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Abstract

Bio-suspensions have been engaged in bio-reactors, bio-petroleum energies, particular drug release, contrast enrichment
for magnetic resonance imaging, removal of tumours, synergistic effects in immunology and many more. Bioconvection is
created by collective swimming of motile microorganism; these self-propelled motile microorganisms increase the density
of base fluid. This article scrutinizes transverse bioconvective flow of Casson magnetic nanofluid with partial slip and role
of Newtonian heating. Considering appropriate scaling conversions-governed problem is altered into a set of coupled non-
linear ordinary differential equations and solved via Keller box algorithm. Graphs are plotted for different pertinent physical
parameters to analyse behaviour of fluid and heat transfer properties. It is noted that volume fraction of gyrotactic microor-
ganism declines against Prandtl number Pr, bioconvection Lewis number Lb, Peclet number Pe and bioconvection constant o.
Moreover, density of the motile microorganisms rises for bioconvection Peclet number Pe and bioconvection Lewis number
Lb. For bioconvection constant, density of motile microorganism rises in free stream and boundary layer density decreases
so volume fraction of gyrotactic microorganism also shrinkages.
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Introduction

Bioconvection is the spontaneous design structure in sus-
pension of bacteria which are slight thicker in comparison
to water. Due to collection of microorganisms, top layer
which is much thicker becomes destabilized. This technol-
ogy is highly beneficial in bio-reactors, petroleum chamber
machinery and bio-petroleum energies. Platt [1] practises
the term bioconvection that is actually latest secondary cat-
egory of biology and fluid mechanics. He uses bioconvection
themes, used in cultures of free spinning organisms and the
high concentrated patterns used in fertilization. Miscellane-
ous readings have recognized the excellent presentation of
magnetic nanofluid suspensions in which nanoparticles are
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of the same order of magnitude as in chromosome or in pro-
teins. In recent times, magnetic nanoparticles that are based
on bio-suspensions have been engaged in particular drug
release, contrast enrichment for magnetic resonance imaging
(MRI), removal of tumours which are excited through a mag-
netic field by a frequency identical forfeiture heights, syn-
ergistic effects in immunology, cure of asthma by magnetic
nano-suspensions where surface tension is acute [2]. Bees
et al. [3] study nonlinear arrangement of yawning, stochastic,
gyrotactic bioconvection. He used nonlinear equations for
fully suspended gyrotactic bioconvective fluid, which are
actually developed by Pedley and Kesslar in 1990s, Bees
et al. used the assumption of steady state and travelling wave
solution for large plume structures. Kuznetsov [4, 5] investi-
gates the effect of cell deposition on bioconvection and nega-
tive geotactic microorganisms in a permeable surface. Nield
[6] mentioned his problem that bioconvection in a parallel
layer over a fully porous sheet. He added Gyrotactic effects
he employed the Darcy flow model assuming that biocon-
vection Peclet number is not greater than one. Waqas et al.
[7] studied induction of motile microorganism in stabilized
nanoparticles under the influence of magnetohydrodynamic
in porous medium. Waqas et al. [8] investigated modified
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second-grade fluid with suspension of nanoparticles; they
also used concept of microorganisms to study heat and mass
transfer. Nguyen-Thoai et al. [9] estimated the expedition
of the discharging process with the use of aluminium oxide
nanoparticles in Y-shaped fins. Tlili et al. [10] interpreted
free convective hybrid nanofluid flow with water as base
fluid in permeable sheet; finite element method for control
volume is used with influence of MHD. Alamri et al. [11]
discussed effects of heat transfer with magnetic field and
porosity for Buongiorno’s model under the influence of
Stefan blowing in a channel. Ellahi et al. [12] developed
an original mathematical model for electro-osmotic flow of
Couette—Poiseuille nanofluid (with power law fluid as base
fluid). They also discussed explicit convergence analysis of
all acquired solutions by using recurrence formulae. Khan
and Makinde [13] numerically examined the magnetohydro-
dynamic laminar boundary layer of water-based nanofluid
with mixed convection. Mutuku et al. [14] considered MHD
flow with bioconvection, in which nanofluid contains water-
based nanoparticles and motile microorganisms travelled
on a porous vertical moving sheet. They generate biocon-
vective nanofluid with combination of magnetic field and
resistive forces and in the presence of nanoparticles with
motile microorganisms. Akbar [15] discussed bioconvective
peristaltic flow in an asymmetric channel filled by nanofluid
based on gyrotactic microorganism. Raju and Sandeep [16,
17] investigated numerically magnetohydrodynamic Casson
fluid and its heat and mass transfer features of gyrotactic
microorganisms on a vertical rotating plate in permeable
sheet and they established a mathematical programming for
analysing all properties of fluid with bioconvective rotating
flow on a spinning plate along the assumption of nonlinear
thermal radiation and biochemical changes.

