
ORIGINAL PAPER

A mathematical model of fatigue in skeletal muscle force
contraction

Paul R. Shorten Æ Paul O’Callaghan Æ
John B. Davidson Æ Tanya K. Soboleva

Received: 23 August 2007 / Accepted: 5 November 2007 / Published online: 14 December 2007

� Springer Science+Business Media B.V. 2007

Abstract The ability for muscle to repeatedly generate

force is limited by fatigue. The cellular mechanisms behind

muscle fatigue are complex and potentially include break-

down at many points along the excitation–contraction

pathway. In this paper we construct a mathematical model

of the skeletal muscle excitation–contraction pathway based

on the cellular biochemical events that link excitation to

contraction. The model includes descriptions of membrane

voltage, calcium cycling and crossbridge dynamics and was

parameterised and validated using the response character-

istics of mouse skeletal muscle to a range of electrical

stimuli. This model was used to uncover the complexities of

skeletal muscle fatigue. We also parameterised our model to

describe force kinetics in fast and slow twitch fibre types,

which have a number of biochemical and biophysical dif-

ferences. How these differences interact to generate

different force/fatigue responses in fast- and slow- twitch

fibres is not well understood and we used our modelling

approach to bring new insights to this relationship.

Keywords Potassium � Fibre type � Fast-twitch �
Slow-twitch � Phosphate � Calcium

Introduction

The ability of skeletal muscle to produce force is dependent

on the nature of the stimulatory waveform (amplitude,

frequency etc.) and the state of the fibre. The muscle

response is also intimately linked to cell characteristics

such as transmembrane ion movement, calcium handling,

crossbridge dynamics, the concentrations of metabolites

and the level of muscle fatigue. The cellular mechanisms

behind muscle fatigue are complex, controversial and

potentially include failure at multiple points along the

excitation–contraction pathway (Westerblad et al. 1991,

1998; Fitts 1994; Lamb 2002; Allen 2004). Mathematical

modelling can help unravel some of the complexities of

skeletal muscle fatigue. A better understanding of muscle

fatigue has the potential to improve functional electrical

stimulation (FES) techniques, where muscle fatigue is an

unwanted consequence of continued muscle stimulation

and is currently a major drawback of FES.

There are primarily two major components to skeletal

muscle fatigue due to continued electrical stimulation;

these are membrane and metabolic fatigue. Membrane

fatigue is believed to be due to break-down in transmem-

brane ionic fluxes resulted from ion accumulation in the

t-tubules and slow inactivation of sodium channels (Cairns

and Dulhunty 1995). Metabolic fatigue is a multifactor

process that is believed to be due to the accumulation of

phosphates, slower crossbridge cycling and a reduction in

calcium release/uptake from the sarcoplasmic reticulum

(SR). Recovery from membrane fatigue is rapid whereas

recovery from metabolic fatigue is slow.

The kinetics of skeletal muscle fatigue is different in fast

(type IIa, IIb) and slow (type I) twitch fibre types. Although

the twitch response is quicker and generates more force in

fast twitch fibres compared with slow twitch fibres (Rome
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2006), fast twitch fibres fatigue more rapidly than slow

twitch fibres (Cairns et al. 1995, 2003). The different

twitch response to stimuli in fast and slow twitch fibres is

due to a number of biochemical and biophysical differ-

ences: for example, fast-twitch fibres have a higher ionic

channel density (Clausen et al. 2004), faster Ca2+ release/

uptake (Baylor and Hollingworth 2003) and more rapid

crossbridge cycling (Rome 2006). How these differences

interact to generate different fatigue responses in fast and

slow twitch fibres is not well understood and in this paper

we use a mathematical modelling approach to clarify and

reveal this relationship.

There are a large number of mathematical models of

skeletal muscle contraction in response to applied electric

fields (Hatze 1977; Riener and Quintern 1997; Dorgan and

O’Malley 1998; Brown and Loeb 2000; Ding et al. 2000;

Golle et al. 2001). However, these models are largely

empirical with either minimal or incomplete descriptions of

the biological mechanisms that link cell excitation to force

development and largely ignore processes related to fatigue

and differences between fibre type. For example, the

models of Riener and Quintern, (1997), Hatze (1977) and

Dorgan and O’Malley (1997, 1998) employ second order

over-damped systems and modified Hodgkin–Huxley ionic

channel models to describe membrane depolarization and

Ca2+ release from the SR. This does not reflect the

underlying physiology because muscle sarcolemma and

t-tubule membranes are complex electrical networks that

exhibit threshold phenomena and Ca2+ release from the SR

is a non-linear process that depends on the complex

properties of the ryanodine receptor (RyR), both of which

cannot be adequately described by a second order over-

damped system. As these models do not explicitly describe

the biological mechanisms within muscle they are unable

to reproduce the entire range of muscle contraction

responses to electrical stimuli. For example, the model

constructed by Ding et al. (2000) does not describe non-

linear force summation or the force development due to

high-frequency electrical stimulation and the Hatze (1977)

and Dorgan and O’Malley (1997, 1998) models cannot

reproduce potentiation or the catch like effect (Otazu et al.

2001).

In order to describe skeletal muscle fatigue and fibre

type response differences we developed a new mechanistic

mathematical model of the biochemical events that link

cell excitation to force development in skeletal muscle. The

model describes muscle sarcolemma and t-tubule action

potentials, Ca2+ release and transport and crossbridge

dynamics. Although the majority of these details have been

included into mechanistic models of cardiac muscle con-

traction, these models cannot be directly transferred to

skeletal muscle because of the inherent differences in

muscle geometry, energy systems and electrochemical

signaling pathways in these two muscle types. For exam-

ple, in our skeletal muscle model two Ca2+ ions must bind

to troponin to activate cross-bridges, whereas only one

Ca2+ ion is required in cardiac tissue. Fortunately, there are

a wide variety of detailed mechanistic models of the dif-

ferent component pathways that link electrical stimulation

to contraction in skeletal muscle (Cannell and Allen 1984;

Rios et al. 1993; Baylor and Hollingworth 1998; Wallinga

et al. 1999; Razumova et al. 2000). We modified and

linked elements of these different component models to

provide a more complete mechanistic description of the

force response of skeletal muscle to applied electric fields

based on the biological mechanisms that link cell excitation

to contraction.

The model developed was fit to data from our experi-

mental studies of the effect of different electrical

stimulation patterns on force production in extensor digi-

torum longus (EDL) and soleus (SOL) muscles of mice.

These experiments contain elements of both membrane and

metabolic fatigue that we have analysed in the context of

the mathematical model.

Methods

A mechanistic model linking electrical stimulation to

force generation

Here we outline our mechanistic model of the effect of

electrical stimulation on muscle contraction. The model

includes descriptions of membrane voltage, calcium cycling

and crossbridge dynamics (the model equations are listed in

Appendix 1).

Our Hodgkin-Huxley type electrophysiological model of

action potentials in mammalian skeletal muscle fibres

describes membrane currents in the sarcolemma and

t-tubules (Adrian and Peachey 1973; Cannon et al. 1993;

Henneberg and Roberge 1997; Wallinga et al. 1999). The

model includes descriptions of an inward rectifier K+ cur-

rent, a delayed rectifier K+ current, a Na+ current and a

Na+–K+ pump in both the sarcolemma and t-tubules. Cl-

ions are assumed to be passively distributed across the

membrane according to a Donnan equilibrium (Chipper-

field and Harper 2000). Although electroneutral ion

transporters such as the NKCC and NCC cotransporters

contribute to the resting membrane potential (Chin et al.

2004; Kristensen et al. 2006) and generic mathematical

models of these channels have been constructed (Fraser

and Huang 2004), for simplicity we include electroneutral

Na+ and K+ transport terms in our model to ensure constant

ionic gradients at the resting membrane potential. We use

the Goldman–Hodgkin–Katz (GHK) driving force equation

to describe the driving force for ionic species across the
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membrane which is a more physiological representation

than Ohms law (Keener and Sneyd 1998). We considered

both a volume conductor and a two-compartment model of

action potentials in the sarcolemma and t-tubules of skel-

etal muscle. The t-tubule system exerts an important

loading effect in the form of an outward current, which

combines with the sarcolemmal current to alter the wave-

shape of the sarcolemma action potentials (Adrian and

Peachey 1973). Because concentrations of interstitial [K+]

(Sejersted and Sjogaard 2000), t-tubular [K+] (Wallinga

et al. 1999) and intracellular [Na+] (Cairns et al. 2003) can

change significantly during extended periods of skeletal

muscle stimulation we consider the ionic concentrations of

Na+ and K+ within the t-tubule, intracellular and interstitial

space as variables in our model. Since the t-tubules are

connected to the interstitial space (Franzini-Armstrong et

al. 1978) we describe in our model the diffusive transport

of ions between these two compartments. A schematic

diagram of our membrane electrophysiological model is

depicted in Fig. 1.

