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Abstract. We present upper bounds for sup,cp |[P{Zn < 2} — &(z)|, where &(x) is the standard normal distribution
function, for random sums Zy = SN/\/VSN with variances VSy > 0 (Sy = X1 + -+ - + X ) of centered strongly
mixing or uniformly strongly mixing random variables X, Xo, ... . Here the number of summands NN is a nonnegative
integer-valued random variable independent of X, X, ... .
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1 Introduction and main results

Let X7, Xo,... be a sequence of real centered random variables (r.v.s). For a < b, we denote by ]-"g the
o-algebra of events generated by r.v.s X, X411, .., Xp. As usual, R is the real line, N = {1,2,...}, Ny =
{0,1,2,... }, and 14 is the indicator of an event A.

We consider weak dependence conditions defined between the “past” and “future” in terms of the strong
mixing coefficient a(7) introduced by Rosenblatt (1956) and by the uniformly strong mixing coefficient (7)
introduced by Ibragimov (1959). We say that a sequence of r.v.s X1, X5, ... satisfies the strong mixing (s.m.)

condition (or X7, Xo, ... are strongly mixing) with the s.m. coefficient a(7) if
a(T) = sup sup |P(AB) - P(A)P(B)| — 0 (1.1)
teN AeF!, BEFs, 700
(see [12]). We say that a sequence of r.v.s X7, Xo, ... satisfies the uniformly strong mixing (u.s.m.) condition
(or X1, Xo, ... are uniformly strongly mixing) with the u.s.m. coefficient ¢(7) if

@(t) =sup  sup [P(AB) -PAPB) _ (1.2)

teN AeF!,BEF, P(A) 7o
P(A)>0

(see [4)]).
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In what follows, @(z) is the standard normal distribution function. By C(-) with an index or without it we
denote a positive finite factor depending only on the quantities indicated in the parentheses (not necessarily the
same at different occurrences).

Recall the two following results for sums with a fixed number n of summands of s.m. and u.s.m. r.v.s.

Theorem A. (See [15, Thm. 10].) Let a sequence of real r.v.s X1, Xs,... with EX; = 0 and E|X;|® < oo,
where 2 < s < 3, foralli = 1,...,n, satisfy the s.m. condition (1.1) with the s.m. coefficient (1) < Ke H7,
where 0 < K < oo and p > 0 are constants. Denote

2
1 n n
A= lPiz <) —o@] Zu= LS, 35:E<zxi>,
z€eR noq i=1

where the variance B?L > 0. Then, foralln =1,2,...,

nmaxijgig<n E|XZ‘S

An < CO(K7/*‘L7S) Bs

In*~ (1 4 n). (1.3)

The following corollary immediately follows from Theorem A.

Corollary A. Let the conditions of Theorem A be satisfied. Suppose, in addition, that the variances B2 of the
sums S, = X1 + - -+ + X, satisfy the condition

B > con, (1.4)
where 0 < ¢y < oo is a constant. Then, foralln =1,2,...,

maxiign E|XZ|S

A, < C(K, i, co, s) n(5-2)/2

In*~ (1 4 n). (1.5)

Now, we present a particular result of Theorem 1 by Rio [11].
Theorem B. (See [11].) Let a strictly stationary sequence of real rv.s X, X1, Xo,... with EX = 0 and
|Xi| < M < o0,i=1,2,..., satisfy the u.s.m. condition (1.2) with the u.s.m. coefficient p(7) such that

A=Y "70(1) < . (1.6)
T=1

Suppose that the variances B2 = VS, of the sums S, = X1 + - -- + X, satisfy the condition

lim B? = cc. (1.7)
n—0o0
Denote
S, 5 . B2
A, = P{Z, <z} - Z, = =1
n 2161%\ {Zn < a2} — ®(x)|, n= g o= lm
Then, foralln =1,2,...,
1

(1.8)



On the rate of convergence in the central limit theorem for random sums 221

In this paper, we are interested in estimates of the quantity

A = sup ‘P{ZN <z}-— 45(33)‘7
reR

where
Sn

TN —

N
Sy = Zsz So =0,
i=1

assuming that the variance V.S > 0, the number of summands N is a nonnegative integer-valued r.v. inde-
pendent of X1, X, ..., and the centered summands X7, Xo,... are s.m. or u.s.m. r.v.s.

There are not many results on the rate of convergence in the central limit theorem for random sums with
weakly dependent summands. Strictly stationary and uniformly strongly mixing sequences, assuming that
the number of summands and summands are dependent, were considered in [9]. Similar results for strictly
stationary sequences of martingales have been obtained in [8]. A stationary sequence of m-dependent r.v.s,
assuming that the number of summands and summands are independent, was investigated in the recent paper
[10]. Without the rate of convergence, the asymptotic normality of random sums of stationary m-dependent
random variables was investigated in [14], in the recent paper [6], and that of martingales in [13].

