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Abstract
The present work aimed to model magnetic entropy and deduce the magnetocaloric effect of materials for different tempera-
ture ranges. This modeling was based on thermodynamic and statistical approaches. Five expressions of magnetic entropy 
for temperatures far below, below, equal to, above, and far above the Curie temperature (Tc) were determined. Comparison 
with experimental values shows that three models for temperatures far below, above, and far above Tc are valid. For tempera-
tures below Tc, we verified that a semi-empirical equation was the most appropriate. And for temperatures such as T ≅ Tc, 
a theoretical model—the Oesterreicher and Parker equation—is the most appropriate, provided that the Tc of the material 
is close to room temperature and the magnetic field is relatively low. The exploitation of these models and their substitu-
tions in other theoretical equations allowed us to determine the maximum magnetocaloric effect and the Tc of GdαR(1−α) 
alloys as a function of gadolinium α concentration. Based on these parameter models, which are the most pertinent for a 
magnetic regenerator, we developed a new method for choosing the right material to use in a magnetic refrigeration system 
and presented its flowchart. Finally, an original method for sizing a multilayer magnetic refrigeration system, which takes 
into account thermal, fluidic, and calorimetric properties and thermodynamic cycles according to a given specification, is 
detailed, and its steps are presented in a flowchart.

Keywords  Magnetic entropy · Magnetocaloric effect · Magnetic refrigeration · Paramagnetic materials · Active material 
selection · Multilayer regenerator · Dimensioning method

List of symbols
B	� Magnetic induction (T)
BJ(x)	� Brillouin function (–)
C	� Curie constant (–)
CB	� Specific heat at constant field (J kg−1 K−1)
Cp	� Specific heat at constant pressure (J kg−1 K−1)
e	� Thickness (m)
F	� Faraday’s constant/free energy (–/J)
G	� Free enthalpy (J)
g	� Lander factor (–)
H	� Enthalpy (J)
J	� Angular momentum (kg m2 s−1)
kB	� Boltzmann's constant
Lm	� Regenerator length (m)
M	� Magnetization (A m−1)
m	� Mass (kg)

MCE	� Magnetocaloric effect (–)
Nlayer	� Number of layers (–)
P	� Pressure (Pa)
S	� Entropy (J K−1)
Sr	� Lattice entropy (J kg−1 K−1)
Sm	� Magnetic entropy (J kg−1 K−1)
ΔSm	� Variation of magnetic entropy (J kg−1 K−1)
Tc	� Curie temperature of a material (K)
Tm	� Material temperature (K)
ΔTad	� Magnetocaloric effect (–)
V	� Volume (m3)
Z	� Partition function (–)

Greek letters
α	� Alloy concentration (–)
μB	� Magnetic permeability (H m−1)
�m	� Magnetic susceptibility (H m−1)
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Introduction

The proportion of energy consumption and greenhouse 
gas (GHG) emissions generated by domestic and industrial 
refrigeration and air-conditioning applications continues 
to soar worldwide. This energy consumption is likely to 
increase rapidly due to global warming. Current environ-
mental requirements and green standards limit conven-
tional technologies, particularly thermodynamic tech-
niques based on the compression–expansion cycle of gases 
(such as CFCs and HCFCs) [1–3]. Research into future 
refrigeration technologies is moving toward other princi-
ples, such as magnetocaloric refrigeration, whose advan-
tages include zero GHG emissions, silent operation, and 
high efficiency [4]. Another fundamental benefit is that 
magnetic refrigeration can reach very low temperatures 
if the operating parameters are well chosen. In particular, 
this type of refrigeration can be used to liquefy hydrogen, 
which has a condensation temperature of around 22 K at 
atmospheric pressure, or any other cryogenic uses that are 
impossible with conventional refrigeration systems.

All magnetic refrigeration technologies use proper-
ties and physical phenomena specific to materials result-
ing from the application of a magnetic field. Applying 
a magnetic field to a material causes the spins to orient 
themselves in a specific direction resulting in a reduction 
in disorder and, thus, in magnetic entropy (∆Sm). Also, 
reducing the magnetic field causes the opposite phenom-
enon, i.e., an increase in magnetic entropy. In an adiaba-
tic process, the change in total entropy (∆S), the sum of 
the change in magnetic entropy, and the change in lattice 

entropy (∆Sr) is zero (∆S = ∆Sm + ∆Sr = 0, the electron 
entropy is neglected). Therefore, any decrease in ∆Sm is 
offset by an increase in ∆Sr, and vice versa. The increase 
in a material's ∆Sr is due to the increased agitation of 
its molecules, which in turn implies an increase in the 
material's temperature. The decrease in ∆Sr is due to the 
decrease in the agitation of the molecules, which in turn 
leads to a decrease in the material's temperature. The mag-
netocaloric effect can, therefore, be summed up by the fact 
that the application of a magnetic field aligns the magnetic 
moments, creating a form of order in a magnetocaloric 
material. Under adiabatic conditions and for paramagnetic 
or ferromagnetic materials, this transition from a disor-
dered magnetic state to an ordered one is accompanied by 
an increase in the intensity of atomic vibrations, raising 
the temperature in the material. Decreasing the magnetic 
field causes the opposite phenomenon, i.e., a decrease in 
temperature. [5–8].

