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Abstract. Let {£{(t), ¢t € T} be a differentiable (in the mean-square sense) Gaussian random field with E¢(t) = 0,
D¢(t) = 1, and continuous trajectories defined on the m-dimensional interval T C R™. The paper is devoted to
the problem of large excursions of the random field £. In particular, the asymptotic properties of the probability P =
P{—ov(t) < &(t) < u(t),t € T}, when, forall t € T, u(t),v(t) > x, x — oo, are investigated. The work is a
continuation of Rudzkis research started in [R. Rudzkis, Probabilities of large excursions of empirical processes and
fields, Sov. Math., Dokl., 45(1):226-228, 1992]. It is shown that if the random field £ satisfies certain smoothness and
regularity conditions, then P = e~ + Qo(1), where Q is a certain constructive functional depending on u, v, T', and the
matrix function R(t) = cov(&'(t), &' (t)).

MSC: 60G70, 60G60

Keywords: Gaussian fields, high excursions

1 INTRODUCTION

Let £(t), t € T C R™, be a smooth Gaussian random field defined on the m-dimensional interval 7', and
C(T) = sup,eqr &(t) be its supremum. The study of the probability distribution of the random variable (,
i.e., the probability P(u) = P{((T") < u} is a classical problem in probability theory of random fields, first
arising in the theoretical radio engineering. In 1945, Rice [12] derived his famous formula for the average
number of excursions of a random signal above a certain level used just for the purpose of approximating the
probability of achieving this level by the signal. Since that time, a great number of publications has appeared,
devoted mostly to the univariate case of Gaussian random functions. Under different assumptions on the
process, a review of the methods for studying the behavior of P(u) can be found in [4, 7, 9] and references
therein.

During the last twenty years, several new methods have been introduced to obtain more precise results
and extend the theory to the multivariate case of Gaussian random fields, which are the objective of this
paper. Some examples of these contributions are the double-sum method by Piterbarg [10], the Euler—Poincaré
characteristic approximation by Taylor et al. [19] and Adler and Taylor [2], the tube method by Sun [18],
and the well-known Rice method, revisited by Azais and Delmas [3], Azais and Wschebor [4, 5, 6], and
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Probabilities of high excursions of Gaussian fields 197

Piterbarg [11]. A short review of the methods listed above can be also found in [1]. The majority of the cases
studied before deal mostly with homogeneous Gaussian random fields and constant by ¢ level u, which is not
always justified in some applicative problems. In this work, all these conditions are not assumed.

In this paper, the problem of large excursions of Gaussian field £(t), t € T, is investigated. In particular, the
behavior of the probability P = P{—uv(t) < {(t) < u(t), t € T}, where u(t) and v(t) are smooth functions,
when, for all t € T, u(t),v(t) > x, x — o0, is considered. The work is a continuation of Rudzkis research
started in [13, 14, 15, 17], where a new method for investigating the distribution of the maximum of Gaussian
processes was introduced. We tried here to generalize it to the case of random fields. The main result of this
paper without proof was presented in [16].

2 MAIN RESULTS

Let {¢(t), t € R™} be a differentiable (in the mean-square sense) Gaussian random field with continuous
trajectories, and &’(t) be its gradient (vector-row). To simplify the formulation of the results, assume that

E¢(1)

where R(t) = cov(&'(t),&(t)), and || - || is the Euclidean norm in R™.
Consider the asymptotics of the probabilities of the form

0, Dt)=1, Va,teR™ ||Rt)z| > [, 2.1)

P:=P{-v(t) <&(t) <u(t), teT} (2.2)
when
vteT, u(t),v(t)=x, x— oo, (2.3)
and the set T = T'(x) is an m-dimensional interval:
T={t=(t1,....tm) 1 a; <t; <b;, i=T,m}, ag) <b. (2.4)
For a certain functional @) = Qr(v,u,T'), which is defined below, the following relationship is proved:
P=¢%+Qo(1). (2.5)

To define the functional @, let us introduce some additional notation. Let M = {1,...,m}. For any set
D CR,let (D) = liienys

pr(dt) = [T mi(dts) = pa(dt) x -+ X pn(dbm),
€M
where ,ul(dtl) =dt; + 5ai (dtl) + (5bi (dti),
J:Jt:{il a; < t; <b;, iEM},
{0}, 1€ J,
Yi,t = [07 00)7 t; = bia

(_0070]7 ti = ay,

Ye=Yigex o x Yy, pi(dy)= ] dus,
iE€M\J

and 13 (Y,) = 1if J = M.
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198 R. Rudzkis and A. Bakshaev

Then QR(U7 u, T) - QR(Ua T) + QR<U7 T)’ where

Qr(u,T) :/MT (dt) /Mt dy)
T Y,

Hereinafter, for an arbitrary m-dimensional matrix B = [B; ;], denote By = [B; ;l; jes and By = 1; by
¢(-) and ¢(-|R) we denote the probability density functions of normal distributions N (0, 1) and N(0, R),
respectively. The next theorem is the main result of the paper.