However, the author has not found any published results on the upper bounds of the quantity A for random
sums with summands satisfying the s.m. condition.

To investigate the asymptotic normality and the rate of convergence for random sums of independent (and
dependent as well) summands, we use, as usual, the additional r.v.s

N N N
Ay = Z;EX B = ;VXi, LN = ;E\Xm.

Now, seemingly for the first time, we introduce the additional r.v.s

N
2=y
=1

which are very useful to investigate asymptotic the normality and the rate of convergence for random sums of
dependent (including weakly dependent) summands. Here cov (&, n) = E{n — ESEn is the covariance of real
r.v.s £ and 1. Moreover, we assume that Z?Zl(-) =0.

The main results of this paper are Theorems 1-4.

The following statement is valid in the case where the summands satisfy the s.m. condition.

N
D cov(Xi, X;) =By +2 > cov(Xy, X;),
j=1 1<i<j<N

Theorem 1. Let a sequence of real r.v.s X1, Xo, ... with EX; = 0 and E|X;|* < ds < oo, where 2 < s < 3,

i = 1,2,..., satisfy the s.m. condition (1.1) with the s.m. coefficient a(17) < Ke ™7, where 0 < K < o0
and 1 > 0 are constants. Let N be a nonnegative integer-valued r.v. independent of X1, Xo, ... . Then, for all
a € (0,1),
Cods ENIn* 1(1+ N 1 1 ) E|x% — Ex%
A< 0/28 n 2( /—2|_ ) —I—max{ , } ‘K/N 5 K/N" (19)
as (Exg)® V2rea(l +/a) 1 -« Exy

where the factor Cy = Co(K, p, s) is taken from (1.3) of Theorem A.

Note that Theorem A follows from Theorem 1 in the particular case of the fixed number n (N = n) of
summands.

In particular, if the summands are identically distributed with zero mixed moments, then we have the
following result.
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Corollary 1. Let real identically distributed rv.s X, X1, Xs,... withEX =0, 0 < 02 = EX?, E|X|* <
ds < 00, where 2 < 5 < 3, and EX;X; = 0, 1 <1 # j < oo, satisfy the s.m. condition (1.1) with the
s.m. coefficient a(17) < Ke "7, where 0 < K < oo and p > 0 are constants. Let N with 0 < EN < oo

be a nonnegative integer-valued rv. independent of X1, Xs,.... Then Zy = Sy /(ovVEN), and, for all
a € (0,1),
ENIn* '(1+ N 1 1 ) E|N-EN
A g Cods w LN L ax , | ) (1.10)
/205 (EN)%/? V2mea(l +/a) 1 —a EN

To present the results for three concrete random indices IV, we use the definition of the 7-shifted £ distribu-
tion (7-shifted Poisson distribution, 7-shifted binomial distribution, 7-shifted negative binomial distribution,
and so on), first introduced in the paper [16]. For completeness, we recall these definitions. We write £ ~ L if
the distribution of ar.v. £ is L.

DEFINITION 1. We say that a discrete r.v. N is distributed by the 7-shifted £ distribution (7 > 0) (for short,
N — 7 ~ L), or N is the 7-shifted r.v., if for any discrete r.v. £ ~ L taking values x;, with probabilities py,

P{N =z, + 7} =P{{ =z} = ps. (1.11)
In particular, the 0-shifted £ distribution coincides with the £ distribution.

DEFINITION 2. We say thatar.v. [V is distributed by the 7-shifted Poisson distribution with parameters 7 € Ny
and A > 0 (for short, N — 7 ~ P())) if

k
P{N:k—l—r}:)\kle_)‘, k=0,1,2,.... (1.12)

DEFINITION 3. We say that a r.v. N is distributed by the 7-shifted binomial distribution with parameters
7 €Ny, n € Nyand 0 < p < 1 (for short, N — 7 ~ B(n,p)) if

n

PUV:k+T}:<k

>pk(1—p)n_k, k=0,1,...,n. (1.13)

DEFINITION 4. We say that ar.v. N is distributed by the 7-shifted negative binomial distribution with param-
eters 7 € Ng, 7 € N, and 0 < p < 1 (for short, N — 7 ~ N'B(r, p) if

k—1

P{N:k+r}:<r_1

>pr(1—p)k_r, k=rr+1,.... (1.14)

Now, we present the following statement for three presented 7-shifted £ distributions.