A point on surface of any object, where velocity of the
fluid becomes zero, is recognized as stagnation point and
flow surrounded by this point, is stagnation point flow. Air
strikes on an aircraft wing, blood flow at intersection of a
blood vessel or a moving cylinder dipped in fluid are exam-
ples of this type of flow. 2-D stagnation point flow is most
widely investigated in fluid mechanics. Vajravelu and Had-
jinicolaou [18] found that flow is under influence by free
convective currents and heat generation\absorption with
the condition of temperature dependence at an electrically
conducted wall. Wu et al. [19] argued the importance of a
non-orthogonal plate with heat transmission of mixed con-
vective in a parallel station. Stagnation point flow of Max-
well fluids is computationally investigated by Sadeghy et al.
[20]. Ishak et al. [21] mixed convection of the stagnated
flow on a stretched vertical porous pane. Yian et al. [22]
discussed the mixed convection flow near a non-orthogonal
stagnation point on a stretched straight surface. Harris et al.
[23] examined the stagnation point boundary layer flow on
a non-horizontal wall for mixed convective spongy surface.
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Casson fluid is most simple and basic non-Newtonian
fluid model, first derived by Casson [24] in 1959, in which
he shows that the rate of strain and stress relationship is
nonlinear. Casson fluid model is most attracted shear thin-
ning liquid, and many researchers investigated its boundary
layer flow with several physical characteristics as homog-
enous—heterogeneous effects and slip conditions [25-29];
all these studies are related to boundary layer flow on a
stretched sheet for Casson fluid without aligned magnetic
field. Some applications of Casson fluid, used in industrial
pharmacological goods, coal in liquid, china clay, tints,
artificial oils, and organic liquids just like synovial liquids,
fertilizer slop, gelatin, tomato mush, bee honey, broth, and
plasma blood for its fibrinogen and protein.

Heat transmission is used extensively in many industrial
and engineering applications like nuclear and space cooling
reactors, biomedical presentations and many others. Mag-
yari et al. in [30] examined heat and mass transmission in
boundary layers on an exponentially stretched sheet. These
types of studies involved uniform heat transfer are discussed
by Aziz [31] and Magyari [32]. Ishak [33] reviewed Aziz’s
effort, with some addition of suction\injection on levelled
sheet. Nadeem et al. [34, 35] conferred oblique stagnation
point flow for two types of nanofluid water and kerosene,
in which Cu nanoparticles are used, with effects of partial
slip. Riaz et al. [36] investigated the influence of bio-heat
and mass transfer in peristaltic motion of an Eyring—Powell
fluid in 3-D rectangular cross section. Rashidi et al. [37]
developed economical efficient system by enhancing rate
of heat transfer without dropping the over-all productivity
of the conservation systems. This effect has been widely
studied [38—44].

In these days, nanofluid is replaced by microorganisms
to study heat transformation. Since nanoparticles have ther-
mophoresis and Brownian motion, there is no movement of
microorganisms in nanoparticles. Thus, many researchers
are attracted due to its use in health purification ploy skills
and bacteriological petroleum cell machinery. Quite a few
scientists made an effort to add this type of research with
different aspects as mentioned above.

Since bio-microsystems are widely used for improvement
of mass transport in industries so in this study oblique bio-
convective flow of Casson magnetic nanofluid with partial
slip and Newtonian heating effects are considered. Here, it is
focused on behavioural physiognomies of gyrotactic micro-
organisms which depict their character in heat and mass
transfer in the presence of magnetohydrodynamic (MHD)
forces in Casson nanofluids. Magnetohydrodynamics (MHD)
with bioconvection heat transfer flow over a stretched sheet
is of significant attention in the practical fields due to its
application in manufacturing and engineering technol-
ogy. These applications contain biological transportation,
micro MHD drives, liquid metal fluid and astrophysical
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problems like sun-spot model, motion of inter-stellar gas,
intercontinental ballistic missiles. This study of bioconvec-
tion Casson fluid with effects of Lorentz force is applicable
in bio-nanopolymer developments and industrial progres-
sions. Using appropriate similarity conversions-governed
problem is changed into a set of nonlinear ODEs and solved
via Keller box algorithm. Graphs are plotted for different
pertinent physical parameters to analyse fluid flow. In order
to analyse bioconvective flow features, relevant parameters
like bioconvection Lewis number Lb, traditional Lewis num-
ber Le, bioconvection Péclet number Pe, Brownian motion
parameter Nb, thermophoresis parameter Nt and Hartmann
number M were graphically analysed. Major findings addi-
tionally show a substantial consequence of Newtonian heat-
ing over a stretching sheet by investigating the coefficient
values of skin friction, local Nusselt number and the local
density number.

Physical modelling of mathematical problem

Casson fluid is one of the simple shear thinning fluids. Mer-

none and Mazumdar [45] gave tensorial form of the stress

strain relationship as S =-pé; + 2/4(]2)Ui-, where
_ 1V . . .

2u (Jz) = [\/ﬁ + %FZ] apparent viscosity, S is Cauchy

stress tensor, p is pressure term, &; is the Kronecker delta, 7,

Fig. 1 Geometrical depiction
of model

U—sax+by, T=T,,C=C,

is yield stress, # is known as Casson coefficient of viscosity,

1( ou; ou;
U.=L(% 4%
y 2\ ox; + ox;

known as second invariant of a tensor.

