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Abstract. We consider centered conditionally Gaussian d-dimensional vectors X with random covariance matrix =

having an arbitrary probability distribution law on the set of nonnegative definite symmetric d x d matrices Mj. The
paper deals with the evaluation problem of mean values E[H?Zl(ci, X)] for ¢; € R, i = 1,...,2n, extending the
Wick theorem for a wide class of non-Gaussian distributions. We discuss in more detail the cases where the proba-
bility law £(Z) is infinitely divisible, the Wishart distribution, or the inverse Wishart distribution. An example with

== Z;”:l Z;2);, where random variables Z;, j = 1,...,m, are nonnegative, and J; € Mj' j=1,...,m, are fixed,
includes recent results from Vignat and Bhatnagar, 2008.
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1 INTRODUCTION

Let M, be the Euclidean space of symmetric d x d matrices A with the scalar product (A;, Ag) := tr(A4; Az),
Ay, Ay € My, Mj C M, be the cone of nonnegative definite matrices, and P(Mj) be a class of probability
distributions on M j . Here tr A denotes the trace of a matrix A.

The probability distribution of a d-dimensional random vector X is said to be the mixture of centered
Gaussian distributions with mixing distribution U € P (M j ) (U-mixture for short) if, for all z € RY,

Ecl(>X) = / e 2542 U (dA), (1.1)
My
where (z,y) = Z?Zl zjy; for z,y € RZ

Distributional properties of infinite divisibility or self-decomposability of subclasses of such mixtures are
well studied (see, e.g., [2, 3] and references therein).
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Let ¢; = (¢j1,.--,¢ja) € R? j = 1,...,2n. The paper deals with the evaluation problem of mean
values E| ?Zl(cj, X))
Let 1, be the class of pairings o on the set I, = {1,2,...,2n}, i.e., the partitions of Is, into n disjoint
(2n)!

pairs, implying that card 115, =
integers o (j), j € Iop\ o, by

a7+ FOr each o € Il5,, we define uniquely the subsets Ign\g C Iy, and

0 ={(G,0()). j € Lo }-

If U = ey is a Dirac measure with fixed ¥ € M, i.e., in the Gaussian case, the Wick theorem says (see,
e.g., [8, 14]) that

2n
E[H(cj,X)] = > 11 (€2 o)) :==man(c, X). (1.2)
j=1 o€llzn j€I2n\o

If U = L(Y X)), where Y is a nonnegative random variable, EY" < oo, and X € M; is fixed, then in [18]
it is checked that

2n
E [ 1. X)] = EY"man(c, X).
j=1

In Section 2, we shall consider an arbitrary mixing distribution and the case of infinitely divisible mixing
distribution U. In Section 3, several examples are presented, including mixtures with respect to the Wishart
distribution or inverse Wishart distribution.

2 THE EXTENDED WICK THEOREM

Let

60 (6) = / e~ [7(d4), O € M. @.1)

M

Recall that, by definition, U is infinitely divisible with characteristics (X, V) if

—log ¢y (@) = tr(X6) + / (1— e "M9)) Y (dA), (2.2)
My

where X € M, V is a measure on M j such that
[ a1 A 1) vaa) < o,
My

and || A| = (tr A%)'/2 (see, e.g., [6, 15]).

Theorem 1. The following statements hold.:
1. The probability distribution of a d-dimensional random vector X is the U-mixture of centered Gaussian
distributions if and only if

Ee#X) = ¢/ (;&) (2.3)

where =z is the transposed vector z.
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2. If the probability distribution of X is the U-mixture of centered Gaussian distributions and, for

ji=1,....2n

/ (¢;A, ;)" U(dA) < oo,
My

then

E[ﬁ@j,X)] - Y [ mueaua,

0'6172”\/[4r
d

where m$,,(c, A) = [er,., (¢ A, o (y))-

2.4)

(2.5)

Moreover, if U is infinitely divisible with characteristics (X,V') and, for j = 1,...,2n,

/ (cjA, ;)" V(dA) < oo,
My

then (2.5) holds. In particular,

E(c1, X)(c2, X) = (15, ¢0) + /(clA,CQ) V(dA).

My
Proof. 1. The statement follows from (1.1) and (1.2), noting that, obviously,
tr((z2)A) = (24, 2).

2. Observe that card I\, = n and, for all o € II5, and A € M,

n

I1 |(CjAvco(j))|n<n_n< > |(ch,ca(j))\>

jEIQ’Vl\(T jeI’.’n\a
gn—l Z |(CjA,CU(j))|n
jel2n\a
. 2n—1 Aoy 4 e
S Z [(C] 7CJ) +(CO'(]) aca(]))]
J€lan\o
2n—1 2n
= Z(CjA,Cj)n.
n -
7j=1

Using (2.8), Eq. (2.5) follows from (1.1), (1.2), and (2.4).

