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Abstract
The present investigation concentrates on the hydrothermal features of both hybrid nanofluid and usual nanofluid flow over 
a slippery permeable bent structure. The surface has also been considered to be coiled inside the circular section of radius R. 
Ferrous and graphene nanoparticles along with the host fluid water are taken to simulate the flow. The existence of heat sink/
source and thermal radiation are incorporated within the system. Resulting equations are translated into its non-dimensional 
form using similarity renovation and solved by the RK-4 method. The consequence of pertinent factors on the flow profile 
is explored through graphs and tables. Streamlines and isotherms for both hybrid nanofluid and usual nanofluid are depicted 
to show the hydrothermal variations. The result communicates that temperature is reduced for curvature factor, whereas 
velocity is found to be accelerated. Heat transfer is intensified for thermal Biot number, and the rate of increment is higher 
for hybrid nanosuspension. Velocity and temperature are intensified for enhanced nanoparticle concentration. The heat trans-
port process is decreased for the heat source parameter, but the reduction rate is comparatively slower for hybrid nanofluid.
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List of symbols
(u, v)  Velocity components (m s−1)
r, s  Spatial coordinates (m)
a  Stretching constant  (s−1)
Uw  Stretching velocity (m s−1)
a  Stretching rate  (s−1)
R  Radius of curvature (m)
Tw  Temperature of the surface (K)
T∞  Temperature away from surface (K)
T   Hybrid nanofluid temperature (K)
�  Density (kg m−3)
�  Dynamic viscosity (kg m−1 s−1)
�  Thermal conductivity (W m−1 K−1)
�Cp  Heat capacitance (J m−3 K−1)

�  Electrical conductivity (Ω−1 m−1)
B0  Magnetic field (Ω1/2 m−1 s−1/2 kg1/2)
qr  Radiative heat flux (kg s−3)
�∗  Stefan Boltzmann constant (W m−2 K−4)
k∗  Mean absorption coefficient  (m−1)
L  Velocity slip factor (m)
vw  Suction/injection velocity (m s−1)
h  Convective heat transport coefficient 

(W m−2 K−1)
�  Nanoparticle volume fraction
Q  Heat source or sink
K =

√
a

�f
R  Curvature parameter

Lslip = L
√

a

�f
  Velocity slip parameter

Pr =
�f(�Cp)f

�f�f
  Prandtl number

M =
�fB

2
0

a�f
  Magnetic parameter

S = −
vw√
a�f

  Suction/injection parameter

Bi =
hf

�f

√
�f

a
  Biot number

N =
4�∗T3

∞

3k∗�f
  Radiation parameter

�w =
Tw

T∞
  Temperature ratio parameter
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� =
Q

a(�cp)f
  Heat source/sink parameter

Nu  Nusselt number
Cf  Skin friction
Nur  Reduced Nusselt number
Cfr  Reduced skin friction
Res =

as2

�f
  Local Reynold’s number

Subscripts
f  Base fluid
nf  Nanofluid
hnf  Hybrid nanofluid
1, 2  First and second nanoparticle, respectively

Introduction

Thermal management and analysis of heat transport acquired 
a major concern for engineers, scientists and researchers 
due to its multipurpose uses in the technological fields or 
industries that deals with high thermal energy. Thus, due 
to the rising technologies and energy production, engineers 
are claiming to have an efficient lubricants and coolants. 
Our conventional fluids like water, kerosene and glycerol are 
not so effective to satisfy those needs because of their low 
thermal conductivity. Their heat transport capabilities are 
limited. But, the addition of tiny metallic particles (whose 
diameter ranges from 1 to 100 nm) within the base medium 
would significantly enhance the thermal conductivity of the 
resulting liquid and thus becomes a most promising candi-
date to transfer heat. Such fluids are marked as “nanofluid”. 
It was coined by Choi [1]. From then, extensive investiga-
tions [2–4] are going on to explore the hidden application 
of nanofluids. Sheikholeslami [5] addressed the entropy 
and exergy analysis of nanofluidic transport through porous 
medium in the presence of Lorentz force. He included non-
Darcy model to simulate the flow. Results indicated that 
Bejan number detracts with the reduction in the perme-
ability. Sheikholeslami et al. [6] experimentally studied the 
application of nanorefrigerant for boiling heat transport. 
Nanorefrigerant (R600a/Oil/Cuo) is included in the study. 
They reported that heat transport is increased for enhanced 
mass flux. Sadeghi et al. [7] communicated the impact of 
surface reactions in electrokinetically actuated microfluidic 
devices. Leading equations were solved using finite differ-
ence scheme. They found a concentration wave for suffi-
ciently long microchannels. Effects of shear rate-dependent 
rheology on surface reactions and mass transfer in microflu-
idic devices was illustrated by Sadeghi et al. [8]. Outcomes 
suggested that maximum rheology effect was confirmed for 
square section channels. The hydrothermal and heat transfer 
characteristics are investigated by several researchers for the 
flow over diverse geometries [9–20].