Theorem 2. Let real identically distributed rv.s X, X1, Xo,... withEX = 0, 0 < 02 = EX? E|X|* <
ds < oo, where 2 < 5 < 3, and EX;X; = 0, 1 <1 # j < oo, satisfy the s.m. condition (1.1) with the
s.m. coefficient a(1) < Ke ™", where 0 < K < oo and pu > 0 are constants. Let N be a nonnegative
integer-valued r.v. independent of X1, Xo, ... . Then Zny = Sy /(c/EN), and:

) If N —1 ~ P(X\) witht € Ngand \ > 0, then

In* (1 +7+ )

ASO e

(1.15)
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() If N — 7 ~ B(n,p)withT € Ng,n € N, and 0 < p < 1, then

In*~ (1 + 7 + np)

ALC 1.16
2 (r 4 np)ls-2)2 (1.16)
(i) If N — 7 ~ NB(r,p) witht € Ng, 7 € N, and 0 < p < 1, then
s—1
AgCln (L+7+7r/p) (1.17)

(tp +r)(5=2)/2
Here C; = C;(K, u,0,ds,s), i =1,2,3.

Since the 0-shifted £ distribution coincides with the £ distribution, substituting 7 = 0 into Theorem 2, we
obtain the corresponding estimates of A for a Poisson random sum, a binomial random sum, and a negative
binomial random sum.

The estimates in Theorem 1, Corollary 1, and Theorem 2 contain logarithmic factors. The corresponding
estimates contain no logarithmic factors in the case where the summands satisfy the u.s.m. condition. Namely,
the following statement is valid.

Theorem 3. Let a strictly stationary sequence of real rv.s X, X1, Xo,... withEX = 0and | X;| < M < oo,
i =1,2,..., satisfy the u.s.m. condition (1.2) and (1.6), and let the variance V(X1 + --- + X,,) of the sum
X1+ -+ X, satisfy condition (1.7). Let N be a nonnegative integer-valued r.v. independent of X1, Xo, ... .
Then
1 E|r3, — Er%/|
1{N>1} +1.04 ,
VN Ex3,

where the factor Cy = Cy(A, M, o) is from (1.8) of Theorem B.

A< CHE (1.18)

Note that Theorem B follows from Theorem 3 in the particular case of the fixed number n (N = n) of
summands.
In particular, if the summands have zero mixed moments, we have the following result.

Corollary 2. Let a strictly stationary sequence of real rv.s X, X1, Xo,... with EX =0, | X;| < M < o,
i =1,2,...,0< o2 = EX2 and EX;X; = 0for1 < i # j < oo, satisfy the u.s.m. condition (1.2)
and (1.6). Let N with 0 < EN < oo be a nonnegative integer-valued r.v. independent of X1, Xa,... . Then
ZN = SN/(U\/EN), and

E|N — EN|

A< CE
Co EN

1
VN
As in Corollary 1 (where summands satisfy the s.m. condition (1.1)), the corresponding statement is valid
for three presented 7-shifted £ distributions when the summands satisfy the u.s.m. condition (1.2) and (1.6).
Namely, we have the following statement.

Theorem 4. Let a strictly stationary sequence of real rv.s X, X1, Xo,... with EX = 0, | X;| < M < oo,
i =1,2,...,0< o2 = EX2 and EX;X; = 0for 1 < i # j < oo, satisfy the u.s.m. condition (1.2)
and (1.6). Let N be a nonnegative integer-valued r.v. independent of X1, Xo, ... . Then Zy = Sy /(cVEN),
and:

W) If N — 7~ P(\) withT € Ngand \ > 0, then

A < (2C) + 1.04) (1.20)

1
NN
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() If N — 7 ~ B(n,p)withT € Ng,n € N, and 0 < p < 1, then

A< (2C) + 1.04 . 1.21
(2C0 )\/T+np (1:21)

(i) If N — 7 ~NB(r,p) witht € Nop, r € N, and 0 < p < 1, then
A < (Co+ 1.04) (1.22)

VTp+T
Here Cy = Cy(A, M, 0) is taken from (1.8) of Theorem B.

It remains to repeat the idea for 7 = 0: taking 7 = 0 in Theorem 4, we obtain the corresponding estimates
of A for Poisson, binomial, and negative binomial random sums.

2 Auxiliary results

The relationships between the first moments of the random sum S and the corresponding moment character-
istics of the r.v.s Ay and /{?V are given in the following lemma.