Theorem 1. Let conditions (2.1)—~(2.4) be satisfied, and, for fixed functions w(-) and p(-) and any t,s € R™,
the following conditions be fulfilled:

max{EHf'(t) —&(9)|l, | u'(t) —

[EEME(s)| < p(lt=sl),  Jim p(z)log(x) =0, maxp(z) <1 6>0. (2.8)

/ o(x)p(u'(t) + y|R(t)) det(zR(t)) , da. (2.6)
®)

u

‘OO =G} <wllit=sl),  lmw@) =0, @7

Then asymptotic equality (2.5) holds with uniform convergence with respect to €, v, u, T for which the above-
mentioned conditions are satisfied.

From Theorem 1 we get the following well-known result [3, 8].
Corollary 1. Let the random field ¢ satisfy the conditions of Theorem 1, and matrix R(t) be constant, R(t) = R.
Then, for any fixed § > 0,

P{Et)<x, teT} = e @y Qo(1), x — oo,

uniformly for all m-dimensional intervals 7" for which b; — a; > 9, i m. Her

T\ (det R)V2(2m) (), [T = /
T

In particular, we have that, for any = € R,

B 1/2
m—1 log(2log |T) + log% + CE} (2log |T|)_1/2}

P{f( ) < (2log 7)) + (2m)m+D/2

= exp(—exp(—z)) +o(1) as|T| — oo.

3 AUXILIARY LEMMAS

In this section, we use the above-mentioned notation and definitions, except condition (2.1), which can be
waived; the letters uw and v are used to denote univariate variables, but not functions. We assume that the
random field £ is twice continuously differentiable and

gt = e, it = =2 cw), W)= [0]. . —
=B, i\ = Brar S AR

For an arbitrary matrix B = [B; ;|, we denote by vec B a vector-row, consisting of the elements B; ; under
= max; j B; ;. = max; |z;|. We denote by fx the distribution density
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function of an arbitrary random vector X. Further, we denote by Ay the set of quadratic symmetric negative
definite matrices with dimension k and Ay = {1}.
Let ¢ := ((T) = supycp &(t). Forallu < v,t €T,

{C=¢) € (wv)} < {&®) € (uw,v), £(t) €Yo, (1) € Arf =2 Ay; 3.1

hereinafter » = r(¢) = card J. Let us introduce the following functions:
me(t,x,y, ) = P{C =€) | £(t) =z, '(t) =y, EJ(t) = A}, (3.2)
wf(tvxa?%)‘) = ff(t),{’(t)(xay)‘detA|' (3.3)

We denote by F¢(- | t,z,y) the conditional distribution of £;(¢) with respect to the random event {{(t) = =,
¢'(t) =y} and

Pe(u,o.7) = [ur(@) [ui(an) [ do [ metoop oty ) Felar [y G
u A,

T Y

Lemma 1. Let a multivariate Gaussian random field X (t) = (£(t),&'(t), vec " (t)) have continuous trajec-
tories on T, and, for all t # s, the distribution of the vector (X (t), X (s)) be nondegenerate. Let, for some
a > 0and Cy < oo, £ satisfy the condition

vt,s €T, E[|"(t)—¢&"(s)] < Cult —s|* (3.5)
Then, for all u < v,
P{u < { <v} = Pe(u,v,T). (3.6)
Further, in case (3.5) is fulfilled, we write £” € Lip, (C1).

Corollary 2. If all the conditions of Lemma 1 are fulfilled, then the random variable ¢ has an absolutely con-
tinuous distribution, and, for almost all w,

felu) < / ur(dt) / 4 (dy) / et w3, ) Fe(dX | £,u,). (3.7)
A,

T Y

Remark 1. If all the conditions of Lemma 1 are fulfilled and the set D C T can be presented in the form of a
union of a finite number of intervals, then, by Corollary 2, the density function of the random variable {(D) is
bounded.

For some twice differentiable function g(t), denote £(t) = max{£(t), g(t) — &(t)} and { = sup,cq E(2).
Let P¢(-) be defined by formulas (3.2)—(3.4), where the random variable ¢ is replaced with (.

Lemma 2. Let g" € Lip, (C1). Under the conditions of Lemma 1, for v > u > maxer g(t)/2, the following
equality holds:

P{u < {<v}=Pe(u,v,T)+ Py_¢(u,v,T). (3.8)

4 PROOFS OF THE LEMMAS
Without loss of generality, assume that 7" = [0, 1]™. If there are no additional indications, in different places,
we will denote by C' different positive finite constants depending only on the covariance of the random field &

and parameters m, «, C7. For the proof of Lemma 1, an auxiliary statement is needed.
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200 R. Rudzkis and A. Bakshaev

Lemma 3. Let v(t), t € T, be a multivariate Gaussian random field with continuous trajectories, and let
v € Lip,(C4). Then, for all h > 0 and § € (0, «), the following inequality holds:

1
— Bl < -m .
P{ st Js—t|<h [pt) = v(s)| > } S Ch eXp{ Ch2(a—p) } 4.1)
Proof.  For simplicity, assume that n = 1/h is a natural number and denote T'(n) = {1/n,2/n,...,1}™

For 7 € T'(n), let us define the random field v, (-) on T by
V- (t,s) == Cl_lhfo‘ [V(T —ht) —v(r — hs)].
We have
E‘%’()‘ < 17 E"VT(') - 77'(' + 5)‘ < 2‘5|a'
Applying to the components of random field v, Theorem 4.1.1 in [7], we obtain the following estimate:
2

Vo >0, P{ sup "yT()\)‘ > ;U} < Cexp{—%}, C =C(a,m). 4.2)
AeT?