Recently, an extended version of nanofluid, i.e. “hybrid 
nanofluid”, has snatched attention from so many research-
ers worldwide. Hybrid nanofluid is the dispersion of double 
metallic nanoparticles within the host fluid. Because of double 
metallic additives, hybrid nanofluid appears to be the most 
efficient candidate for heat transfer and coolant issues [21, 
22]. It has useful applications in different sectors like the solar 
receiver, nuclear reactor, microbial fuel cell, thermal storage, 
glass production, aerospace technologies, biomedical appli-
cations, heat exchangers, defence purpose, industrial cooling 
medium, etc. [23–25]. Studies of the hydrothermal behaviour 
of hybrid nanofluid or usual nanofluid over stretched textures 
are extremely noteworthy due to its wide range of truthful 
applications in diverse fields of engineering and industrial 
sectors like glass blowing, drawing of wires, hot rolling, 
paper production, fibre spinning, etc. One can easily trace 
out such different aspects of nanofluid flow over stretched 
surface through the open literature [26–30]. Natural convec-
tive magnetized hybrid nanofluid flow over a stretched sur-
face considering the viscosity variations was addressed by 
Manjunatha et al. [31]. They reported that increasing volume 
fraction aids temperature and velocity to increase and hybrid 
nanofluid becomes the most promising heat transfer medium 
as compared to usual one. Hayat and Nadeem [32] illustrated 
the heat transport amplification of copper oxide and silver 
water-based hybrid nanofluid stream crossing over a linearly 
stretched surface. Yousefi et al. [33] disclosed the stagna-
tion flow of titanium–copper water hybrid nanosuspension 
over a wavy cylinder. They claimed that thermal features of 
hybrid nanofluid are superior to that of ordinary nanofluid. 
Entropy analysis of thermally dissipative copper–alumina 
water hybrid nanofluid over a thin needle was carried out by 
Afridi et al. [34]. They found that hybrid nanofluid’s velocity 
is less as compared to usual one. Nadeem et al. [35] revealed 
the revolving hybrid MWCNT–SWCNT nanofluid flow over 
a convectively heated stretched surface in the presence of heat 
absorption/generation. Result extracts that hybrid nanofluid 
provides improved heat transport. The related literature can 
be found in [36–42].

Literature survey ensures that the investigation of fluid 
flow over the curved surface has been hardly analysed. 
Examples of two-dimensional fluid running over bent sur-
face are the liquid interface, similar to the interfaces between 
foam bubbles, molecular films or aerosol droplets. Also, 
one real-life scenario of liquid flow over the curved face is 
the soap films that are broadly used to scrutinize classical 
2D hydrodynamic phenomena. Another real technological 
application of coiled surface is explored through the curved 
jaws of stretchable assembling equipments in industries. 
One microbiological instance is revealed through the liq-
uid motion over lipid bilayer membranes over large num-
ber of cells. Lipid bilayers do reveal hydrodynamic char-
acteristics like diffusion and viscosity, and such outcomes 
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are ensured by miscellaneous experiments. Viscous liquid 
flow over stretched curved sheet was studied by Sajid et al. 
[43]. Viscous flow over nonlinear stretched sheet was exam-
ined by Sanni et al. [44]. Shaiq and Maraj [45] marked the 
induced magnetization effect of CNT–propylene glycol-
based nanoliquid flow over a bent surface. Result concluded 
that skin friction enhances for nanoparticle concentration, 
but reduces for curvature. Imtiaz et al. [46] discussed the 
convectively heated ferrofluid flow over curved sheet. They 
included heterogeneous homogeneous reaction to address 
the hydrothermal variations inside the boundary regime. 
Entropy analysis for copper–alumina water hybrid nanoliq-
uid stream over curved texture was carried out by Afridi 
et al. [47]. They established that less entropy generation 
is ensured for usual nanofluid as compared to hybrid one. 
Saba et al. [48] disclosed the thermal characteristics of CNT 
water-based nanofluid flow over curved sheet. The internal 
heat generation concept was conceived by them. The study 
explores that heat flux rate is enhanced for curvature factor, 
but declines for heat source. More studies are in [49–58].

Being inspired from the above researches, in this com-
munication we have depicted the hydrothermal variations of 
magnetite–graphene water-based hybrid nanoliquid flow over 
a slippery bended surface. Radiation and the existence of heat 
source/sink are included to explore the hydrothermal integ-
rity of the flow. Resulting equations have been solved using 
classical RK-4 procedure, and the outcomes convey the vari-
ations for both hybrid and usual nanoliquids. The graphene 
nanoparticles have useful applications in solar cells, micro-
bial fuel cells, tissue engineering, biomedical applications, 
drug delivery, cancer therapy, biosensing, etc. Owing to their 
ultrahigh surface area, graphene nanoparticles are the best 
candidate for drug or gene delivery applications. Additionally, 
magnetic nanoingredients have drawn noteworthy considera-
tion for their biomedical functions; among them, iron oxide 
nanoparticles prove to be mostly satisfactory due to their fun-
damental compositions that turns them biocompatible and 
degradable. Thus, the composition of  Fe3O4–graphene hybrid 
nanofluid will enhance the functions of drug delivery, cancer 
therapy for improved applicability in biotechnology. To the 
best of our knowledge, no investigation has been forwarded 
that sheds light on the mentioned issues. Thus, we hope that 
our unique approach will provide a basis to gather the indis-
pensable information of such flow which in turn helps various 
technological issues.