Skeletal muscle intracellular Ca2+ is released from the

sarcoplasmic reticulum (SR) in response to membrane

depolarization through ryanodine receptor (RyR) Ca2+

release channels (Fill and Copello 2002). This process has

been modeled in detail (Rios and Stern 1997), although

many issues remain to be resolved. We employ a 10-state

model description of the coupling of the t-tubule voltage to

the release of Ca2+ from the SR through the dihydropyri-

dine receptor (DHPR)/ryanodine receptor (RyR) complex

(Rios et al. 1993). The Ca2+ released from the SR via

RyR’s, binds to mobile and immobile buffers such as

parvalbumin and ATP along with troponin on the myofil-

aments and is finally transported back into the SR via Ca2+-

ATPase where it binds to calsequestrin (Berchtold et al.

2000). ATP plays an important role in shaping the calcium

transient and intracellular Mg2+ competes with Ca2+ for

parvalbumin and ATP binding sites (Hollingworth et al.

2000). We used a two-compartment model of Ca2+ trans-

port as suggested by Otazu et al. (2001); there are variables

for [Ca2+], ATP, Mg2+, parvalbumin, troponin and calse-

questrin at locations proximal to the terminal SR (TSR) and

in the general myoplasm. The [Ca2+] near the TSR is sig-

nificantly greater than that in the general myoplasm after

membrane depolarization. Our Ca2+ transport model is

depicted in Fig. 2.

The binding of myoplasmic Ca2+ to troponin on the

myofilaments generates crossbridge (XB) cycling and force

generation. We have constructed an 8-state model of the

XB dynamics in skeletal muscle that is based on existing

generic models of XB cycling (Razumova et al. 2000;

Campbell et al. 2001). In skeletal muscle two Ca2+ ions

must bind to the troponin-tropomyosin regulatory unit

(RU) to switch it from a position that blocks to a position

that permits myosin binding and crossbridge cycling

kinetics (in cardiac muscle only one Ca2+ ion is required).

Once the tropomyosin block is removed the detached XB

can move to a state where the myosin head is attached pre-

power stroke, a state where the myosin head is attached

post-power stroke (i.e., generates force) before returning to

the detached state. When [Ca2+] decreases to basal levels

the Ca2+ ions unbind from the RU and the XB returns to the

resting detached state. Transitions between these states are

modelled using first order kinetics. Our minimal scheme

for XB cycling is shown in Fig. 3.

Metabolic fatigue refers to the effect of metabolic

changes on the contractile process (Westerblad et al. 1991;

Fitts 1994). A number of metabolic changes occur during

repeating muscle contraction such as decreasing ATP and

pH and increasing phosphate (Pi) and ADP. In mammalian

tissue acidification has little effect on isometric force

Fig. 1 The muscle membrane electrophysiological model. There are

descriptions of K+, Cl- and Na+ transport in the sarcolemma and t-

tubules membranes. The model includes descriptions of an inward

rectifier K+ current (IIR), a delayed rectifier K+ current (IDR), a Na+

current (INa), a Na+-K+ pump (INaK) and a Cl- current (ICl). Currents

in the t-tubules are denoted by a subscript t

Fig. 2 The Ca2+ dynamics model. Ca2+ binds to parvalbumin and

ATP myoplasmic buffers, is transported and buffered to calsequestrin

in the SR and bind to tropinin to generate force
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production (Westerblad et al. 1998) and Pi accumulation is

believed to be the primary mechanism behind metabolic

fatigue (Allen and Westerblad 2001) although the effect of

phosphate on force is variable (Cooke and Pate 1985;

Cairns and Dulhunty 1995; Bruton et al. 2002; Clausen

et al. 2004; Danieli-Betto et al. 2005). Phosphate is pro-

duced during SR Ca2+ pumping and crossbridge cycling,

when weakly bound crossbridges isomerise into strongly

bound crossbridges. The concentration of inorganic phos-

phate increases significantly during metabolic fatigue

(Westerblad et al. 1991; Fitts 1994). Phosphate accumu-

lation has therefore been proposed to feed back and slow

crossbridge cycling by decreasing crossbridge isomerisa-

tion and therefore the proportion of crossbridges in the

strongly attached force-producing state (Cooke 1988;

Westerblad et al. 2002). In skeletal muscle the Pi release

step is reversible (Kawai et al. 1993) and we assume that

the binding of Pi to actin/myosin obeys mass action

kinetics. Phosphate is also believed to precipitate with Ca2+

in the SR and reduce SR Ca2+ release (Fryer et al. 1995;

Allen and Westerblad 2001). 20 mM phosphate decreased

SR Ca2+ release by 29% (Posterino and Fryer 1998) and

our model is consistent with this finding. In our model Pi is

produced during crossbridge cycling and feeds back to

slow crossbridge cycling. For simplicity, we did not

include phosphate production by the SR Ca2+ pump in our

model. Phosphate is also assumed to be able to be trans-

ported into the SR and precipitate with Ca2+ when the

solubility product [PSR ][CaSR
2+ ] exceeds 6 mM2 (Fryer

et al. 1995). Phosphate is also assumed to be slowly

removed from the myoplasm to ensure a resting [Pi ] of

3 mM (Westerblad et al. 1991). Phosphate transport into

the SR occurs primarily through a passive pathway

(Posterino and Fryer 1998) and occurs at rates 30–170

lM/s at physiological concentrations of myoplasmic Pi

(Fryer et al. 1997). Our phosphate transport model is

shown in Fig. 4.

Model parameterization

The model parameters were obtained from experimental

measurements of muscle function and existing mathemat-

ical models of skeletal muscle. The full set of parameters is

listed in Appendix 1. Here we briefly list some of the

model parameters.

The membrane ionic channel parameters were derived

from the electrophysiological model of Wallinga et al.

(1999). Our parameters for the slow inactivation of the Na+

current are based on those measured by Ruff and Whittlesey

(1993) in human skeletal muscle. The interstitial volume is

about 20% of the intracellular volume (Kandarian et al.

1991; Clausen et al. 2004). We assumed that the SR occu-

pies 5% of the myoplasmic volume (Cannell and Allen

1984) and that the TSR proximal space occupies 1% of the

myoplasmic space. Our Ca2+ transport model parameters are

derived from the Ca2+ transport models of Cannell and Allen

(1984) and Baylor and Hollingworth (1998). The parameters

describing the XB dynamics were derived from the kinetic

parameters measured in rabbit psoas skeletal muscle (Kawai

et al. 1993) and in cardiac tissue (Razumova et al. 2000).

The model parameters are different in fast and slow

twitch fibres. Fast-twitch fibres have 2–3 times the con-

centration of SR Ca2+ pumps, 2.5 times the concentration

of RyRs and a troponin complex that has a lower affinity

for Ca2+ (Baylor and Hollingworth 2003). The DHP

receptor density is 2.9 times greater in glycolytic fibres

than oxidative fibres (Kristensen et al. 2006), and the

density of DHPR’s is 3–5 times greater is fast-twitch than

Fig. 3 The crossbridge dynamics model. Two Ca2+ ions must bind to

the troponin-tropomyosin regulatory unit (RU) to permit crossbridge

cycling (XB) kinetics. Open circles denote Ca2+ binding sites, the

black circles represent the number of Ca2+ ions bound to troponin and

the black bar represents the tropomyosin block

Fig. 4 The phosphate dynamics model. Phosphate is generated

during XB cycling and SR Ca2+ pumping, feeds back to slow XB

cycling and is transported into the SR to precipitate with Ca2+ and

reduce Ca2+ release from the SR
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slow-twitch fibres (Stephenson et al. 1998) suggesting that

Ca2+ release is greater in fast-twitch fibres. Furthermore,

slow-twitch fibres have no parvalbumin Ca2+ buffer

(Stephenson et al. 1998; Baylor and Hollingworth 2003).

The rate of crossbridge attachment/detachment is also

three times faster in fast-twitch muscle (Rome 2006). The

t-tubule network from slow-twitch guinea pig skeletal

muscle is more non-planar than that from fast-twitch

skeletal muscle (Franzini-Armstrong et al. 1988) and

therefore the t-tubule network tortuosity factor is greater in

fast-twitch fibres (s = 0.23) than slow-twitch fibres

(s = 0.14) (Shorten and Soboleva 2007). Our t-tubule

tortuosity factors are based on experimentally measured

t-tubule tortuosity factors (Almers 1980; Fujishiro and

Kawata 1992). The ratio of the t-tubule membrane surface

area to the fibre surface area is 3.1 and 1.8 in EDL and

soleus respectively (Clausen 2003). The membrane

capacitance is also 42% lower in soleus than EDL (Luff

and Atwood 1972) and the ionic channel density is

2–8 times lower in slow-twitch than fast-twitch fibres

(Stephenson et al. 1998; Pierno et al. 1992; Clausen et al.

2004; Kristensen et al. 2006). The SR Ca2+ content (Fryer

and Stephenson 1996) and the kinetics of slow inactivation

of the Na+ current (Ruff and Whittlesey 1993) are also

different in fast- and slow- twitch fibres. The model

equilibrium myoplasmic/SR [Ca2+] is 1.25 lM/1.94 mM

and 0.35 lM/1.48 mM in fast- and slow- twitch fibres

respectively.