Since card T'(n) = n"™ and

sup ’I/(t) | = C1h® max sup v,(N),
s,teT, |s—t|<h T€T(n) xeT?

(4.1) follows from (4.2). O

Proof of Lemma 1. For an arbitrary natural number k& and quadratic matrix A\ with dimension k, denote
D = {2: 2 € R¥ |z] < 1/2}, M@, = {Az, 2z € &1}, and &g = {1}. For z € RF and G C R, let
p(z,G) = infyeq |z — w|. Further, let the natural number n — oo and h = 1/n. For t € T, denote
Sy = Si(h) ={s: se€T, |s—t| <h/2} and H; = {¢(S;) = ¢ € (u,v)}. Recall that { = ((T"). We obtain

P{u< (¢ <wv}< Z P{H,}. (4.3)
TET
Fort € T, let
{0}, i€,
v =7(t) =41, t; = b,
_]-7 tZ = Gy,

() = (n&it), i ¢ J), &)= (&), i€ J).
Recall that » = card J, J = J;. Let us define the random event By = B;(h) as
= {u<€(t) <v, (1) eRYT, €5(1) € Ay, €5(t) € hEG(1)D, (4.4)

where Ry = [0, 00), RY = {0}, &*(t) = 0if r = m, and &,(t) = 0 if » = 0. Let us prove the relation

> P(H;\ B:) =o(). (4.5)

T€T(n)
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For some 3 € (0, ), denote Q; = {max; ser i—sj<n 1€ (t) — €”(s)| < h’}. Then Lemma 3 yields the
following equality:
P{Qn} =1—o(h™). (4.6)

If random events @5, and Hy took place, then, for some s € S, a random event A defined in (3.1) occurred as
well. In this case, from the Taylor formula we derive:

p(E5(1), 4r) < [€"(1) —€"(s)] <17, 4.7)

p(E7 (1), RY™T) < [€'(t) — €(s)| < Ch(€" ()| + 1), (4.8)

£(t) = &(s)| = [€(8) — &(s) + €' (s)(s — )| < CR*(J€" ()] + 1), (4.9)
p(E5(1), heG()Br) < |E(8) — €' (s) + " (1)(s — t)| < CRFP(|¢"(1)] +1). (4.10)

As the probability density function of the random vector X (¢) is bounded on T', then, denoting B; = {&/,(t) €
h&’;(t)®,}, it is easy to obtain the following estimates:

P{B;} < CI", (4.11)
P{0 < p(&(t), h&G(t)r) < CRP (€7 (1) +1)} < CHHF, (4.12)
P{0 < p(&}(t),A,) < ChP, B} < CW' TP, (4.13)

P{0 < p(&(t), (u,v)) < Ch?*(1+ |¢"(¢)

), B¢} < Ch 2. (4.14)
It follows from (4.6)—(4.14) that, forall t € T,

P{H;\ B;} < Ch"*P. (4.15)
Note that ZteT(n) h" < C and, therefore, (4.15) implies (4.5).

Let us show that

> P{H.B:;} = Pe(u,v,T) + o(1). (4.16)
T€T(n)

For 7 € T, let T, = {t: v;(t) = vi(7), i = 1,m}. Denote S; = Sy N T.. Under the conditions of Lemma 1,
the probability density function fx 4 (+) is uniformly continuous with respect to ¢ € T'. Therefore, uniformly
for 7 € T(n) and t € Sy, we obtain

v

P{B,} :hr/dx/uf(dy)/wg(t,az,y,)\)Fg(d)\ toayy) (14 o(1)). @.17)
A,

u Y,

Hereinafter, in the proof of (4.16), unless otherwise stated, the notation o(1) means the convergence to zero as
n — oo uniformly for 7 € T'(n) and t € S. Note that the statement of Corollary 2 follows from (4.3), (4.5),
and (4.17). To finish the proof of (4.16), we need to show, for all ¢ € S, the following equality:

P{H. | B-} = P{{(T) =£(t) [ Ar} + o(1). (4.18)
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202 R. Rudzkis and A. Bakshaev
Let Z, = (£(t),&™(t), vec&(t)) and Y; = (Z;,&,(t)). From Lemma 3, for the process £”(-[t) = £"(-) —
E¢£"(-|Y:), we obtain

. " el a/2 | _
;%I&?‘P{\gﬂﬁa‘g (slt) — " (]t)| > & } 0. (4.19)

Let us fix § > 0 and denote V; = {s: s € T, |s — 7| < 6}. Then, using (4.19) and the Taylor formula for all
7 € T(n)andt € S;, we obtain the estimates

P{((S7) > ¢(V-\ 87) | Br} 2 1—¢(9),
P{&(t) > C(Vr\ S7) | A} =1 —¢(6), (4.20)
where lims_,g£(0) = 0.