A two-dimensional, steady bioconvective oblique stag-
nated stream of Casson nanofluid comprising gyrotactic
microorganisms’ on mixed convective stretched sheet is
taken into account. Magnetic field of uniform strength B,
is imposed with partial slip and Newtonian heating. It is
assumed that surface is located at x-axis shown in Fig. 1,
having velocity in this direction is u,, = ax + ug, where u
is velocity at slip. Considering couple of balanced forces
applied in opposite directions with free stream velocity
uy, = b;x + b,y, bioconvection excites the flow by suspend-
ing a shrill layer of nanoparticles to avoid suppressing bio-
convection. Under these assumptions, the governing model
becomes [2]

) is deformation tensor and J, = %Uij Uij is

Ju*  ov*

+ =0,
o T oy )
* * a *
ox* ay*  pox* p
* O-eB(z) * (2)
+glﬁT(T _Too)__u 5
p
y Nanoparticles
A microscopic view

uy=cx, T=T,,¢c=¢,

Non-orthogonal
stagnation Point
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The consistent boundary conditions are [35]

ov*
u* = ax* +N0,uB<1+ ><0y e

) =0 hen y* =0
. when y* =0,
I — _h(T*), c* =c,,

o n* =n,,
)
M* = bl.x* + be*’ T = T°o9 C* = Cooo 8
n* - n,, when y* — oo, ®)
x= )C*\/E, \/7 = y* 1 ,
N . Vs
p:;, T_ Co—Coo nznw—nm'
9

Here, above mentioned terms means u* and v* x- and
y-component of velocity,
v kinematic viscosity, p* pressure, p density, 7" tempera-

ture, f = pug+/27, /py Casson ﬂurd constrarnt pr thermal

165*T
expansion constant, @ = ”L + = thermal diffusivity, 6*

3uC K*
Stefan-Boltzmann constant, C, specrﬁc heat and T, tem-
perature of fluid away from the wall.
Putting Eq. (9), into Egs. (1)—(8), we get

ou @_0

ox  dy ’ (10)
ou ou 1 5 op
—4v—=(14=)Vu+ AT —Mu— —,

“x oy < ﬁ) ! 47 ox an
uﬂ+vﬂ— 1+l V2v—a—p 12
ox  dy g ay’ (12)
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oT  oT 1, T aC oT

9 v = VT 4T+ N2 % N

“ox TVay TP dy dy <ay>
(13)

0x dy LePr\oy? Nbgy? (14

u@+va—n— ! 02_n_Pe a—n%+(n+a)&
Lb Pr| 0y? y 2 )|

u=x+6<1+ )( +d"> v=0,
B/ \ox = oy aty — 0. (16)

?3: —-o(1+T), c—-1, n-1

T—-0, ¢c—-0, n—-0, aty— oo,

a7

u=yx+7vy,

where A =
2

M= o.B;
pa

is the mixed convection parameter,
Qo

8161(Ti-Ty)
ay/va

LY = 1s heat genera-

tion/absorption parameter Prandtl number 1s Pr = Lewrs
number is Le = D , Peclet number is Pe = D, We Lb = D— is

B
bioconvection Lewis number 6 = Nyp+/av is velocity slip

parameter, w = hyy/~ is Newtonian heating parameter,
a
by : . . b .
y) = —is stretching ratio, and y, = -2 represents obliqueness
a a
D (T;-T,,)

of the flow. Sc = Le Pr is Schmidt number, Nt = o

Dy(Cy—C..) . )
p(CuCo) is Brownian
Vv

is thermophoresis parameter, Nb =

motion parameter, and ¢ = is bioconvection constant.

w™ oo

Stream function transformation is [35]

_ Oy oy
u=—>, v=-—- (18)

Substituting Eq. (18) in Egs. (10)-(17), we get

1
1+
-(1+3)
3 Sy
v L0V - mY,
0yox* ~ 0y? ay’

oy 92 oy 02 [7) 9’ 9’
_w_w__w_w+_l’<1+1><__w_ W>

ow Oy

oy 0%y Lo op
dy dxdy

Oox dy*  Ox

19)

Ox 0yox Ay ox*  dy B ox®  0y*ox
(20)
9 9 2 2
_Wa_T — _Wa_T a T + a_T + ]/T
dy 0x  0x dy Pr o2 0y2
2D
L0 (21
dy dy ay
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ox dy -

Oy dc  dyodc _ 1 02
ayax Sc

RGPS Nt 9°T 22
Nb 0y 22)

9 9 2, 2
dyon _dyon _ 1 <a Pe{%‘l”.,.(n_,_o-)ﬁ})’
y oy y

dy ox oxdy LbPr 0y? dy 0 0y?
(23)
s ces(res)(22-22)
av’ ar o aty=0 24
ax—o a—y=—a)(1+T), y=0. (24)
c=1, n=1,
oy
a—y:y1x+y2y, T—-0, ¢c—>0, n—>0, aty-— oco.
(25)
Eliminating pressure term from Egs. (19) and (20),
o(w, Viy 0>
(1 + 1>v4y/+ v Vi) 2L =¥ =0, @6
B a(x,y) dy dy
Redefining the stream function as [35]
vy =xf () +80, Ty =0, o
cxy)=e®), nxy =xQy).

