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Abstract

Numerical analysis of the time-dependent magnetized micropolar fluid flow over a curved surface is deliberated in this inves-
tigation. The thermal jumped and velocity slip effects are deliberated on the curved surface. Developed mathematical model
has been developed under the flow assumptions. This model reduced into the dimensionless form by means of similarity
transformations. Dimensionless system has been solved through the numerical technique. The involving physical parameters
are analyzed through graphs and table. Surprisingly, fraction between surface and fluid increases and reduced heat transfer
rate for augmenting of magnetic field. Heat transfer improved for increasing the values of Biot number.

Keywords Micropolar fluid - Magnetized fluid - Thermal and jumped slip - Numerical technique - Unsteady flow - Curved

surface

Introduction

Incompressible viscous flow over a porous channel was
presented by Berman [1]. The perturbation method has
been applied using the normal wall velocity to be equal.
Berman [1] worked was an effort by Sellars [2]. Sellars [2]
was done work for high suction Reynolds for laminar flow
at porous wall. Sellars [2] work was extended by Wah [3]
was presented incompressible viscous flow over uniform
porous channel. Terrill [4] was done work on the Wah [3]
idea. Terrill [4] discussed the incompressible viscous flow
over uniform porous channel for large injection. Sastry and
Rao [5] have deliberated the micropolar fluid at porous wall
channel, numerical scheme based upon differentiation, para-
metric extrapolation and quasi linearization. Srinivasacharya
et al. [6] deliberated the time-dependent flow of micro-polar
fluid in the parallel plates. They applied the perturbation
method using the suction Reynolds number to fine the results
of flow behaviors. Xu et al. [7] analyzed the time-dependent
micropolar fluid flow at the flat surface under stagnation
point. He fined the results through series methods. Elbash-
beshy et al. [8] premeditated the Maxwell time-dependent
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micropolar fluid at linear stretching surface with MHD.
Devakar and Raje [9] have been discussed numerical results
of immiscible micropolar fluid unsteady flow in horizontal
channel. Wagqas et al. [10] studied the micropolar fluid flow
in porous medium. Bhattacharjee et al. [11] worked for the
micropolar fluid flow in single porous layer. Recently, a few
authors have been worked done on the unsteady micropolar
fluid flow with various effects which see Refs. [12—-15].
During the previous not many decades, important pro-
gress was made in the study of non-viscous liquids owing
to their uses in automotive and industrial sectors. These lig-
uids’ rheological properties are extremely useful in depict-
ing the remarkable highlights associated with a few liquids in
nature these as ketchup, shampoo, water, paints, etc. Classi-
cal Navier—Stokes equations cannot exhibit the characteristics
that are significant in many fluids, such as colloidal suspen-
sion, crystals like liquid, blood of animal, polymeric liquids
and small amounts of polymeric fluids, such as body torque,
micro-rotation, spin inertia and couple stress. Eringen [16]
was pioneered of the micropolar fluid theory. Eringen [17] was
analyzed and discussed the jumped conditions, constitutive
equations of the microfluent media and basic field equations.
Shukla and Isa [18] studied about the generalization Reynolds
equations of the micropolar lubricants for one-dimensional
slider baring. They highlighted the solid-particle additives
in their solution. Lockwood et al. [19] have been discussed
the elastohydrodynamic contact and lyotropic fluid crystals
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in viscometric flow. Khonsari and Brewe [20] studied the
micropolar fluid using the finite journal bearings lubricated on
the surface. Micropolar fluid flow under the stagnation point
region at a stretching surface was initiated by Nazar et al. [21].
Ishak et al. [22] explored the micropolar fluid flow at a vertical
permeable surface under the stagnation point. Hayat et al. [23]
discussed the axisymmetric micropolar fluid with unsteady
stretching sheet analytically. Nadeem et al. [24] pioneered the
micropolar fluid flow in rotating horizontal parallel plates to
find the solution numerically and analytically. Sheikholeslami
et al. [25] highlighted the effects of entropy generations and
heat transfer through heat exchangers. Subhani and Nadeem
[26] studied the mixture of nanoparticles with based micropo-
lar fluid numerically. Micropolar fluid flow has been observed
over a stretching surface, and the effect has been illustrated
using different methods see Refs. [27-30].