Experimental methods

Healthy adult male and female wild type mice (species

C57) of an approximate age of 4 months were euthanized

by CO2 asphyxiation followed by cervical dislocation. The

EDL and the SOL muscles were rapidly excised and placed

in a Krebs–Henseleit solution at room temperature which

was continuously aerated with carbogen (95% O2 - 5%

CO2). All animal experiments were conducted under

guidelines authorised by the AgResearch Animal Ethics

Committee. During dissection, care was taken to ensure

that the distal and proximal tendons were left intact. The

Krebs–Henseleit solution contained (in mM); 118 NaCl,

4.75 KCl, 0.7 MgSO4, 24.8 NaHCO3, 1.18 KH2PO4, 2.54

CaCl, 10.0 glucose and 20 units/l insulin. To suppress any

nerve activity, 0.025 mM of d-tubocurarine was also added

to the solution. Whilst still immersed in the physiological

solution, silk tethers were attached to each of the tendons.

The tethers were then attached to custom ‘S’ hooks made

using 29 gauge hyperdermic needles. The dissected muscle

was then transferred to a myobath and mounted longitu-

dinally in a relaxed state. The myobath consisted of an

upper and lower stage between which the tissue sample was

attached via the ‘S’ hooks. The upper stage was held rigid

whilst the lower stage could be raised or lowered using a

micrometer screw head to allow precision adjustment of

passive tension and measurement of the corresponding

change in length of the mounted tissue sample.

The control of the muscle functional electrical stimula-

tion system and all data acquisition was achieved using a

personal computer configured with a multifunction data

acquisition card (National Instruments, model no. NI 6251)

and driven using software written in the LabVIEW pro-

gramming environment. The contractile force of the

sample under test was recorded under isometric conditions

using a cantilever based force transducer (FORT 100, WPI

Inc.) with a full scale deflection of 100 g with a linearity

error of less than 0.1%. The output of the force transducer

was amplified via a signal conditioner (WPI Inc., model

Transbridge TBM 4M) with a gain setting of 1000. The

electrical stimulation system consisted of a custom made

analogue power amplifier connected to parallel platinum

electrodes of dimensions 10 9 50 9 0.5 mm spaced 8 mm

apart thus ensuring that tissue stimulation was achieved

using a homogenous electric field. The specifications of the

power amplifier were; a fixed gain of 10, maximum voltage

output of ± 80 V and able to deliver a maximum current

of 5 A. The stimulation system was tested and found to

have a slew-rate greater than 50 V/ls.

The muscle bath contained identical Krebs–Heinseleit

solution aerated with carbogen and kept at a constant

temperature of 25�C via a jacket continuously perfused

with thermostatically temperature controlled water. After

the tissue was mounted, the preparations were allowed to

reach equilibrium for a period of 10 min.

The optimal length (l0) was found using a method

similar to that of Barclay (1989). Briefly, the optimal

length was found by stimulating the muscle preparations

causing momentary tetani. The length and tension of the

muscle tissue was increased with increments of 0.5 mm

until the maximum contractile force was exceeded. The

length was then reduced by 0.25 mm resulting in a maxi-

mal contractile force indicating the optimal length l0. The

stimulation pulse trains used to find the optimal length

were, for EDL, square waves of frequency 200 Hz, period

80 ls for a duration of 0.8 s, and for soleus muscles, square

waves of frequency 120 Hz, period 80 ls applied for a

duration of 1.5 s. The electric field density was kept con-

stant at 35 Vcm-1 as this has previously been shown to

cause supra-maximal contractions. Once the optimal length

was found the tissue preparations were allowed to rest for a

further 10 min. The test protocol consisted of a series of

tetanic and twitch contractions in which the stimulation

frequencies consisted of 1, 5, 25, 50 and 100 Hz. For

all experiments the stimulation duration was kept at a

constant 5 s.
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Model validation

In this section we validate our model against published data

on muscle function.

The model simulated action potential and twitch

response in an EDL fibre to a single stimulus are shown in

Fig. 5. The model action potential exhibits the typical

characteristics of muscle action potentials measured by

Hodgkin and Horowicz, (1957). The resting membrane

potential is 80 mV and the membrane rapidly depolarizes

to approximately 35 mV before repolarizing to 80 mV

after about 4 ms. There is a typical delay in the develop-

ment of the model contractile response due to the delay in

Ca2+ transport from the SR into the myoplasm, the binding

of Ca2+ onto troponin and the gradual activation of XB

cycling. The twitch force in EDL reaches a peak after about

15 ms before gradually decreasing as observed in fast-

twitch muscle (Hodgkin and Horowicz 1957). The model is

therefore able to qualitatively reproduce both measured

action potentials and twitch responses.

Model simulated Ca2+ transients, twitches and 5-shock

67 Hz train tetani in EDL and SOL fibres are shown in

Fig. 6. The model Ca2+ transients in EDL and SOL are

qualitatively similar to those measured experimentally by

Baylor and Hollingworth (2003). In both fibre types the

second Ca2+ peak is smaller than the first and subsequent

Ca2+ peaks gradually increase. The Ca2+ transients in EDL

are also approximately twice as large as those in SOL and

the rate of rise and decay in the Ca2+ transients is faster in

EDL than SOL. Twitches in EDL fibres are approximately

twice as fast and produce double the force of those in SOL

fibres. The tension generated after the 5-shock 67 Hz train

is similar in EDL and SOL fibres. Although our model

twitches are quicker than those observed by Baylor and

Hollingworth, (2003), they are consistent with other

experimental measurements (Barclay 1989; Danieli-Betto

et al. 2005). Our model Ca2+ transients are therefore

qualitatively consistent with experimental data in EDL and

SOL fibres.
Fig. 5 Model action potential and twitch in an EDL muscle fibre.

The action potential is initiated at 15 ms

Fig. 6 Model Ca2+ transients,

twitches and tetani in EDL and

SOL fibres. The action potential

is initiated at 15 ms
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The model relationship between the concentration of

myoplasmic Ca2+ and force in EDL and SOL fibres is

shown in Fig. 7. At 0.1 lM Ca2+ no tension is generated

and at 100 lM Ca2+ maximum tension is generated in both

EDL and SOL fibres. The model exhibits the typical sig-

moidal relationship between [Ca2+] and tension observed in

mouse, rat and human EDL and SOL fibres (Ruff 1989;

Fryer et al. 1995; Danieli-Betto et al. 2005; Debold et al.

2006). At any given [Ca2+] a SOL fibre generates more

force as a percentage of maximum tension than an EDL

fibre. This validates the model coupling between myo-

plasmic [Ca2+] and tension development in EDL and SOL

muscle fibres.

The model relationship between stimulation frequency

(1–100 Hz) and tetanic force in EDL and SOL is shown in

Fig. 8. This sigmoidal relationship compares well with

experimental measurements of the relationship in mouse

EDL and SOL by Bruton et al. (2003). At low stimulation

frequencies EDL fibres generate more force as a percentage

of maximum tension than SOL fibres, whereas at stimula-

tion frequencies above 20 Hz SOL fibres generates more

force than EDL fibres. The model twitch tetanus ratio is

approximately 1:3 in EDL and 1:4 in SOL, which is con-

sistent with the experimental data.

Model simulated trains of action potentials in SOL at 50

and 97 Hz are shown in Fig. 9a. Due to a breakdown in

membrane ionic gradients and slow inactivation of Na+

channels the membrane potential slowly depolarizes and

the action potential amplitudes decrease with time. There is

a greater rate of depolarization and decrease in action

potential amplitude at higher stimulation frequencies. At

high stimulation frequencies the model exhibits a bursting

type phenomenon where the peak membrane potential

begins to oscillate. This bursting phenomenon in the model

is due to the complex interplay between the membrane

ionic currents. Experimental trains of action potentials

measured from a SOL muscle stimulated at 50 and 125 Hz

are shown in Fig. 9b (Cairns et al. 2003). The muscle

action potential response to repeated electrical stimulation

at 125 Hz is variable and depends on the fibre and bath

conditions (Cairns et al. 2003). The model qualitatively

exhibits the effect of stimulation frequency on the rate of

membrane potential depolarization, decrease in action

potential amplitude and membrane potential bursting.

The propagation of model action potentials in fatigued

and non-fatigued EDL/SOL fibres is shown in Fig. 10. The

conduction velocities in non-fatigued fibres are 1.78 m/s in

SOL and 2.8 m/s in EDL. Juel (1988) found that the action

potential conduction velocities were 2.9 ± 0.4 m/s and

3.8 ± 0.8 m/s in non-fatigued SOL and EDL fibres

respectively. Juel (1988) also found that 2 min of stimu-

lation (40 Hz for 400 ms repeated each second) reduced

the action potential conduction velocities by 32 ± 3% in

SOL and 48 ± 7% in EDL. The corresponding model

predictions of muscle action potentials in fatigued fibres

are also shown in Fig. 10. The fatigued action potentials

have lower conduction velocities (1.32 m/s in SOL and

2.2 m/s in EDL) and smaller amplitudes.

At a qualitative level our model compares well with

published data on muscle function in SOL and EDL fibres.

This validates the model coupling of stimulation frequency,

membrane excitation, Ca2+ transport and tension develop-

ment in EDL and SOL muscle fibres.

