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Abstract

In this paper, multi-layer skin burn injuries are studied using the DPL bioheat model when skin surface is subjected to
different non-Fourier boundary conditions. A skin made of three layers known as epidermis, dermis, and subcutaneous
layer. These layers assumed to be homogeneous and each layer studied separately. The metabolic heat varies linearly with
temperature. The diffusion and evaporation of water in the multi-layer of skin increases heat loss in the skin layer. To solve
the BVP of hyperbolic PDE, the FELWG method has been used. The whole analysis presented in a non-dimensional form
and the results are shown graphically. In a particular case, the result obtained is compared with the exact solution and is in
good agreement. The effects of relaxation time, layer thickness, different temperature, and non-Fourier boundary condition
are analyzed at the temperature of the tissue related to the burning of the skin, and the three layers are discussed in detail.

Keywords Dual-phase lagging (DPL) - Finite element Legendre wavelet Galerkin method (FELWGM) - Generalized non-
Fourier boundary condition - Multi-layer skin burn
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P Non-dimensional coefficient of metabolic heat
source

P Non-dimensional coefficient of blood perfusion

0 Non-dimensional tissue temperature

0, Non-dimensional fluid temperature

0, Non-dimensional wall temperature of the tissue

0, Non-dimensional blood temperature

Introduction

Thermal damage to the skin is the most common damage to
civilians and military people. In medical treatment, by heat
transmitted to damage the cancerous tissue without affecting
the normal tissue, hyperthermia treatment under a control
temperature distribution should have a cancer cell distorted.
For medical treatment, it is necessary to detect heat distri-
bution in biological tissue. There is also thermal damage
to the skin in a hot (like Desert) and cold (like Mountain)
climate. Many researchers use different forms of bioheat
models (Pennes [1], Weinbaum and Jiji [2], Nakayama and
Kuwahara [3]) to study the thermal behavior in skin tissue.
In Pennes model, the temperature gradient in organic tissue
is obtained by classical Fourier’s law which is

q(r,t) = —kvT(r,1), (1)

where heat flux g(r, f) and the temperature gradient v7(r, t)
are at the arbitrary point of tissue.

The Pennes bioheat model [1] is a commonly used model
to simulate the study of the thermal behavior of body tis-
sues, which includes metabolic heat and blood perfusion.
Shen et al [4] considered the heat and mass transfers in skin
models with the diffusion of water and vaporization, but
Ming stated that it is different for each layer, which is not
considered in the Shen model. Analysis of the numerical
skin model was defined for multi-layer (i.e., solder, epider-
mis, dermis, and fatty tissue), using laser coupled on human
skin [5]. The layer of each skin is assigned to the properties
of initial optical, thermal, and water density, and the water
content in each layer is calculated from diffusion, where
water loss occurs by evaporation. The blood perfusion, the
diffusion of water, and the heat of metabolism remain in
all three layers except the perfusion of blood are not pre-
sent in the epidermis layer. The dynamic temperature and
distribution for the multi-layer have been defined. Physical
parameters affect burning injuries, i.e., thickness of epider-
mis and dermis tissue, the thermal conductivity of the der-
mis and subcutaneous tissue. The capacity of heat, blood
perfusion rate, and the diffusion of water have very little
effect on epidermis and dermis layer. To analyze skin burn
at high temperatures, Ming [6, 7] introduces a one dimension
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multi-layer skin model and obtained temperature distribu-
tion using a finite volume method which is found to be good
with experimental. The results show very little effect of tem-
perature distribution with variation of blood perfusion and
initial temperature on multi-layer skin models. Metabolic
heat in the skin model was considered to be zero by Ming
et. al. [6, 7], but it is experimental that it has a significant
effect on skin.

A mathematical model is considered for measuring the
blood perfusion rate in local tissue by using Pennes equation
[8]. Two parameters are difficult to know, i.e., T, is arterial
blood temperature and Q,, is the metabolic heat generation
rate has been eliminated for evaluating W, is the local perfu-
sion rate in the tissue. In the novel, a noninvasive method for
laser Lipolysis and the heating and cooling behavior occur-
ring in laser Lipolysis was studied [9]. In the theoretical
model, laser Lipolysis that helped by cooling the skin was
investigated by establishing a homogeneous multi-layer skin
model that included the epidermis, dermis, and subcutane-
ous layer.

In biological tissue, a classical Fourier law describes a
mathematical model for the study of heat transfer. In this
model, during the thermal therapy of electromagnetic radia-
tion, a separate coordination system and various boundary
conditions are studied [10]. Galerkin’s method is used to
solve the problem with Bernstein polynomial as a basis
function [11]. They discussed the effect of the parameters
P, P, P, K; and B; on the tissue and found that the condi-
tion of the boundary and internal heat in the human body
during thermal therapy is not equal, that is, changes in organ
from one organ to another.

The classical Fourier law is not good for heat transfer
in biological tissue. Heat always promotes with biological
tissue at the time of relaxation with finite speed. A thermal
wave model approach has been introduced based on relaxa-
tion time known as the non-classical Fourier bioheat model.
After removing, the paradox Cattaneo [12] and Vernotte [13]
introduced SPL bioheat model as follows:

q(rit +7y) = —kvT(r,1). )

This theoretically examines the thermal behavior in the liv-
ing tissue of the thermal wave model, which is under contin-
uous, sinusoidal, or phase surface heating. The heat mainly
spreads in the direction of the skin vertically. The effects of
thermal physical properties were discussed on wave model
heat transfer. The problem has been solved using a modified
discretization scheme based on the Laplace transform [14].

A mathematical model is considered for non-Fourier
(SPL) heat transfer in tumor or cancer tissue [15] and
a non-Fourier (SPL) heat mass transfer within the food
items under generalized boundary conditions [16]. In these
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mathematical models, a finite difference technique is used
for discretization in space, and the non-dimensional bound-
ary value problem has been solved by the Legendre Wave-
let basis function and compared to the results obtained by
the Legendre Galerkin Wavelet method, with exact solu-
tions and found in good agreement (z, = 0). They discussed
the variability of time, the location of tumors or cancer,
relaxation time, temperature distribution, etc.