Mathematical formulation

Governing equations

A viscous, incompressible, steady hybrid nanofluid flow 
over a curved texture is assumed. The surface is presumed 

to be curved within the coiled configuration having radius 
R and curvilinear composition r and s . The stretching 
speed of the bended texture has been assumed to be in the 
form Uw = as along s-direction ; consequently, the stream 
constructs boundary layer regime through r-direction . Here, 
R defines the requisite distance from origin to the stretched 
surface, and most significantly, it describes the shape of 
the texture; that is, for elevated inputs of R the surface is 
shifted to flat from curved one. The geometrical schematic 
of our current investigation is revealed in Fig. 1. Here, 
hybrid nanofluid is the tiny composition of two different 
mixtures, namely ferrous 

(
Fe3O4

)
 and graphene nanopar-

ticles, along with host medium water. A uniform magnetic 
strength B0 is employed normal to the surface. Throughout 
the investigation, we relied on some assumption like the 
absence of joule heating and viscous dissipation. Also, the 
presence of thermal slip and chemically reactive nanopar-
ticles has been ignored. Nanofluids are in thermal equilib-
rium. Based on the above hypothesis, the indispensable 
leading equations of the desired system are arranged as 
follows [43, 44, 46, 47]:

(1)
�

�r
{(r + R)v} + R

�u

�s
= 0,

(2)
u2

r + R
=

1

�hnf
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,
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v
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+

R
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(
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+
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Fig. 1  Schematic of the flow
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Relevant boundary conditions are:

where p designates the nanofluid pressure. Here, it is also 
important to say that at the vicinity of the surface nanofluid 
acquires velocity such that u = as + L

(
�u

�r
−

u

r+R

)
 and v = vw 

represents  the  suct ion/ in ject ion veloci ty  for 
vw < 0 and vw > 0 , respectively. Also, Q ensures the attend-
ance of heat source/sink according as Q > 0 and Q < 0 . If 
we presuppose optically thick boundary regime where Ros-
seland estimation can be incorporated, the radiative heat flux 
qr becomes [51, 55, 56],

where �∗ is the Stephan–Boltzmann constant, �∗ is mean 
absorption coefficient. Now if we apply the non-dimensional 
expression of T  as �(�) = T−T∞

Tw−T∞
 as in Eq. (6), we will have 

T = T∞
{
1 +

(
�w − 1

)
�
}
 where �w =

Tw

T∞
.

Similarity conversion

To formulate the system dimensionless, we need to utilize 
the [43, 44, 46, 47]:

where � indicates as similarity variable.

Thermophysical features

Here, we maintain our investigation jointly for hybrid 
nanoliquid and ordinary unitary nanofluid. We have 
selected two tiny particles, namely Fe3O4 and Graphene , 
for hybrid nanoliquid and Fe3O4 stands for usual nanosolu-
tion (Table 1). To frame the hydrothermal interactions flaw-
lessly, we have accumulated the leading equations using the 

(4)

v
�T

�r
+

R

r + R

(
u
�T

�s

)
=

�hnf(
�Cp

)
hnf

(
�2T

�r2
+

1

r + R

�T

�r

)

−
1(

�Cp

)
hnf
(r + R)

�

�r
(r + R)qr

+
Q(

�Cp

)
hnf

(
T − T∞

)
.

(5)

u = as + L
(
�u

�r
−

u

r + R

)
, v = vw,−�hnf

�T

�r
= hf

(
Tw − T

)
at r = 0,

u → 0,
�u

�r
→ 0, T → T∞ as r → ∞.

(6)qr = −
4�∗

3�∗

�T4

�r
= −

16�∗

3�∗
T3 �T

�r

(7)
� =

�
a

�f
r, u = asf �(�), v = −

R

r + R

√
a�ff (�),

�(�) =
T − T∞

Tw − T∞
, p = �f(as)

2P(�)

thermophysical model for hybrid nanoliquid as explored by 
Takabi et al. [59] and Chamkha et al. [51]. It is crucial to 
address that introducing �2 = 0.0 leads to unitary nanofluid 
model reported by Oztop and Abu-Nada [60] and Maxwell 
[61]. Those mathematical formulations are given in Table 2.

Dimensionless appearance

Employing the conversion as in (7), governing Eqs. (1)–(4) 
together with boundary conditions in (5) are renewed into 
dimensionless form as follows:

The prime reflects the differentiation w.r.t. � and

Corresponding boundary conditions are transformed as,

where S > 0 indicates suction and S < 0 injection and 
� =

Q

a(�cp)f
 is the heat source/sink parameter according as 

𝜆 > 0 or 𝜆 < 0.