The magnetocaloric effect is only noticeable at temper-
atures very close to the material's Curie temperature (Tc) 
(the critical transition temperature between the ferromag-
netic and paramagnetic phases). Figure 1b shows that the Tc 
changes if the active material changes [9]. Figure 1a shows 
that the variation of magnetic entropy increases consider-
ably as a function of the applied magnetic field; this varia-
tion is maximal at the Tc but lower on either side of the Tc 
temperature [10].

The response of a magnetocaloric material to a magnetic 
field (magnetization and demagnetization) is similar to the 
reaction of gas to compression or expansion replaced by 
magnetization (heating) and demagnetization (cooling), 
respectively. The direct exploitation of the magnetocaloric 
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Fig. 1   a Magnetic entropy changes in the Gd0.4Tb0.6Co2 as a function of temperature and magnetic field [10] b Temperature dependence of mag-
netic entropy for (Tb1−xDyx) FeSi (x = 0–1) compounds and the composite material under a magnetic field of 1T [9].



10939Thermodynamic modeling, material selection, and new dimensioning of a multilayer regenerator…

1 3

effect around the material's transition temperature is lim-
ited because existing magnetocaloric materials are unable to 
achieve high temperature differentials. This technical barrier 
can be overcome by applying active magnetic regenerative 
cooling [11]. Figure 2 gives a schematic presentation of an 
active magnetic regenerative refrigeration system. The four 
stages of this cycle are as follows:

Step 1 Material magnetization. The entire system is at 
an initial temperature. The temperature of each point of the 
regenerator material increases by ∆T.

Stage 2 Fluid flows from cold source to hot source. The 
heat of magnetization is dissipated by the fluid flowing from 
the cold source to the hot one. A temperature gradient is 
created along the bed.

Stage 3 Material demagnetization. The temperature at 
each point of the regenerator drops by ∆T as a result of 
demagnetization.

Stage 4 Fluid flows from the hot source to the cold source. 
The fluid flowing from the hot source to the cold one trans-
fers its heat to the regenerator. The gradient is amplified.

Based on a previous study [12] and the resolution 
of the continuity, momentum, and energy conservation 
equations [13–18], we determined the temperature pro-
file along the active material. Figure 3 shows the profile 
found by numerical simulation, where the material is 
gadolinium, the heat transfer fluid is water, the pressure 
is atmospheric, and the temperature difference between 
the hot and cold sides is 20. The temperature profile is 
not constant along the entire material’s length, and after 
a transient, the material temperature profile is almost 
linear between the cold and hot sides. If the temperature 
gap between the hot and cold sides is large, a multi-layer 
regenerator is required since the magnetocaloric effect 
only manifests at the Tc of the material used.

Improvements in heat transfer between the regenerator 
(active material) and the heat transfer fluid are possible 
using nanofluids [19–26]. To master this technology and 
increase its efficiency, we need to control the parameters 
on which the value of the regenerator's magnetocaloric 
effect depends, including the material’s Tc, the applied 
magnetic field, and the material's mass (since entropy is 
an extensive quantity).

These quantities are generally determined experimen-
tally by characterizing the materials, and a database can 
be built from them, but the exploitation of this database 
is difficult because it is random. However, we can find 
some theoretical models to predict the thermodynamic 
properties of the material [27]; However, these models 
are rare and still in differential form. A model of these 
quantities is therefore necessary for their subsequent use. 
Extensive research has been carried out worldwide to 
develop promising magnetocaloric refrigeration technol-
ogies, which have enabled us to understand the mecha-
nisms of the magnetocaloric effect exhibited by many 
materials and to manufacture new alloys likely to be used 
massively for refrigeration and air conditioning in the 
years to come. A summary of recent advances in materi-
als development and the development of magnetocaloric 
cooling and heating prototypes shows that there are no 
methods for sizing a magnetic refrigeration system.