Boundary layer flow with uniform free stream at a fixed
flat plate has been discussed by Blasius [31]. The numerical
method applied on the Blasius [31] work has been discussed
via Howarth [32]. Rather than the Blasius [31] work, Sakiadis
[33] presented the boundary layer flow induced in a quiescent
ambient fluid by a moving plate. Tsou et al. [34] discussed
analytically and tentatively progression of boundary layer on
the consistent moving surface. The results of Sakiadis [33]
are corroborated by Tsou et al. [34]. Crane extended Tsou
et al. [34] work on the stretching plate. Crane [35] applied
this definition to a stretching plate with stretching velocity in a
quiescent fluid that differs with a fixed point distance and pro-
posed an objective analytical solution. In addition, Miklav¢ic
and Wang [36] demonstrated the flow of fluid at shrinking
surface where the velocity is heading toward a fixed point.
Fang [37] has studied the power law velocity at a shrinking
surface using the exact solutions for involving physical param-
eters. Akbar et al. [38] studied, and discussed numerically, the
tangent hyperbolic fluid at a stretching surface. Hussain et al.
[39] addressed the movement of micropolar fluid at a stretch
sheet at the boundary layer. Halim et al. [40] have been dis-
cussed the slipped stretched surface with nanomaterial flow
of Maxwell fluid. Alblawi et al. [41] have been worked on
the curved surface over an exponential stretching numerically.
Khan et al. [42] elaborated the influence of unsteady nanoma-
terial fluid flow over curved surface. Ahmed and Khan [43]
investigated the influence of magneto-nanomaterial fluid flow
at a porous curved surface. Sheikholeslami et al. [44] elabo-
rated the mathematical model on the nanomaterial fluid flow
while applied the MHD on the inclined surface. Ahmed and
Khan [45] worked on the numerical results of MHD Sisko
nanomaterial fluid flow at moving curved surface. Most of
authors have been studied the flow over stretching surface
with various assumptions see Refs. [46-57].

In the current examination, time-dependent flow of
magnetized micropolar fluid at a curved surface is consid-
ered. Thermal and velocity slips at surface are taken into
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Fig. 1 Flow analysis of magnetized micropolar fluid

account. The developed mathematical model under the flow
assumptions is constructed as partial differential equations.
By means of similarity transformations, above system is
transformed as dimensionless. The dimensionless system
solved through the numerical scheme (bvp4c). The effects
of contributing parameters are highlighted through graphs
and table. Our results are compared with decay literature.

Formulations

Developed mathematical model using the Navier Stoke
equations under the flow assumptions on the curved surface
discussed see in Fig. 1. Time-dependent flow of magnetized
micropolar fluid at a curved stretching surface has been con-
sidered in current study. Where (r, s) are radial components
which s is the arc length and r is normal to tangent. The
developed model was transformed into the differential equa-
tions by means of the boundary layer approximations. The
reduced differential equations as following:
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where, velocity vectors are u and v, in the direction of s- and

r- correspondingly. The R, p, v, a, 7, Cps h,,, and p are defined
as bellow. Further, y is assumed in the form,
Y= (,u+§>j=y<l+%>j,j— -. Here, K|, = ; is the

micropolar parameter. The above Eqs. 1-7 are transferred
into ordinary differential equations; we used following non-
dimensional variable [32].
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Using Eq. (8), Egs. 2—7 are reduced as
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Eliminating the pressure term by comparing Eqs. (9) and
(10) we have,
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The relevant boundary conditions becomes,

fo) =0, ) =1+68|(1=n)f"(n)+ S , gm=0,
n+K
g =1,h(n) = —nf" (), 0 (n) + Bi1 = 6(n) =0, atn -0,
f'my=f"(m)=0m) =gn)=h(n) =0 atn— oo,
(15)