(8)P� =
f �2

(� + K)
L1

(9)

2K

� + K

1

L1
P −

K

(� + K)
ff �� +

K

(� + K)
f �2 −

K

(� + K)2
ff �

−
L4

L1

(
f ��� +

1
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1

(� + K)2
f �
)
+

L5

L1
Mf � = 0

(10)

��� +
��

(� + K)
+

1

(� + K)

4N

3L3

d

d�{
(� + K)

(
1 + �(�)

(
�w − 1

))3 d�(�)
d�

}

+ Pr
L2

L3

{
K

(� + K)
f �� +

��

L2

}
= 0

L1 =
�hnf

�f
, L2 =

(�Cp)hnf

(�Cp)f
, L3 =

khnf

kf
, L4 =

�hnf

�f

, L5 =
�hnf

�f
.

(11)

f �(0) = 1 + Lslip

[
f ��(0) −

f �(0)

K

]
,

f (0) = S, ��(0) +
Bi

L3
(1 − �(0)) = 0 at � = 0

f � → 0, f �� → 0, � → 0 as � → ∞.

Table 1  Thermophysical properties of base fluid and nanoparticles 
[16, 17]

Physical properties Water Graphene Fe3O4

Cp /J Kg−1 K−1 4180 2100 670
�/Kg m−3 997 2250 5180
�/W m−1 K−1 0.6071 2500 9.7
�/Ω−1m−1 0.005 107 25,000
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Eliminating the pressure term from (8) and (9), we have

Physical quantities

Frictional coefficient and Nusselt number are defined as:

Introducing the dimensionless variables as in (7), we 
acquire the reduced frictional coefficient and Nusselt num-
ber as follows:

(12)

f iv +
2

(� + K)
f ��� −

1

(� + K)2
f �� +

1

(� + K)3
f �

+
L1
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⎛⎜⎜⎜⎜⎝

K

(� + K)

�
ff ��� − f �f ��

�
+
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(� + K)2

�
ff �� − f �2

�

−
K

(� + K)3
ff � −

L5

L1
Mf �� −
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M

(� + K)
f �

⎞⎟⎟⎟⎟⎠
= 0.

(13)

Cf =
�w

�hnf(as)
2
, Nu =

sqw

�f
(
Tw − T∞

)

where �w = �hnf

(
�u

�r
−

u

r + R

)
r=0

and qw = −�nf

(
�T

�r

)
r=0

+ qr
||r=0

(14)

Cfr =
√
ResCf =

⎛
⎜⎜⎜⎝

�
1 − �1 − �2

�−2.5
�
1 − �1 − �2

�
+ �1

�
�1

�f

�
+ �2

�
�2

�f

�
⎞⎟⎟⎟⎠�

f ��(0) −
1

K
f �(0)

�

Numerical procedure

Numerical method

The reduced Eqs.  (8)–(12) are highly nonlinear and 
coupled in nature, and thus, their closed form solutions 
are not possible. They can be solved numerically using 
Runge–Kutta-4 (RK-4) with shooting method for different 
values of parameters. The proposed RK-4 method with 
shooting technique is not new method, but it has been 
used extensively by several researchers in dealing with the 
problems of boundary layer flows. Moreover, the shooting 
technique adopted is effective and results in high accu-
racy when compared to other methods. That is why, we 
used this method. In this work, we have used MAPLE-17 
software to simulate the flow. The effects of the emerging 
parameters on the dimensionless velocity, temperature, 
skin friction and Nusselt number are studied. The step 
size is taken Δ� = 0.01 , and accuracy is up to the fifth 
decimal place as the criterion of convergence. We assumed 
a suitable finite value for the far-field boundary condition 
in (11), i.e. � → ∞ , say �∞ . The inner iteration is done with 
the convergence criterion of  10−6 in all cases.

(15)

Nur =
Nu√
Res

= −
�hnf

�f

�
1 +

4N

3L3

�
1 +

�
�w − 1

�
�(0)

�3

�
��(0)

Table 2  Thermophysical 
models of nanofluid and hybrid 
nanofluid [51, 59, 60]

Here, 1 and 2 designate Fe3O4 and graphene nanoparticles, respectively

Properties Nanofluid ( Fe3O4∕water)

Density �nf = (1 − �)�f + ��s

Heat capacity
(
�Cp

)
nf
= (1 − �)

(
�Cp

)
f
+ �

(
�Cp

)
s

Viscosity �nf =
�f

(1 − �)
2.5

Thermal conductivity knf

kf
=

ks + (n − 1)kf − (n − 1)�(kf − ks)

ks + (n − 1)kf + �(kf − ks)

