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Modeling the beta distribution using multiplicative functions
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Abstract. We prove that any beta distribution can be simulated by means of a sequence of distributions defined via
multiplicative functions related to the generalized divisors function. We also estimate the remainder terms.
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1 Introduction and results

In what follows, we assume that p is prime, d,k,m,n € N, s = o +ir € C, and z,u,t,v € R. In the
asymptotic relations, we assumed that x — oo. The letters ¢ and C' with or without subscripts denote constants.
Either of the notations f = O(g) or f < g means that |f| < C|g| for some positive constant C', which may
be absolute or depend upon various parameters.

DEFINITION 1. Let >z > 0 and 0 < § < 1. We say that a multiplicative function ¢ : N — [0; 00) belongs to
the class G(5¢; ) if there exists C > 0 such that p(p¥) < C; and the function

L(s) ::Z(p(p;%%, s=o+ir, o > 1,
P

has an analytic continuation P(s) into the region

c

020(7)::1—m

for some 0 < ¢ < 1/2, where P(s) is holomorphic, and |P(s)| < d In(|7| + 1) 4 ¢ with some ¢o > 0.

For a multiplicadtive function f : N — [0; 00), we define

T¢(m,v) == Z f(d), T¢(m,m) =: T¢(m).

djm,d<v
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DEFINITION 2. We say that a pair (g; f) of the multiplicative functions g, f : N — [0, co) belongs to the class
M5, c;01,02) if g € G(32;01) and g/Ty € G(a;62). If 1/T; € G(a;d2), then we say that the function f
belongs to the class M(a; d2).

In this paper, we analyze the asymptotic behavior of the distributions

- Tf(m,mt)
%g( )7Tf(m) : (1.1)

Fu(t;g,f) = G(lx)

where f, g are multiplicative functions, and
=> g(d)
d<z

We show that, for multiplicative functions (g; f) € M (¢, ;d1,02), distributions (1.1) may have only two
types of the limit laws. Namely, it can be either the beta distribution B(¢;a,b) concentrated on the interval
t € [0, 1] and defined by

t

B(t;a,b) : /vlal—vlb’ t €[0,1],

0

or the improper distribution concentrated at a single point ¢y € R,

0 ift < o,
Eto(t) = .

1 ift > ty.

The first attempt to simulate the arcsine law, that is, B(¢;1/2,1/2), by means of (1.1) with f = g = 1 and,
consequently, (g; f) € M(1,1/2;0,0) was made by Deshouillers et al. [5] (see also [6, Sect. I1.6.2]).

Theorem 1. (See [5].) Uniformly int € [0, 1],

T 2
_Z 1mm —arcsin\/i_f—l—0<
T

)

Bareikis and Manstavicius [3] generalized this result. They considered multiplicative functions f € M («; d2)
with o € (0; 1) such that 0 < f(p*) < C and proved that

sup !Fx(t; 1,f)—B(t;1— a,a)| <l %z+In* 'tz
t

Later, Bareikis and Maciulis [1] proved that the increments of the function F,(¢; 1, f) without the assump-
tion 0 < f(p¥) < C approach the increments of the beta distribution. Moreover, when o € {0, 1}, it was
proved (see [2]) that, in this case, only improper laws concentrated at the points 0 or 1 can occur as limits
for (1.1) .

The first result concerning the limit behavior of (1.1) with g % 1 was obtained by Daoud et al. [4].

Theorem 2. (See [4].) Suppose that (g; f) € M(s¢,a;81,02) with0 < a < » < 1and 0 < g(pF) < 1,
f(p*) < C. Then, uniformly for x > 2 and t € [0, 1],

Fm(t;g,f):B(t;%—a,a)—l—O< 1 )

(ln :L.)mln(a,%—a)
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Theorem 2 shows that the beta distribution B(t;a,b) with parameters 0 < a, b < 1 can be simulated by
means of (1.1). We generalize Theorem 2 by showing that if (g; f) € M (s, a;01,d2) with 0 < a < s,
then distributions (1.1) approach some limit law. Moreover, the set of possible limits consists of the beta
distributions B(t; a, b) with positive a, b and the improper distributions Ey(¢) and E1(t).

