—1 k

(0) =
=zO—h;eO Z Qk+h22%%, i>2. (4.17)

k=1 j=1

Lith. Math. J., 60(2):147-160, 2020.
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From condition (4.3) we get

No—1
1 =B R,
< (N) h
2ol |1—|—7—B|{‘T ‘+ ebo + ol |Z
No—1 k
0 h|R;| | |
I hBE:
uliel 2 2 cf; 4+ 0.5ha, @rj + hlB]
N-1 k
h|R;|
LB e 4.18
'H|Z;w+%wk} (+18)

Next, since €0; + 0.5ha; > 0and 0 < (e0; —0.5ha;)/(€6; +0.5ha;) < 1 (1 < i < N), from (4.18) and (4.17)
we can easily obtain (4.13). O

We now can state the convergence result of this paper.

Theorem 1. Let a, f € C[0,1]. Let u be the solution of (1.1)~(1.3), and let y be the solution of (3.16)—(3.18).
Then we have the following c-uniform estimate:

1y = ulloc@y < Ch.

5 Algorithm and numerical results

In this section, we propose a technique for solving problem (3.16)—(3.18). In addition, we demonstrate the
effectiveness of our method by applying it to two examples of problem (1.1)—(1.3).
First, reformulating (3.16), we can write
Yzi — Yz,i Ya,i T Yz,i

ly; == ¢eb;"" T ta 9

. =f;, 1<i<N-1,

and denoting ¥y, ; = w;, we have

Wi — Wi—1 w; + Wi—1
+ a;

€b; h i 9 = fi.
From this we get
w; = Ajwi—1 + Fj, (5.1)
where
o 2e0; — a;h o 2hf;
' 2e0; 4+ ah’ Y20, + a;h’

From (3.17) and y, o = wo, together with (5.1), we have
w; =Aw; 1+ F, 1<i<N-1,
wy = Ao,

where Ay = A/(g6p). Solving this first-order difference problem, we obtain

AQHAk—I-Z(ﬁAj)Fk, 1<i<N-1.

j=k+1
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Second, if we reconsider y,. ; = w; and ¥, o = wp, we can write another first-order difference problem:

Yit1 Zyz’+thHAk+hZ < H Aj>FI<:> 2<i<N -1, y1 = yo + Aoh.
k=1 k=1 \ j=k+1

Solving this problem, we obtain

i—1 k k k
yi=yo+ Agh+h>_ AOHAerZ( 11 Aj>Fm, 1<i<N-1. (5.2)
k=1 m=1 m=1 \j=m+1

Finally, from (3.17) we have

No—].
yo=(1+v— B)_l{dJr (B —y)Aoh —yh >
k=1

k k k
Ao [T Am + > ( 11 Aj>Fm
m=1 m=1 j=m+1
k k k
AoHAm-l- ( H Aj)Fm }

m=1 =1 j=m+1
Thus, if we consider this value in (5.2), then we can solve problem (3.16)—(3.18) too.

N—-1
+ Bh Z
k=1

Example 1. We consider the first test problem

eu(z) +2u/(z) = (e —2)e™™, 0<x<1,

Its exact solution is

w(z) = di + doe 2/ 477,

where

3| 1,1 _p —o/e , L 1020 l+e
d1 7 [e + 36 + +e + 38 d2 s d2 9

Example 2. We consider the second test problem
eu(z) +2u/(z) = (e —2)e™™, 0<x<1,
1 2 (3
'(0) = 0 1)=1.
Its exact solution is

w(z) = di + doe 2/ 477,

where

Sl -1, 2 3 —2/e 2 —3/(2) l+e
dq 3 [e + 3e + +e + 3e ds|, dsy 5

Lith. Math. J., 60(2):147-160, 2020.
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Table 1. Exact errors, computed -uniform errors, and convergence rates for Example 1

e N =16 N =32 N =64 N =128 N =256 N =512

274 0.0032535 0.0008514 0.0002154 0.0000540 0.0000135 0.0000034
1.93 1.98 1.99 2.00 1.99

278 0.0097452 0.0045248 0.0019363 0.0006924 0.0002017 0.0000528
1.11 1.22 1.48 1.78 1.93

2712 0.0103662 0.0051362 0.0025413 0.0012488 0.0006039 0.0002817
1.01 1.02 1.03 1.05 1.10

2716 0.0104051 0.0051745 0.0025793 0.0012867 0.0006417 0.0003195
1.01 1.00 1.00 1.00 1.01

2720 0.0104075 0.0051769 0.0025816 0.0012891 0.0006440 0.0003218
1.01 1.00 1.00 1.00 1.00

2= 0.0104076 0.0051770 0.0025818 0.0012892 0.0006442 0.0003220
1.01 1.00 1.00 1.00 1.00

e 0.0104076 0.0051770 0.0025818 0.0012892 0.0006442 0.0003220

pY 1.01 1.00 1.00 1.00 1.00

Table 2. Exact errors, computed e-uniform errors, and convergence rates for Example 2

€ N =16 N =32 N =64 N =128 N = 256 N =512

2-4 0.0036800 0.0009640 0.0002440 0.0000612 0.0000153 0.0000038
1.93 1.98 2.00 2.00 2.01

278 0.0109089 0.0050654 0.0021680 0.0007754 0.0002259 0.0000592
1.11 1.22 1.48 1.78 1.93

2712 0.0116034 0.0057492 0.0028446 0.0013979 0.0006760 0.0003154
1.01 1.02 1.02 1.05 1.10

2716 0.0116470 0.0057921 0.0028871 0.0014403 0.0007183 0.0003576
1.01 1.00 1.00 1.00 1.01

2720 0.0116497 0.0057948 0.0028898 0.0014429 0.0007209 0.0003602
1.01 1.00 1.00 1.00 1.00

22 0.0116499 0.0057949 0.0028900 0.0014431 0.0007211 0.0003604
1.01 1.00 1.00 1.00 1.00

e 0.0116499 0.0057949 0.0028900 0.0014431 0.0007211 0.0003604

pY 1.01 1.00 1.00 1.00 1.00

We define the exact error ¥ and the computed parameter-uniform maximum pointwise error e as follows:

eéV = ||y_u||oov (Dv eN :maaxeév.

where y is the numerical approximation to u for various values of N and . We also define the computed
parameter-uniform convergence rate

N e
p" = log, e2N

The values of ¢ for which we solve the test problems are ¢ = 274 5 = 1,2,...,6. The resulting errors and
convergence rates are listed in Tables 1-2.

6 Conclusion

We have described a finite difference method on the uniform mesh for the solution of singularly perturbed
three-point boundary value problems. The method was constructed by the integral identities with use of appro-
priate quadrature rules with the remainder terms in integral form. We have analyzed the e-uniform convergence.
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For two examples, we have computed the maximum absolute errors and convergence rates as predicted by the
theory. In Tables 1 and 2, we give the results for different values of € and N. The obtained theoretical re-
sults are confirmed by numerical experiments. The ideas presented here can be easily applied to solving more
complicated boundary value problems for singularly perturbed equations with nonlocal boundary conditions.
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