Here, K, K|, f A, 6, n, 4, y, are signifying the curvature,
micropolar, magnetic, unsteadiness, slip, micro gyration,
reciprocal magnetic Prandtl number and dimensionless
parameter, respectively. Further, Bi and Pr are denoting the
Biot number and Prandtl number, respectively. The above-

mentioned parameters are given as, K =R, /—>—
2\/1(1-0(0[)

C Dy 2 _v . ..
,Bi = A /—21v =) and Pr = = The local skin friction and

local Nusselt are quite important form engineering prospect.
The physical quantities examined the behavior of flow and
transfer rate of heat; these are defined as,

T s5q
Nu =—"2, Ng=—"12 |
YT opu? YT (T, - T.) (16)

In above expressions, 7, and g,, depict the heat flux and
shear stress, respectively, and they are represented as,
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o(1) Velocity slip Pr (1) Prandtl number A (y(2) + Qy(?’)) _ é(3y(3) +ny(d)
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parameter ematic
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c,d kg™' K™  Specific heat U (Ns m—z) Dynamic viscosity g"(n) = y(7) 27)
G (W m™2) Heat flux T, (K) Ambient tempera- '
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Numerical procedure
W (n) = y09), 3D
In a recent analysis, we considered the time-dependent
induced magnetic field with base mich)polar fll.lid flow H'(n) = yy3, (32)
over a curved surface. The bvp4c numerical technique was
applied to solve the nonlinear differential equations. The
K\'( Kk* K* y(2) n 3 y©)
3=—(14—= 1)y(9) — 2)y(8) — K{ 2y(8 3+ ——— ) —Al =y9) + =y(8 - s
wi=—(1+73) <n+1<*y< O = e O0®) ( ¥(8) +( )+n+K*> (50 + 3¢ ))) e -
equations in the differential forms (11-14) subject to the () = y(10), (34)

boundary conditions are transformed into the first order dif-
ferential equations. We reduced the higher order differential
system in the initial value problem. The procedure of the
numerical technique is defined below:
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0'(n) = y(11), (35)
0" (n) = yy4, (36)
4=-pr( K (My(11) = y(10)y(2))
w4 = oAU y(10)y
n 1
+A<§y(11) + 2y(10))> -, -
With related boundary conditions are
. 00) = _ 02)
yo(l); y0(2) =1 +5[(1 n)y0(3) + 11+K]’
Y0(5);  y0(6) — I;  yO(8) + ny0(3);
YO(11) + Bi(1 — y(10)); yinf(2); yinf(3);
yinf(6); yinf(8); yinf(10); (38)

Results and discussion

We developed the mathematical model to analyze the
unsteady flow of micropolar fluid at a Riga curved sur-
face under slip effects. Effects of involving parameters,
namely A(unsteady parameter), K(curvature parameter), 6,
K, (micropolar parameter), f, 4, y (dimensionless param-
eter), Bi (Biot number) and Pr (Prandtl number) are high-
lighted through graphs. Figures 2—6 reveals the influence
of unsteady parameter A, 8, 8, K, K, on the f’(5) for week
concentration. Figure 2 reveals the impacts of A on the f7().
The boundary layer of the f’(5) reduced when the values
of A increases. Unsteady parameters A reduced the veloc-
ity of flow when the values increase unsteady parameters

f'In

Fig.2 Impacts of A on the f’(n)

1.2 r T T T

Fig. 3 Impacts of § on the f’(n)

increases. Figure 3 indications the effects of  on the f'(n).
It is noted that f’(y) slow done toward surface as well as
increases. Figure 4 indications the effects of § on the f'(#).
The f’(n) shows the behavior higher as well as § increases,
because velocity slip accelerates the flow which increases
the fluid velocity in our case. Figure 5 illustrates the influ-
ence of K on the f'(n). f/() shows the behavior higher as
well as K increases because the dynamic viscosity of the
fluid reduced and dynamic viscosity of the micropolar
increases which increases the velocity profile. The curva-
ture parameter accelerates the flows which increase the fluid
velocity in our case. Figure 6 shows the impact of K, on
the f’(n). It is noted that f’() slow done toward surface
as well as K| increases. Figures 7-9 indication the effects
of K, y and A on the magnetic profile. It is detected that