This mathematical model [17] is based on the implemen-
tation of Cattaneo Christov heat flux for single and multi-
walled-type carbon nanotubes with considering water as
based fluid. The effect of thermal Biot numbers on fluid
temperature is discussed and found a higher value of ther-
mal relaxation parameter results in gradual retardation in the
temperature profile.

The delay between the heat flux and temperature gradient
is known as thermal relaxation time. However, due to micro-
scale responses from time to time, the thermal wave model
of bioheat transfer has not captured the microscale reactions
in space. Due to this, it produces some unusual behavior of
thermal diffusion. To consider the effect of rapid transient
effects along with the effect of microstructural interaction,
a phase interval for the temperature gradient has introduced
another relaxation time 7, [18, 19],

q(r,t + 1) = —kvT(r,t + 1), 3)

and the respective model is called the dual-phase lagging
(DPL) model. A DPL model is applied to the principle of
porous media and non-balance heat transfer in organic tis-
sues by Zhang [20]. In this work, phase lag times have been
expressed as coupling factors, porosity, thermal conductiv-
ity of tissues and blood, and capacity of heat. If 7, = 0, then
DPL model changed in SPL. model and if Ty = 0,7, = 0, then
DPL model changed in classical Fourier model.

A mathematical model is considered as a DPL model of
bioheat transfer, under generalized boundary condition, and
hyperthermia treatment is studied by using the term Gauss-
ian distribution source [21]. During the treatment of hyper-
thermia, the Gaussian distribution source helps in control-
ling the temperature, which makes this study more useful in
the field of clinical therapeutic for prediction and control of
temperature.

During theoretical thermal therapy, thermal behavior is
examined under various non-Fourier boundary condition in
living biological tissue with the DPL bioheat transfer model.
The properties of the Legendre wavelet are utilized to obtain
an estimated analytical solution to the problem, together
with a finite difference scheme. It has been observed that
when it is used with a spherical symmetrical coordination

system, the second and third kinds of boundary condition are
less affected to the surrounding tissues [22].

The time-fractional nonlinear dispersive partial dif-
ferential equations in the sense of conformable fractional
derivative are proposed. The solitary pattern solution to the
problem is based on the residual fractional power series and
homotopy asymptotic method. The results show that the
algorithm is based on Taylor series approximations of the
nonlinear equations in a rapid convergence series leading to
ideal solutions [23, 24].

A comparative study of the Newell-Whitehead—Segel
and nonlinear Kaup—Kupershmidt equations, this equation
is solved by a modified analytical technique based on auxil-
iary parameters, residual power series method, and numeri-
cal approximations with the integral recursive scheme [25,
26]. A coupled nonlinear partial differential equations for
momentum and conservation of energy are transformed
into coupled nonlinear ordinary differential equations using
exact similarity transformations, which are known as Cat-
taneo—Christov heat flux model for third-grade viscoelastic
power-law non-Newtonian fluid [27]. A systematic analy-
sis of boundary-layer flow depends on various parameters
including Prandtl number, power index, and temperature
variation coefficient and shows the effect of these parameters
on the velocity and temperature profiles.

Theoretical analysis and a comprehensive experimental
investigation of thermal and fire properties were performed
in the work using thermogravimetric analysis, cone calo-
rimeters, limiting oxygen index, vertical/horizontal burning
tests, and scanning electron microscope tests [28]. Kleilton
et al. [29] analysis concluded that the films fit the biological
system. Thermal, physical, chemical, and mechanical stabil-
ity are the same, and instability of the material is caused by
the addition of charges in the chitosan polymer matrix.

Henze et al. [30] have analyzed the effect of thermal bar-
rier coating for separation from hot gas. They explained the
general behavior of the effect of the thermal barrier coating
Biot number on the effective heat transfer coefficient. Biot
number increases with increase in the Reynolds number, and
the ratio between the pure hot gas and the effective heat
transfer coefficient is increased. The conduction and convec-
tion heat transfer mechanisms were studied by [31] and also
considering the importance of heat transfer parameters, i.e.,
Rayleigh number, Stefan number, Biot number, etc.

In the present study, we discussed the thermal behavior
of the DPL model to skin tissues under the most generalized
non-Fourier boundary condition. Using the discretization in
space coordination, the problem with the initial condition is
changed into the system of O.D.E’s. The unknown variables
in the system of O.D.E’s are resolved using FELWGM, which
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converts the system into a Sylvester equation. Solving this
Sylvester’s equation by using MATLAB software, the solution
obtained is used for non-dimensional temperature distribution
and various effects on the skin layer are analyzed.

Description of physical problem

A multi-layer model on the skin is established including lag-
ging behavior and the thermal behaviors of the skin during
simulating. The skin made of three layers, i.e., epidermis,
dermis, and subcutaneous tissue, is shown in Fig. 1. Every
layer assumes to be homogeneous and considers the heat
transfer in the skin with metabolic heat Q,,, water diffusion
Q4. and vaporization Q.. Metabolic heat is generated in the
skin tissues due to various physical processes occurring in
the body [15]. Blood perfusion is a convection term pro-
duced by the flow of blood [15]. All three-layer contain met-
abolic heat and diffusion of water. Blood perfusion occurs in
three layers except the epidermis layer. Water present inside
the skin tissue could be vaporized due to temperature, but
vaporization occurs only outer surface, i.e., epidermis layer

[S].

Formulation of problem

The Fourier heat transfer model of multi-layer of tissue is
given below [6, 7]:

Epidermis 0.08 mm
Dermis > mm
10 mm

Core

Fig. 1 Multi-layer of human skin
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Epidermis layer:

oT(r, 1)

b = KT D + O = Oy = Oy Q)

oC

Dermis layer:

aT(r,
6T = kT 0+ 0 - Q4 (5)
+ PoCopwp(Ty, — T(r, 1)),

Subcutaneous layer:

oT(r,1) 2 B
+ Py CopWh Ty, = T(r,1).

pc

After applying lagging in both space and time in the Fou-
rier model of multi-layer, i.e., also called a DPL model of
multi-layer, which is given below:

Epidermis layer:

z.pc 02T(r,l‘) . an +1 % aT(r’t)
e gp2 4 ot 4 ot P ot

)
AT (r, 1)
at + Qm - QV - Qd’

+ pc

=kv?|T(r, 1) + T,

Dermis layer:

. 0*T(r, 1) . 00, tr % o oT(r,1)
amTe g2 9 ot 9 ot oot

or(r,t) oT(r, 1) )
o ot

+ On — O + Py (T, — T(r, 1)),

kv? | T(r, 1) + 7,

+ TqPbCppWh

Subcutaneous layer:

Tt 00w 904, 0T(r1)
4 ot 1o TP gy
or(r,t) oT(r,1) )

o 0
+ O — O + Py (T, — T(r, 1)),

WP

kv? | T(r,0) + 7,

+ T4PpCoWh
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_ (T =Ty) OT(R,t
Qm—QmO{HT“}, (10) % T(R,1) + 1, ) (17)
Decoy (ps — po)
fEpW \Fs c
0= "(A—r)z(T(r, 1) =Ty, a1
Skin burn of model
— AmAH,,, (12)  The temperature of the epidermis or dermis or subcutaneous
¥ oc ' will cause damage to the skin reaches 44°C [36]. According
to the first-order process of a chemical reaction,
D My 1 ( Py Py
Am = R.6¢ [(m) - <Tw ) RH] 13) T(r,t) < 44°C, i.e.no burn,

where the term Q,, is constant metabolic heat, blood per-
fusion rate w,, blood density p, is taken as 1060 kg m3,
blood specific heat ¢,y is taken as 3770 J kg™ °C! [33] and
blood temperature 7} is taken as equal to core temperature
T, (37 °C). The average water vapor diffusivity and specific
heat of water are D, and ¢,y respectively. The water con-
tent in the core body and skin layer are p. and p,, respec-
tively. The thermal physical properties of three skin layer
are shown in Table 1 [6, 7].

The associated initial conditions for DPL skin model are

dQ 0
_— = AE
dt Perr

First, second, and third-degree burn occurred, if damage
function Q reaches values of 0.53, 1.0 and 10%, respectively
[37]. P and AE [38] values are selected according to the
prediction of skin burning [6, 7].

T(r,t) > 44°C, i.e.burn.

Non-dimensional quantities

Introducing the non-dimensional parameter and similarity

.. _ Trn-T, ket _r _ LT
T(r,0) = T, (14) criteria 0(x, F,) = T JF, = pc“Rz,x = R,Bb =7
0 = I, Ty 9 _ T_To _ kg _ k= P. =
w = T - T, oq — pe, R ’ ot — pchz’ f
dT(r, 0) Wh Cpb Pb _ OmoR R2 _ _ Am.AHmp R_Z
=, (15) kDRf) TR 0~1;<()T0Qvo— e T
— pW Ps —Pc R_ 1—B To — _, — /
. . . QdO_ (Ar? kK’ f(F) T, ,A—R,B—B,
generalized non-Fourier boundary condition K = 2R ,B, = ’E .Equations (7—17) are converted into non-
T Tok’
9 aT(0, 1) dimensional form as follows: Epidermis layer:
AT TO.D + 7, +B'T(0,1) = f(1), (16)
r 0%0(x, F,) 20(x, F,)
. . . oq 0F2 +( _Foanmo +Foq Qdo) oF
for the first kind non-Fourier boundary o
condition: A’ =0, B’ =1, f(t) =T,, 0% 0x. F 90(x, F,) (18)
for the second kind non-Fourier boundary condi- T o2 o, Fo) + Fo oF,
tion: A’ = —k, B =0, f(t) = q,, for the third kind non-
. 0, /(1) = g, for ¢ + (@ Py — 0uo) 006 Fy) + Pro — O
Fourier boundary condition: A" = —k, B' = H, f(t) =HT,,
and non-Fourier symmetric condition Dermis layer:
Table 1 . Physical ar.ld thermal Physical parameters Epidermis Dermis Subcutaneous References
properties of the skin layer [6,
71 Diffusivity of water/mm? s~! 5%1074 5x1074 5% 107 5. 32]
Density/kg m™3 1200 1200 1000 [33]
Thermal conductivity/W m~! °C~! 0.24 0.45 0.19 [34, 35]
Thickness/mm 0.08 2.0 10 [34, 35]
Rate of blood perfusion/s™! 0 0.00125 0.00125 [34, 35]
Specific heat/J kg~ ' k™! 3590 3330 2500 [34, 35]
Water content/% 70 70 20 [5]
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0%0(x, F,) 5 Numerical solution of the problem
ho +(1 _FoanmO +F0q Qdo +Fquf)
00 (x ) 02 Y (x ) (19) By ﬁnite.difference scherpe, .we discretized the domain %n
3F o 0, F) + Fyy————— oF. space variable x. Let the grid size, x = h = 1/k > 0Oand grid
° . R ) points are taken in the space interval [0, 1] are the numbers
+(@Py, — Q4o —Pp) O, Fy) + (P + P 6,), x; = jh,j = 1,2, ..., k. The non-dimensional temperature 6 at

Subcutaneous layer:

0°0(x, F,)

Foq — 4+ (I = Foqa Py +Foy Quo +Foq P})
o
00(x, F, 2 00(x, F,
B Fy) _ & [ oy 4, 200E) (20)
oF, o2 oF,
+(@Pyo = Quo = PO, Fy) + (Pyy + P 6).

Initial conditions

6(x,0) = 0, @1
00(x,0)
oF (22)

o

generalized non-Fourier boundary condition

A 9 0(0,F,)+ F 960.F,) +B60,F,) =f(F,)

ox >t o ()FO o/ T o/» (23)
for the first kind non-Fourier boundary
condition: A =0, B =1, f(F,) =6,,
0(0,F,) = F(F,) = 0,, (24)
for the second kind non-Fourier boundary
condition: A = 1, B =0, f(F,) = —-K,,
90(0, F,) Fo

o =F(F,))=-K( —e"a), 25)

(see Appendix “Second kind non-Fourier boundary
condition”),

third kind non-Fourier
B;, f(F,) = —B;6,,

for the
condition: A = 1, B = —

boundary

()0(0 o)

B0, — 00.F,))(1—c7),  (26)
ax

(see Appendix “Third kind non-Fourier boundary
condition”),

and non-Fourier symmetric condition

00(1, F,
o)+ Fy ( Fo) =0, 27)

01, F,
X ()F

()

(see Appendix “Non-Fourier symmetric condition”).
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p01nts Xj is 1ndlcated by 0 (F ) = G(x F,), for F, > 0. We
used central difference scheme for second order derivative.