Denote D, = T\V;, E; = {((D;) < ((S;)},and E;; = {¢(D;) < &(t)}. By (4.20) and the arbitrariness
of 9, to prove (4.18), it is enough to show that

P{E; | B;} —P{E.; | A} = o(1). (4.21)
By Z; denote the set of values of the random vector Z; for which
{2 e 2} = {€@t) € (u,v), &*(t) e RY™", £"(t) € A, }.

We have
fZT P{E;;|Y: = (2,0)}fv,(2,0)dz
fZT fYt(Zvo) dZ

For z € Z,, denote by W the set of the values of &£’;(7) for which the following relationship takes place:
{&;(r) e W.} & B;, when Z; = z. By analogy with (4.22) we get

P{E; ;| A} =

4.22)

Sz, 42 f, PLE | Yr = (zw)}fy, (2 w) dw

P{E. | B;} = fZT dz fwz fy(z,w) dw

(4.23)

For t € S,, we have Z; = Z,, and, taking into account the continuity of the distribution density function
fv, (y) with respect to t and y, we obtain

Vz € Zr, max ‘fyr(z,w) — fy.(2,0)] = o(1). (4.24)

Further, let us define the vector-column ¥, ; by the equation

Yil, = E(E(s) | Yi) —E(¢(s) | Y2 = 0),

and denote 7)(s|t,y) = &(s) + (y — Y2)¥s+ — y1, where y; is the first component of the vector y. The random
field n(-|¢,y) does not depend on Y;, and the following equality holds:

P{E,,|Y =y} = P{ mag n(s[t, y) < o}. (4.25)

By means of Lemma 3, for any y, it is easy to get the relationship

P{C(S,) — &(t) > h | Yy =y} = o(1).
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Then, for a certain 0 < 6 < 1, uniformly for y and 7 € T'(n), we obtain
P{E, | Y=y} - P{ max (sl y) < ah} = o(1), (4.26)
selD,

where = 0(y, 7). For 7 € T'(n) and z € Z,, let A(7, z) = max|n(s|t,y) — n(s|7,g)|, where y = (z,0),
g = (z,w), and the maximum is taken by s € K,t € S, w € W,. Since

n(slt,y) —n(s|T,9) = (y = Ye)¥st — (7 — Y7 )Wy,

from the relationships max,ew, |w| = o(1), maxE|Y; — Y;| = o(1), and maxsex [¥s+ — ¥s | = o(1) we
obtain that

VzeZ,, EA(r,z)=o0(1). (4.27)

For any y, the random field 7(-|7, y) satisfies the conditions of Lemma 1 on the set D, which is the union of
a finite number of intervals. By Remark 1, which follows from the already proved statement of Corollary 2,
forall 7 € T'(n) and any a < b, we have

P{ max 1(s|7,y) € (a, b)} < C(b—a), (4.28)

where C depends only on ¢ and the distribution of the random field £. By (4.25)—(4.28) we get

V2 €Zy, max |P{E.; | Vi = (2,00} —P{E; | Y; = (z,w)}| = o(1). (4.29)

From (4.22)—(4.24) and (4.29) the validity of (4.21) follows, which, in turn, implies (4.18) and (4.16). As a
result, letting n — oo, from (4.3), (4.5), and (4.16) we derive the inequality

P{u < { <v} < Pe(u,v,T). (4.30)

If we denote H; = {u < ((St) < v, ((S¢) > ((T"\ St)}, then the proofs of Egs. (4.5) and (4.16) will be still
valid, but, instead of (4.3), we will have the inequality

P{u<(<v}> ) P{H}

T7€T(n)

Thus, inequality (4.30) is also valid with the opposite sign, which implies (3.6) and completes the proof of the
lemma. O

Proof of Lemma 2. It is analogous to the proof of Lemma 1 with some minor differences. After replacement
of the random variable ¢ by ( in the definition of the event H;, we obtain an analog of Eq. (4.3) for the
probability P{u < ¢ < v}. We denote the events defined in (3.1) and (4.4) by A;(£) and B;(€), and let
B = Bi(£) U Bi(g — £). Then, under new definitions, we obtain (4.5). Further, A;(£) U Ai(g — &) = 0, and
P{B.(§) UB(g — &)} = P(B¢)o(1). Therefore, to get the analog of Eq. (4.16), it suffices to show that

P{H. | Bi(v)} =P{C=v(t) | A(v)} +0(1), v=¢&g—¢& (4.31)

The proof of expression (4.31) is the same as that of (4.18) in Lemma 1. Thus,

> P(H;B:) = Pe(u,0,T) + Py_g(u,v,T) + o(1). (4.32)
T€T(n)
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From (4.32) and newly defined (4.3) and (4.5) an analog of (4.30) follows:
P{u < {<v} < Pe(u,v,T) + Pyg(u,v,T). (4.33)

Repeating the same arguments as in the end of the proof of Lemma 1, we obtain (3.8). O