To forrilulate our main result, we need some additional notation. For all a,b,u,t € R and x > 1, we set
N = 1In""x,

N 4 Nz
(e +u)(ne +1—u)®  (ne +1)4ne +1—1)%

Fy(u,t;g, f) == Fu(t; g, f) — Fe(w; g, f), B(u,t;a,b) = B(t;a,b) — B(u;a,b).

ry(u,t;a,b) ==

DEFINITION 3. The Lévy distance between distribution functions F' and H is defined by
L(F,H):=inf{e >0| Flz—¢)—e < H(z) < F(z+¢)+e Vo € R}.

Note that L(F},, F') — 0 is necessary and sufficient for F,, = F as n — oo.
The main result of this paper is the following theorem.

Theorem 3. Suppose that x > 3 and
(9; f) € M(5¢,0501,62), 01 +d2 < 1.
OIf0<a<xand0 <u<t<1, then

|Fx(u7t7.gaf) —B(u,t;%—a,a)‘

(7750 + u)‘e(%_a) + |1n(77:c +1-— t)‘e(a)

|
L rp(u,t;1 — e+ a,1 —a) + [ln
Inz Inx

) (1.2)

where €(v) = 1ifv =1 and e(v) = 0 otherwise.
(i) If « = » > 0, then F, = E.
(i) If o« = 0 and s« > 0, then F, = E.

In the last two cases, the convergence rates, estimated by means of the Lévy distance, are

(Inlnz)?

L(F,, Ej) < N
with j = 0 and j = 1, respectively.

Theorem 4 yields a uniform version of estimate (1.2).
Theorem 4. Suppose that the assumptions of Theorem 3 are satisfied. If 0 < o < 3, then

sup |Fu(t; g, f) — B(t; 2 — a, )

1 (Inln )<= 4 (In1n 2)<)

< (ln m)min(%—a;a) Inz

Unless otherwise indicated, we assume that the implicit constants in the < or O() symbols depend at most
on the parameters and constants involved in the definitions of the corresponding classes M (-) and G(+).
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2 Preliminaries

We need some estimates of the mean values on arithmetical progression for the multiplicative functions ¢ €
G(z;6). Two results of this type yield the following lemmas.

Lemma 1. (See [1].) Let v belong to the class G(3z;9) for some » > 0.
Then, uniformly for alld € Nand x > 1,

> plnd) = s (wafiw(d) * O(li(jaz)))’

n<x

where L(1, ») and multiplicative functions ¥ an 1[1 are defined by

P k=0
-1
- - wuﬂw) 2 p(phtm)
P(p )=< ,
m\ .__ 1 - sz)(pk—i_m)
¢(p ) — <1+p00> kzzo pkoo

Here 0g = 0(0) and c¢; > 0 is a constant depending on the parameters c, s, C.
Lemma 2. (See [2].) Let ¢ € G(3¢; ). Then, uniformly for all d € N and x > 1,

> (md) < - p(d)n(z, %),

m<x

where

e—caVine if =0,
77('1:7 %) = -1 .
In*""(ex) ifsx>0,

the multiplicative function 1 is defined in Lemma 1, and c5 = ca(e, ) > 0.
ForO<u<t<landx > 1, we set

a
S(z,u,t,b) = Z +%, am = 0.
rv<m<at mln (E)
This sum may be evaluated in terms of the integral
t
dv

I(u,tia,b,m) = /

u

(n+v)a(n+1—wv)¥’

provided that some information about the behavior of the sum
M(v) = Z am,
m<v

is given. A slight modification of the proof of Lemma 3.3 in [1] yields the following result.
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Lemma 3. Assume that x > 3 and