After simple algebraic computation, Eqs. (18-27) change
the system into vector matrix as follows:

Epidermis layer:

d*6,(F,) dé;(F,)
T (1 = Fpqa Py, +Fy Qd°)T
o [¢]
1
= =10 [9-+1(F0) —206,(F,) +0;,(F,)| 28)
Fagi [ 0 FD) = 26,F) +0,(F))
+(a Py — Quo) 05(F,) + Ny,
Dermis layer:
d*6,(F,) X
o0 gz T = Foq @ Py + Fog Qao + Fog P
o
do(F) g
= 0541 (F)) —26,(F,) +6;,(F,)| 29)
+F0tdF [ 01 (F,) —206,(F,) +9j_1(F0))]
+ (@ Py, — Q4o — P} O,(F,) + Ny,
Subcutaneous layer:
d*6,(F,) ,
" gF + (1 = FoqaPry + Foy Quo + Foq PY)
do(F,)
F R Lo —20F) +0uF)] 5
+F°‘dF [ (0;41(F,) —206,(F,) +9j-1(F0))]
+ (@ P, — Q4o — P} O,(F,) + Ny,
with initial conditions
6,(0) =0, 45O =0 31
4 -0 €)Y}

o

Using four-point formula [39], boundary points given as
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d
B = = [-210, + 136, +170, =90,]. (32
ox 20h d6(0) T
de,(0) da,(0 d6,(0) T
90 1 dF, ~ [ G S| =0 o )
= L= 00 [216,,, =136, —176,, +96,,]. (33)

Using vector-matrix notation, Eqs. (28-30) can be written
in the more compact form
Epidermis layer:

order of matrix M is k X k and order of matrix 8, N;, N,, and
N;are k X 1, where

[=1 for first kind non-Fourier boundary condition,
M=Mq1=2 for second kind non-Fourier boundary condition,

[=3 for third kind non-Fourier boundary condition.

(40
0, [ =1, for first kind non-Fourier boundary condition,
—Fo
F(F,)) = W [ = 2, for second kind non-Fourier boundary condition, 41
—Fo
ZOhB‘(g‘_B(g’lF“))(l_e ®) =3, for third kind non-Fourier boundary condition.
d*6(F,) do(F,) -2 1 o 0 0
oq ~ 1rm +(1 _Foanm0+Foquo)— 1 -2 1 0 0 0
dr dF,
o d(M O(Fy) (34) oo 72 000
=MO(F,) +Fj———= 1
(F,) ot dF, M, = E s
+ (a P, — Qy,) O(F,) + Ny, .
Dermis | 0 0 0 SO | -2 1
ermis layer: ] 38 29
[ 0 0 0 21 21 21 |
d’6 (F,) , dO(F,) (42)
oq ng +( —FoanmO+F0quO+Fquf) aF, -2 38 9 0 0 0
21 21 21
d(M 6(F,)) 1 -2 1 0 0 0
=MOFE) +Fy dr, 0 1 -2 0 0 0
+(aPmo_Qdo_P?)9(Fo) +N2a M2=i2 ,
(35) h
Subcutaneous layer: 0 0 0 1 _» 1
-9 38 -29
&0 (F,) o0 0 P TR T
ST 43)
do(F,) = 2 2 0 0 0]
1 -—F_aP F, F, P? e 21 21 21
(= FoqPrg 4 Fog Qao + Fog P =5 (36) 1oS2 1 o 0 0
d(M 6(F,)) 0 1 -2 0 0 0
=MOF,)) +F  ,———— 1
dF, M;=—
2 k
+ (@ Py — Q4o — PHOF,) + N, h
where 0 0 0 1 -2 1
0 0 0 we =2 ¥ =B
B 21 21 21
0 =1[0,0,6,1", 37) (44)
with initial condition T
le[Pmo_Qvo'i_%}zrﬂ)Pmo_Qvo "'Pmo_Qvo] ’
0(0) = [6,(0)0,(0) - 6, (0)]" =[00 - 0], (38) (45)

@ Springer



1178

R. K. Chaudhary et al.

T
BAL) Pyt P20, - Py + P20,
(46)

Fz( 2 2 T
P +Pf¢9b Pmo+Pf0b .

47)

Ny = [P+ P20, +

Finite element Legendre wavelet Galerkin
method

To solve the system of ordinary differential Eqs. (34-39),
let us consider

a6 (F, )

e = G, 48)

where y = 1,2, and 3 for epidermis, dermis, and subcutane-
ous layer, respectively, C; is unknown coefficient matrix of

d9 (F,)
dF

o

= C; Py(F,), 51

where P is an operational matrix of order 25~ 1M’ x 211",
The operational matrix of integration [40] is defined as

FO
/ y(s)ds = Py(F,),F, €[0,1], (52)
0
L O O O 0 O]
0 L O O 0 O
o 0 L - O O O
1
P=2—k . (53)
o 0 0 - 0 L O
o o 0 - 0 0 L]

where O and L are the matrix of order M’ — 1 x M’ -1
defined as

order 2 'M’ x 2X-!M’, and w(F,) is a column vector of 2 0 0 - 0 0 0
2IM x 1, 0 0 0 - 0 0 0
T 0O 0 0 - 0 0 O
w(F.) = Vio ¥ Vim-1 W Y21 Va1 Voo o=]|. . . e . -, (54)
° Wok-1y w0t Wok-ip g
(49) 0 0 0 - 0 0 0
Legendre Wavelets vy, (F,) =w(k, #i,m,F,) by Raz- 0 0 0 - 0 0 O
zaghi and Yousefi [40] in [0,1) have four arguments,
and
_ . ,
l1 7 (1) 0 0 0
A 0l 75 (l) 0 0
0 -7 O1 7 0 0
I = 0 0 -7 0 0 0 (55)
0 0 0 0 0 VM =3)2M'—1)
0 S S 0
i M —T)2M'=3) |
k=23, A=2n—1in=1,2,.2%Vm=01,, M —1: F,  Again integration Eq. (51) with respect to F,,, we get
is the normalized time. The Legendre polynomial of order m 0(FY = CT PP u(F
with mass function w(F,) = 1; F € [0, 1]formed orthogonal (Fo) = y Prw(Eo). (56)

set.