Fig. 7 Model relationship between pCa and force in EDL and SOL

fibres. The Ca2+ required to elicit half-maximal force (pCa50) is 5.27

in EDL and 5.56 in SOL fibres. The Hill coefficient that describes the

steepness of the relationship between pCa and force is 1.40 in EDL

and 1.34 in SOL fibres

Fig. 8 Model effect of stimulation frequency (1–100 Hz) on tetanic

force response
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Results

The model simulated and experimentally measured twit-

ches in EDL and SOL fibres are shown in Fig. 11. The

model explains the SOL data very well. Our twitch data in

mouse SOL and EDL is qualitatively consistent with

experimental measurements (Barclay 1989; Danieli-Betto

et al. 2005). Twitches in EDL fibres are approximately

twice as fast and produce double the force of those in SOL

fibres. The larger force is mostly due to greater Ca2+

release from the SR into the myoplasm in EDL fibres and

the faster twitch is largely due to faster XB kinetics in EDL

fibres.

The model and experimentally measured effect of stim-

ulation frequency on tension development in SOL fibres over

a 5 s interval are shown in Fig. 12a and b respectively. As

the stimulation frequency increases the model tension

develops quicker and reaches a higher tetanus as observed

experimentally. Fatigue is also more rapid at higher fre-

quencies and we investigated the different high frequency

fatigue responses in EDL and SOL fibres. The model sim-

ulated and experimentally measured force development in

EDL and SOL fibres after 5 s of electrical stimulation at

100 Hz are shown in Fig. 13a and b respectively. There is a

significant difference in the fatigue response between SOL

Fig. 9 (a) Model train of action potentials in a SOL fibre during

50 and 97 Hz stimulation. (b) Measured trains of action potentials

from a mouse SOL muscle stimulated at 50 and 125 Hz by Cairns

et al. (2003) (used with permission from the American Journal of

Physiology)

Fig. 10 The membrane voltage distribution in the sarcolemma

1.5 ms after stimulation at 0 cm in fatigued and non-fatigued EDL/

SOL fibres. The action potential conduction velocities in non-fatigued

fibres are 1.78 m/s in SOL and 2.8 m/s in EDL. The fatigued action

potentials have lower conduction velocities (1.32 m/s in SOL and

2.2 m/s in EDL) and smaller amplitudes

Fig. 11 Model simulated and experimentally measured twitches in

EDL and SOL fibres. The model qualitatively fits the data
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and EDL fibres. Fatigue in EDL is much more rapid than that

in SOL. The fatigue response to 100 Hz stimulation for 5 s is

a result of (1) a break-down in transmembrane ionic fluxes,

slow inactivation of K+ and Na+ channels, smaller action

potential amplitudes and consequently lower Ca2+ release

from the SR into the myoplasm; (2) a build-up in phosphate

level due to rapid XB cycling and a subsequent slowing in

XB cycling due to decreased crossbridge isomerisation and

therefore the proportion of crossbridges in the strongly

attached force-producing state. The more rapid fatigue

response in EDL fibres is due to (1) a higher membrane ionic

channel density and (2) faster XB cycling in EDL than SOL

fibres. Our model can therefore potentially be used to infer

the fibre type composition of muscle tissue from the mea-

sured fatigue response to electrical stimulation.

Our model predicts that there is significant K+ accu-

mulation and Na+ depletion in the t-tubules during HFF.

Although t-tubule [K+] has not been directly measured,

there is indirect biological and mathematical modelling

evidence that K+ accumulates in the t-tubules during HFF

(Clausen 2003). Our model also predicts that significant K+

and Na+ gradients develop across the cross-section of the

fibre during 100 Hz stimulation and these are shown in

Fig. 14a. The breakdown in ionic gradients across the

t-tubule membrane along with slow inactivation of Na+

channels results in a reduction in the amplitude of action

potentials as they propagate into the t-tubules (see

Fig. 14b). Because there is only significant Ca2+ release

from the SR if the membrane voltage exceeds - 40 mV,

more Ca2+ is released at the fibre boundary than the fibre

centre and therefore a Ca2+ gradient is generated across the

Fig. 12 (a) The model effect of stimulation frequency on force

development in SOL. (b) The experimentally measured effect of

stimulation frequency on force development in SOL

Fig. 13 (a) The model simulated force development in EDL and

SOL during sustained stimulation at 100 Hz. (b) Measured force

development in EDL and SOL during sustained stimulation at

100 Hz
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fibre. Our model results therefore explain the observed

Ca2+ gradient that develops across the cross-section of

isolated skeletal muscle fibres after sustained high fre-

quency stimulation (Westerblad et al. 1990). Westerblad

et al. (1990) found that [Ca2+] was significantly lower at

the centre of a fibre after 8 s stimulation at 100 Hz and

hypothesized that this was most likely due to either a

failure of action potential conduction in the t-tubules or a

reduction in action potential amplitude, possibly due to K+

accumulation or Na+ depletion in the t-tubules. Our model

suggests that the observed Ca2+ gradient across a fibre

during high frequency stimulation is due to a reduction in

action potential amplitude in the t-tubules as a result of K+

accumulation and Na+ depletion in the t-tubules along with

inactivation of the K+ and Na+ channels.

The complex action potential behavior exhibited in the

trains of action potentials in Fig. 14b is qualitatively sim-

ilar to that measured experimentally at high stimulation

frequencies by Cairns et al. (2003) shown in Fig. 9b. The

membrane rapidly depolarizes and the action potentials

decrease in amplitude due to the breakdown in ionic gra-

dients across the membrane and inactivation of the K+ and

Na+ channels. In the model, the large depolarization in

membrane potential allows action potentials to be sponta-

neously generated and these interact with the stimulated

action potentials in a complex manner to generate the

bursting type phenomenon displayed in Fig. 14b.

Our model simulated and experimentally measured

force development in EDL due to sustained 25 Hz stimu-

lation are shown in Fig. 15a and b respectively. The fatigue

Fig. 14 (a) Model prediction of the significant K+ and Na+ gradients

that develop across the t-tubules in EDL fibres at different times

during 100 Hz stimulation. (b) The t-tubule action potentials at the

centre and boundary of an EDL fibre during 100 Hz stimulation. The

large membrane depolarization allows action potentials to be

spontaneously generated and these interact with the stimulated action

potentials to generate the bursting type phenomenon observed

experimentally (Fig. 10b)

Fig. 15 (a) The model simulated force development in EDL to 90 s

of 25 Hz stimulation. Shown is the total fatigue response (mem-

brane+precipitation+XB) along with the responses with no

myoplasmic Pi build-up (membrane) and no Pi feedback on the XB

dynamics (membrane+precipitation). Also shown are the Ca2+ and Pi

dynamics in a fibre exhibiting a total fatigue response (mem-

brane+precipitation+XB)—once the Pi exceeds a critical threshold it

precipitates with SR Ca2+ to reduce Ca2+ release from the SR. (b) The

measured EDL force response to sustained 25 Hz stimulation
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response in EDL is biphasic (Clausen et al. 2004) with a

force decline that is more rapid during the second phase

than the initial phase. Also shown in Fig. 15a are the Ca2+

transients and Pi dynamics. Once the Pi exceeds a critical

threshold it begins to precipitate with SR Ca2+ to reduce

Ca2+ release from the SR and therefore the force response.

Our model of muscle fatigue allows the fatigue response to

be directly partitioned into the different fatigue compo-

nents. The total EDL fatigue response to sustained 25 Hz

stimulation is shown in Fig. 15a along with the responses

with no myoplasmic Pi build-up and no Pi feedback on the

XB dynamics. In EDL at 25 Hz stimulation the level of (1)

membrane fatigue is very low and progressively increases

with time, (2) Pi feedback on XB cycling is moderate and

reaches a maximum after 20 s, and (3) Pi precipitation with

Ca2+ is moderate, but only begins to take effect after a 20 s

delay. The time-courses of these different fatigue processes

are therefore significantly different.

Discussion

We have developed a mathematical model of force

development and fatigue in EDL and SOL skeletal muscle

fibres based on the cellular biochemical events that link

excitation to contraction. We used this model to explain

how the experimentally measured biochemical differences

between EDL and SOL combine to produce the different

force development and fatigue properties of EDL and SOL.

Our model action potentials, Ca2+ transients and force

development curves qualitatively exhibit the characteristic

differences between EDL and SOL. The action potentials

in EDL are faster with larger amplitude as a result of the

greater ionic channel density in EDL fibres. The action

potentials in EDL depolarize more rapidly and decrease

in amplitude faster than those in SOL fibres due to the

greater t-tubule membrane surface area to fibre surface

area in EDL and the greater ionic channel density and

consequently K+ accumulation/Na+ depletion within the

t-tubules of EDL fibres. The Ca2+ transients in EDL are

also approximately twice as large as those in SOL and the

rate of rise and decay in the Ca2+ transients is faster in EDL

than SOL. This is due to EDL having 2–3 times the con-

centration of SR Ca2+ pumps, 3–5 times greater density of

DHPR’s, 2.5 times the concentration of RyRs and a higher

SR Ca2+ content. Twitches in EDL fibres are approxi-

mately twice as fast and produce double the force of those

in SOL fibres due to a three times faster crossbridge

attachment/detachment. For a given [Ca2+], SOL fibres

generate more force as a percentage of maximum tension

than EDL fibres. The different Ca2+-tension curves in EDL

and SOL are due to a troponin complex that has a lower

affinity for Ca2+. The twitch tetanus ratio is approximately

1:3 in EDL and 1:4 in SOL and at low stimulation fre-

quencies EDL fibres generate more force as a percentage of

maximum tension than SOL fibres. This is due to the dif-

ferent Ca2+ transport and XB kinetics in EDL and SOL. The

more rapid model fatigue response in EDL fibres is primarily

due to (1) a higher membrane ionic channel density and (2)

faster XB cycling and phosphate production.