Av Bv
M(v) — < 2.1
‘ (v) In“(ev) In"”(ev) @1
for some A,a,y € R, B>0,andall1 < v < x. Then
S(‘T7 u, ta b) - WICLL, t? a, b7 7]:!2)
MI(u tia4+1,b,my) + ——— (ra(u, t;7,0) + (1 +[b]) I (u, t;7,b,12))
~ (ln m)a+b Y ) b x (ln x)b_j’_,y_l €T Y b Y M b) T .
Proof. Integration by parts yields
M(v) [* M(v) ( )
S(z,u,t,b) = ———"—| + l - ——|dv
( ) vIn®(%2)|,. v2 lnb(%) In(%F)
Since
T dv
= ]‘ 1_a_bI 7t; 7b7 xT )
/vln“(ev) lnb(%) (nz) (1,55 ,b,170)
setting Aq(v) := M(v) — Avln~%(ev) and
Ay :=1In"%ev) ln_b<%> —b(Inz) " I(u, t;a,b+ 1,1,),
V)|
we have
A
S(ZE, u, t> b) (111 .’E)a+b 1 I(’LL, ta a, bv nff)
A(v) |” / A (v < )
= +A-Ay+ 1— dv. 2.2
vIn® (<) |,. ? v? lnb(%) In(<%) 22)

Integrating the integral I (u, t; a,b + 1,7,) by parts, we get
Ay = —a(lnz) " CI(u,t;a+ 1,b,n,)

if b # 0. For b = 0, the same equality follows immediately. Thus, in view of (2.1) and (2.2), we arrive at the
desired inequality. O

Tthe following simplified version of Lemma 3 will be useful.

Lemma 4. Assume that the conditions of Lemma 3 are satisfied and v = a + 1. Then

(In m)a+b S(z,u,t,b) — I(u,t;a,b,m,)

(ln x)a-‘rb—l

L rep(u,t;a,b—1)Inx + |ln(77m + u)!e(aﬂ) + !ln(nm +1-— t)!g(b). (2.3)

The implicit constant in < symbol depends on A, B, a, and b only.

Lith. Math. J., 57(2):171-182, 2017.



176 G. Bareikis and A. Maciulis

Proof.  Setting p(a,b) := r(u, t;a,b) In z, we note that

Ne - pla,b—1) Ne - pla,b—1)

re(u,t;a +1,b0) <
( ) (e +u)(e +1—u) (e +1) (e +1—1)

<dp(a,b—1).

To estimate the integral I := I(u,t;a + 1,b,7,), we consider three cases.

1. If0 < u<t<1/2, then

t

I< 2"/# < (1—ela+1))pla,b— 1)+ e(a+1)|In(n, +u)|. (2.4)

u

2. If 1/2 < u < t < 1, then, similarly,
I < (1=€(b))p(a,b—1)+ e(b)|In(n, + 1 —1)|. (2.5)

3. For0 < u < 1/2 <t <1, wehave

1/2 t
b dv a+1 / dv
A e R R e e
U 1/2
< (2—€ela+1) =€) (14 p(a,b—1))
+ €(a+1)|[In(n, + w)| + €(b)|In(n, + 1 —1)]. (2.6)

These inequalities and Lemma 3 imply estimate (2.3). O

3 Proofs of Theorems

Proof of Theorem 3. (1) We first consider the case 0 < av < s¢. Set

1 Tt(m,zt)
Sz(t;9,f) = —— —_ .
0. = G 2 90
Then
1 T¢(m,zt) — T¢(m, mt
Ry (t) := Sa(tig, f) — Fa(t; g, f) = G > g(m) s(m x% ( rm,m’)
m<x f ’I’)’L)
Setting
we have
Fylu,t; g, f) = o (u,t) + O(Ry(t) + Ry (w)). (3.1)
The remainder and the main terms in (3.1) have the representations
1
Ra(t) = Gy ST > hind), (3.2)

1<zt n<ld=t)/t
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and
1

S F0) Y hn), (3.3)

zr<l<Lat n<z/l

where £ is the multiplicative function defined by h(n) = g(n)/T(n). Note that h € G(c; 02) since (g; f) €
M (52, ; 01, 02). Thus, Lemma 1 with ¢ := h yields

B x h(1)L(h, @) h(l)
3w = e (™ O () G4

n<z/l

Since g(p*) < C1, we have
1

- 1 .
h(p*) = h(p* +o<7> and h(p*) = h(p* +o<7>. (3.5)
) =064 0 ) =) + O s
The assumptions of the theorem and (3.5) yield that
ZM =(x—a)lnlnz+ O(1) (3.6)
P2
and .
Z J(p)hip) =(x—a)lnlnz+ O(1).
Pz
By Lemma 2 the inner sum in (3.2) can be estimated as follows:
hnd) < h(t)— " 3.7
Z (nl) < h( )m- (3.7)
n<l=0/t