6=0.0,0.3,05

Fig.4 Impacts of § on the f’()
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Fig.5 Impacts of K on the f’(1)
1.2 T T T T T
1 - -
\
1
08p 1
\
\
Sosf) -
= \
4 5 6

Fig.6 Impacts of on the f’(n)

&' (n) slows down toward the surface for higher values of A
which reveals in Fig. 7. The curve of the magnetic profile
is toward the surface, when is increased. Figure 8 indica-
tions the effects of on the. The curved of the declined toward
surface for increasing values of. Figure 9 indications the
effects on the. The curved of the declined toward surface for
increasing values of. Figures 10-12 depict the impacts of,
and micropolar profile. Figure 10 shows the influence of on
the micropolar profile. It is seen that the micropolar profile
slows down when rises. Figure 11 highlights the impacts
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Fig. 7 Impacts of K on the g(#)
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Fig.8 Impacts of y on the g()

of on the micropolar profile. Micropolar profile found to
be rises when the values of enhance. Micropolar parameter
shows the influence on the micropolar profile which is seen
in Fig. 12. Micropolar profile decelerates for higher values
of. Because increase which reduces the micropolar profile
thickness. Effect of,, and on the displays in Figs. 13-16. Fig-
ure 13 reveals the influence of on the. The curve reduced
for higher of. Figure 14 highlights the on the temperature.
increase which increase the temperature away on the surface.
Figure 15 reveals the influence of on temperature profile.
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0.09 T T T T

0.08, 1

0.07 1

Fig.9 Impacts of A on the g(#)

2.5 T T T T T

Fig. 10 Impacts of A on the h(n)

The curvature parameter increases which enhance the tem-
perature near the surface. Figure 16 reveals the influence
of on temperature profile. The increases which declines the
temperature profile. Table 1 shows the effects of,,,, and of
the and. The effects of on the and which reveals in Table 1.
It is seen that the enhances which enhances the while
reduces the. The inspiration of unsteady parameter on the
and. Higher values of unsteady parameter which reduced the
skin fraction and enhance the near the surface. The magnetic

2.5 T T T T T

1.5 &

hin

1ha K=0.2,03,04 -

Fig. 11 Impacts of K on the h(y)

09n 1
0.8
0.7
0.6

go.s

Fig. 12 Impacts of K, on the A(n)

parameter increases with reduced the and no effects found
on the. The micropolar parameter increases with condensed
the heat transfer rate and no effects found on the heat trans-
fer. Large of parameter declined the skin fraction and heat
transfer at surface. The rises when the Biot number growths.
Table 2 exhibits the best comparison with decay literature
Rosca and Pop [51] and Saleh et al. [52] and the rest of
the physical parameters is for various value of stretching
parameter of. All the results are found to be best comparison
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0.1 1 01 4
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Fig. 13 Impacts of A on the 0(n) Fig. 15 Impacts of K on the 6(n)
0.6 T T T T T 0.4 T T T T T T
035§ 4
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0.3 .
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\
\ 0.1 1
o1t " .
0.05 _
0 - 1 == 1 — 0
0 1 2 3 4 5 6 5 6 7

Fig. 14 Impacts of Bi on the 6(1)

with decay results. Table 3 reveals the comparison bvp4c
with shooting method. The best agreement found in both
numerical methods.

Final remarks

The developed mathematical model under the unsteady
magnetized of micropolar fluid flow over a curved surface
is examined with slip effects in current analysis. Numeri-
cal technique was applied to solve dimensionless system to
inspect the flow behavior on the curved surface. Some sig-
nificant results are highlighted below:
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Fig. 16 Impacts of Pr on the 6(r)

e Heat transfer reduced due to rising curvature, while sur-
face friction increases.

e Fraction between surface and fluid increases and declined
for augmenting the magnetic field.

e Heat transfer improved for rising the values of Biot num-
ber.

e Fraction between surface and fluid reduced for enhancing
of micropolar parameter.

e Our results found to be best agreement with Rosca and
Pop [51] and Saleh et al. [52].
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Table 1 Numerical effects of