We also used our model to show how fatigue develops

in skeletal muscle and how the different cellular processes

responsible for fatigue interact to produce fatigue. The

model fatigue is a result of (1) a break-down in trans-

membrane ionic fluxes, slow inactivation of K+ and Na+

channels, smaller action potential amplitudes and conse-

quently lower Ca2+ release from the SR into the myoplasm;

(2) a build-up in phosphate level due to rapid XB cycling

and a subsequent slowing in XB cycling due to decreased

crossbridge isomerisation and therefore the proportion of

crossbridges in the strongly attached force-producing state

and (3) phosphate binding the SR Ca2+ and a reduction in

Ca2+ release from the SR.

Membrane fatigue has been hypothesized to be impor-

tant during high frequency stimulation (Gonzalez-Serratos

et al. 1978; Somlyo et al. 1978; Cairns and Dulhunty 1995;

Westerblad et al. 1991, 1998) and we therefore investi-

gated this process in detail. We found that the slower action

potential conduction velocities during fatigue are due to the

membrane depolarization and decrease in action potential

amplitude as a result of inactivation of Na+ and K+ chan-

nels and a break-down in transmembrane ionic fluxes in the

t-tubules. Although the concentrations of ions in the

t-tubules have not directly been measured, a significant

breakdown in transmembrane ionic fluxes in the t-tubules

is expected to occur during high frequency stimulation

as a result of K+ accumulation and Na+ depletion in the

t-tubules. Our model also predicts that a significant K+ and

Na+ gradient exists across the fibre, which along with

inactivation of K+ and Na+ channels results in action

potentials that decrease in amplitude as they enter the fibre.

This gradient in action potentials across the fibre is con-

sistent with the observed Ca2+ gradient across a fibre

during high frequency stimulation (Westerblad et al.

1990). Our model therefore explains the major components

of membrane fatigue, supports the hypothesized mecha-

nisms responsible for it and suggests that it is a significant

contributing factor to muscle fatigue, particularly for high

levels of electrical stimulation.

The model also qualitatively exhibits the quasi-periodic

bursting type phenomena at high stimulation frequencies

(Cairns et al. 2003). This bursting phenomenon in the

model is due to the complex interplay between the mem-

brane ionic currents. The large depolarization in membrane

potential allows action potentials to be spontaneously

generated and these interact with the stimulated action
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potentials in a complex manner to generate the observed

bursting type phenomenon.

Skeletal muscle metabolic fatigue is a multifactor

process that is believed to be due to a build-up in phos-

phate level as a result of rapid XB cycling (Allen 2004).

This results in (1) a subsequent slowing in XB cycling due

to decreased crossbridge isomerisation and therefore the

proportion of crossbridges in the strongly attached force-

producing state and (2) the transport of phosphates into

the SR that precipitate with Ca2+ and consequently reduce

Ca2+ release from the SR (Allen and Westerblad 2001).

We found that both of these processes potentially play a

significant role in skeletal muscle fatigue. In our model

we found that these two factors combine to provide

a biphasic fatigue response similar to that observed

experimentally (Clausen et al. 2004). Our model of

muscle fatigue also allows the fatigue response to be

directly partitioned into the different fatigue components

– we found that (1) membrane fatigue progressively

increases with time, (2) Pi feedback on XB cycling

reaches a maximum before steadily decreasing and (3) Pi

precipitation with Ca2+ occurs after a delay. The time-

courses of these different fatigue processes are therefore

significantly different and interact to produce a potentially

complex fatigue response.

Appendix 1 Model Equations

Sarcolemma and t-tubule action potential generation

Table 1 Model parameter values and definitions

Parameter Unit Definition (Equation) Value (fast/slow) Source (fast/slow)

Cm lF/cm2 Membrane capacitance 1/0.58 Cannon et al. (1993)/Luff

and Atwood (1972)

c – Ratio of t-tubule membrane area to sarcolemma

membrane area

4.8/2.79 Cannon et al. (1993)/

Clausen (2003)

Ra X cm2 Access resistance at t-tubule entrance 150 Cannon et al. (1993)

n cm T-tubule volume to surface area ratio 10-6 Wallinga et al. (1999)

Rs cm Fibre radius, 2-compartment model 50 9 10-4

Rs cm Fibre radius, PDE model 20 9 10-4

ls cm Fibre length 0.56

n2 = Rs/2 cm Sarcolemma volume to surface area 25 9 10-4

n3 = 0.2n2 cm Interstitial compartment volume to surface area

ratio

5 9 10-4

F C/mol Faradays constant 96485

sK,sNa ms T-tubule diffusion time constant 350/559 Cannon et al. (1993)/

Clausen (2003)

fT – Fraction of fibre occupied by t-tubules 0.0032/0.00174 Henneberg et al. (1997)/

Clausen (2003)

sK2
; sNa2

ms Interstitial space diffusion time constant 350� 0:2
fT

Irest
K lA/cm2 Resting K+ current 1.02/0.34

Irest
Na lA/cm2 Resting Na+ current -1.29/-0.43

s – Tortuosity factor 0.23/0.14 Shorten and Soboleva

(2007)

GL mS/cm Luminal conductivity of the t-tubules 3.7 Wallinga et al. (1999)

Ri X cm Intracellular resistivity 125 Wallinga et al. (1999)

Re X cm Extracellular resistivity 0 Wallinga et al. (1999)

DK, DNa cm2/ms K+, Na+ diffusion coefficient 1
9
� 10�9

Iapp lA/cm2 Applied current density,

2-compartment model

150

tapp ms Duration of applied current density,

2-compartment model

0.5

�ah ms-1 Maximum rate constant for h 0.0081 Wallinga et al. (1999)

�am ms-1mV-1 Maximum rate constant for m 0.288 Wallinga et al. (1999)

�an ms-1mV-1 Maximum rate constant for n 0.0131 Wallinga et al. (1999)

�bh ms-1 Rate constant for h 4.38 Wallinga et al. (1999)

304 J Muscle Res Cell Motil (2007) 28:293–313

123



Table 1 continued

Parameter Unit Definition (Equation) Value (fast/slow) Source (fast/slow)

�bm ms-1 Rate constant for m 1.38 Wallinga et al. (1999)

�bn ms-1 Rate constant for n 0.067 Wallinga et al. (1999)

Vm mV Voltage at which m is at half its maximal value -46 Wallinga et al. (1999)

Vn mV Voltage at which n is at half its maximal value -40 Wallinga et al. (1999)

Vh mV Voltage at which h is at half its maximal value -45 Wallinga et al. (1999)

Va mV Voltage at which a is at half its maximal value 70 Wallinga et al. (1999)

V1S mV Voltage at which S is at half its maximal value -78/-68 Wallinga et al. (1999)/Ruff

and Whittlesey (1993)

V1
hK

S

mV Voltage at which hS
K is at half its maximal value -40 Wallinga et al. (1999)

Aa mV Steepness factor for a 150 Wallinga et al. (1999)

A1S mV Steepness factor for S 5.8/7.1 Wallinga et al. (1999)/Ruff

and Whittlesey (1993)

A1
hK

S

mV Steepness factor for hS
K 7.5 Wallinga et al. (1999)

Kah
mV Steepness factor for h 14.7 Wallinga et al. (1999)

Kbh
mV Slope factor for h 9 Wallinga et al. (1999)

Kam
mV Steepness factor for m 10 Wallinga et al. (1999)

Kan
mV Steepness factor for n 7 Wallinga et al. (1999)

Kbm
mV Slope factor for m 18 Wallinga et al. (1999)

Kbn
mV Slope factor for n 40 Wallinga et al. (1999)

R mJ/K/mol Faraday gas constant 8.31441 9 103

T K Temperature 293

�gCl mS/cm2 Cl- conductance in two compartment model 19.65/3.275 Wallinga et al. (1999)/

Clausen et al. (2004)

�gK mS/cm2 K+ conductance in two compartment model 64.8/10.8 Wallinga et al. (1999)/

Clausen et al. (2004)

�gNa mS/cm2 Na+ conductance in two compartment model 804/134 Wallinga et al. (1999)/

Clausen et al. (2004)

GK mS/cm2 Maximum IR conductance when all sites are

occupied with K+ in two compartment model

11.1/1.85 Wallinga et al. (1999)/

Clausen et al. (2004)

d – Fraction of electrical distance through membrane

from outside, where binding site is located

0.4 Wallinga et al. (1999)

KK mM2 Dissociation constant for K+ 950 Wallinga et al. (1999)

KS mM2 Dissociation constant for blocking ion S 1 Wallinga et al. (1999)