Lemma 1. Let X1, Xs,... be arbitrarily dependent, not necessarily identically distributed, r.v.s with
EXZ-2 < ooforallt =1,2,..., and let N be a nonnegative integer-valued r.v. independent of X1, Xo, ... .
Denote
N N
Sy = ZXz', AN = ZEXz‘,
i=1 i=1
N N
By => VXi,  ry=)_) cov(X; X))
i=1 i=1 j=1
Then
ESy = EAy, (2.1)
ES% = Exd + EA%, (2.2)
VSy = Ex% + VAy. (2.3)

Ifrvs X1, Xo, ... are independent, then

ES% = EB% + EA%, (2.4)
VSy =EB} + VAy. (2.5)
Proof. Denote p, = P{N =k}, k =0,1,2,.... Since N is independent of X1, Xs,..., Ay = ES}, for

k=1,2,...,and Ag = ESy = 0, we have

[e.e] [e.e] [e.e] [ee]
ESy =Y ESwpr =Y BESipr = > Awpr = »_ Apr = BAy,
k=0 k=1 k=1 k=0

and (2.1) is proved.
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Since /{% =VS,fork=1,2,...,x% =0,and A2 = 0, (2.2) follows from the relations
k
BS} = Z ESipe = Z Bt =YY EX
k=11=1 j=1
= Z Kapr + Z Alpr = Z Kipk + Z Ay,
k=1 k=1 k=0 k=0
= Ex3 + EA%.

Relation (2.3) follows from (2.2) and (2.1):
VSy = ES% — (ESy)? = Ex% + EA% — (ESy)? = Ex 4+ VAy.

Observing that /1?\, = BJQV for independent summands, we have that (2.2) and (2.3) reduce to (2.4) and (2.5).
Lemma 1 is proved. O

To obtain upper estimates of the second moment ES%; and of the variance V .Sy of the random sum Sy =
X1+ -+ + Xy for weakly dependent summands (satisfying the s.m. or the u.s.m. condition), we need the
corresponding estimates of the sums S, = X1+ - -+ X, with a fixed number n of summands. Such inequalities
are well known, and therefore, we give them without proof.

The following estimates are valid for the sum S,, with a fixed number n of summands satisfying the s.m.
condition.

Lemma 2. (See, e.g., [15, formula (14)].) Let a sequence of real rv.s X1, Xo,... satisfy the s.m. condi-
tion (1.1). Denote

n n
Sp = ZXM l:,n = ZE2/8|Xi|sv

n—1
C (als=2/9) —1+16Z )2/ Cul) =1+83 " a(r).
=1
Then:
() If E|X;|® < oo, where2 < s < 3, foralli =1,...,n, then
VS, <Oy (a<8—2>/8)z;n. (2.6)

() If P{|X;| < M} =1foralli=1,...,n witha nonrandom constant M > 0, then
VS, < Cy(a)nM?. (2.7)

Note that to obtain inequality (2.6), it suffices to use the inequality in [3, p. 278, Cor. A.2]; to prove (2.7),
we use inequality (1.4) in [5, p. 364, Lemma 1.2] or the inequality in [3, p. 277, Thm. A.5].

The corresponding estimates are valid for the sum S, with a fixed number n of summands satisfying the
u.s.m. condition.

Lemma 3. Let a sequence of real r.v.s X1, Xo, ... satisfy the u.s.m. condition (1.2). Denote
n n—1 n—1
Su=>Y Xi,  Cu?)=144> ¢'"2(1),  Culp) =144 ¢(7).
i=1 T=1 T=1

Lith. Math. J., 58(2):219-234, 2018.
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Then:
(i) fEX? < o foralli=1,...,n, then

n

VS, < Cu(9'?) Y VX, (2.8)

i=1
() FP{|X;| < M} =1foralli=1,...,nwith a nonrandom constant M > 0, then
VS, < Cplp)nM?, (2.9)

To obtain inequality (2.8), it suffices to use inequality (1.3) in [5, p. 363, Lemma 1.1] or the inequality
in [3, p. 278, Thm. A.6]; to prove (2.9), we use inequality (20.29) in [2, p. 171, Lemma 2].

Now, in Lemmas 4 and 5, we present upper estimates of the second moment ES]2V and of the variance V.Sn
of the random sum Sy for summands satisfying the s.m. or the u.s.m condition, respectively.

Lemma 4. Let a sequence of real rv.s X1, Xo, ... satisfy the s.m. condition (1.1), and let N be a nonnegative
integer-valued r.v. independent of X1, Xa, ... . Denote

N N N
Sv=> Xi, Ay=> EX, v= EYXP
=1 =1 =1

Then:
() If E|X;|® < oo, where 2 < s < 3, foralli =1,2,..., then
ES% < Co (a2 EL: \ + EAR, (2.10)
VSy < Coo (¥ D/)ELZ  + VAy. (2.11)
() If P{|X;| < M} =1foralli=1,2,... with a nonrandom constant M > 0, then

ES%
VSy

Coo(a)M?EN + EA%,, (2.12)

<
< Coo (@) M?EN + VAy. (2.13)

Here the factors Coo (a®~2/%) and Co (t) are taken from Lemma 2.