Properties Hybrid nanofluid ( Fe3O4 andGraphene∕water)
Density �hnf =

(
1 − �1 − �2

)
�f + �1�1 + �2�2

Heat capacity
(
�Cp

)
hnf

=
(
1 − �1 − �2

)(
�Cp

)
f
+ �1

(
�Cp

)
1
+ �2

(
�Cp

)
2

Viscosity �hnf =
�f

(1−�1−�2)
2.5

Thermal conductivity �hnf

�f
=

{
�1�1 + �2�2

�1 + �2

+ 2�f + 2
(
�1�1 + �2�2

)
− 2

(
�1 + �2

)
�f

}

×

{
�1�1 + �2�2

�1 + �2

+ 2�f − 2
(
�1�1 + �2�2

)
+
(
�1 + �2

)
�f

}−1

Electrical conductivity
�hnf

�f
= 1 +

3

(
�1�1+�2�2

�f

)
− 3

(
�1 + �2

)

2 +

{
�1�1 + �2�2(
�1 + �2

)
�f

}
−

{
�1�1 + �2�2

�f
−
(
�1 + �2

)}
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Code of verification

Mehmood et al. [52] investigate the nanofluid flow over 
a convectively heated impermeable curved surface. They 
used Buongiorno model to simulate the flow, and viscous 
dissipation was considered by them. But, our model depicts 
the water-based  Fe3O4–graphene nanofluid flow over a 
permeable slippery curved surface. Impacts of magnetic 
field, convective heat transfer, presence of heat source/
sink and nonlinear thermal radiation have been included. 
Thus, we have extended the work of Mehmood et al. [52]. 
To verify the model’s validity, we have extracted the 
reduced skin frictional values for various values of curva-
ture parameter and the same is executed only for viscous 
fluid flow over curved surface. Mathematically, we have 
assembled our parametric values as M = Lslip = S = 0.0 . 
The numeric outcomes are listed in Table 3 and compared 
against Mehmood et al. [52] and Abbas et al. [53]. It shows 
excellent accord with previous investigation.

Result and discussion

This section addresses the effect of the dynamic parameters 
on both hybrid nanofluid and usual nanofluid hydrothermal 
behaviour. Requisite graphs and tables have been shown to 
reveal the same. Numeric outputs of frictional factor and 
heat transport are calculated and reviewed. A detailed com-
parative discussion between usual and hybrid nanofluid is 
also brought to light to explore the hydrothermal varia-
tions of both liquids. We considered the parametric values 
as K = 5.0, M = S = N = Lslip = 0.2, Bi = 0.5, �w = 1.2,

�
1
= �

2
= 0.1 unless otherwise mentioned.

Effect of curvature parameter (K)

Figure 2 explores the effect of curvature factor on velocity 
profile. Figure 2a shows the variations for suction and 
Fig. 2b for injection. Velocity has been detected to amplify 
for both usual nanofluid and hybrid nanofluid. The effects 
are not so prominent, but close view of the current sce-
nario addresses that hybrid nanofluid acquires higher-
velocity profile as compared to the usual one. Physically, 
non-dimensional definition of K = R

√
a

�f
 allows us to pre-

dict that less kinematic viscous hindrance will be experi-
enced for enhanced curvature factor. Thus, the fluid moves 
effortlessly. Additionally, it is noteworthy to observe that 
deviation in each curves is little bit less for injection as 
compared to suction. Figure 3b assures that the skin fric-
tion is reduced for increasing inputs of K  . For hybrid 
nanofluid, frictional effect is comparatively higher than 
usual nanosuspension as given in Table 4. Figure 4 depicts 
pressure variations for both liquids. The green surface con-
firms hybrid nanofluid and blue surface designates the 
usual nanofluid. Also, the pressure amplifies as K enlarges. 
Figure 5a shows the temperature variations in suction. 

Table 3  Numerical values of the skin friction coefficient at M = 0

K Mehmood et al. [52] Abbas et al. [53] Present

5 − 1.15763 − 1.15763 − 1.15763121
10 − 1.07349 − 1.07349 − 1.07348861
20 − 1.03561 − 1.03561 − 1.03560983
30 − 1.02353 − 1.02353 − 1.02353108
40 − 1.01759 − 1.01759 − 1.01758661
50 − 1.01405 − 1.01405 − 1.01404923
100 − 1.00704 − 1.00704 − 1.00703844
200 − 1.00356 − 1.00356 − 1.00356418
1000 − 1.00079 − 1.00079 − 1.00079932
Infinity − 1.00000 − 1.00000 − 1.00001049

Fig. 2  Effect of K on velocity
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Temperature goes down for amplifying curvature factor. 
Effects are distinct. Initially, within 0.0 ≤ � ≤ 0.5 usual 
nanofluid consumes higher temperature than hybrid 
nanoliquid. But, slightly away from the surface hybrid 
nanofluid exhibits the elevated thermal behaviour. It is 
expected because hybrid nanofluid succours double metal-
lic nanoparticles within the host fluid. For injection in 
Fig. 5b, we perceive more distinct outlines of temperature 
as compared to suction because by injection more fluid 
enters inside the boundary region. Thus, the thermal per-
formance becomes more pronounced. Heat transport in 
Fig. 6a and Table 5 ensures escalating behaviour for K  . 
Comparatively, hybrid nanofluid exhibits higher heat 
transfer than conventional nanofluid.