KmK mM Affinity constant for K+ 1 Wallinga et al. (1999)

KmNa mM Affinity constant for Na+ 13 Wallinga et al. (1999)

Si mM Intracellular blocking cation concentration 10 Wallinga et al. (1999)

�JNaK lmol/cm2/s Maximum Na+ - K+ pump activity in two

compartment model

621 9 10-6/165.6 9 10-6 Wallinga et al. (1999)/

Clausen et al. (2004)

Vs mV Half-maximal voltage for ss 90/70 Ruff and Whittlesey (1993)

�gCl mS/cm2 Cl- conductance in PDE model 19.65/6.55 Wallinga et al. (1999)/

Pierno et al. (1992)

�gK mS/cm2 K+ conductance in PDE model 64.8/21.6 Wallinga et al. (1999)/

Clausen et al. (2004)

�gNa mS/cm2 Na+ conductance in PDE model 804/268 Wallinga et al. (1999)/

Clausen et al. (2004)

GK mS/cm2 Maximum IR conductance when all sites are

occupied with K+ in PDE model

11.1/3.7 Wallinga et al. (1999)/

Clausen et al. (2004)

�JNaK lmol/cm2/s Maximum Na+ - K+ pump activity in PDE

model

621 9 10-6/207 9 10-6 Wallinga et al. (1999)/

Clausen et al. (2004)
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Two compartment model

where the function Zs is defined by

dh

dt
,
dm

dt
,
dn

dt
,
dhK

dt
,
dS

dt
,ICl,IIR,IDR,INa,INaK

� �

¼ Zs(V,h,m,n,hK,S,Ki,Ko,Nai,Nao)

ah ¼ �ahexpð�ðV� VhÞ=Kah
Þ ms�1

bh ¼ �bh=ð1þ expð�ðV� Vh)/Kbh
)) ms�1

am ¼ �amðV� VmÞ=ð1� expð�ðV� Vm)/Kam
)) ms�1

bm ¼ �bmexpð�ðV� Vm)/Kbm
) ms�1

an ¼ �an(V� VnÞ=ð1� expð�ðV� Vn)/Kan
)) ms�1

bn ¼ �bnexpð�ðV� Vn)/Kbn
) ms�1

hK
1¼ 1=ð1þ expððV� Vh1K

)/Ah1K
))

S1¼ 1=ð1þ expððV� VS1 )/AS1))

shK = 1000� expð�ðVþ 40Þ=25.75) ms

sS = 8571/(0.2 + 5.65((V + Vs)/100)2) ms

a ¼ 1=ð1þ expððV� Va)/Aa)) ð2Þ

EK = RT/(+ F)log(Ko/Ki) mV (Kþ Nernst potential)

ECl = EK(Cl� Nernst potential)

ENa = RT/(+ F)log(Nao/Nai) mV (Naþ Nernst potential)

Cli ¼ (128þ 5� 5.7)

=ð5þ expðð� FEK)/(RT))) (Intracellular [Cl�])

Clo ¼ (128þ 5� 5:7Þ � 5Cli (Extracellular [Cl�])

JCl¼V(Cli�Cloexp((FV)/(RT))Þ=ð1�exp((FV)/(RT))Þ
JK¼V(Ki�Koexpð�(FV)/(RT)ÞÞ=ð1�expð�(FV)/(RT)))

JNa¼V(Nai�Naoexpð�(FV)/(RT)ÞÞ=ð1�expð�(FV)/(RT)))

gCl¼�gCla
4 mS/cm2

KR =Koexpð�dEKF/(RT)) mM

�gIR =GKK2
R/(KK +K2

R) mS/cm2

y¼1�ð1þðKS/(S2
i expð2ð1�d)VF/(RT))))�(1+K2

R/KK))�1

gIR¼�gIRy mS/cm2

gDR¼�gKn4hK mS/cm2

gNa¼�gNam3hS mS/cm2

ICl¼gCl(JCl=45Þ lA/cm2 (Cl� current)

IIR¼gIR(JK/50)H(JK=50Þ lA/cm2ðKþ IR current)

IDR¼gDR(JK=50Þ lA/cm2 (Kþ DR current)

INa¼gNa(JNa=75Þ lA/cm2 ðNaþ current)

H(t)¼
1;t[0

0;t\0

�
ð3Þ

r¼1

7
(exp(Nao/67:3Þ�1Þ

f1 = (1 + 0:12expð�0.1VF/(RT)) + 0.04rexpð�VF/(RT)))
�1

�INaK¼F�JNaK/((1 + KmK/Ko)2� (1 + KmNa/Nai)
3ÞlA/cm2

INaK¼�INaKf1 lA/cm2 (Na-K exchanger)

IT ¼ ðvs � vtÞ=Ra103 lA=cm2 (access current)

dvs

dt
¼ � Iionic

s þ IT

� �
=Cm mV=ms (sarcolemma membrane voltage)

dvt

dt
¼ � Iionic

t � IT/c
� �

=Cm mV/ms (t - tubule membrane voltage)

dhs

dt
;
dms

dt
;
dns

dt
;
dhK

s

dt
;
dSs

dt
; IC1; IIR; IDR; INa; INaK

� �
¼ Zs vs; hs;ms; ns; h

K
s ; Ss;Ki;Ke;Nai;Nae

� �

Iionic
s ¼ IC1 þ IIR þ IDR þ INa þ INaK � Iapp(t; tapp) lA=cm2 (sarcolemma current)

dht

dt
;
dmt

dt
;
dnt

dt
;
dhK

t

dt
;
dSt

dt
; ICl

t ; I
IR
t ; I

DR
t ; INa

t ; INaK
t

� �
¼ Zt vt; ht;mt; nt; h

K
t ; St;Ki;Kt;Nai;Nat

� �

Iionic
t ¼ ICl

t þ IIR
t þ IDR

t þ INa
t þ INaK

t lA=cm2 ðt - tubule currentÞ ð1Þ
dKi

dt
¼ �fT IIR

t þ IDR
t � 2INaK

t þ IK
rest

� �
=ð1000FnÞ � IIR þ IDR � 2INaK þ IK

rest

� �
=ð1000Fn2ÞmM=ms (intracellular [Kþ])

dKt

dt
¼ IIR

t þ IDR
t � 2INaK

t þ IK
rest

� �
=ð1000FnÞ � ðKt � KeÞ=sK mM=ms ðt - tubule [Kþ�Þ

dKe

dt
¼ IIR + IDR � 2INaK þ IK

rest

� �
=ð1000Fn3Þ þ ðKt � KeÞ=sK2

mM=ms ðinterstitial [Kþ]Þ

dNai=dt ¼ �fT INa
t þ 3INaK

t þ INa
rest

� �
=ð1000FnÞ � INa + 3INaK þ INa

rest

� �
=ð1000Fn2ÞmM/ms ðintracellular [Naþ]Þ

dNat=dt ¼ INa
t + 3INaK

t þ INa
rest

� �
=ð1000FnÞ � ðNat � NaeÞ=sNa mM=ms ðt - tubule [Naþ�Þ

dNae=dt ¼ INa + 3INaK þ INa
rest

� �
=ð1000Fn3Þ þ ðNat � NaeÞ=sNa2

mM=ms ðinterstitial [Naþ]Þ
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and the function Zt is defined by

PDE model

dh

dt
¼ahð1�hÞ�bhh (Na inactivation gating variable)

dm

dt
¼amð1�mÞ�bmm (Na activation gating variable)

dn

dt
¼anð1�nÞ�bnn (K-DR activation gating variable) ð4Þ

dhK

dt
= (hK

1�hK)/shK (K-DR inactivation gating variable)

dS

dt
= (S1�S)/sS (Na very slow inactivation gating variable)

dht

dt
,
dmt

dt
,
dnt

dt
,
dhK

t

dt
,
dSt

dt
,ICl

t ,IIR
t ,IDR

t ,INa
t ,INaK

t

� �
¼ Zt(vt,ht,mt,nt,h

K
t ,St,Ki,Kt,Nai,Nat)

dht

dt
,
dmt

dt
,
dnt

dt
,
dhK

t

dt
,
dS

dt
,ICl,IIR,IDR,INa,INaK

� �
¼ Zs(vt,ht,mt,nt,h

K
t ,St,Ki,Kt,Nai,Nat)

gCl ¼ 0.1 (Cl channel density in t-tubules relative to sarcolemma)

gIR ¼ 1:0 (K-IR channel density in t-tubules relative to sarcolemma)

gDR ¼ 0.45 (K-DR channel density in t-tubules relative to sarcolemma)

gNa ¼ 0.1 (Na channel density in t-tubules relative to sarcolemma)

gNaK ¼ 0.1 (Na/K exchanger density in t-tubules relative to sarcolemma)

ICl
t ¼ gClI

Cl lA/cm2

IIR
t ¼ gIRIIR lA/cm2

IDR
t ¼ gDRIDR lA/cm2

INa
t ¼ gNaINa lA/cm2

INaK
t ¼ gNaKINaK lA/cm2

ð5Þ

�GL ¼ GLsfT mS/cm

Ds ¼ 1000� ðRs=ð2ðRi þ ReÞÞÞ=Cm cm2/ms

Dt ¼ �GL=ðCmfT=nÞ cm2/ms

dhs

dt
,
dms

dt
,
dns

dt
,
dhK

s

dt
,
dSs

dt
,ICl,IIR,IDR,INa,INaK

� �
¼ Zs(vs,hs,ms,ns,h

K
s ,Ss,Ki,Ke,Nai,Nae)