Putting Eq. (27) in (21)—(26),and on simplifying, we have

(1 + %)f’”—Mf’ +" = (1) +B, =0, (28)
(1 + %)g'” —Mg' —f'¢" +fg" + 40+ B, =0, 29)
0" +Pr (f0' + y0 + Nbo' ¢’ + Nt6'?) = 0, (30)

"y %9" +Scfg =0, 31)
2 =Pe(y ¢ + xo" +0¢") +LbPrfy =0, (32)

and boundary conditions become

fO=0. FO=1+6(1+1)"0). §©O=

5(1 + é)g”(O), }

0'0) = —w(1+6(0), @O =1, x0) =1,

(33)
fl(@)=7. g0 =1y asy— cbd(c)—0, 34
@(c0) = 0, y(c0) = 0}
where B, and B, are constants of integrations,
By =y{ + My, B, =p,(My=-A). (35)

Introducing
Le) = 1,hty)
dyg ) = hly), (36)
Substituting Egs. (35)-(36) in Egs. (28)-(29), we have

<1+%>f”’—Mf’ + " - (f’)2+y12+M}/l =0, (37)

<1+l>h” Mh+ fn' — fh+ﬁ+My A=0, (33
p 72
0" +Pr(f0' + y0 + Nbo'¢’ + Ntg'?) =0, (39)
" Nt " ’
—0" +S =0,
+ Nb + Scfo (40)
7' =Pe(y' ¢ + x¢" +0¢") +Lb Prfy =0. 41)
Subject to BCs

f0)=0, f0) =1 +5(1 + /lj)f"(O), h(0) = 5(1 +1 )h’(O) }
0'(0) = —w(1+6(0)), @O0 =1, x0O =1,
(42)

H(o)=1, 6(c0) =0, @(c0)—=0,y(c0)— 0.

(43)

f’(oo) =71

Here, (.)’ means derivative with respect to y.

Physical magnitudes

Practical magnitudes of attention for industrial and engi-
neering purpose are local skin friction coefficients, reduced
Nusselt number, motile microorganism’s density number and
Sherwood number are

1
Ty = (1 + E) [ (0) + r2H' (0], (44)
1 1
Nu, = —(Pe,)26'(0), Sh, = —(Pe,)?¢'(0),
1 (45)
Nnx = _(Pex) : )(’(0)7
where (Pex)% is the local Peclet number.
The stagnation point x, is
=11 (0)
"= 0 o
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Computational algorithm

Coupled nonlinear equations presented through (37)-(41)
and boundary conditions (42), (43) are solved through Keller
box method, the procedure is given below but the detailed
calculations of governed problem with Keller box method
is presented in the “Appendix” section. The prevailing non-
linear higher-order ODEs are primarily malformed into
scheme of ODEs of first order by defining new independent
variables. Then, developed a finite difference scheme using
central differences, the derivatives involved in governed
system have been estimated through central difference gra-
dient scheme, while averages are taken at mid points. Now
convert the governed system into discretized form of equa-
tions which are nonlinear algebraic equations and linearized
through Newton iterations and convert these linearized sys-
tems into matrix forms and solved the system by LU factori-
zations. Numerical solutions and their graphical results are
obtained via of Matlab with tolerance of 107°.

Stability and convergence

The stability of Keller box method can be obtained by reduc-
ing nonlinear ODEs (37-41) into linear ODEs by using
Newton quasi-linearization technique. By discretizing the
quasi-linear first-order system of Egs. (48-52). To observe
stability of set of Eqs. (67-78), Von-Neumann stability
scheme is applied. Matrix vector form is obtained as men-
tioned in Eq. (79), where A is 11 X 11 matrix and stability is
determined from the eigenvalues of A. Condition of stability
can be obtained from those nonzero eigenvalues which are
less than or equal to one.

A standard KBM (Keller box method) is of order two
accuracy so it is reliable with present method as we discre-
tize the present problem by using standard KBM with LU
factorization. By using finite difference scheme, approxi-
mation of a system becomes convergent if solution of finite
difference scheme converges to some value when their incre-
ments approaches to zero.