5 PROOF OF THEOREM 1

In the sequel, we will use the notation and definitions introduced in the previous sections. The letters u and v
are reserved to denote the functions depending on ¢t € R™. In different places, unless stated otherwise, by C'
we denote positive finite constants, depending only on m, w, and p. The symbols A and V are used to denote
the minimum and maximum, respectively. Further, we always assume that |#| < 1, and L denotes a large
enough absolute positive constant. Obviously, it is enough to show that, for any fixed value of L, Eq. (2.5)
holds in the case

Q@ =Qr(v,u,T) < L, 3.1

which is assumed hereinafter. Let us first prove (2.5) under the additional condition that the functions u, v and
the random field £ are three times differentiable and that the second and third derivatives satisty the condition

vt e R™, max{E|¢W ()|, |« @)],[vD ()]} < “mitr|1<1ws, j=23. (5.2)

Here w; = u(t) Av(t), and @ = @(x) — 0 as x — oo. Without loss of generality, assume that, for all ¢ # s,
the distribution of the random vector (X (t), X (s)) is not degenerate. If this condition does not hold, the first
equality (2.5) is proved for the random field £(t) = (£(t) 4 €£(t))/V/1 + €2, then letting ¢ tend to zero. Here
£(t) is a random field independent of & with zero mean and covariance cov (£(t),£(s)) = exp{—||t — s/|?/2}.
Let ¢ = {(T) = maxper(&(t) — u(t)) V (=£(t) — v(t)). Under the stated assumptions, the random field
n(t) = &(t) — u(t) and the function g(t) = —u(t) — v(t) satisfy the conditions of Lemma 2. Denoting

ﬁn(x) :/:U’T(dt)/M:(dy)/Wﬂ(t7x7y7)‘)¢77(t7xay7>‘) Fﬁ(dA ’ t,.fC,y), (53)

T Y. Ay

where r = r(t), we derive

Since DE(t) = 1, the following equalities hold:
cov(£(8),€' () =0,  cov(&(),£"(¢)) = —R(t). (5.5)

Therefore, for n = £ — u, we have
Foy (@, y) det(B(=&5(t) | n(t) = )
= ¢ (u'(t) + y|R()) ¢ (u(t) + z) det((u(t) + 2)R(1)) , = qu(t,y, ). (5.6)

Equality (5.6) remains valid even after replacing u by v and taking n = —¢ — v. Let F(x) := P{( < z}. By
(2.7) and (5.4) we have

F(x) < Cq(x), q(z):= /MT(dt)/ [qu(t,y, 2) + qu(t,y, x)] pi (dy). (5.7)
T Y,
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Let us prove that, for all x > 0,
fe(z) = F(z)q(z)(1+ o(1)). (5.8)

Hereinafter, o(1) means such a convergence to zero, as x — oo, for which the upper bound estimate of
the convergence speed depends only on m, p, and w. Since P = F(0), Qr(u,v,T) = [;° q(x)dx and
Llog F(z) = fz(x)/F (), from (5.8) we obtain the required equality (2.5). To prove (5.8), let us first show
that, for some constants 0 < C7 < (3 < oo and the function

4(z) = | ¢r(we + ) pr(dt), (5.9)
/

where ¢y () = ¢(x)a”, r = r(t), the following estimate is valid:

< Ch. (5.10)

Note that by (2.1) and (2.7) we have
1 < det R(-) < Cs, (5.11)

where C; = C;(m,w), i = 1, 3. The upper estimate in (5.10) is trivial. Let us prove the lower estimate. It is
easy to see that, for 5; = [;(u) := minyey, [/ (t) + y|, we get

¢> /¢(U'(t) +y|R(t)) i (dy) > d)(gﬁt). (5.12)
Y,
Next, denote ¢; = ¢y (u(t)), ap = [, ¢¢ pr(dt). Let us show that, for D = {t: t € T, §; > L},
C
ap < % (5.13)

For this purpose, denoting ;; = minyey,. (u,(t) + y;) and D; = {¢t: t € T, B;; > L}, we first prove the
inequality
C
ap, < % (5.14)

For simplicity, assume that i = 1, t* := (to,...,t,). Let us fix ¢t*, and let us denote ¢t = (t1,t*), T1 =
{tlt al < tl < bl, Ull(t) < L/2}, and T2 = {tlt aq g tl < bl, Ull(t) 2 L} Define l[] = Cy = ai,
I := max{c: a1 < ¢ < by, [cp_1,¢) NTh = 0}, ¢ := max{c: a1 < ¢ < by, [lg,c) NTy = 0}, and let n be
the smallest natural number for whicha; <11 <cp <<, <¢,=0b.Forl <k <n,

t1 € [Zk,ck], u'l(t) < L, t1 € [Ck;_1,lk]. (515)

Denoting ug = u(ly, t*), we have

L(tl — lk)

u(t) > uk + 5 , t1 € [lk>ck]- (5.16)

Assume that [;; < by; in this case, by (2.7), p1([ck—1, L] N {t1: u(t) < ui}) > C, and, taking into account the
equalities
r(ay,t*) =r(b,t*) =rt)—1, t1 € (a1,b1),

Lith. Math. J., 52(2):196-213, 2012.