Iionic
s = ICl + IIR + IDR + INa + INaK�Iapp(t;tappÞ lA/cm2 (sarcolemma current)

dht

dt
,
dmt

dt
,
dnt

dt
,
dhK

t

dt
,
dSt

dt
,ICl

t ,IIR
t ,IDR

t ,INa
t ,INaK

t

� �
¼ Zt(vt,ht,mt,nt,h

K
t ,St,Ki,Kt,Nai,Nat)

Iionic
t = ICl

t + IIR
t + IDR

t + INa
t + INaK

t lA/cm2 (t-tubule current)

ovt r; xð Þ
ot

þ Iionic
t

Cm
¼ Dt

o2vt

or2
þ 1

r

ovt

or

� �
mV/ms (t-tubule membrane voltage)

ovt

or

����
r¼0

¼ 0
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Ca2+ release from RyR’s

IT ¼ 1000� ½vsðxÞ � vtðr ¼ Rs; xÞ�=Ra ¼ �GL
ovt

or

����
r¼Rs

lA/cm2 (access current)

ovsðxÞ
ot
þ Iionic

s

Cm
¼ Ds

o2vs

ox2
; mV/ms (sarcolemma membrane voltage)

ovs

ox

����
x¼0

¼ 0;
ovs

ox

����
x¼ls

¼ 0

oKtðr; xÞ
ot

¼ DK
o2Kt

or2
þ 1

r

oKt

or

� �
þ (IIR

t + IDR
t �2INaK

t þ IK
rest)/(1000Fn)

oKt

or

����
r¼0

¼ 0

Ktðr ¼ Rs; xÞ ¼ KeðxÞ mM/ms (t-tubule [Kþ]) ð6Þ
oNatðr; xÞ

ot
¼ DNa

o2Nat

or2
þ 1

r

oNat

or

� �
þ (INa

t + 3INaK
t þ INa

rest)/(1000Fn)

oNat

or

����
r¼0

¼ 0

Natðr ¼ Rs; xÞ ¼ NaeðxÞ mM/ms (t-tubule [Naþ])

oKeðxÞ
ot

¼ (IIR + IDR�2INaK þ IK
rest)/(1000Fn3) mM/ms (extracellular [Kþ])

oNaeðxÞ
ot

¼ (INa + 3INaK þ INa
rest)/(1000Fn3) mM/ms (extracellular [Naþ])

oKiðr; xÞ
ot

¼ �fT(IIR
t + IDR

t �2INaK
t þ IK

rest)/(1000Fn) mM/ms (intracellular [Kþ])

oNaiðr; xÞ
ot

¼ �fT(INa
t + 3INaK

t þ INa
rest)/(1000Fn) mM/ms (intracellular [Naþ])

Table 2 Model parameter values and definitions

Parameter Unit Definition (Equation) Value (fast/slow) Source (fast/slow)

kL ms-1 Rate constant for RyR channel opening 0.002 Rios et al. (1993)

kLm ms-1 Rate constant for RyR channel closing 1000 Rios et al. (1993)

f – Allosteric factor 0.2 Rios et al. (1993)

a1 ms-1 RyR channel activation rate constant 0.2 Rios et al. (1993)

K mV RyR channel activation rate constant 4.5 Rios et al. (1993)

�V mV RyR channel activation rate constant -20 Rios et al. (1993)

i2 lm3 ms�1 RyR Ca2+ current 300/60 Rios et al. (1993)

kC ¼ 0:5a1 expððvt � V=ð8KÞÞ ðactivation rate between closed statesÞ
kCm ¼ 0:5a1 expð�ðvt � V=ð8KÞÞ ðinactivation rate between closed statesÞ
dC0

dt
¼ �kLC0 þ kLmO0 � 4kCC0 þ kCmC1 ðC0 � C4 are RyR closed statesÞ

dO0

dt
¼ þkLC0 � kLmO0 � 4kC=fO0 þ fkCmO1 ðO0 � O4 are RyR open statesÞ

dC1

dt
¼ þ4kCC0 � kCmC1 � kL=fC1 þ kLmfO1 � 3kCC1 þ 2kCmC2
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dO1

dt
¼ kL=fC1 � kLmfO1 þ 4kC=fO0 � fkCmO1 � 3kC=fO1 þ 2fkCmO2

dC2

dt
¼ 3kCC1 � 2kCmC2 � kL=f2C2 þ kLmf2O2 � 2kCC2 þ 3kCmC3

dO2

dt
¼ 3kC=fO1 � 2fkCmO2 þ kL=f2C2 � kLmf2O2 � 2kC=fO2 þ 3fkCmO3

dC3

dt
¼ 2kCC2 � 3kCmC3 � kL=f3C3 þ kLmf3O3 � kCC3 þ 4kCmC4

dO3

dt
¼ kL=f3C3 � kLmf3O3 þ 2kC=fO2 � 3fkCmO3 � kC=fO3 þ 4fkCmO4

dC4

dt
¼ kCC3 � 4kCmC4 � kL=f4C4 þ kLmf4O4

dO4

dt
¼ kC=fO3 � 4fkCmO4 þ kL=f4C4-kLmf4O4

ð7Þ

Table 3 Model parameter values and definitions

Parameter Unit Definition (Equation) Value (fast/slow) Source (fast/slow)

tSR lM ms�1lm�3 SR Ca2+ pump uptake rate 4.875/2.4375

KSR lM SR Ca2+ pump Michaelis constant 1 Baylor and Hollingworth (1998)

Le lm3 ms�1 SR Ca2+ leak constant 0.00002/0.00004

sR,sR
SR lm3 ms�1 Intercompartment Ca2+ diffusion

parameter

0.75

Lx lm Sarcomere length (z-line to m-line) 1.1 Cannell and Allen (1984)

RR lm Myofibril radius 0.5 Cannell and Allen (1984)

Vo lm3 Total myoplasmic volume 0.95(Lx p RR
2)

V1 lm3 Terminal SR (TSR) volume 0.01Vo

V2 lm3 Myoplasm less TSR volume 0.99Vo

VSR lm3 SR volume 0.05(Lx p RR
2)

VSR
1 lm3 TSR SR volume 0.01VSR

VSR
2 lm3 SR less TSR volume 0.99VSR

kT
on lM�1 ms�1 Rate of Ca2+ binding to troponin 0.04425/0.0885 Baylor and Hollingworth (2003)/(1998)

kT
off ms-1 Rate of Ca2+ dissociation from

troponin

0.115 Baylor and Hollingworth (1998)

Ttot lM Total concentration of troponin

binding sites

140 Baylor and Hollingworth (1998)

kP
on lM�1 ms�1 Rate of Ca2+ binding to

parvalbumin

0.0417/0 Baylor and Hollingworth (1998)/(2003)

kP
off ms-1 Rate of Ca2+ dissociation from

parvalbumin

0.0005/0 Baylor and Hollingworth (1998)/(2003)

Ptot lM Total concentration of

parvalbumin binding sites

1500 Baylor and Hollingworth (1998)

kMg
on lM�1 ms�1 Rate of Mg2+ binding to

parvalbumin

0.000033/0 Baylor and Hollingworth (1998)/(2003)

kMg
off ms-1 Rate of Mg2+ dissociation from

parvalbumin

0.003/0 Baylor and Hollingworth (1998)/(2003)

kCs
on lM�1 ms�1 Rate of SR Ca2+ binding to

calsequestrin

0.000004 Cannell and Allen (1984)

kCs
off ms-1 Rate of SR Ca2+ dissociation from

calsequestrin

0.005 Cannell and Allen (1984)

Cstot lM Total concentration of SR

calsequestrin

31 9 103 Cannell and Allen (1984)

kCATP
on lM�1 ms�1 Rate of Ca2+ binding to ATP 0.15 Baylor and Hollingworth (1998)

kCATP
off ms-1 Rate of Ca2+ dissociation from

ATP

30 Baylor and Hollingworth (1998)
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Ca2+ transport and XB dynamics

Table 3 continued

Parameter Unit Definition (Equation) Value (fast/slow) Source (fast/slow)

kMATP
on lM�1 ms�1 Rate of Mg2+ binding to ATP 0.0015 Baylor and Hollingworth (1998)

kMATP
off ms-1 Rate of Mg2+ dissociation from

ATP

0.15 Baylor and Hollingworth (1998)

sATP lm3 ms�1 Intercompartmental ATP diffusion

parameter

0.375

sMg lm3 ms�1 Intercompartmental Mg2+

diffusion parameter

1.5

k0
on ms-1 RU activation rate without two

Ca2+ bound

0 Kawai et al. (1993), Razumova et al.

(2000)

k0
off ms-1 RU deactivation rate without two

Ca2+ bound

0.15 Kawai et al. (1993), Razumova et al.

(2000)

kCa
on ms-1 RU activation rate with two Ca2+

bound

0.15 Kawai et al. (1993), Razumova et al.

(2000)

kCa
off ms-1 RU deactivation rate with two

Ca2+ bound

0.05 Kawai et al. (1993), Razumova et al.

(2000)

f0 ms-1 Rate of XB attachment 1.5/0.5 Rome (2006)/Kawai et al. (1993),

Razumova et al. (2000)

fp ms-1 Rate of pre-power stroke XB

detachment

15/5 Rome (2006)/Kawai et al. (1993),

Razumova et al. (2000)

h0 ms-1 Forward rate of the power stroke 0.24/0.08 Rome (2006)/Kawai et al. (1993),