Effect of magnetic parameter (M)

Figure 7a demonstrates the magnetic impact on hydro-
thermal variation of condensed nanofluid for suction, and 
Fig. 7b conveys the same for injection. In both cases, fluid 
velocity has been noted to decline owing to the presence 
of Lorentz force that transpires due to magnetic field. The 
consequences are well distinct for both fluids. Skin friction 
escalates for increasing M . Hybrid nanofluid illustrates 
higher drag affection. Thus, the surface will be less drag 
affected for hybrid nanofluid when magnetic strength varies 
rapidly. Table 4 expresses that the increasing rate is 32.03% 
for hybrid nanofluid, whereas for usual one it is 36.07%. 
Temperature in Fig. 8a, b shows linear relationship with M . 

Fig. 3  Effect of S,Lslip,M,K on 
skin friction
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Table 4  Variation of skin 
friction for different values of 
parameters at �

2
= 0.1

Parameters Cfr

�1 S Lslip M K Hybrid nanofluid Nanofluid

0.0 0.2 0.2 0.2 5 − 0.9057461 − 0.8237879
0.1 − 0.9420483 − 0.9624192
0.2 − 1.0403389 − 0.9860888
0.1 − 0.6 − 0.7773916 − 0.7706873

− 0.3 − 0.8330200 − 0.8346259
0.0 − 0.8959902 − 0.9081264
0.3 − 0.9662683 − 0.9910922
0.6 − 1.0434208 − 1.0827231
0.2 0.0 − 1.2505216 − 1.3073907

1.0 − 0.4964671 − 0.4923507
2.0 − 0.3190479 − 0.3129831
0.2 0.0 − 0.8839662 − 0.8558153

1.0 − 1.1674311 − 1.1662934
2.0 − 1.3481810 − 1.3341938
0.2 1.0 − 1.5374468 − 1.5007292

2.0 − 1.1536364 − 1.1499423
3.0 − 1.0313759 − 1.0311571
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The viscous hindrance generated due to M produces fric-
tion between fluid molecules and surface, which translates 
frictional energy into thermal energy. Hybrid nanofluid and 
injective nature of the sheet acquires high temperature as 
discussed in “Effect of curvature parameter (K)” section. 
Heat transfer drops off smoothly for magnetic effect in 
Fig. 6a. Table 5 authenticates that reduction rate is slower 
for hybrid nanosolution.

Effect of slip parameter 
(
Lslip

)

The outcomes of velocity slip on the hydrothermal syn-
dromes of both fluids are demonstrated in Figs. 9 and 10. 
Diminution in velocity is shown in Fig. 9a, b for both suc-
tion and injection, respectively. Prominent view is observed 
within 0.0 ≤ � ≤ 2.5 . In both situations, highest velocity 
is achieved for no-slip criteria. The reduced skin friction 
decreases for slip factor as depicted in Fig. 3a. Hybrid nano-
fluid provides highest frictional effect as compared to usual 
nanofluid, but initially slight reverse effect is noticed. The 
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Fig. 5  Effect of K on tempera-
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reduction rate in Table 4 is 62.35% for hybrid nanofluid and 
60.29% for ordinary nanoliquid. Temperature is increased 
due to the effect of Lslip . We observe distinct results in both 

suction and injection in Fig. 10a, b, respectively. Lower tem-
perature is noted for no-slip criteria. For injection, near the 
surface effects are quite detectable. But, for suction, we note 

Table 5  Variation of Nusselt 
number for different values of 
parameters at �

2
= 0.1

Parameters Nur

�1 S Lslip M N Bi � K �w Hybrid nanofluid Nanofluid

0.0 0.2 0.2 0.2 0.2 0.2 0.1 5 1.2 0.235207 0.231975
0.1 0.237181 0.233302
0.2 0.238693 0.234518
0.1 − 0.3 0.181150 0.172551

− 0.1 0.223855 0.214468
0.0 0.230097 0.223275
0.1 0.233226 0.225154
0.3 0.239400 0.236352
0.2 0.0 0.238813 0.235116

1.0 0.230963 0.220168
2.0 0.222574 0.217818
0.2 0.0 0.237918 0.233852

0.5 0.236115 0.232585
1.0 0.233848 0.231493
0.2 0.0 0.186704 0.184469

0.3 0.262309 0.257528
0.6 0.337223 0.329397
0.2 0.5 0.540873 0.520582

1.0 0.942588 0.880685
2.0 1.496142 1.340164
0.2 0.2 0.235694 0.230662

0.3 0.222210 0.225758
0.4 0.231410 0.216656
0.3 2.0 0.222772 0.218786

4.0 0.232397 0.222657
6.0 0.236681 0.222830
5.0 1.1 0.233305 0.225972

1.4 0.237065 0.230753
1.7 0.241056 0.236029

Fig. 7  Effect of M on tempera-
ture
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minor impact at the vicinity of the texture. Again, near the 
texture of the stretched sheet we mark that usual nanofluid 
depicts high thermal profile. Table 5 shows that Nusselt 
number drops off slightly. But, hybrid nanofluid explores 

less reduction profile as compared to usual one. Usual nano-
fluid exhibits 6.25% reduction in heat transport, whereas 
hybrid nanosolution confirms 3.28% reduction. Thus, cool-
ing performance will be effective for hybrid nanofluid.