1\~ K . : ot

an(Fo) = WZsz(szo — ), K < Fo < %a
0 otherwise,

(50)

m

Where Po(F)=1P(F)= 1(F):MFP
(Fy) = +1 P, _,(F,). Integrating Eq (48) with respect to F,
we get
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BOF) gpndg & ”)m Egs. (34-36)

Replace the value of 8(F,), —= 7F, a2

respectively, we get
Epidermis layer:

Cl -MCiX, -2 =0, (57)
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Dermis layer:
Cy =My X, =7, =0, (58)
Subcutaneous layer:

Cg - MICIXS - 23 = 0, (59)

where x, = (P> + FoP)[(Foql + (1 = FoqaP g + Foq Q40)P — (@Pry — Qo) P,
Zy = Nyd [(Foql + (1 = Foq@Ppyo + FoqQuo)P — (@Ppo — Qo) P17,

X, = (P? + F,P)[(F, %1 + (1 = FogaPyy + Foy Qo + FOqP%)
P —(aPy, — Qo — PP, Zy = Nyd" [(Fool + (1 = Foa
P+ Foqu0 + FOqP%)P (aPp, — Q4o — PHPHI, X3 =
(P2 + FyP)[(Fool + (1 -F, aP o F FoqQuo + FouPH)P -
(@Py — Q4o — Pg)PZ)] 1 and Zy = N3d"[(F,, I+ (1-
FoqaPy + FoqQgo + Fqu?)P — (P, — Q4o — P?)Pz)]‘l.
Equations (57-59) are Sylvester equations. After solving
these Sylvester equations, we get the unknown value of the

coefficient vector C}T and substituting these values of C}T in
Eq. (5§6). We now obtain required non-dimensional tempera-
ture (6(x, F,)) in each layer of skin. Mathematica [41] and
MATLAB [42] software has been used for computational
analysis.

Results and discussion

To analyze the effect of different parameters and non-Fou-
rier boundary conditions on multi-layer of skin injuries,
we select reference value including content properties and
parameters as mentioned in Table 1 and some other param-
eters vary as shown inside the figures.

Comparison with an exact solution

To verify the validity of the method, the solution obtained

from FELWGM is compared with the exact solution, which

was obtained by using a Laplace transformation technique

for a particular case (setting F,, = F,,, = 0 in Egs. (18-20)

with first kind boundary condition). Using the Laplace trans-

form technique, we obtain the exact solution as follows:
Epidermis layer:

1

0(x, F,) = [~(U15 + Uy 3) Q46 0

U (U, + DV
+Ppo(a(Uyp+ Uy 3) 0, + U — DU, —Ujy))
+U1 = U WU = D0y
+ i < 1 >[6F‘, Via=Unah) (2 U1 4 2U1a )0, (g0 + Vi)
S \UiaVin :

+Pmo((32U1.4 —

+ Qvo(_(e2 Uia —

gUlAX) (eUle -- a(62U1~4X +62Ul'4)0w)

) (el )]
(©0)

Dermis layer:

1
m[(Uz,z"‘ Uss) Qo O
+P;((Upy — Uy ) (-1 4 Uyy )0, +
+Pm0((U2,2 - U2,1)(—1 + U2,1) -

(o]
1 F, VyomUp 42 ( ( 2Usax o 2U
+ e ° 2,n 24 e 24 + e 24
27, Vz,n[ (( )

GW(Qdo + VZ,H) + Ptz‘((62U2’4 - eU“X) (eUz'Ax - 1)9b
+ (62U2.4X + €2U2‘4)0w) + Pmo((eZUzA — eUz,zzx)

(6U2,4x _ 1) _ (62 Uyyx + 62 Usy )aew))],

O(x, F,) = —

(Uz,z + U2,3)‘9w)
(U2,2 + U2’3)a HW)]

(61)

Subcutaneous layer:

1
Us 1 (Usp, + DV

[(U3,2 + Us3) Quo Oy + P; ((Usn —
+(Usy + Us5)0,,)
mo((U3,2 - U3,1)(_1 + U3,1) -

(&)
1 -
+ Z U3 o [eF(, Vin U3‘4(x+2)((62 Usax 4 p2Usy )

U34x)(eU3v4x _ 1)013

0(x, F,) =

Uz, ) (=1 + U; )6,

(U3,2 + U3q3)a Bw)]

(Qdo + Vi) + PE((eVse -
w)

+( 2Usqx ZUH)
+Pmo((e2 Usa — eU“X) (eUM)‘ - 1)
- (U4 20 Jao, ) )]
(62)
where Uy = /=Vy + Vi, Vi = a Py = Quos Vo = =(PF — aPpy + Oyy),
Vy = =(P} =Py + Qo) Vy = = (1420222 + V5 y =1 for

epidermis, y = 2 for dermis, and y = 3 for subcutaneous
layers. A comparison of the exact and obtained solution is
shown in Figs. 2—4 and found in good agreement.

Lagging behavior on skin layer for first kind
non-Fourier boundary condition

Epidermis layer: If F,, =0,0.00696379 and
F,, =0,0.00696379, we observed that the skin temperature
decreases continuously. As time decreased, we observed
that the temperature of the skin layer in the DPL model is
decreased more than both classical Fourier and SPL models
as shown in Figs. 5,8 and 11.

If 6, =0.229189 = 45.48°C, the skin layer thickness
burns up to x = 0.3, here in classical Fourier and SPL
models burning are slightly greater than the DPL model.
If 6, > 0.3 = 48.1°C, then skin layer burned almost com-
pletely. If 6, increases, we observed that the burning of the
skin layer in the DPL model is slightly less than to SPL and
classical Fourier model as shown in Fig. 14.
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0.8 ‘F n ‘ — Approx.(F, =01)
o -
007+ F:zo — Exact(F =0.1)
6, = 00540541 — Approx. (F; =0.3)
0.06 — Exact(F, =03)
— Approx. (F(J =05)
0.05 Exact (F, = 0.5)

0.04r

0.02r

20.01 I I I I I
0

Fig.2 Epidermis layer: Comparison of exact with approx solution

0.08 o — Approx. (F, = 0.1)

007} =0 —Exact F, =0.1)
, =0.0540541 —Approx. (F; =03)

0.06 —Exact(F, =03)
—Approx. (Fo =05)

0.05 —Exact (F =05)