206 R. Rudzkis and A. Bakshaev

from (5.15), (5.16) we derive the inequality

. ¢t pr(diy
/qbtm (dty) O Jig-vag 9r#1(481) k=1,....n. (5.17)

Here p;(dt;) := dt; + 4, (dt;) + 9, (d;). Let

D= {t: ter, min (u wit) +yi) > L}.

From (5.17) and the arbitrariness of ¢* it follows that

/qbtuT(dt) < g/cbtw(dt), i=1,...,m. (5.18)

D; T

Estimate (5.18) remains valid if, in the definition of D;, we replace u}(t) + vy; by —(u}(t) + y;). Thus, we
obtain (5.14), which implies (5.13). For x > 0, inequalities (5.12) and (5.13) also are valid if we replace the
functions u(+) by u(-) + x or v(-) + x, which implies (5.10).

Further, let us slightly change the functional p, (-) defined in (5.3). Let n = § — u. Denote ¢ (¢, z,y) =

Foyr ) (@, y) det(zR(1)) s,

§\{vt = §15,77 = {y: Yy € Yt?

En'(t) —y| < L},

and let A, be the set of symmetric matrices of dimension r = r(t). By (5.2), (5.5), and (5.11), for x > 0, we
achieve

/W(dt)/ut dy) /!@bn (t, 2,9, N aea, — Uyt 2,9)1, g, | Fy(dA | £,2,y)

T Y A,
< Cg(x) (= + e 1/9), (5.19)

where 9,,(t, z,y, A) and F;, are defined in (3.3), and » = r(¢). In the sequel, we need the following notation:
‘= mi t—sl). 5.20
U ;Srél;l(u(s) + |t — s]) (5.20)
It is obvious that

luy —u | <[t =Tl (5.21)
Denoting T;, = {t: t € T, u(t) < (4u;) A (v(t) + /X)}, it is easy to show that

Vo2 0. [ urde) [ ot i) = o0)ita), (5.22)
T\T, ¥,

In particular, one can use inequality (5.54), which is proved below. Finally, it is clear that

/Wn(t,m,y, A) Fy(dX |tz y) =P{( =z | n(t) =z, n/'(t) =y} = Ty(t, z,y). (5.23)

A,
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Denote
ole) = [ r(at) [ 7t )t 2,0) 7 (). (529
T v,
From (5.20)—(5.22) we obtain the estimate
| fe(@) = Peu(z) = Poco(x)| < Ci(x) (o(1) + e~ H/C) vz >0. (5.25)
Taking into account (5.10) and the arbitrariness of L, to prove (5.8), it remains to show that
/ pr(dt) / [F(z) =7yt 2, 9) |y (t, 2, ) gy (dy) = C(L)(x)o(1), (5.26)
T Y,

where C'(L) is a finite positive function. Clearly, it suffices to prove (5.26) for z = 0 since if = > 0, instead
of the functions v and v, we can consider the functions u(-) + = and v(-) + . Let us fix 7 € T}, y € Y, and
denote t =t—7, z = (u(7),u (1) +y), Z = (£&(7),&'(7)). Forsome > 0,let S = S-(6) = {¢: |t| <I}NT.
Let us show that

P{((S)>0]|Z =2z} =o0(1). (5.27)
Denoting €(t) = n(t) — n(t) — n'(7)t = fol do [ ' (r + BT)Tdp and using (5.2) and (5.5), we obtain

E(c(t) | Z2=2) = —u(T)tTR(T)t<1 + g) (5.28)

if  is large and ¢ is small enough. Applying Lemma 3 to the matrix random field 7" (t) = 0" (t)—E(n" (t) | Z)
and using (5.2), we obtain the equality

P{ r?eagx“ﬁ”(t)u > “(37)} =o(1). (5.29)

From (5.28) and (5.29) we get (5.27). Further, by (5.7) and (5.10) we find

fZ(T)(if) < C/¢t(wt + ) pr(dt). (5.30)
T

Replacing in (5.30) the set 7" by .S, we have

P{{(S) >0} < Co(x)x ' = o(1). (5.31)
Denote
po(t) =EE()E(T),  pa(t) = EE)E (7).
For convenience, assume that, in (2.8), the norm || - || is replaced by | - |. Furthermore, assume that

vi,reT, |pi(t)] < C((p(|t))wr) A1) =: pr(]T]). (5.32)
Without loss of generality, assume that the derivative of the function p satisfies the inequality
Ve >0, |p(z)| <ple) (5.33)
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Otherwise, we can construct a function p(-) > p(-) satisfying conditions (2.8) and (5.33). We have

E(£(t) | Z2) = po()&(7) + pr(R™H (7)€" (1) =2 ZA(1),
E(5(t) | Z = 2) = 29(1),
7(7,0,y) = P{—v(t) <&@) + (2 — Z)y(t) <ul(t), t € T}.