Our work is part of an effort to highlight the impor-
tance of an optimized design of the magnetocaloric 
regenerators at the heart of these machines. In this work, 
theoretical approaches were developed, validated, and 
exploited to find original models and methods for choos-
ing the appropriate magnetic material to use according to 
well-defined specifications. A method for sizing a multi-
layer magnetic regenerator will then be developed.
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Fig. 2   Schematic representation of an active magnetic regenerative 
refrigeration system
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Theoretical modeling

Before presenting the theoretical modeling of magnetic 
entropy, we introduce the thermodynamic and statistical 
approaches.

Thermodynamic approach

The differential of the free energy F [28, 30] is:

The material is solid, so there is no change in volume, hence:

So,

F(B, T) is a state function; therefore, its differential is an 
exact total differential. Thus, we can write:

Statistical approach

The free energy of the system, made up of N magnetic atoms, 
has the following form [31–35]

N is the Avogadro number, kB is Boltzmann's constant, and 
Z is the partition function.

The statistical sum (partition function) of a system can be 
determined as follows:

with

where g is the Lander factor, and J is the total angular 
momentum.

The free energy of the system is therefore as follows:

(1)dF(V ,B, T) = −PdV −MdB − SdT

(2)dF(B, T) = −MdB − SdT
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(
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We can write:

where BJ(x) is the Brillouin function given by the following 
equation:

Theoretical modeling of magnetic entropy

The Curie temperature, or critical temperature (Tc), is the 
temperature at which magnetic materials undergo a sudden 
change in their magnetic properties. It is considered the criti-
cal point at which a material’s intrinsic magnetic moments 
change direction. An abrupt change in the magnetic proper-
ties of materials occurs when the magnetic phase changes.

For each interval of variation of x, we can approximate 
the Brillion function BJ(x) and then deduce the expression 
of the magnetic entropy.

•	 For x << 1 (T >> Tc).

For this temperature range, we can write that:

So, from Eqs. 4 and 12, we can write that:

•	 For x >> 1 (T << Tc).

The Brillouin function BJ(x) is:

And after all the calculations, we find:

•	 For T ≅ Tc

Oesterreicher and Parker [29, 35] give the following equa-
tion for ∆Sm for a ferromagnetic material whose temperature 
is close to its Tc.

(9)M = NJg�BBJ(x)

(10)BJ(x) =
2J + 1

2J
coth

(
2J + 1

2J
x
)
−

1

2J
coth

x

2J

(11)BJ(x) =
x(J + 1)

3J

(12)ΔSm =
−N

(
g�B

)2
(J + 1)JB2

6KT2

(13)BJ(x) ≅ 1 −
1

J
e
−

x

J

(14)ΔSm =

(
Ng�BB

T
+ kBN

)(
e

−gμBB

kBT − 1

)



10941Thermodynamic modeling, material selection, and new dimensioning of a multilayer regenerator…

1 3

•	 For T > Tc

Curie–Weiss law [7] gives the following expression:

with �m is the magnetic susceptibility, and C is the Curie 
constant:

Indeed,

So,

The variation of magnetization with temperature at con-
stant B is:

Therefore,

After integration, we find:

Theoretical modeling of the magnetocaloric effect

The total differential of entropy is also exact since it is a 
state function, so:

For an adiabatic transformation, we can write:

(15)ΔSm = −1.07NkB

(
g�BJB

kBTc

)2∕3

(16)
1
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T − Tc
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Under such conditions, the magnetocaloric effect for 
an adiabatic transformation ( ΔTad(T ,B) ) can be calculated 
using the formula below:

Consequently, it is sufficient to determine the magnetic 
entropy to deduce ΔTad(T ,B).

Theoretical modeling of the Curie temperature

The material to be used is active at its Tc. For example, 
when designing a magnetic refrigeration system, we need 
to choose a material with a Tc close to its operating tem-
perature. Considering a Gd alloy Rα(1−α), where α is the 
concentration of Gd, we can write the following relation-
ships [37–41]:

m is the molecular mass.
The effective magnetic moment µ can be calculated by:

Furthermore, the Tc of alloys obeys the empirical law 
established by P. Gilles Gennes [34] evaluated as:

where G is the de Gennes factor
The Landé g-factor gGdαR(1−α)

 and the total angular momen-
tum JGdαR(1−α)

 are given by:

Knowing that the Tc is calculated by the following rela-
tionship [34]:
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Validation and discussion

Magnetic entropy

To validate the models, we compared the values found by 
these models with experimental values from the litera-
ture. Figure 4 compares theoretical and experimental val-
ues of magnetic entropy as a function of temperature for 
gadolinium. Experimental values are taken from [35–39]. 
The figure shows that the variations between experimen-
tal and theoretical values are in good agreement only in 
the paramagnetic phase. Coincidence is not good in the 
ferromagnetic state, and the difference increases with a 