0.04r-

0.02

0.01 I I I I I
0

Fig.3 Dermis layer:Comparison of exact with approx solution

0.08 F‘m -0 — Approx. (F, =0.1)

0,07+ F, =0 — Exact(F, =0.1)
), =0.0540541 — Approx. (F0 =0.3)

0.06 — Bxact(F, =03)
— Approx. (F, =0.5)

0.05 — Exadt(F, =05)

0.04r

0.02r

20.01 I I I I I
0 0.1 02 03 04 05

Fig.4 Subcutaneous layer: Comparison of exact with approx solution
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L —F, = 0.1, F._ = 000696379;F , =

0.05F - F =03 F =0 F, =0
—F =03 F_=000696379;F =
o oq ot
- F =05F =0F, =0
J g ot
0.041- —F, =05, F, = 000606319, F, =

0052 )
2003} 0‘051
0.05
002 0049
0.048

0.01F 006 0.08

Fig.5 Epidermis layer: Effect of F,, = 0.00696379 and F,, =0 on
skin temperature with the first kind non-Fourier boundary condition

0.06 \ ‘ ‘ —— F=0%F =0;F =0
- 0 oq ot
Hw =0.0540541 — F=01;F_ =0.0140766;F =0
0 oq ot
005 - FD=0.3;FW=O;F0‘=0
— F =03;F =0.0140766;F =0
o o o
—— F=05F =0;F =0
o oq ot
0.04F F =05;F =0.0140766; F =0
0 L] o
0.03F
0.02f
0.01F
0 I

Fig.6 Dermis layer: Effect of F,; = 0.0140766 and F,, = 0 on skin
temperature with the first kind non-Fourier boundary condition

If FOq = 0.00696379 be fixed, we observed that dam-
age to skin thickness decreases as F increases. If
F,, = 0.00696379 be fixed, we observed that damage of skin
thickness increases as F,, increases as shown in Fig. 32.

Dermis layer: If FOq =0,0.0140766 and
F, =0,0.0140766, we observed that the skin temperature
decreases continuously. As time decreases, we observed
that the temperature of the skin layer in the DPL model is
decreased more than both classical Fourier and SPL. mod-
els. It also observed that initially, (x = 0.0 — 0.25) tempera-
ture on the skin layer in the DPL model is slowly decreased
than both classical Fourier and SPL models, after that skin
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0.06 T T TO01F S0F =<
= —F =01;F =0.00791667; F =0
0 oq ot
0.05F 77’:0:03":011:0;’:0(:0
¥ —F =03;F =000791667; F =0
N 0 0g ot
--F =05F =0,F =0
0 [ ot
0.04- —F =05F =000791667, F =0
0 ] ot
s003f =
0.03 o
002 oo
0.038
0.01r-
0.1620.166
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0 014 02 03 04 05 06 07 08 09 1

Fig.7 Subcutaneous layer: Effect of F,, =0.00791667 and F, =0
on skin temperature with the first kind non-Fourier boundary condi-
tion

0.06 \ \
§,=0.0540541 - T U R0
—F =04 = F, = 000696379
0 og o
0.05 ——F =03 =F =0
—F = 03F = F, = 000696379
0 0g ot
S FTO5F =F <0
0 0g ot
0.04F —F, = 05F, = F, = 000696379
=003
0.02f =
001
0 1 1 1 1 1 1 1 1 1 I

Fig.8 Epidermis layer: Effect of F,, =F, = 0.00696379 on skin
temperature with the first kind non-Fourier boundary condition

temperature in the DPL model is below than the both clas-
sical Fourier model and SPL model as shown in Figs. 6, 9
and 12.

If 6, =0.240541 =45.9°C, the skin layer thick-
ness burns almost up to x = 0.4 in the DPL model with
a slight change in classical Fourier and SPL models. If
0., > 0.302703 = 48.2°C, the skin layer burned almost com-
pletely. If 6, increases, we observed that the burning of the
skin layer in the DPL model is slightly less than classical
Fourier and SPL models as shown in Fig. 15 .

If Foq = 0.0140766 is fixed, we observed that damage to
skin thickness decreases as F increases. If F,;, = 0.0140766

1181
0.06 T T T F - O,W;Fw F=0
—F =04;F =F =0.0140766
0 (] ot
0.05F - Fo =03 Foq = Fut =0
—F =03;F _=F_=00140766]
0 og ot
--F =05F =F =0
0 ] ot
0.04f —F =05F_=F_=00140766
(] ot
0.03F
] N N ——
0.01r-
0 | | | | | | | | | —

Fig.9 Dermis layer: Effect of F,, = F,, = 0.0140766 on skin temper-
ature with the first kind non-Fourier boundary condition

0.06 T T T — o
. __F =0%F_=F, = 000791667
0 (] ot
0.05 S FROEF TR0
—F =03F =F =000791667
0 0q ot
0.04F
0.03F
0.02
0.01F
0 I I I I | | ) ) |

Fig. 10 Subcutaneous layer: Effect of F,, =F, = 0.00791667 on

skin temperature with the first kind non-Fourier boundary condition

is fixed, in this case, we observed that damage of skin thick-
ness increases as F,, increases as shown in Fig. 33.

Subcutaneous layer: If FOCI =0,0.00791667 and
F, =0,0.00791667, we observed that the skin temperature
decreases continuously. As time decreases, we observed that
temperature of the skin layer in the DPL model is decreased
more than both classical Fourier and SPL models. It also
observed that initially, (x = 0.0 — 0.3) skin temperature of
the DPL model slight changed with respect to classical Fou-
rier and SPL models, after that skin temperature in DPL
model is below than the both classical Fourier and SPL mod-
els as shown in Figs. 7, 10 and 13.
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0.06 ‘ ‘ Tor 0.06 \ \ \ Tor o
- F:::0.0slﬁ%m; F=0 0.055 - F:: :0i0007‘91667; F,=0
0.055 —F == 000696379 ’ —Fog = Fy 000791667
0.05 1
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0.035 "] 0952
0.025 0.0366
e
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X X

Fig. 11 Epidermis layer: Effect of lagging on skin temperature with
the first kind non-Fourier boundary condition at F; = 0.5

Fig. 13 Subcutaneous layer: Effect of lagging on skin temperature
with the first kind non-Fourier boundary condition at F,, = 0.5