If|Z| < Lfort € T\ Sand all y € Y., then

(2 = Z2)7(1)] < p([7]) (wr + v/X) + CL(p([t])wr A1) =: g-([2])- (5.34)

Let g-(z) = g,(9) for x < §. Denote

Ay(r) = P{ max 120 —u®] 1}.

el gr([t])

By (5.27), (5.31), and (5.34), we have

;%%{X|F ) = (7, 0,9)| <o(1) +P{|Z] > L} + Au(7) + Ay(7). (5.35)

Taking into account (5.35), the arbitrariness of L, and the estimate

P{|Z]|>L} < Cqﬁ(é),

to finish the proof of (5.26), it remains to obtain the relation

t/zmhﬁ¢4wﬁﬁwkh)—OUJCuHﬂO) (5.36)

T,

To use Lemma 1 for this purpose, we first need to smooth the function g. Let K be a three-times continuously
differentiable nonnegative even function satisfying the conditions [, Ki(z)dz = 1 and Ky(z) = 0 for
|z| > 1. Denote

1

awz%@zmw—n,m@z/mmmw+wm.

-1

By (5.33) and properties of the kernel K7, the derivatives of the function a(-) satisfy the inequality
laD(t)| < Calt), j=T1,3,teT. (5.37)

Since a(t) > g-(|t]), (5.35) remains true after the replacement of g,(|t|) by a(t) in the definition of A, (7).
By (2.8), for some § = (4, p) > 0, we have

a(t)

T

<SA=B)A(CLp(Jt — 7| = 1)) =: a(]t]). (5.38)
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Applying Corollary 2 to the random field v(¢) = n(t)/a(t), we obtain

1

Aur) < [ rat) [ do [ uitay) / Fotey ooy (@ ) ldet Al Fu (A | 2, ). (5.39)
T -1 Ye

Denoting & = z + u(t), § = u'(t) + y + za~*(t)a’(t), and
A=1u"(t)+ A+ 22" (t)d (t)y" + a1 (t)zad" (t),

from (5.39) we obtain the estimate

a(t)
20 < [ [ ar [ui@) [ o@o|Re) e Fe@h [5.5). 640

T —a(t) Y. AEA,

Recall that F¢(- | t,&,7) is the conditional distribution of £’/ (t) with respect to (t) = &, £'(t) = 7. Denoting
a5+ = a([t)wrwid(w, — a([t))w,), from (2.1), (5.2), (5.37), (5.38), and (5.40) we derive

Au(r) < Cgly. (5.41)

Let
gre = a([E)w; o (1 — a(fE]))we). (5.42)
Since ¢, (wr)q;; < ¢r(wr)grt + d1(wi)qr -, from (5.41) we get the estimate

/ b7 (wr) A (7) pr(dr) < C / br(wr) [ / qf,tmdt)] r(dr).
T

It remains to show that

Illea%/q77t pr(dt) = o(1). (5.43)
T

This relation could, in turn, be derived from (2.3), (5.38), the property lim,_,o p(z)log(z) = 0, and the
estimate

/ ) (at) < OL, (5.4)

Wt

which follows from (5.2) and (5.10).
Let - = {t: w; > 5mlog(|t| + 1)} NT'. It is obvious that

/ Gry pr(dt) = o(1). (5.45)
T,
Further, as || — oo, we have «(|t| = o(1)/log(|¢|)) and, therefore,
<Z5t
qrt pr(dt) = 1+ dt) ). (5.46)
T\T, T\T,
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From (5.44)—(5.46) we get (5.43). Finally, relation (5.8) is proved, which implies (2.5). Let us prove (2.5)
without conditions (5.2) and (5.32).

To this end, let us smooth the random field ¢ and functions u, v. Set K ( ) =[x 1 Kl( ;) and h =
h(t) = [em K(t — s)(u;t + vst) ds, where u, is defined in (5.20). Denote & (¢) fR . £(t + hs)ds,
o ( ) = D& (t ) EX(t ) = {h( )/a( ), u*(t) = up(t)/o(t), and analogously deﬁne v* Usmg condltlon (2.7
and properties of the kernel K, it is easy to obtain the relations

h = (; + j) (L+0(1), |W@)|V|r'(@#)] < CR?, (5.47)
w*(t) —u(t) = o(1)h, E[¢(t) — ()| = o(1)h, (5.48)
| (t) — ' (t)] = o(1), E[¢/(t) — £ (t)] = o(1). (5.49)

It is evident that, after the replacement of £, u, v, w, p by £*, u*, v*, w*, p*, conditions (5.2) and the conditions
of Theorem 1 are fulfilled, where

w(-) < Cw(+), p () < (T+0(1)p(-—o(1)). (5.50)
Finally, taking into account the equality

)= (5 )+ 0(1)/ Lk (-9 e as

we obtain (5.32) by replacing &, p with £*, p*. Thus, the following equality is valid:

P*=e %" £ Q%0(1). (5.51)
Heremafter the addition symbol “x” in the notation of P, (), ¢ means the replacement of the variables &, u,
v by &%, u*, v* in the corresponding definitions. Let us show that (5.51) implies (2.5). First, we prove the
relation

Q — Q" = Qo(1). (5.52)

Denote &;(u) = ¢(uz)u; ' By (5.10) we have

T o dt
w

Q:/q(:c)dx> Jr i g“T( ) (5.53)