Results and discussion

This segment depicts the results to debate performance
of numerous constraints for typical profiles like velocity,
temperature, concentration of motile microorganisms. Few
are surveyed for heat and mass flux also showed fallouts in
tabular arrangement. The macroscopic convective motion
of fluid caused by the density gradient is known as biocon-
vection and is created by collective swimming of motile
microorganism.
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Figures 2-5 depict velocity contour f’(y) and /' (y) against
velocity slip parameter 6 and magnetic field parameter M.
We can see that with arise in velocity slip parameter 6, nor-
mal velocity as well as momentum boundary layer thick-
ness cuts down; see Fig. 2, because under slip condition the
pulling of stretching sheet can only be partially transmitted
to fluid so viscous effects dominants and also it is along
the direction of the flow so it decreases the flow velocity.
Dg force can be determined at very low magnetic field
and when magnetic field is increased then magnetic forces
among the particles become the main force, also since mag-
netic field consists of Lorentz force which acts as resisting
force towards flow of fluid so similar kind of behaviour is
noted for magnetic field parameter M on normal velocity,
i.e. decreasing as seen in Fig. 3. It is seen in Fig. 4 that for
increasing values of slip parameter 0, transverse velocity
declines because it is become the reason for reduction in
penetration of stagnation surface through boundary layer.
Also, it becomes noticeable that rising vales of magnetic
field parameter M, transverse component of velocity declines

0.7
0.68 M=05,1=05,y=0.1, 71=0.5, y2=2.0,
0.66 Sc=0.1,Pr=6.2,Pe=0.1,Lb=0.1,
6=01,0=0.1,8=0.2 Nb=0.1, Nt=0.1.
0.64
0.62
= osf
" 058 ) 5=05,1.0,2.0, 4.0.
056, h
054}
052}
05
0 2 4 6 8 10

Fig.2 Normal velocity f’(y) for velocity slip parameter &

0.7 §=05,1=057=01,7,=05,7,=05,

Sc=0.1,Pr=82,Pe=0.1,Lb=0.1,
0=01,0=01, =02, Nb=0.1,Nt=0.1.

0.65 |4

M=0.1,1.0,2.0, 4.0.
0.55

0.5 : i

Fig.3 Normal velocity f(y) for magnetic field parameter M
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§=05,1.0,2.0,4.0

M=05, 4 =05, y=0.1,7,=05, 7,=20, |
Sc=0.1,Pr=6.2,Pe=0.1,Lb=0.1,
=01, =01, =02 Nb=0.1,Nt=0.1.

M= 0.1,1.0, 2.0, 4.0.

6=0.5,1=05, y=0.1, y1=0.5, }/2=0.5,
Sc=0.1,Pr=8.2,Pe=0.1,Lb=0.1,
c=01, ©=0.1,8=0.2,Nb=0.1,Nt =0.1.

y

Fig.5 Transverse velocity 4’ (y) for magnetic field parameter M

3 T T T T
M=051=05y=01,7, =05,
25, 7,=05,8c=0.1,6=05,Pr=12, 1

% Pe=01,6=01,Lb=01,8=02 Nb=0.1Nt=0.1.
2F * 1

5 *, ©=01,0203 04.

Fig.6 Temperature (y) for Newtonian heating parameter @

close to wall while rises when gone far away from wall, actu-
ally magnetic field parameter grows a resistant force, called
Lorentz force which acts in reversed direction to flow field
and boosts the thermal boundary layer thickness.

In Fig. 6, temperature profile 8(y) increases for New-
tonian heating parameter w, as it is directly proportional
to heat transfer coefficient. Figures 7-10 show that profile

M=05, A=05,7=0.1,7,=05, 7,=05,
Sc=01,8=050=0.1,Pe=0.1,0 =01,
Lb=0.1,=0.2 Nb=0.1, Nt=0.1.

x(y)

04f Pr=1.0, 2.0, 4.0, 8.0.

15

M= 0.2,/’L=0.5,j/=0.1,;/1 =1.5, Y, = 0.5,

Sc=0.1,6=05,Pr=02 Pe=02, ¢ =0.1,
0.8 ®=01, =02 Nb=01,Nt=0.1.
< 06 Lb=0.1,0.2,0.3, 0.8.
x
0.4
0.2
0
0 5 10 15

Fig. 8 Microorganism profile y(y) for bioconvection Lewis number
Lb

M=02,4=057=057=157,=01,
Sc=01, §=01,Pr=12,Lb=0.1, ¢ =0.1,
®= 0.1, =05 Nb=0.1, Nt=0.1.

0.8 J

0.6 E
S
N Pe=0.1,0.4,0.8, 1.1.

0.4

0.2

0 )
0 2 4 6 8

Fig. 9 Microorganism profile y(y) for Peclet number Pe

of volume fraction of gyrotactic microorganism y(y). It is
observed in Fig. 7 that volume fraction of gyrotactic micro-
organism declines for Prandtl number Pr, and Fig. 8 shows
that volume fraction of gyrotactic microorganism drops
for bioconvection Lewis number Lb, also in Fig. 9 for bio-
convection Peclet number Pe volume fraction of gyrotactic
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M=02,1=05,7=01,7,=15,
7,05,8c=01, §=05,Pr=01,

Pe=02, Lb=0.1,0=0.1,4 =0.2,Nb=0.1, Nt=0.1. ]

0=0.1,08,1.5,25.