Fig. 8  Effect of M on tempera-
ture
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Fig. 9  Effect of Lslip on velocity
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Fig. 10  Effect of Lslip on tem-
perature
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Effect of suction/injection parameter (S)

Effects of suction and injection on velocity profile are shown 
in Fig. 11a, b. Suction decreases the both fluids’ velocities. 
Here, the impacts are well distinct. Clear outcome is detected 
within 0.0 ≤ � ≤ 3.0 . But, injection communicates totally 
reverse scenario. Most interestingly, the deviation between 
hybrid and usual nanofluid is not so effective under injection. 
Skin friction declines for suction and increase for injection. 
Figure 3a shows that skin friction declines for injection, but 
amplifies for suction. Initially injective texture confirms high 
drag affect for hybrid nanofluid, but when the texture started 
to alter from injection to suction, conventional nanofluid 
provides high friction. Such outcome or transition of result is 
noteworthy. Temperature increases for suction and injection.

Clear enhancement is shown in Fig. 12a, b. For injec-
tion, thermal enhancement is more pronounced than that 
of suction. Basically injection allows more nanofluid to 
enter inside the region, while for suction fluid leaves the 

region. Thus, the presence of more tiny metallic nano-
particles at the time of injection aids the system to con-
sume more temperature. Near the texture usual nanoliquid 
shows high profile, but slightly away from it, such effects 
are reversed. Nusselt number amplifies in Fig. 6c for suc-
tion, and Table 5 exhibits reduction for injection. Table 5 
ensures 19.54% increment in heat transfer for hybrid nano-
fluid in suction, whereas it is 19.07% for usual nanoliquid. 
Similarly, for injection the reduction in heat transfer is 
2.68% and 4.98% for both hybrid and ordinary nanofluids, 
respectively. Thus, the cooling procedure is effective for 
hybrid nanofluid as compared to usual nanosuspension. 
Figure 13 displays the streamlines variations for both liq-
uids under different modes of textures: injection, imperme-
able sheet and suction. Minor deviation in the trajectory 
is noted between the motions of the particles. Figure 14 
addresses the comparative scenario of isotherms for both 
liquids. Here, the clear and distinct deviation is noted for 
both fluids.

Fig. 11  Effect of S on velocity
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Fig. 12  Effect of S on tempera-
ture
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Effect of radiation (N) and temperature ratio 
parameter 

(
�w

)

The influence of radiation parameter (N) on the thermal 
profile is shown in Fig. 15. Figure 15a shows the thermal 
lines for suction and Fig. 15b for injection. Temperature is 
increased in both cases. Lowest output was ensured for the 
absence of radiation. Basically, increasing radiative aspects 
foster the molecular migration within the system, and thus, 
frequent collision between molecules translates into thermal 
energy. That is why temperature goes high. The presence of 
double tiny ingredients for hybrid solution makes such col-
lision more random, and hence, the enhanced thermal profile 

is witnessed. Effects are distinct. Heat transfer is enhanced 
for radiation in Fig. 6b. Table 5 and Fig. 6b conclude that 
hybrid nanofluid becomes more efficient during this period. 
Same consequences are perceived for temperature ratio 
parameter 

(
�w

)
 via Fig. 16. Nusselt number in Fig. 17a, b 

due to �w illustrates escalating behaviour, but comparatively 
high impact in heat transfer is reported for injection.

Effect of thermal Biot number (Bi) and heat source/
sink parameter (�)

Temperature has been noticed to enlarge enormously 
in Fig. 18 for thermal Biot number. Same outcomes are 
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Fig. 15  Effect of N on tem-
perature
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acquired for suction and injection. As expected, near the 
surface ( 0.0 ≤ � ≤ 0.5 ) hybrid nanoliquid exhibits less ther-
mal profile as compared to ordinary nanofluid. But, injec-
tive texture provides such effect slightly long. That means 
hybrid nanofluid continues to consume less temperature 
slightly away from the surface ( 0.0 ≤ � ≤ 2.0 ) during injec-
tion. After that, opposite situation comes into view. Nusselt 
number increases for Bi. Table 5 depicts 69.17% increment 
in heat transport for usual suspension, where it is 74.25% for 
hybrid nanofluid. The same is shown in Fig. 6b. The pres-
ence of heat source in Fig. 19a confirms thermal enhance-
ment for both fluids. Near the surface, effects are striking. 
Also, here hybrid nanofluid explores impressive enhance-
ment as compared to usual one. On the other side, heat sink 
in Fig. 19b demonstrated totally opposite outcomes. Reduc-
ing scenario is not so distinct inside the boundary region. 
Table 5 and Fig. 6c declare that heat transmission gets 
decreased for heat source. Figure 6c describes that at the 
beginning reduction rate was high for hybrid nanosolution, 

but at high intensity of heat source reverse consequences are 
perceived. Thus, for high magnitude of heat source hybrid 
nanofluid would be promising in cooling process.