Further, Lemma 1 with ¢) := g and d = 1 yields

Gle) = lnl_i(eaj) <LF(£(7:;) o <ln(1e:c) > ) :8)

Combining the last estimate with (3.2) and (3.7), we get that

e S (). (3.9)

1
G(x) In"=* (e’ 1) 2t £

R, (t) <

Applying (3.6), we deduce that ¢» = fh € G(3 — «; 6, + 63). Thus, Lemma 2 with d = 1 and (3.8) yield
R.(t) + Ry(u) € rp(u,t;1 — e+, 1 — )

for0 <u<t<l.

Lith. Math. J., 57(2):171-182, 2017.
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To continue with the proof of the theorem, we consider relation (3.3). An application of (3.4) shows that
relation (3.3) can be written as

_x (L(h,a) . o
where
F()R() F(Dh()
U, (u,t;a) = ———~ and R,(u,t;b) = .
( ) xu<zl<mt {1n (67) x“<zl<mt llnb(eT)
Set
M(z) =Y f(n)h(n)
n<z
Using Lemma 2, we obtain that
M(Z) < ﬁ.

Then in the notations of Lemma 4, taking A = 0,0 =2 — a, a = a — s, and S(z,u,t,b) = R, (u,t;b), we
deduce

In(n, +1— t)|ﬁ(2—a>>

1
Rx(’u,,t;Q—Ot)<< N In 2

2

<rz(u,t;a —x,l—a)+
In x

(3.11)

Now we are in a position to estimate the main term of (3.10). From (3.5) it follows that v = f h e
G(s» — a; 91 + 62). So we can employ Lemma 1 with d = 1 and then Lemma 4 again with

A:M7 a:l_%_i_a’ b:l_a’
(¢ — )
and S(x,u,t,b) = ¥, (u,t; 1 — ). This yields
A
Vp(u, ;1 —a) = ———1I(u, ;1 — e+, 1 — a,n)
In"""z

+ O<l2% (Inz - rep(u, t;1 — e+ a, —a) + |In(n, + u)|6(2_%+a))>.
n“ "z

Combining the last relation, (3.8), and (3.11), we conclude that (3.10) becomes

['(3) L(fh, s —a)L(h,q)

Dyp(u,t) = (3 — a)l(a) L(g, ) T(u,t;1 — 24,1 — a, ;)
+ O<7“m(U, til—s+a,1—a)+ IIn(n, + u)|5(2_”+0‘)1_n|_3|:ln(17x +1-— t)|6(2—a)>
since
re(u tio— 36,1 — @) + rp(u,t;1 — e+ o, —a) < rp(u,t;l — 2+ a,1 — ).
We have

L(h,o)L(fh, > —a) =] <1 — 1>%Z FeRe) K(p), (3.12)
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where
i

K(p) :Zh(p)

7
=0 p

By the definition of h the inner sum in (3.12) is

7

L~ f0) o h0™) _ o~ _9(r) iy _ N~ 9P
<1+K(p)z % > = )K(p)—K(p)-l-j;T(pj)ijf(pJ )=y o

i=1 7=0

From this and from (3.12) it follows that

L(h7 a)L(f}NL> = Oé) = L(g7 %)
Thus,

D, (u,t) = —al(u,t;l—%—ka,l—a,m)

e(sx—a) _ \e(@)
+ O<7‘x(u,t; l—»w+a,l—a)+ (. + )| +[n(m, +1—1)] )

Inx

since €(2 — 8) = €(B).