25

Fig. 10 Microorganism profile y(y) for bioconvection constant ¢

Surface skin friction
coefficients

0.2655
mS =05

m5=15

0. 117537%5! a7

@ = 145
6=05

5=3.0 m5=30
§=3.

Fig. 11 Surface skin friction coefficients for velocity slip parameter 6.

microorganism shrinkages since Peclet number is fraction of
thermal energy through convection to conduction so when
Peclet number rises it means that energy through convection
rises which implies that fluid get energized and concentra-
tion boundary layer thickness shrinkages. For bioconvec-
tion constant o, volume fraction of gyrotactic microorganism
reduces as shown in Fig. 10 when bioconvection constant
rises it implies that density of motile microorganism rises
in free stream and boundary layer density decreases which
results in volume fraction of gyrotactic microorganism
shrinkages. Bioconvection Lewis number Lb decreases the
mass diffusivity which implies the decrease in thickness
of concentration boundary layer actually, Lewis number is
defined as fraction of thermal to mass diffusivity, as it grows
thermal diffusivity becomes large and mass diffusivity small,
which results in diluent concentration boundary layer. Fig-
ures 11-14 give graphical description for surface skin fric-
tion, local heat, mass and density number. It is considerably
noted in Fig. 11 that both skin friction coefficients, normal
as well as transverse decrease for slip parameter 6. heating
source and sink parameter y heat flux —6’(0) at the surface
and density number —»’(0) at the surface rises but mass
flux —¢’(0) at the surface declines, see Fig. 12. The conse-
quence of the parameter replicates that high diffusion of the
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Fig. 12 Local heat, mass and density for Heating source and sink
parameter y.
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Fig. 13 Local density number for Peclet number Pe
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Fig. 14 Local density number for bioconvection Lewis number Lb

nanoparticles occurs because of the adding of microorgan-
isms. Figure 13 shows that with an increase in bioconvection
Peclet number Pe local density number — ¢’ (0) rises as Peclet
number is the ratio of thermal energy through convection
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to conduction so when it rise it means local density of mile
microorganism at surface also rises. Similar kind of result is
mentioned in Fig. 14 that local density number — »’(0) rises
for an increase in b convection Lewis number Lb.

Physical outcomes and novelty of the article

Bio-suspensions are highly beneficial in bio-reactors, petro-
leum cell machinery and bio-petroleum energies. Keeping
in view, the present study inspects bioconvective transverse
flow of a Casson magnetic nanofluid in influence of partial
slip and Newtonian heating effects. The physical problem
is transformed via scaling group of transformations which
is then tackled using efficient numerical scheme known as
Keller box method. The obtained physical results reveal
that volume fraction of Gyrotactic microorganism profile
declines, while density of motile microorganisms rises with
Lb and Pe. Heat flux and density of motile microorganisms’
increase, while mass flux declines for heat generation y.

Appendix
The detail calculation of governed problem via Keller box
method is described below.

Presenting subsequent replacements in system of
Egs. (37)—(43),

f/ — U, f” — U/ = V, f/// = UH — V,,
W= w, W o= W’, 0 = s, 9" = S’, (47)
¢/ — t, ¢H — t,, xl =z X” — Z’~

The following scheme of ordinary differential equations
of order one with initial conditions,

1\, ?
<1+E>V —MU—U2+fV+<g) +My, =0,  (48)

(1+%>w’—Mh—Uh+fw—i+A—My=0, 49)
%)

s’ + Pr(fs + y0 + Nbst + Nts? = 0, (50)

1+ Scft — %(fs+y9+Nbst+Nts2) =0, (51)

7 —Pezt — Pe Pr %(;{ +0)(fs + 70 + Nbst + Nts?)

(52)
+ PeSc(y +0)+LbPrfz=0.
Using central difference scheme,
7’0 = 07
n=n_+d, j=1<j<oo, 53)
VIJ = rloo'

Discretization of Eqs. (48)—(52) takes the following form

w = Uj-172 o
M%j"j—l) o (59)
( —djwj—l) b (56)
(s, ‘djsj—l) =0, (57)
(1 _djtj_l) . (58)

(60)

j I ' (61)

(62)
Nt 2
(5.11) - Nt <]§_%sj_% + yej_% + Nbsj_%tj_% + Ntsj_%>
+ Scf_it._1 =0,
=33
(63)
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Nt
(ZJ_ZJ )—Pezj_%tj 1 PePrNb<;( 1+o>
fis_1+y0._1 +Nbs._it_1 +Nts® |
17207 172 173073 =3

+ PeSc(;(J 1+6>t L+ LbPf 171 =0,
(64)

where
Ot =5 (O +Opt). (65)
Using Newton iterations defined below, nonlinear

Egs. (60)-(64) can be linearized as:
For (i + 1)th iteration,

fr=fl+of], et (66)

Using Egs. (66) in (54)-(64) and ignoring second and
above order factors in 6]?", we get a linear tri-diagonal

system:

—a, <3Uj + SUH) + <SJ§ - Sjg_1> = (r1);-s» (67)
—aj<5Vj +5Vj-1> * <3Uj - SUJ_I> =(n)i 68
(€ 3%+ (3%, - (@), (50 + 50,

ry). % (69)
<5hj - S‘hj_,> —q <5wj + Swj_1> = (r4);, (70)
A <5vj - 5vj_,) ~ (&), <5hj + shj_1>
+ (al)j <<§wj + gwj_l> - (a4)j <3UJ + SUJ-_1>

+ (a )<5f+6f ) (¢ )(5e+59 > (7).