Effect of nanoparticle concentration 
(
�1

)

Figure 20 explores the nanoparticle concentration effect on 
the velocity for suction and injection. In both cases, velocity 
gets flourished in response to the addition of tiny ingredi-
ents within the host fluid. Slightly away from the surface 
( 𝜂 > 1.5 ), minor effects are detected. When concentration 
values are changed from �1 = 0.15 → 0.25 , then slightly 
high fluctuation is achieved for hybrid nanofluid as com-
pared to usual one. Skin friction is enhanced for such addi-
tion of tiny particles as given in Table 4. Temperature in 
Fig. 21 responds well for both suction and injection. Tem-
perature increases for both forms of texture. As expected, 
hybrid nanofluid gets higher temperature because of double 
metallic ingredients inside the fluid. Near the vicinity, slight 

Fig. 18  Effect of Bi on tem-
perature

η
0 1 2 3 4

0

0.04

0.08

0.12

0.16

0.2

0.24

0.28

0.32

B i  = 0.3,0.6,1

LSlip= M = N = S = 0.2 ,K = 5
θw = 1.2, φ1 = φ2 = λ = 0.1 θw = 1.2, φ1 = φ2 = λ = 0.1

Suction(a)

η
0 1 2 3 4 5 6

0

0.13

0.26

0.39

0.52

0.65

B i = 0.3,0.6,1

LSlip = M = N = 0.2, K = 5, S = –0.2

Injection(b)

θ(
η

)

θ(
η

)

Hybrid-nanofluid

Nanofluid
Hybrid-nanofluid

Nanofluid

Fig. 19  Effect of � on tempera-
ture
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reverse trend is marked for hybrid nanofluid during injection 
as shown in Fig. 21b. Heat transfer increases for both fluids, 
but faster enhancement given in Table 5 is for hybrid nano-
fluid as compared to the other. Hybrid nanofluid explores 
0.83% increment, where conventional nanofluid declares 
0.57% increment.

Conclusions

We investigated numerically a steady incompressible flow 
comprising hybrid nanofluid over a permeable bended 
structure of radius R . Ferrous and graphene nanoingredi-
ents along with water as base medium are considered as 
host fluid. Nonlinear thermal radiation and surface slip have 
been incorporated in this study. Additionally, the presence 
of heat sink/source is also guessed to be within the system. 
Shooting-based RK-4 scheme was employed to reveal the 
hydrothermal outcomes. Based on our study, the key points 
of the present analysis are highlighted as:

• The increment in magnetic parameter, suction and 
slip parameter leads to the diminution of flow veloc-
ity, while curvature factor, injection and nanoparticle 
concentration uplift it. Hybrid nanofluid exhibits com-
paratively higher-velocity profile than conventional 
nanofluid.

• Skin friction increases for magnetic parameter, suction 
and nanoparticle concentration, but reduces for curvature 
parameter, slip parameter and injection. Result depicts 
that highest increment in skin friction is produced by 
magnetic parameter and it is 32.03%. Also, usual nano-
fluid provides higher increment as compared to hybrid 
nanofluid. Thus, texture of the surface will be more drag 
affected for usual nanofluid. For magnetic field, it is 
almost 36.07%. Also, low reduction rate in skin friction 
is always produced by usual nanofluid. Highest reduction 
rate is marked for slip parameter where hybrid nanofluid 
conveys 62.35% reduction.

• Curvature parameter and heat sink decline the temper-
ature, whereas others explore the opposite effect. The 

Fig. 20  Effect of �1 on velocity
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Fig. 21  Effect of �1 on tem-
perature
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presence of double additives increases temperature pro-
file for hybrid nanofluid as compared to usual one.

• Magnetic parameter, velocity slip, injection and heat 
source reduce the heat transfer, while rest of the param-
eters fosters it. Our analysis portrays that hybrid nano-
fluid illustrates higher heat transport than conventional 
nanofluid. Cooling process becomes effective for hybrid 
nanofluid because of double tiny metallic nanoparticles. 
Impressive enhancement is assured for Biot number. For 
hybrid nanofluid, Biot number explores 74.25% incre-
ment and usual nanofluid conveys 69.17%. After that, 
radiation parameter and suction are the most influencing 
factor in heat transport. The result communicates that 
usual nanofluid fosters the reduction rate. Slip parameter 
assures highest reduction and it is almost 6.25%.
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