0

By means of (5.47)—(5.49) and the definition of ¢, in (5.6) we obtain the estimate
r * * L
[ @@ [ lante.) = a7z i) < ovutw) + 0o 5 ) (554
0 Y,

Using inequalities (5.10), (5.53), and (5.54), together with the inequality ¢(L/h) < C¢p(Lu,/3)+Co(Lv,/3),
to obtain relation (5.52), it suffices to show that

/ 6(2u) pr(dt) = 0(1)Q. (5.55)
T
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Denoting by N the set of integers, for k € N™, let Ty, = {t: t € T, k; < t; < ki +1, i = 1,m} and
We={t: teT, u,=|t—s|+u(s), s € T} If Wy # 0, then due to (2.7) and the definition of 17, we have

/@t(u) pr(dt) > (bc(f;’;), Uy = grel%nu(t) (5.56)
Ty

On the other hand, for all ¢ € W}, and fixed s € T}, we have u, > Uy, + |t — s| — 1; therefore,

/ 6(2u,) pr(dt) < Cé(2ay — 1), (5.57)
Wi

Since T' = J,, Tx, = Uy Wi, (5.53), (5.56), and (5.57) imply (5.55). It is obvious that relations (5.54) and
(5.55) will be valid, and, after replacing u by v, Eq. (5.52) is proved. It remains to show that

P - P* =o(1)Q. (5.58)
Let w, = u, A v, n = £ — w. For an arbitrary closed set D C R™, denote 7 = 7(D) = arg minep u(t),

h = h(1), and np = maxyep n(t). Assume that, for some ¢ = ¢(D) € R™, the following conditions are
satisfied:

D:H[Ci,ci+hi] cT, hlth(D) = <(1+Z>h> /\(bi—ai), 1 =1,m. (5.59)
=1

By (5.47), (5.53), and (5.55), there exists a complex ® of sets D of the form (5.59) such that

T=UD ) Qvn<cg, (5.60)

De® De®

where Qp = Jpl®i(u) + ¢(2w;)] pr(dt). Denote Hp = {np > 0} A{n}, > 0}. It is obvious that
P(Hr) < ) _ P(Hp). (5.61)
De®
By (5.60) and (5.61), to obtain the relation
P(Hr) = 0o(1)Q. (5.62)
it suffices to show that
P(Hp) =0(1)Qp, DeD. (5.63)

Let us first get a similar estimate for the probability of the event H p = {np > 0}A{np > 0}, where
A(t) == n(r) +1/(7) T (t — 7). We have

0<ip —n(r) <ép—&(7) <D &) (5.64)
=1
By (2.1), (5.59), and (5.64), we have
Ya >0, Plip—n(r)>a) < c¢(c?h). (5.65)
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Let v(t) = n(t) — 7(t). Let us show that

Vazz>0, Plup>alf(r)=ux) <C¢<CO:U(_h§h>. (5.66)

By (2.1), (2.7), and the Taylor formula we get

E}V(t) = V(S)‘ < Cw(]t —s])|t - s], max |E(1/(t) ’ &(r) = :c)| < Cw(h)hx. (5.67)
Next, let us estimate the distribution of the random variable 7p, where 7(t) = v(t) — E(v(t) | £(7)). Let
D, ={t:te D, |ti—7| =hj/4", i =1,m, j € {1,...,4"}}, Dy = D. Fort € D, let t(n) =
arg mingep, |t — s|. We have
_ I Cw(h)h
Blo(t) - w(i(m)] < (5.68)
Denoting ¢, = max;ep, [7(t) — v(t(k — 1)),
Vte Dy, [P(t)] <D e (5.69)

Taking into account the continuity of the trajectories of 7, (5.68), (5.69), and the inequality card D), < 274,
we derive

Va >0, P{uD>a}<ZP{ek } CZ kgb( 2o ) (5.70)
k=1

Finally, from (5.67) and (5.70) we obtain (5.66). Further, by means of (5.47) and the inequality pur (D) >
h™ /C, we obtain the inequality

< CQp. (5.71)
Using (5.47), (5.65), (5.66), and (5.71), we have
P{Hp, n(r) < —Lh} < e(L)Qp, (5.72)

where limy,_, o ¢(L) = 0.
Then by (5.47), (5.66), and (5.1) we have

P{0>n(r) = —Lh, vp = Vw(h)h} = o(1)Qp. (5.73)
Finally, taking into account that 7jp — 7(7) is independent of £(7), we get
P{0 > n(r) > —Lh, |ip| < vw(h)h} = o(1)Qp. (5.74)
From (5.72)—(5.74) we have the relation
P{Hp} = o(1)Qp. (5.75)
Denoting H?, = {n}, > 0}A{np > 0} and following the same procedure, we obtain the relation

P{HD} = 0(1)Qp,



Probabilities of high excursions of Gaussian fields 213

which, together with (5.75), leads to (5.63), which in turn yields (5.62). It is obvious that (5.62) will still be
valid after replacing the random field 7(-) by —&(-) — v(+) in the definition of H, and the function u by v.
Thus, relation (5.58) is proved, and this completes the proof of the theorem.
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