1
involving parameters on the and Ky (Res) 2Cy Nu, (Rex)7
0.1 2.0 2.0 0.5 0.3 1.0 0.81948 1.3818
0.2 - - - - - 1.2613 1.2192
0.3 - - - - - 2.7905 1.1412
0.3 0.0 - - - - 3.2142 0.75695
- 1.0 - - - - 2.5979 1.1412
- 2.0 - - - - 2.2304 1.2369
- 2.0 1.0 - - - 2.5979 1.2069
- - 2.0 - - - 2.5967 1.2069
- - 3.0 - - - 2.5955 1.2069
- - 2.0 0.5 - - 0.90447 1.2069
- - - 1.0 - - 0.61425 1.2056
- - - 1.5 - - 0.19468 1.2054
- - - 0.5 0.0 - 2.3202 1.2211
- - - - 0.3 - 2.3020 1.2099
- - - - 0.5 - 2.2899 1.2069
- - - - 0.3 1.0 2.8400 0.76907
- - - - - 2.0 2.8400 1.2496
- - - - - 3.0 2.8400 1.5783
Table 2 Comparison results of current analysis with Rosca and Pop References
[51] and Saleh et al. [52], the rest of the physical parameters is
Roscaand Pop [51]  Salehetal. [52]  Present analysis 1. Berman AS. Laminar flow in channels with porous walls. J Appl
Phys. 1953;24(9):1232-5.
05 1.15076 1.15167 1.157633 2. Sellars JR. Laminar flow in channels with porous walls at high
oo s o) b e
20 1.03501 1.03505 1.035610 1964:15(3):299-310.
30 1.02315 1.02317 1.023528 4. Terrill RM. Laminar flow in a uniformly porous channel with large
40 1.01729 1.01731 1.017587 injection. Aeronaut Q. 1965;16(4):323-32.
50 1.01380 101381 1.014052 5. Sastry. VUK, Rao VRM. Nl}merical solution of micropq—
lar fluid flow in a channel with porous walls. Int J Eng Sci.
100 1.00678 1.00687 1.007045 1982:20(5):631-42.
200 1.00342 1.00342 1.003555 6. Srinivasacharya D, Murthy JR, Venugopalam D. Unsteady stokes
1000  1.00068 1.00068 1.000795 flow of micropolar fluid between two parallel porous plates. Int J
Eng Sci. 2001;39(14):1557-63.
7. XuH, Liao SJ, Pop 1. Series solutions of unsteady boundary layer
flow of a micropolar fluid near the forward stagnation point of a
Table 3 Comparison bvpdc with shooting method plane surface. Acta Mech. 2006;184(1-4):87-101.
8. Elbashbeshy EMA, Abdelgaber KM, Asker HG. Unsteady
Parameter ~ BVP4C method Shooting method flow of micropolar Maxwell fluid over stretching surface in
- ; 1 ‘ the presence of magnetic field. Int J Electron Eng Comput Sci.
5 Bl (Re)ic; Nu(Re,): (Re)C; Nu,(Re,) 2017:2(4):28-34.
9. Devakar M, Raje A. A study on the unsteady flow of two immisci-
00 - 2.3202 1.2211 2.3259 1.2210 ble micropolar and Newtonian fluids through a horizontal channel:
03 _ 23020 1.2099 23012 1.2102 A numerical approach. Eur Phys J Plus. 2018;133(5):180.
05 - 22899 12069 22799 12069 " ow of Maxwel viscoelasiciy-based mictopolar nanopartt
03 1.0 28400 0.76907 2.8398 0.76897 cles with porous medium: a numerical study. Appl Math Mech.
- 2.0 2.8400 1.2496 2.8398 1.2489 2019;40(9):1255-68.
_ 30 2.8400 1.5783 2.8398 1.5778 11. Bhattacharjee B, Chakraborti P, Choudhuri K. Theoretical

analysis of single-layered porous short journal bearing under
the lubrication of micropolar fluid. J Braz Soc Mech Sci Eng.
2019;41(9):365.
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32.

Sheikholeslami M. Numerical approach for MHD AI203-water
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2019;344:306-18.
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