(33)Tc = 46
(
GGdαR(1−α)

) 2

3
growing magnetic field. At Tc, the coincidence between 
theoretical and experimental values is high. This finding 
can be explained by the fact that a paramagnetic material 
has no spontaneous magnetization; However, under the 
effect of an external magnetic field, it acquires a mag-
netization in the same direction as the applied magnetic 
field. For temperatures T << Tc, the theoretical values 
do not coincide with the experimental ones. The non-
coincidence can be explained by the fact that tempera-
tures between 200 and 280 K are not much lower than Tc, 
and the model is no longer applicable in this temperature 
range. For T ≥ Tc, the relative error between model-cal-
culated and experimental values is 15% for B = 1T, 12% 
for B = 2T, 10% for B = 3T, and 9% for B = 4T.

Figure 5 compares theoretical and experimental values 
of magnetic entropy [35] as a function of temperature for 
GdAl2.

Fig. 4   Comparison of theoreti-
cal and experimental values of 
magnetic entropy as a function 
of temperature (gadolinium)
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The same applies to GdAl2 and Gd at temperatures 
above the Tc; Thus, the model is valid. But for T = Tc, 
there is a difference between the theoretical model 
and the experimental values, in contrast to the results 
found with Gd, Fig. 4. This difference increases with 
the applied magnetic field. We can therefore say that the 
Oesterreicher equation is valid if the temperature Tc of 
the material is close to room temperature and the mag-
netic field is not very high. For T < Tc, there is no coinci-
dence. In the molecular field model, material magnetiza-
tion can be described using the Brillouin function, which 

is no longer applicable for ferromagnetic states. In the 
remainder of this work, we focus on temperatures above 
Tc. We applied the model for the alloys Gd0.7Tb0.3 and 
Gd0.87Dy0.13. The results of the calculations are shown 
in Figs. 6 and 7. The curves are limited to the models 
with T ≥ Tc. We note that the theoretical models fit the 
experimental ones [40, 41]. Thus, we found that the mod-
els are equally applicable for Gd0.7Tb0.3 and Gd0.87 
Dy0.13.

Five magnetic entropy expressions are determined: for 
T << Tc, T < Tc, T ≅ Tc, T > Tc, and T >> Tc. Comparison 
with experimental values has shown that three models are 
valid for T << Tc, T > Tc, and T >> Tc. For temperatures such 
as T < Tc, we verified that the semi-empirical method was 
the most suitable [42–44]. Moreover, for temperatures such 
as T ≅ Tc, theoretical modeling is the most suitable [28, 35]. 
Table 1 lists the established magnetic entropy models.

Magnetocaloric effect

According to Eq. 25, we can deduce the expression for the 
magnetocaloric effect (∆Tad). The comparison between theo-
retical and experimental values of the magnetocaloric effect 
[39] as a function of temperature for T ≥ Tc for gadolinium is 
depicted in Fig. 8. Note the agreement of the model with the 
experimental values for this temperature range.

Fig. 6   Comparison of theoreti-
cal and experimental values of 
magnetic entropy as a function 
of temperature for Gd0.7Tb0.3
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Fig. 7   Comparison of theoreti-
cal and experimental values of 
magnetic entropy as a func-
tion of temperature for Gd0.87 
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Table 1   Magnetic entropy variation expressions

Temperature/K Magnetic entropy variation/J kg−1K−1
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(Semi-empirical method [42–44])
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Table 2 lists the established magnetocaloric effect models 
for each temperature range.

Having shown that the theoretical model is valid for tem-
peratures equal to or higher than the material’s Tc, we can 
apply it to determine a material's Tc and magnetocaloric 
effect.

Exploitation of validated models

Curie temperature modeling

By exploiting the theoretical model, the Tc can be deter-
mined as a function of the concentration α of gadolinium 
(Figs. 9 and 10).