0.35
e, 203F, <0 F, =0
0182 -0, =03F,_ =00069637% F =0
N W og ot
otet] Saa 6, =03 F, =F, =000696379
03 019 Sal [, z020188 F =0 F, =0
. o of

0.189
0188

--4,= 0.229189; Fuq =0.00696379; Fut =0
—10 =0229189;F =F =0.00696379

w og ot
~7§=0.189189=44°C

0.06 T T T
- F=0Fy=0
- Foq =0.0140766; Fot=0
0.055 —F ,=F=00140766
0.05 1
<0045 oos| |1
00334
0.04F 0.0332 ]
= 0033
N, 0.945 09465
0.035F 0047 - \
02020206 020 0 TTmeee Y
003 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 04 05 0.6 0.7 0.8 09 1

Fig. 12 Dermis layer: Effect of lagging on skin temperature with the
first kind non-Fourier boundary condition at F; = 0.5

If6,, = 0.259459 = 46.6°C, the skin layer thickness burns
almost up to x = 0.2 in the DPL model with a slight change
in SPL and classical models. If 6, > 0.545946 = 57.2°C,
the skin layer burned almost completely. If 6, increases, we
observed that the burning of skin layer in the DPL model is
slightly less than classical Fourier and SPL model as shown
in Fig. 16 .

IfF oq = 0.00791667 is fixed, we observed that damage to
skin thickness increases as F, increases. If F;, = 0.00791667
be fixed, in this case, we observed that damage of skin thick-
ness decreases as F,, increases as shown in Fig. 34.
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0 014 02 03 04 05 06 07 08 09 1

Fig. 14 Epidermis layer: Lagging behavior on skin during different
temperature with the first kind non-Fourier boundary condition at
F,=05

Effect of temperature on the skin layer thickness
for first kind non-Fourier boundary condition

Epidermis, Dermis, and Subcutaneous lay-
ers: We found the effect on skin layer thickness for
0w = 0.0540541(< 6 = 0.189189 (44 °()), the temperature
in the skin layer is constantly increased as time increased and
also observed that the temperature rise is less in DPL model
than classical Fourier model at the initial time. It has been
observed that if the thickness of the skin layer increases,
then its temperature decreases as shown in Figs. 17-19
respectively.
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0.35

-8 =0240541,F =F =0
W og ot
---0 =0240541;F =0.0140766;F =0
W og ot
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w og ot
—— =0302703; F =0.0140766; F =0
W og ot
—0 =0302703,F =F =0.0140766
w og ot
~70=0.189189=44 °C

03

Fig. 15 Dermis layer: Lagging behavior on skin during different
temperature with the first kind non-Fourier boundary condition at
F,=05

— ﬁw =0.259459; F(lq = Fm =0

— -0 =0.259459; F =0.00791667; F =0
w oq ot

—f0 =0250459;F =F =0.00791667
W og ot

06
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05 b | [, 0S4, <, =0

QI8P ===—_ 1 |6, =0.545046; F=000791667;F, =0
9 =0545046;F =F_=0.00791667
04k 0188 ——no | w o ot
’ ~=9=0189189 = 44°C
0902 0.906

R

0.294 021

0 0.1 02 03 04 05 06 07 08 09 1

Fig. 16 Subcutaneous layer: Lagging behavior on skin during differ-
ent temperature with the first kind non-Fourier boundary condition at
F,=05

Analysis of lagging on skin during hot and cold
surface temperature with the first kind non-Fourier
boundary condition atF, = 0.5

Epidermis, Dermis, and Subcutaneous layers: If
0,, = 0.0810811 = 40°C(> body temperature), we observed
that the skin temperature decreases continuously and also
found that the skin temperature in the DPL model decreases
slightly more than classical Fourier and SPL models. If
0,,(= body temperature), we found that the temperature has
a negligible effect on the skin layer. Butif 6, = —0.324324,
we observed that the skin temperature increases continu-
ously because the layer temperature reaches to normal body

0.06 \
x=05F =F =0
og ot

T
0 =0.0540541
-~ X=05F, =F = 000696379
0.05]....x=09;F_=F =0 ]
og ot

--x=05F =F =000696379
og ot

0 04 02 03 04 05 06 07 08 09 1

Fig. 17 Epidermis layer: The effect on skin thickness between tem-
perature and time with the first kind non-Fourier boundary condition

0.06 \

x=05,F =F =0
og o

T
0, =0.0540541
--x=05F =F =00140766
og ot

0.05] ..x=08,F _=F =0 1
- x=08:F, =F, =00140765

Fig. 18 Dermis layer: The effect on skin thickness between tempera-
ture and time with the first kind non-Fourier boundary condition

temperature and also found that the skin temperature in the
DPL model increases slightly more than classical Fourier
and SPL models as shown in Figs. 20-22, respectively.

Effect of Kirchhoff number (K;) and Biot number (B;)
on skin layer atF, = 0.5

The non-dimensional quantity K; is defined by the reference
heat flux on the temperature profile that is demonstrated in
the second kind boundary condition. We observed that as the
value of the K] increased at fixed F,, = 0.5, then the tempera-
ture of the skin increases at the initial boundary position,
i.e., x = 0. At a fixed Kirchhoff number, we observed that the
skin temperature is decreasing continuously as x > 0 which
is shown in Figs. 23-25.
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Fig. 19 Subcutaneous layer: The effect on skin thickness between
temperature and time with the first kind non-Fourier boundary condi-
tion
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Fig.20 Epidermis layer: Effect of lagging on skin during hot and
cold temperature

The non-dimensional quantity B, is defined by the refer-
ence heat transfer coefficient which is demonstrated in the
third kind boundary condition. We observed that as the value
of the B; increased at fixed F, = 0.5, then the temperature
of the skin increases at the initial boundary position, i.e.,
x = 0. At a fixed Biot number, we observed that the skin
temperature is decreasing continuously as x > 0 which is
shown in Figs. 26-28.