To complete the proof of case (i), we need to estimate the difference
Ap(u,t) := I(u,t;a,b,0) — I(u,t;a,b,n,)
witha=1—-»x+a <landb=1— a < 1. First, assume that
Ne SUSTS 1=y
By the Lagrange mean value theorem

d[(u7 ta a, b7 7])

Am(uvt) = TNz dn

= ne(a-I(u,t;a+1,b,0) +b-I(u,t;a,b+1,1))

with some 1 € (0,7, ). Integrating I(u, t;a,b+ 1,n) by parts, for b # 0, we have
Ay (u,t) =n, (2a J(uyt;a+1,0,m) + (n+v) *(n+1— v)_bm).
From this and from (3.14), having in mind (3.13), we deduce that

| A (u, t)| < melal - I(u,t;a+1,b,m5) + ro(u, t;a,b)

179

(3.13)

(3.14)

for any b < 1. The integral I(u,t;a + 1,b,7,) was considered in the proof of Lemma 4. Namely, for a # 0,

inequalities (2.4), (2.5), and (2.6) yield

I(u,t;a+1,b,m,) < 1+ 7ry(u,t;a,b — 1) Inz.

Thus,
|A:l:(u7 t)‘ < Nz + T’I(’U/, ta a, b)

forall a < 1and b < 1, provided that (3.13) holds.

Lith. Math. J., 57(2):171-182, 2017.
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If0<u<mn,orl—mn, <t <1, then, in addition, we have to estimate A, (u,n,) and A, (1 — 1y, t),
respectively. So, for 0 < u < 7, we have

N

1 1
Ayl <</ + —— |dvk i« ,ta,b).
| Az (u, )| <ua (%Jrv)a) v <L, re(u,t;a,b)

u

Similarly, for 1 — 7, <t < 1, we obtain

| Ag (1=, t |<<77 <L ry(u,t;a,b).

Thus, estimate (3.15) holds for all 0 < v < ¢ < 1, and the validity of (1.2) is proved for 0 < a < sr.
(i) Assume that 2 = o > 0. Then g € G(a;61), h = g/Ty € G(; d2). Consider the difference

1—Fy(u;9,f) = Pp(u, 1) + Ry (u). (3.16)

Having in mind that h € G(«; d2) and applying Lemma 2, we obtain

x fDh(D)
G(x) zu%:gx Iln' (e7)
Note that fi € G(0;8; + 65). Therefore, by Lemma 2 we get
Z flim ) < vexp(—c3Vinw). (3.18)
m<v
From (3.17) and (3.8) we have
[ dM
Dp(u,l) < lnl_o‘x/l_i(v).
vin'"*(e?)
Partial integration with respect to (3.18) yields
b, (u,1) < exp(—cgVulnz). (3.19)
Further, (3.9), (3.8), and (3.18) imply
Ry (u) < o (1 )y ag m;ﬂf ) < exp(—csVulnz). (3.20)
Let
Inln? z
E = Cp
Inx

From (3.20), (3.16), and (3.19) it follows that

Eo(y—¢) —e < Fp(y;9,f) < Eo(y +¢) +¢

for some cg > 0 and any y € R. Hence,

InIn?
L(F,, Ey) < 227

nr
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(iii)) Assume that sz > 0 and o = 0. In this case, we have that
g€ G0e61),  heG0:0),  fhe Gl + ).

It is easy to see that

> fm) D h(mi).

m<at I<z/m

Fultiof) < :(t0.) = 5

Applying Lemma 2 and (3.8), we get

Fultig, f) < (na)= 3 %WQX%_C?\/%)

m<axt

Z,t

= (Inz)'~ ”/U exp(—crVInz — Inv ) dM(v).
e
Moreover, by the same Lemma 2

Therefore, partial integration in (3.21) yields
Fy(t;g, ) < exp(—cs/(1 —t)Inz).
The arguments above and the last estimate yield

In?1
L(F,, B) < — 17

nz
Theorem 3 is proved. 0O

Proof of Theorem 4.  We have
Fi(tig,f) = F2(0,8;9, f) + Fz (0 9, f).
By Theorem 3

|Fx(0>t;gaf) _B(t;%_a>a)|

<L 7rp(0,t;1 — e+, 1 — ) +

[In(na) =) JIn(me)[4)

Inx Inx

We recall that g/7T's € G(c; d2). Therefore, Lemma 2 and (3.8) yield

1
F.(0;9, f J m) a
m<z (m z
Since
1 1 1
t:1 — 1-— _
(0% ta @) < In* %2 + In® + Ina’

the proof of Theorem 4 now follows from (3.22), (3.23), and (3.24). O

Lith. Math. J., 57(2):171-182, 2017.
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