Smoothing the curve gives us a model of Tc as a function 
of the α concentration of gadolinium as follows:

•	 For GdαTb(1−α) (B = 1T):

Fig. 8   Comparison between the-
oretical and experimental values 
of the magnetocaloric effect as 
a function of temperature for 
T ≥ Tc for gadolinium
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Fig. 9   Variation of Tc as a function of the gadolinium concentration 
in the alloys GdαTb(1−α)
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Fig. 10   Variation of Tc as a function of gadolinium concentration in 
alloys GdαDy(1−α)
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•	 For GdαDy(1−α) (B = 1T):

Modeling of the maximum magnetocaloric effect

When sizing a regenerator of a magnetic refrigeration system, 
a material is chosen such that its magnetocaloric effect is 
maximal. Therefore, using the previous theoretical model, we 
can determine gadolinium concentration α in GdαR(1−α) alloy 
to have a desired magnetocaloric effect. The magnetocaloric 
effect at the material’s Tc 

(
ΔTad

)
max

 as a function of gado-
linium concentration α in GdαTb(1−α) alloy and 

(
ΔTad

)
max

 
as a function of gadolinium α concentration in Gdα Dy(1−α) 
alloys are shown in Figs. 11 and 12, respectively. Smoothing 
the curve gives us two models of 

(
ΔTad

)
max

 as a function of 
the concentration α of gadolinium as follows:

•	 For Gdα Tb(1−α) (B = 1T):

•	 For Gdα Dy(1−α) (B = 1T):

Using models to select an active material

Magnetic refrigeration is based on the magnetocaloric 
effect, an intrinsic property of magnetic materials, which 
results in the heating or cooling of the material when it is 

(34)Tc(�) = 68.40� + 221.29
(
R2 = 0.99

)

(35)Tc(�) = 121.21� + 170.06
(
R2 = 0.99

)

(36)

(
ΔT

ad

)
max

= 96.85�5 − 248.40�4

+ 214.81�3 − 68.15�2 + 5.58� + 3.42(R2 = 0.92)

(37)
(
ΔTad

)
max

= 1.42�2 − 1.99� + 4.65
(
R2 = 0.97

)

adiabatically magnetized or demagnetized. This phenom-
enon is maximal when the temperature of the material is 
equal to its Tc. Consequently, for the cooling system to 
be effective, the material must be chosen so that its Tc is 
close to the operating temperature (so that the magneto-
caloric effect is at its maximum and the amount of heat 
transferred is significant). The flow chart in Fig. 13 gives 
a method for the correct selection of the regenerator’s 
magnetic material to be used in the refrigeration system. 
This method is not applicable to Gdα R(1−α) but is general 
for all materials at temperatures close to their Tc. This 
method enables the selection of the material to be used 
for the regenerator in a magnetic refrigeration system.

Sizing a multilayer magnetic regenerator

The principle of magnetic refrigeration is based on the 
magnetocaloric effect. The material is only active if its 
temperature is equal to the Curie transition temperature 
(Fig. 1). According to previous numerical studies, the 
regenerator temperature is not equal to the material tem-
perature Tc, but the profile is linear (Fig. 3). Accordingly, 
only one layer of the magnetic regenerator is active, and 
the rest of the regenerator, where temperatures are dif-
ferent at Tc, is not active. Therefore, to improve the effi-
ciency of the magnetic refrigerator, we use a multi-layer 
regenerator (several layers of different materials) and 
each layer i is at the Tci of the material of which it is 
composed.

The flowchart in Fig.  14 details the various steps 
involved in sizing a multi-layer regenerator used to cool 
any fluid.
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Fig. 13   Method for selecting 
magnetic materials
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Fig. 14   Method for sizing a 
multilayer magnetic regenerator
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Conclusions

In this work, we proposed a theoretical model of mag-
netic entropy for each temperature range, as well as for the 
magnetocaloric effect. Comparisons with the experimental 
values were carried out to investigate the validity of these 
models. The conclusion drawn is that these theoretical 
approaches are valid for paramagnetic states. Oesterre-
icher's expression for the magnetic entropy near Tc is valid 
when Tc is close to room temperature and a relatively low 
magnetic field. The most useful and validated models for 
an engineer to dimension a magnetic refrigeration sys-
tem are the expressions for the magnetocaloric effect of 
a material:

•	 For T = Tc: ΔTad =
T

CB

1.07NkB

(
g�BJB

kBTc

)2∕3

•	 For T > Tc: ΔTad =
T

CB

Ng2�2
B
J(J+1)B2

6kB(T−Tc)
2

The Tc as a function of gadolinium concentration α in a 
GdαR(1−α) is given by:

•	 For GdαTb(1−α) (B = 1T): Tc(�) = 68.40� + 221.29

•	 For Gdα Dy(1−α) (B = 1T):Tc(�) = 121.21� + 170.06

These models facilitate the sizing of regenerators for 
magnetic refrigeration systems. The flowchart of a calcula-
tion code based on a new method for choosing the appropri-
ate regenerator material for a magnetic refrigeration system 
is presented. Another flowchart of an original method and its 
steps for sizing a multilayer magnetic regenerator is detailed.

In future work, we will choose the heat transfer fluid suit-
able for a well-defined application.
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