(71)

(59 - :saj_1> 4 (ssj ¥ ssH) = (r), )
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(§S)j5sj + (C(,)szJ_l +

(¢7); (S]g + ZSfj_l) +(¢s); <59j + Saj_l>

# (o) (3351 ) = (),

(73)

<5¢j - S6"1”j—1> - (al)j<3tj +3tj—1> = (rs);: 74

(¢10);6¢; + (€11);005-1 + (C12), <55 + 85 >+(C|3)j(3fj+3fj—1>

+ (@14%(565 +50j_1) = (rg)j,
(75)

(S,{] bl 3%—1) bl (al)j <SZ_] + SZ]-I) = (rlo)j, (76)

(CU) <6t +6t 1)
+ (Clg)j<5sj +Ssj_1> + (Clg)j<3)j +SJ§_1>
+ (CZO)J- <5}{J + S)ﬁ_]) + (Cg])j (gej + Sej_1> = (rll)j,

(Cls)jgzj + (Cm)ﬁ

(a7
f0)=0, U©O)=1+A,V(©0), h0)=Aw0),
¢0) =1, 50)=-w(+60), x0)=1,
0(0) =0, Ul() =A4;, ¢P(c0) =0, h(co)=1,x(c0)=
(78)
where
(rl)j =fi-1 = +dej—§’
(r2)j = Ui —Uj+4Vi_1,
(r3); = A1 (Vies = V) + Md,U,_ 1+dU2 —df 1V 1 =G,

V») +Md~h-_1 +dej—%hj—%

= Cidb_y — Mdyy,_ +A,
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Nt
(r7); = (-1 = 1) + Pr o difi- 18-

+Pryﬁdjﬂ + +NtPrdjs_,

Nt
+mPrds ;

(rS)j = d)j—l - d)J + djtj_%s

(Vg)j = (Zj—l ) Pedzj_lt

+ Pe Prd,
er]Nb

+ Pe Pr o-dv—bf_ls

15, 1
5 )

+ Pe Pr )/d ){_19_1
=3

2

b

+ Pe Pr yo-d 0. 1 +Pe Pr Ntdj)(j_ltj__ _
2 2

INb 12
2

+ Pe Pr d
’ bJ

—Pe Scodt.

1
2

(r0); = %1 = 25+ i3y
(CI)J :Al + (al)j’

(&), =-Ar + (@),

(&), = M2+ (@),

d d,
] ]
(¢),=1+Pr /i1 +Pr Nb=_1 +Pr Nidjs;

]

d d.
] J
(g“é)j =—14+Pr 3]3_% +Pr Nbfti—% +Pr Ntdjsj_%,

SCdj}g_%tj_%,

— Pe Scd;(J

2

L,
2

4
(&), =Pr>v,
J 2

)

d,
(Cg)j =Pr NbEsj_

1
2

]

d
(€10); =1 =Nt Pr—s, s

d.
(¢n);=-1-NtPros

27973

(¢2), = -Nt Prd (—f__ + =

2Nb™)

d,
(€13); = =Nt Pr =

di
+ SCEfj_%,

d
1+ SCEfj_%’

Nts )
L
21" N1 )

d;
1 +SC—[_1

2Nb 53 2073

(‘:14)j = —Nt Pr?’ﬁ7

d.
(Cis), =1+ Peétj_% +Lb Pr(q )j;g_%,

(516) —1+Pe(a,). i

4 4
(Cn)j = Pezzj_% —Pe Pr Nt2

(§18)j ZNbP

2Nb Pe

NbP

d
———Pe Pr Ntsj_l_fj_
2

() =~ 20

4,
— 2Pe Pr Nts.
5 Pe Pr Nts;_

]

dj
(S0); = ~ng e Pr Nt

d;
Pr Ntaf 1= EPe Pr Nt)(J 1t 1

+Lb Pr(ay) f_1.