Proof. Since Ay, = ESi forallk =1,2,... and Ay = 0, we rewrite ES]2V as follows:

ESYy =Y ESipi = (ES} — (ESp)*)pe + > _(BESk)’pe = »_ VSipi + EAR.
k=0 k=0 k=0 k=1

In this equality, estimating V S}, according to (2.6) and (2.7), we obtain inequalities (2.10) and (2.12):

ESY < Coo(a®™2/5) Y 1% ipp + BAY = Cuo (" 2/°)EIL y + EAR,
k=1

ESY < Coo(@)M? Y " kpy + EAY, = Coo(@) M’EN + EAR,
k=1

and then, since ESy = EAy by (2.1), from (2.10) and (2.12) we obtain (2.11) and (2.13).
Lemma 4 is proved. 0O
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Lemma 5. Let a sequence of real r.v.s X1, Xo, . .. satisfy the u.s.m. condition (1.2), and let N be a nonnegative
integer-valued r.v. independent of X1, Xa, ... . Denote
N N N
Sy=)Y X, Ay=) EX, By =) VX,
i=1 i=1 i=1
Then:

() FEX? < oo foralli=1,2,..., then

ES%
VSy

Coo (p'?)EB%, + EAY, (2.14)
Coo (p"?)EB%, + VAy. (2.15)

NN

() FP{|X;| < M} =1foralli=1,2,... witha nonrandom constant M > 0, then

Coo(@) M?EN + EA%;, (2.16)

ES3%
N < Coo(@)MPEN + VAy. (2.17)

\2)

AN IN

Here the factors Co(0'/?) and Cso(p) are taken from Lemma 3.

The proof of Lemma 5 is similar to that of Lemma 4, so we omit the details and indicate only one difference:
while estimating the variance V S, instead of inequalities (2.6) and (2.7) in Lemma 4, we use inequalities (2.8)
and (2.9), respectively.

Now, in Lemmas 6, 7, and 8, we present some useful estimates of E(1/v/1+ N) (or E(1/v/N)) and
E|N —EN|/EN when the random number N is a 7-shifted Poisson r.v., a 7-shifted binomial r.v., and
a 7-shifted negative binomial r.v.

Lemma 6. If N — 7 ~ P(\) with T € Ny and X > 0, then

1 <E 1 < V2 |
V1I+7T+A VIHN V1474
EN-EN| _ 1
EN \\/T—i-)\'

(2.18)

(2.19)

Proof. Letpy=P{N =k+71}=(\/k)e ™ k=0,1,2,... . Since

1 - 1 1
E = < ,
14+ N kz_ol+7+kpk 147

[e.e] [e.e]

R DISUPLETE) Pl

=e <e

1+ N 1+7+kK! (k+1)!
k=0 k=0

1 Y 1

- (1—

A<y

and

1 A
max{l + 7, \} > +72—+ for 7>0and\ >0,

Lith. Math. J., 58(2):219-234, 2018.
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we have

1 1 1 1 2
E < L < . 2.20
1+ N mm{l—i—T )\} max{l+7, A} ~1+74+A (2:20)

The function f(z) = 1/4/1 + z is convex for z € (—1,00). Therefore, by Jensen’s inequality, Lyapunov’s
inequality, and (2.20) we get that

1 1 1
Airir iy JEVSEIN=E

1/2
(1) e
1+ N VIFT4+ A
and (2.18) is proved.

Since EN =7+ Aand VN = Aforarv. N — 7 ~ P(\), we obtain

E|N—EN|<\/VN< 1
EN S EN T )

so that (2.19) and thus Lemma 6 are proved. O

Lemma 7. I[f N — 7 ~ B(n,p) withT € Ng, n € N, and 0 < p < 1, then

1 1 2
<E < v ; (2.21)
V1+7+np V14N 1+ 7+np
E‘N — EN| < 1 (2.22)

EN VT+np

Proof. Letpy =P{N =k+71}= (z)pkq”_k, k=0,1,...,n,0 <p<1,q=1—p. Then, as in the proof
of Lemma 6 (with f(z) = 1/4/1 + z), we make sure that (2.21) is valid:

1 = 1 1
E = pk‘g )