(2.6)

Q2.7)

(2.8)

If a mixing distribution U is infinitely divisible with characteristics (X', V'), (2.6) is satisfied, and a random

matrix = is such that £(Z) = U, then, for each ¢ € RY, L((cZ, ¢)) is infinitely divisible,

E(cZ,c) = cum;(c=,¢) = (¢X,¢) + /(CA,C) V(dA),
M
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and, forn > 1,

cumy(c=,c) = /(cA,c)” V(dA),
M

where cum,, Z is the nth cumulant of Z.
Now it remains to apply the following useful statement.

Lemma 1. (See [16, 18].) Let j, = EZ" and rj, = cumy, Z. If |ky| < 00, then
. (k
Mk+1_Z(j>/J'ij+lj7 k=0,1,...,n—1,
=0
and || < 0.
Indeed, it is well known (see, e.g., [7, 10]) that

1273 :Fk(ﬁlv"w/{’k)a

where the polynomials

k xgl e xrm
I s = k! m
e a) mzz:l Z (AN (ml)rmry,

T1yeeeyTim =0
1ri+etmr,=k

satisfy the recurrence formula (see [17])

k

k
Dy (21,0 2p41) = Z (j>Fj(3«"1, S 71'j)xk+lfj- g

=0

!
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(2.9)

Remark 1. If the probability distribution of X is the U-mixture of centered Gaussian distributions, f : R — R!

is an odd function, and E|f(X)| < oo, then, obviously, Ef(X) = 0.

3 EXAMPLES

Example 1 [The extended relativistic a-stable laws]. (Cf. [3, 4].) Let Sq = {A € My: ||A|| = 1} be the
unit sphere of My, SM; = S;NM;, Y € M, |¥| :=detY > 0,and 0 < a < 2. Let U be the
multivariate extension of tempered «a-stable law (see [3]), i.e., an infinitely divisible distribution on MJ with

characteristics (0, V'), where (in the polar representation)

e’ tr(XAo)

V(d4) = rlta/2

1
drv(dAp), r=|A4|, Ao=-A4,
r

and v(dAy) is a finite measure on SM ;.
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We find that, foralln =1,2,...and j = 1,...,2n,

o0

e’ tr(XAo)
/(CjA, Cj)” V(dA) = / /rn(CjAo,cj)nW drv(dAyp)
M} sMt 0
(&% (CjAo,Cj)n
— _— dA .
<n 2) / (tr(mAg)r o V(ddo) <o

SMF

Thus, assumption (2.6) is always satisfied, and, if the law of X is the U-mixture of centered Gaussian
distributions, then, for all n > 1, formula (2.5) holds, and

o « (Cle, CQ)
E(c1, X)(ca, X) = r<1 _ 2) / A V().
SM*

d

Using (2.3), for z € R?, we have that

Ee!(*X) = exp{— / (1 — e 20x42)) V(dA)}
+

Md
3 (oA e T tr(XAo)
= exp{— / /(1 —e 502 o,z))Wdr U(dAo)}

sm} 0
= exp{—'r<—g>‘ / ({tr(Z’Ao) + %(ZA(), z)} i — (tr(EAo))"‘/2> y(dAo)}
SMF

= ﬂmg(z).

Remark 2. Let X, 5 := {X,,x(t), t > 0} be a Lévy process with

Eexp{i(z, Xo,x2(1))} = fa,x(2), z€ RY, ¥ e MT; Xoshi= {h_l/aXa,g(ht), t>0};
and
T {(h"12X, 5(ht), t >0}, h>0.

Similarly to [4], X4 55 = Xao as h | 0, and, for [ X] > 0, X&,E,h = G, ,x as h — oo in the space

Dio,50) (R) of cadlag functions w : [0, 00) — R? equipped with the 7;-topology of Skorokhod, where “="
means the weak convergence of stochastic processes, and G, x; is a centered Gaussian Lévy process with the
covariance matrix

o r<1 - ;‘) / (t2(540))*"> " Ao w(dAp).

SMt

Indeed, because, for all z € RY, we easily find that

E exp{i(z, Xa.on(1)} = [fia.x(h/*2)]" = fia0(z) ash |0
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and
Eexp{i(z, X, (1))} = [ﬂmg(hlmz)}h — exp{—;(zﬂa,z)} as h — oo,

it suffices to apply the well-known Skorokhod theorem on weak convergence of Lévy processes.