Razumova et al. (2000)

hp ms-1 Reverse rate of power stroke 0.18/0.06 Rome (2006)/Kawai et al. (1993),

Razumova et al. (2000)

g0 ms-1 Rate of post-power stroke XB

detachment

0.12/0.04 Rome (2006)/Kawai et al. (1993),

Razumova et al. (2000)

bp ms-1 Rate of myoplasmic phosphate

degradation

2.867 9 10-5/0.394 9 10-5

kp lm3 ms�1 Rate of transport of myoplasmic

phosphate into the SR

3.62 9 10-6 Allen and Westerblad (2001)

Ap mM2ms-1 Rate of phosphate precipitation 1

Bp mM ms-1 Rate of phosphate precipitate

solubilization

0.0001

PP mM2 Phosphate solubility product 6 Fryer et al. (1995)

T0 ¼ Ttot�CaT
2 �CaCaT

2 �D0�D1�D2�A1�A2 lM ð½free troponinbindingsites�Þ
dCa1

dt
¼ ði2ðO0þO1þO2þO3þO4ÞÞ� ðCaSR

1 �Ca1Þ=V1� mSRCa1=ðCa1þKSRÞ=V1 þ LeðCaSR
1 �Ca1Þ=V1

� sRðCa1�Ca2Þ=V1�ðkon
P Ca1ðPtot�CaP

1 �MgP
1Þ� koff

P CaP
1Þ� ðkon

CATPCa1 ATP½ �1�koff
CATPCaATP

1 Þ lM ðTSRmyoplasm ½Ca�Þ
dCaSR

1

dt
¼�ði2ðO0þO1þO2þO3þO4ÞÞ� ðCaSR

1 �Ca1Þ=VSR
1 þ mSRCa1=ðCa1þKSRÞ=VSR

1

�LeðCaSR
1 �Ca1Þ=VSR

1 � sSR
R ðCaSR

1 �CaSR
2 Þ=VSR

1 �ðkon
CsCaSR

1 ðCstot�CaCs
1 Þ� koff

Cs CaCs
1 Þ lM ðTSR ½Ca�Þ

dCa2

dt
¼�mSRCa2=ðCa2þKSRÞ=V2þLeðCaSR

2 �Ca2Þ=V2þ sRðCa1�Ca2Þ=V2�ðkon
T Ca2T0� koff

T CaT
2

þ kon
T Ca2CaT

2 � koff
T CaCaT

2 þ kon
T Ca2D0� koff

T D1þ kon
T Ca2D1� koff

T D2Þ
� ðkon

P Ca2ðPtot�CaP
2 �MgP

2Þ� koff
P CaP

2Þ� ðkon
CATPCa2 ATP½ �2�koff

CATPCaATP
2 Þ lM ðmyoplasm ½Ca�Þ
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dCaSR
2

dt
¼ þmSRCa2=ðCa2 þ KSRÞ=VSR

2 � LeðCaSR
2 � Ca2Þ=VSR

2 þ sSR
R ðCaSR

1 � CaSR
2 Þ=VSR

2

� ðkon
CsCaSR

2 ðCstot � CaCs
2 Þ � koff

Cs CaCs
2 Þ

� 0:001� ½APðPSR � 0:001� CaSR
2 � PPÞHðPSR � 0:001� CaSR

2 � PPÞ � 0:001� PSRCaSR
2

� BPPC
SRðPP� PSR � 0:001� CaSR

2 ÞHðPP� PSR � 0:001� CaSR
2 Þ� lM ðSR ½Ca�Þ

dCaT
2

dt
¼ kon

T Ca2T0 � koff
T CaT

2 � kon
T Ca2CaT

2 þ koff
T CaCaT

2 � kon
0 CaT

2 þ koff
0 D1 lM ðmyoplasm ½Ca - Troponin�Þ

dCaP
1

dt
¼ kon

P Ca1ðPtot � CaP
1 �MgP

1Þ � koff
P CaP

1 lM ðTSR myoplasm ½Ca� Parvalbumin�Þ

dCaP
2

dt
¼ kon

P Ca2ðPtot � CaP
2 �MgP

2Þ � koff
P CaP

2 lM ðmyoplasm ½Ca - Parvalbumin�Þ

dMgP
1=dt ¼ kon

MgðPtot � CaP
1 �MgP

1ÞMg1 � koff
MgMgP

1 lM ðTSR myoplasm ½Mg - Parvalbumin�Þ
dMgP

2=dt ¼ kon
MgðPtot � CaP

2 �MgP
2ÞMg2 � koff

MgMgP
2 lM ðmyoplasm ½Mg - Parvalbumin�Þ

dCaCs
1 =dt ¼ kon

CsCaSR
1 ðCstot � CaCs

1 Þ � koff
Cs CaCs

1 lM ðTSR ½Ca - Calsequestrin�Þ
dCaCs

2 =dt ¼ kon
CsCaSR

2 ðCstot � CaCs
2 Þ � koff

Cs CaCs
2 lM ðSR ½Ca - Calsequestrin�Þ

dCaATP
1 =dt ¼ kon

CATPCa1 ATP½ �1�koff
CATPCaATP

1 � sATPðCaATP
1 � CaATP

2 Þ=V1 lM ðTSR myoplasm ½Ca - ATP�Þ
dCaATP

2 =dt ¼ kon
CATPCa2 ATP½ �2�koff

CATPCaATP
2 þ sATPðCaATP

1 � CaATP
2 Þ=V2 lM ðmyoplasm ½Ca - ATP�Þ

dMgATP
1 =dt ¼ kon

MATPMg1 ATP½ �1�koff
MATPMgATP

1 � sATPðMgATP
1 �MgATP

2 Þ=V1 lM ðTSR myoplasm ½Mg - ATP�Þ
dMgATP

2 =dt ¼ kon
MATPMg2 ATP½ �2�koff

MATPMgATP
2 þ sATPðMgATP

1 �MgATP
2 Þ=V2 lM ðmyoplasm ½Mg - ATP�Þ

ð8Þ

d ATP½ �1=dt ¼ �ðkon
CATPCa1 ATP½ �1�koff

CATPCaATP
1 Þ � ðkon

MATPMg1 ATP½ �1�koff
MATPMgATP

1 Þ
� sATPð ATP½ �1� ATP½ �2Þ=V1 lM ðTSR myoplasm [ATP]Þ
d ATP½ �2=dt ¼ �ðkon

CATPCa2 ATP½ �2�koff
CATPCaATP

2 Þ � ðkon
MATPMg2 ATP½ �2�koff

MATPMgATP
2 Þ

þ sATPð ATP½ �1� ATP½ �2Þ=V2 lM ðmyoplasm [ATP]Þ
dMg1=dt ¼ �ðkon

MgðPtot � CaP
1 �MgP

1ÞMg1 � koff
MgMgP

1Þ � ðkon
MATPMg1 ATP½ �1�koff

MATPMgATP
1 Þ

� sMgðMg1 �Mg2Þ=V1 lM ðTSR myoplasm [Mg]Þ
dMg2=dt ¼ �ðkon

MgðPtot � CaP
2 �MgP

2ÞMg2 � koff
MgMgP

2Þ � ðkon
MATPMg2 ATP½ �2�koff

MATPMgATP
2 Þ

þ sMgðMg1 �Mg2Þ=V2 lM ðmyoplasm [Mg]Þ
dCaCaT

2

dt
¼ kon

T Ca2CaT
2 � koff

T CaCaT
2 � kon

CaCaCaT
2 þ koff

Ca D2 lM ðmyoplasm [Ca-Ca-Troponin]Þ
dD0

dt
¼ �kon

T Ca2D0 þ koff
T D1 þ kon

0 T0 � koff
0 D0 lM ðmyoplasm [detached activated RU]Þ

dD1

dt
¼ þkon

T Ca2D0 � koff
T D1 þ kon

0 CaT
2 � koff

0 D1 � kon
T Ca2D1 þ koff

T D2 lM

(myoplasm [detached activated RU-Ca])

dD2

dt
¼ þkon

T Ca2D1 � koff
T D2 þ kon

CaCaCaT
2 � koff

Ca D2 � foD2 þ fpA1 þ goA2 lM

(myoplasm [detached activated RU-Ca-Ca])

dA1

dt
=þ f oD2 � fpA1 þ hpA2 � hoA1 lM ðmyoplasm [attached pre-power stroke XB]Þ

dA2

dt
¼ �hpA2 þ hoA1 � goA2 lM (myoplasm [attached post-power stroke XB])
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