L4N Sl k7 S 14y

1+N & 1+r+kp""\k_ (k+1)!(n— k)" 1

n+1

_ (n+1)! I (n+1)—1
- n+1 Zl' (n+1)— P

1— 1
— q < ,

(n+1)p np

1 1 1 1 2
E < min , = < ,
1+ N 14+7"np max{l +7,np} ~ 1+7+np
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| | |
Vitrtnp  yipEN JEVSBIN=E

1/2
) e

1+N S Vl+THnp

Here we used the fact that EN = 7 +np forarv. N — 7 ~ B(n, p).
Moreover, VN = npq forar.v. N — 7 ~ B(n,p). Therefore

E[N —EN| _ VVN 1
EN = EN VT H+np

Lemma 7 is proved. 0O

Lemma 8. Let N — 7 ~ NB(r,p) with ™ € Nog, r € N, and 0 < p < 1. Then
S
VT +T/p VN VT

EN-EN| _ 1
EN VT

229

(2.23)

(2.24)

Proof. Letpy =P{N=k+ 71} = (fj)p’“qk_’“,k:T,T+1,r+2,...,0<p< 1,g =1 —p. Then

1 <1 1
E._ = < ,
N ;T—I—k‘pk T+T

because Y 7o pr = 1.

(2.25)

The function f(z) = 1//z is convex for z € (0,00). Therefore, by Jensen’s inequality, Lyapunov’s

inequality, (2.25), and the equality EN = 7 + r/pforarv. N — 7 ~ NB(r, p), we get that

1 1 1
VTHT/p " VEN FEN) SEf(N) = E\/N

1\Y2 1
< |E < ;
( N > T 4T
and (2.23) is proved.

Since EN =7+ 7/pand VN = r(1 — p)/p? forarv. N — 7 ~ N'B(r, p), we obtain

E[N —EN| _ VVN 1
EN =~ EN VT +T

so that (2.24) and thus Lemma 8 are proved. O

Lith. Math. J., 58(2):219-234, 2018.
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3 Decomposition of A(x) withEX,; = 0,7 =1,2,...

In addition, denote

N
Alz) =P{Sy <z/VSy} = P(x), Sy=) X
i=1

k
Sk \/VSN
fk: ) a = ) Sk‘: Xla k:1727”’7
VVS;, V'V, ; '
where X1, Xo, ... are arbitrarily dependent r.v.s, V.Sy > 0, and Sy = 0. It is clear that if IV is a nonnegative

integer-valued r.v. with p, = P{N =k}, k =0,1,2,..., independent of X7, X, ..., then, for all z € R,

Alz) = [P{S <2/ VSy} — &(x)]ps-
k=0

Let K(a) ={k € N: [VS, —VSy| < (1—a)VSy}and K(a) = {k € N: |[VS, —VSy|> (1—a)VSy}
fora € (0,1).

First, we observe that V.S, > aVSy > 0if k € K(«), because o € (0,1) and V.Sy > 0.

Since

[P{So < a/VSn} — &(x)|po = [1iz=0; — ()] po
and

i [P{S, < 2/ VSy} — P(z) | pr
k=1

= Z [P{&, < zar} — D(way)|pr + Z [®(zar) — ()] pr

keK (a) keK (o)
+ 3 [P{Sy < 2\/VSy} — 0(2)]pr,
keK(a)

we can state the following:

Proposition 1. Let X, Xo, ... be arbitrarily dependent, not necessarily identically distributed, r.v.s with
EX; = 0 foralli = 1,2,..., and let N be a nonnegative integer-valued rv. with p, = P{N = k},
k=0,1,2,..., independent of X1, X2, ... . Denote

N
A(z) =P{Sy <a/VSy} —@(x), Sn=) X
=1
Sk VVSy i
= = Sk = X, k=1,2,...,
&k VS T vs b >

i=1
where So = 0 and VS > 0. Then, for all x € R,

Az) = Xy(x) + Xa(z) + Xs(z) + Xy(x), (3.1)
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where

Di(z)= > [P{& < zar} — D(zar)]|pr,

keK(a)

Do)=Y [P(war) — b(x)]pr,

keK (a)

3(z) = [L{z>0y — D()]po,

24(.%) = Z [P{Sk < IL’\/VSN} — @(az)]pk,

keK(a)

where K (o) = {k € N: [VS,—VSy| < (1-a)VSy}and K(a) = {k € N: [VS,—VSy| > (1-a)VSy}
fora €(0,1).

4 Proofs of the results for random sums of strongly mixing random variables

Proof of Theorem 1. We estimate the quantities on the right-hand side of Eq. (3.1) under the condition that
a sequence of real r.v.s X, Xy,... with EX; = 0 and E|X;|® < ds < oo, where 2 < s < 3, for all
i =1,2,..., satisfies the s.m. condition (1.1).