Example 2 [The Wishart mixtures]. Let Y1, ...,Y}, be i.i.d. d-dimensional centered Gaussian vectors with co-
variance matrix X, |X| > 0, k > d, and U = L(W},) := Wy(X, k), where W}, = Z;‘?:l Y]TY] It is known
(see, e.g., [1, 12]) that W4(X| k), called the Wishart distribution, is a multivariate analogue of X%—distribution
and enjoys the following properties:

|Z—1|k/2 N
| =4O} W5k | 04) = (55 mm. © € My,
My

ﬁ((Cka C)) = ﬁ((cZ, C)X%)? ce Rdy

and
Wa(X k| dA) = we(X, k| A) dA,
where, for A € M,

DR e o))

wa(Z, k| A) = { @D Erda-n AT )
0 otherwise.

if A >0,

If d > 2, the Wishart distribution is not infinitely divisible (see [9, 13]).
We have that, forall c € R?andn = 1,2,.. .,

n(n k
/(CA, )" Wa(X, k| dA) = (cZ,0)"E(x3)" = 21;((—;—2)(02,0)" < 0.

SR

M

Thus, if the law of X is the Wy (X, k)-mixture of centered Gaussian distributions, then, for all n > 1, the
formula (2.5) holds,

oM(1+4 &
E(c1, X)(e2, X) = W(%E’ c2) = k(c1 X, c2),
2
and, by (2.3), for z € R?,
Ecl(zX) — ﬂ
PR

Example 3 [The multivariate t-distributions]. Under the assumptions of Example 2, the matrix W is invertible
with probability 1. In this case, taking U = ﬁ(ka_I), it is known that, for all ¢ € R? (see, e.g., [12]),

L(k(W L ¢)) = E(k(cE_l,c) Xéﬂ),
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implying that, for ¢ # 0,

k(cX o DB —n) ifn < =L

: k—d+1
00 ifn > 2*.

/ (cA,¢)" U(dA) = {
vt

So, if the law of X is the U-mixture of centered Gaussian distributions, then formula (2.5) holds
forn < %.Ifk>d+l,then

E(Cl,X>(CQ, X) = k(qE’l, CQ)F(I{:_;l_l).

It is also known (see, e.g., [11]) that the law £(X) has the density fx of the multivariate ¢-distribution:

_ktd
L&) 3321,90)) L eR?

_ (
@) = g R

From (3.3) and [5] we find that

Eei(z,X) _ [k’(ZE, Z)]k/4

= iy ke (VREE ), 2 e R G

where K, is a modified Bessel function of the third kind, i.e.,
o
1 —-v—1 1 1 1
Kl,(x):f/u expd —=z|lu+—)pdu, z>0,veR".
2 2 U
0
From (2.3) and (3.1) we derive that, for © = 32"z € M, z € R%,

-1 2k tr(X0)]k/4
du(0) = Ee ktr(W, 0) _ [216/1"2(11“()]]‘3)Kk/2< 2k tI‘(E@)) 3.2)
2

and conjecture that (3.2) holds true for all ©@ € M d+ .

Example 4. Let R = {x = (21,...,2m): ; > 0, j = 1,...,m}. Suppose that a random vector Z =
(Z1,. .., Zp) takes its values in R, = = Y7, Z;X;, where the matrices £; € MJ, j = 1,...,m, are
fixed, and U = L(Z).

If g (t) := Ee~ (%)t € R, then

6 (6) = Ee™ "(50) = Be~ 20 1 1(%:€)
= ¢z(tr(216), ..., tr(2,0)). (3.3)

Obviously, for each ¢ € R¢,
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if and only if
EZ! <o, j=1,...,m. (3.4)
If £(X) is the U-mixture of centered Gaussian distributions and if (3.4) is satisfied, then

2n m
E[H(cj,X)] = Z / ms,, (c, sz2j> P(Z € dx). (3.5)
j=1

Jj=1 o€lls, R

In particular, if EZ; < o0, j = 1,...,m, then

E(c1, X)(c2,X) = > EZj(c1 %}, c2). (3.6)
j=1

Applying (2.3) and (3.3), we find that

. 1 1
Ec(»X) = ¢Z(2(z21,z),...,Q(ZZm,z)>. (3.7)
If £(Z) is infinitely divisible distribution on R"" with characteristics (z°, v), i.e.,
oz (t) = exp{—(mo,t) — / (1—e @) V(dx)}, (3.8)

RT
where 20 € R™, v({0}) = 0, and

/ |z| A 1v(de) < oo,
Rm

then £(U) is infinitely divisible distribution on M with

Pu(0) = exp{— ix? tr(X;0) — / (1 - exp{— ixj tr(Ej@)}> V(dx)}, © e M.
j=1 R

=1
+

If £(X) is the U-mixture of centered Gaussian distributions and

/a:?y(dx)<oo, j=1,...,m, (3.9

m
RY

then formula (3.5) holds, and from (3.3), (3.7), and (3.8) it follows that £(X) is an infinitely divisible distri-

bution on RY with
/ (1 - exp{—; f:xj(zzj, z)}) V(dx)}.

. 1™
Ee'(>%) = eXp{—2 Yo a2, 2) -
i=1 Ky i=1

In particular, if (3.9) is satisfied with n = 1, then formula (3.6) holds.
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