The effect of generalized non-Fourier boundary
condition on three layers of skin at F, = 0.5

Epidermis, Dermis, and Subcutaneous layer: In the first, sec-
ond, and third kind non-Fourier boundary conditions, we
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Fig.21 Dermis layer: Effect of lagging on skin during hot and cold
temperature
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Fig.22 Subcutaneous layer: Effect of lagging on skin during hot and
cold temperature
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Fig. 23 Epidermis layer: Ki effect on skin
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Fig.29 Epidermis layer: Effect of temperature on skin during non-

Fig. 26 Epidermis layer: Bi effect on skin Fourier generalized boundary condition
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Fig. 30 Dermis layer: Effect of temperature on skin during non-Fou-
rier generalized boundary condition
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Fig.31 Subcutaneous layer: Effect of temperature on skin during
non-Fourier generalized boundary condition
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Fig.32 Epidermis layer: Effect of lagging on skin temperature with
the first kind non-Fourier boundary condition
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Fig. 33 Dermis layer: Effect of lagging on skin temperature with the
first kind non-Fourier boundary condition
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Fig. 34 Subcutaneous layer: Effect of lagging on skin temperature
with the first kind non-Fourier boundary condition

observed that skin temperature is continuously decreased.
The skin layer temperature in the second and third kind non-
Fourier boundary conditions decreases fast in comparison
with the first kind non-Fourier boundary condition as shown
in Figs. 29-31, respectively.

Conclusions

In this work, a detailed description of skin burns on differ-
ent types of non-Fourier boundary condition is considered.
The Legendre wavelet properties are applied to calculate
the approximate analytical solution of the DPL model of
multi-layer of skin.

In the first kind non-Fourier boundary condition, the
burning of the skin layers depends on its thickness. As skin
layer thickness increases, then burning reduces.
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The burning time for skin layers varies with temperatures.
As time increases, burning of the skin layers thickness also
increases.

The temperature on skin layers decreases continuously
in non-Fourier generalized boundary condition. In epider-
mis and dermis layers, the first kind non-Fourier boundary
condition has more difference in the burning of skin layer
thickness in comparison with the second and third kind non-
Fourier boundary conditions. In subcutaneous layer, the first
kind non-Fourier boundary condition has little difference
in the burning of skin layer thickness in comparison with
the second and third kind non-Fourier boundary conditions.

The skin layer thickness in the DPL model is less dam-
aged than both classical Fourier and SPL models. If 6, >
body temperature, we observed that skin temperature in the
DPL model is significantly decreased in comparison with
classical Fourier and SPL models. If §,, < body tempera-
ture, we observed that skin temperature in the DPL model is
significantly increased in comparison with classical Fourier
and SPL models because the layer temperature reaches to
normal body temperature.

At time F, = 0.5, the multi-layer of skin thickness is com-
pletely burned if surface temperature 6,, is greater than 0y
03 =48.1°C
0.302703 = 48.2°C
0.545946 = 57.2°C

For Epidermis layer. i.e. First Kind Burn,
whereg, = For Dermis layer. i.e. Second Kind Burn,

For Subcutaneous layer. i.e. Third Kind Burn.

The burning of skin thickness decreases if

Fy, <F,  ForEpidermis layer,
 Foq < Fy  ForDermis layer, and
Fy, > F,  ForSubcutaneous layer.
~ The burning of skin thickness increases if
Fy, > F,  ForEpidermis layer,
 Foq > For ~ For Dermis layer, and
Fy, <F,  ForSubcutaneous layer.

) The present work demonstrates the study of the DPL
model of multi-layer of skin based on heat transfer and
FELWGM as a solution method helps in the precise predic-
tion of temperature. So, it makes this study more useful for
the prediction and control of temperature for medical doc-
tors in the clinical field. The entire analysis is presented in
non-dimensional form. Therefore, these results provide a
more comprehensive and better insight for understanding the
behavior of skin burn injuries during temperature distribu-
tion of different types of boundary condition.
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Appendix
Second kind non-Fourier boundary condition

From Eq. (23), we have found the second kind non-Fourier
boundary condition, i.e.,

0

— [9(}(, F)+F, =—-K, at x=0. (63)

00(x, F,)
ox

oF,

Taking the Laplace transform of Eq. (63), we obtained

; [N N ] 3
— | 0(x, 5) + Fo {s0(x,s) — 0(x,0)}| =—— at x=0.
ox S

(64)
Using initial condition 8(x, 0) = 0 in Eq. (64), we get
J |7 - K;
o 0(x, s) + Fys0(x,s)| = - at x=0, (65)
~ K.
1+ P& _ Ky, (66)
ox
20 K
xs ____ & tx=0. (67)
ox s(1+ Fys)
Inverse Laplace transform of Eq. (67) is
00(x, F,) _F
o =—-K(l—e o) at x=0. (68)
X

Third kind non-Fourier boundary condition

From Eq. (23), we have found third kind non-Fourier bound-
ary condition, i.e.,

d 90(x, F,)
a 9(X,F0)+F0ta—R) —Bi9(x, Fo) = —Bi6‘s at x = 0,
(69)
d 90(x, F,)
Ey 0, F,) + FmT =-Bi6, - 0(x,F,)) at x=0.
o

(70)
Taking the Laplace transform of Eq. (70), we obtained

%[ 0(x, 5) + Foy [s0(r,5) — 0(x,0)}] = —B.(6, — 0(x,5)) at x=0.

(71)
Using initial condition 8(x,0) = 0 in Eq. (71), we get
~ ~ —B.(0, — 0(x,
9 0(x, 5) + Fos0(x,s)| = ~Bi6, ~ 6. 9) t x=0,
ox s
(72)
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o —~By(0, — 0(x,
(14 P2 (ZBOZID) o, a3)
ox S
00(x, s) _ —B,(0, — 0(x, 5)) =0 (74)
ox s(1+ F.s)

Inverse Laplace transform of Eq. (74) is

00(x, F,) _F

= —B(0, — 0(x,F ))(1 —e Fou) at x=0. (75)

X

Non-Fourier symmetric condition

From Eq. (27), we have found non-Fourier symmetric condi-
tion, i.e.,

(76)
Taking the Laplace transform of Eq. (76), we obtained
a%[e(x,s) +F, (50068 =000} =0 ar x=1. (77)

Using initial condition 8(x,0) = 0 in Eq. (77), we get

ai[e(x, §)+ Fys0(x,8)] =0 at x=1, (78)
X
00
1+F,020%) _o 4 x=1, (79)
ox

9059 _ o 4 x=1. (80)
ox

Inverse Laplace transform of Eq. (80) is

00(x, F,

WEF) _ 6 gy x=1, 1)
ox
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