Estimation of | X1 (z)|. It is clear that

| Z1(2)] < ) sup [P{Sk < y/VSi} — O(y)|ps
keK () YR

Therefore, to estimate the right-hand side of this inequality, we can use estimate (1.3) of Theorem A for the
sum S, with a fixed number k£ = 1,2, ... of summands. Since VS, > aV Sy for k € K(«), we obtain that

k

s—1
(VSp)+/2 In*" (1 + k)px

| Z1(2)] < Cods
keK (a)
Cods 1

s—1
S et (V) 2o KA+ R

keK(a)

COds EN 1118_1(1 + N)l{NEK(a)}

S (VS )52 : (4.1)

where Cy = Cy(K, i, s) is taken from (1.3) of Theorem A.

Estimation of | X9(x)|. To estimate |Y5(x)|, we use the following estimate for the standard normal distri-
bution function ®(x) (see [7, p. 114]):

1 al—1 if0<ac<l,
sup |®(za) — &(z)| 4.2)

g .
zER V2me a—1 ifa>1.
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Since VS, > aV Sy for k € K(«), we observe that, for all £ € K(«),

lap — 1] = VS, — VS| - 1 IVSy, — VS|
g VVSL(VVSE +VVSy) ~ Va(l+ya)  VSy
e~ 1] = IVS), — VS| o L IVSi-Vsy|

VVSN(VVS, +vVVSy)  14+a  VSy

Therefore, taking a = a = /VSy/v/V S} in (4.2) and using two last inequalities, we obtain that, for all
ke K(a),

1 VS, — VS|
sup |P(zar) — P(x)| < . 4.3
up|@(zar) — @) < )1k a) VS “-3)
Substituting (4.3) into the expression of X5 (x) and observing that V.S, = /@% for any fixed k = 1,2,..., we
obtain that
| Zs(2)| < L ! > |kk = VSn|pk (4.4)
V2mea(l ++/a) VSN
eK(a)
1 E[r} — VSN L{nek ()}
= . 4.5)
V2mea(l + v/a) VSn

Estimation of | X3(x)|+ | X4(x)|. We observe that [VS;, — VSy| > (1—a)VSy fork =0with VSy > 0
and Sy = 0. Therefore,

| Z3(x)| + | Za(z)| < po+ Z Pk = Z Pk
keK () k>0: |k2—VSy|[>(1—-a)V Sy

E‘“?v - VSN|1{NeK(a)u{0}}

S (1—a)VSy (4.6)

Substituting (4.1), (4.5), and (4.6) into (3.1) and taking into account that VS = E/{?V in the case of
EX, =0forallt=1,2,...(see (2.3) of Lemma 1), we obtain estimate (1.9) of Theorem 1.
Theorem 1 is proved. 0O

Proof of Corollary 1. The proof immediately follows from Theorem 1. O

Proof of Theorem 2. Since A < 0.5416 [1, p. 103], we assume, without loss of generality, that EN is
sufficiently large. To estimate the first term in (1.10) of Corollary 1, we use the estimate

ENIn* }(14+ N) < VVNEY2In?¢~Y(1 4+ N) + ENEIn®* ' (1 + N). (4.7)

Now, observing that the functions f(z) = In?¢~Y (€273 4 1 + z) and fo(z) = In*"1(e*~2 + 1 + z), where
2 < s < 3, are strictly concave for x € (—1, 00), by Jensen’s inequality we obtain that

En’tY(1 4+ N) < 7Y (73 + 1 + EN), (4.8)
Eln*'(1+N) <In* !(ef >+ 1+EN). (4.9)
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Now, substitute (4.8) and (4.9) into (4.7) and the obtained inequality into the first term in (1.10) of Corol-
lary 1. Then, in the corresponding cases of the number N of summands, we can estimate the second term
in (1.10) by (2.19) of Lemma 6, by (2.22) of Lemma 7, and by (2.24) of Lemma 8, obtaining (1.15), (1.16),
and (1.17), respectively.

Theorem 2 is proved. O

5 Proofs of the results for random sums of uniformly strongly mixing random variables

Proof of Theorem 3. The proof of Theorem 3 is similar to that of Theorem 1. To estimate A, we also use
decomposition (3.1). The difference is only that estimating | X; (x)|, we use (1.8) of Theorem B instead of (1.3)
of Theorem A in the proof of Theorem 1. So, we obtain that, under the conditions of Theorem 3,

1
| X1 (z)| < CoE ml{NeK(a)}, (5.1)

where Cy = Cy(A, M, o) is taken from (1.8) of Theorem B.
We observe that the estimates of | X5 (x)| and of |X3(z)| + |X4(x)| in (4.5) and (4.6) are valid for any
dependence condition. Therefore, substituting (5.1), (4.5), and (4.6) into (3.1), we obtain (1.18) of Theorem 3.
Theorem 3 is proved. 0O

Proof of Corollary 2. The proof immediately follows from Theorem 3. O

Proof of Theorem 4.  Substituting (2.18) and (2.19) of Lemma 6, (2.21) and (2.22) of Lemma 7, and (2.23)
and (2.24) of Lemma 8 into (1.19) of Corollary 2, we obtain the estimates (1.20)—(1.22) of Theorem 4. O
Theorem 4 is proved. 0O

Final remark. More general statements for random sums with strongly mixed and uniformly strongly
mixed summands are considered in Theorems 1 and 3, respectively. In Corollaries 1 and 2 and in Theorems 2
and 4, the estimates of the quantity A are given in the simplest case, where, in addition, the summands are
uncorrelated. For correlated summands, the estimation of A in the statements analogous to Corollaries 1 and 2
and to Theorems 2 and 4 require a more detailed analysis of the quantity E|x% — Ex%|/Ex%, which is left to
the future.

References

1. R.N. Bhattacharya and R. Ranga Rao, Normal Approximation and Asymptotic Expansions, Krieger Publishing Co.,
Malabar, FL, 1986.

2. P. Billingsley, Convergence of Probability Measures, John Willey & Sons, New York, 1968.
3. P. Hall and S.S. Heyde, Martingale Limit Theory and Its Application, Academic Press, New York, 1980.

4. I.A. Ibragimov, Some limit theorems for stationary in the strict sense stochastic processes, Dokl. Akad. Nauk SSSR,
125(4):711-714, 1959 (in Russian).

5. LA. Ibragimov, Some limit theorems for stationary processes, Teor. Veroyatn. Primen., 7(4):361-392, 1962 (in
Russian). English transl.: Theory Probab. Appl., 7(4):349-382, 1962.

6. U. Islak, Asymptotic normality of random sums of m-dependent random variables, Stat. Probab. Lett., 109:22-29,
2016.

7. V.V. Petrov, Sums of Independent Random Variables, Springer Verlag, Berlin, Heidelberg, New York, 1975.

8. B.L.S. Prakasa Rao, On the rate of convergence in the random central limit theorem for martingales, Bull. Acad. Pol.
Sci., Sér. Sci. Math. Astron. Phys., 22(12):1255-1260, 1974.

Lith. Math. J., 58(2):219-234, 2018.



234

9.

10.

11.

12.

13.
14.

15.

16.

J.K. Sunklodas

B.L.S. Prakasa Rao, Remarks on the rate of convergence in the random central limit theorem for mixing sequences,
Z. Wahrscheinlichkeitstheor. Verw. Geb., 31:157-160, 1975.

B.L.S. Prakasa Rao and M. Sreehari, On the order of approximation in the random central limit theorem for m-de-
pendent random variables, Probab. Math. Stat., 36(1):47-57,2016.

E. Rio, Sur le théoreme de Berry—Esseen pour les suites faiblement dépendantes, Probab. Theory Relat. Fields,
104(2):255-282, 1996.

M. Rosenblatt, A central limit theorem and a strong mixing condition, Proc. Natl. Acad. Sci. USA, 42(1):43-47,
1956.

Y. Shang, A martingale central limit theorem with random indices, Azerb. J. Math., 1(2):109-114,2011.

Y. Shang, A central limit theorem for randomly indexed m-dependent random variables, Filomat, 26(4):713-717,
2012.

J. Sunklodas, Approximation of distributions of sums of weakly dependent random variables by the normal distri-
bution, in Probability Theory — 6. Limit Theorems in Probability Theory, R.V. Gamkrelidze et al. (Eds.), Itogi Nauki
Tekh., Ser. Sovrem. Probl. Mat., Fundam. Napravleniya, Vol. 81, VINITI, Moscow, 1991, pp. 140-199 (in Russian).
Engl. transl.: Limit Theorems of Probability Theory, Yu.V. Prokhorov and V. Statulevicius (Eds.), Springer-Verlag,
Berlin, Heidelberg, New York, 2000, pp. 113-165.

J.K. Sunklodas, On the rate of convergence in the global central limit theorem for random sums of independent
random variables, Lith. Math. J., 57(2):244-258,2017.



	Introduction and main results
	Auxiliary results
	Decomposition of (x) with EXi=0, i=1,2,…
	Proofs of the results for random sums of strongly mixing random variables
	Proofs of the results for random sums of uniformly strongly mixing random variables
	References