1
2 =3

d; d,
_1S; 1+PeScz;( 1+PeScc73

R

Pr Ntz 1fi_s

=3

4
- ml}e Pr NtyGJ_%

=

l‘j_

151
2972

d.
]
}//l/_l_% - mPe Pr Nt]/,
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2<j<J _(rl)j—l/Z ]
(rz)j—l/Z
(00000-1 0 0 O 0 0 (r3)_12
000000 -4 0 O 0O 0 (ra) iz
00000 (a3); (&), 0 0 0 0 (rs)i10
000000 0 -¢ 0O 0 0 (] =] (r6)iypp | 1<i<d
00000 (as); =A; (a);0 0 0 (7)1-1)2
B;=[000000 0 0 -4 0 0 (rs)i_1)o
00000 (&), 0 0 (&) (&%), O (o)
000000 0 0 O —a O (rio)- /
00000 (63);0 0 (&) (¢n); 0 t )J—l/z
|\ 11172
000000 0O O 0O O —a;
(00000 (£0), 0 0 (&), (G7); (S6); | Consider
A =Lu, 80
2<j<J ) e
whnere
B 0 00 000000]| [ o 7
1 0 0 00 000000 [32 (]
~(&), 0 0 00 000000 :
0 1 0 00 000000 L= . .
—(ay); =(&); (&), 00 000000 :
E={0 0 1 01 000000 [y
0 0 (&), 00 000000 i [B)] o] .
0 0 0 10 000000 and
0 0 (cm)joo 000000
0 0 0 01 000000 111 (1] 1
[0 0 (£4);0(&);000000 | i [n)
2<j<J u=
5, 5U, 11 [134]
; ? i |
ow, 5hj—1
5s 50. Here, [1]is the unit matrix and [ai], [Fl] are square matrices
_ 0 . - of order 11 whose entries can be found as:
5t0 5¢j—1
SZo 5%‘-1 [0‘1] = [Al]’
sl=ls | l6|=lsr | 2<i<v
| i g ° llr] = [el.
5V, 8V,
oW, 5w, o] = [4] = [B][171]. j=2.3.....7
5S1 SS]
5, 5 wl[) = [c]. j=23..0-1
| 511 ] | SZj | Incorporating Eq. (80) into Eq. (79) yields
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LUS =,
let
Us=Ww, (81)
so that
LW =r,
where
_ W, _
W,
Ws
W,
Ws
W = W6 N
w;
Wy
Wy
W]
(Wil |

and [WJ] isall X 1column matrix. Elements of W are solved
from the following equations

] [Wi] =[]

(o] [Wi] = [1i] = [Bi] W]

Fj, a; and WJ are calculated by forward difference scheme;
then, using Eq. (35) 6 is obtained whose entries can be found
from following equation:

[51] — [w].

[Sj] =[w] - [r] [3j+1], J=23,..,J.

These calculations are maintained with tolerance of 107°.

References

1. Platt JR. Bioconvection patterns in cultures of free-swimming
organisms. Science. 1961;133(3466):1766-7.

2. Babu M]J, Sandeep N. Effect of nonlinear thermal radiation on
non-aligned bio-convective stagnation point flow of a magnetic-
nanofluid over a stretching sheet. Alex Eng J. 2016;55(3):1931-9.

3. Bees M, Hill N. Non-linear bioconvection in a deep suspen-
sion of gyrotactic swimming micro-organisms. J] Math Biol.
1999;38(2):135-68.

4. Kuznetsov A, Jiang N. Investigation of the effect of cell deposi-
tion and declogging on bioconvection in porous media. In: ASME

@ Springer

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

2002 joint US-European fluids engineering division conference.
2002.

Kuznetsov A, Jiang N. Bioconvection of negatively geotactic
microorganisms in a porous medium: the effect of cell deposition
and declogging. Int ] Numer Method H. 2003;13(3):341-64.
Nield D, Kuznetsov A, Avramenko A. The onset of bioconvec-
tion in a horizontal porous-medium layer. Transp Porous Med.
2004;54(3):335-44.

Wagqas H, Khan SU, Imran M, Bhatti MM. Thermally developed
Falkner-Skan bioconvection flow of a magnetized nanofluid in
the presence of a motile gyrotactic microorganism: Buongiorno’s
nanofluid model. Phys Scr. 2019;94:115304.

Wagqgas H, Khan SU, Hassan M, Bhatti MM, Imran M. Analysis
on the bioconvection flow of modified second-grade nanofluid
containing gyrotactic microorganisms and nanoparticles. J Mol.
2019;291:111231.

Thoia TN, Bhatti MM, Ali JA, Hamad SM, Sheikholeslami
M, Shafee A, Haq RU. Analysis on the heat storage unit
through a Y-shaped fin for solidification of NEPCM. J Mol.
2019;292:111378.

Tlili I, Bhatti MM, Hamad SM, Barzinjy AA, Sheikholeslami
M, Shafee A. Macroscopic modeling for convection of Hybrid
nanofluid with magnetic effects. Phys A Stat Mech Appl.
2019;534:122136.

Alamri SZ, Ellahi R, Shehzad N, Zeeshan A. Convective radiative
plane Poiseuille flow of nanofluid through porous medium with
slip: an application of Stefan blowing. ] Mol. 2019;273:292-304.
Ellahi R, Sait SM, Shehzad N, Mobin N. Numerical simulation
and mathematical modeling of electroosmotic Couette-Poiseuille
flow of MHD power-law nanofluid with entropy generation. Sym-
metry. 2019;11(8):1038.

Khan W, Makinde ODMHD. nanofluid bioconvection due to gyro-
tactic microorganisms over a convectively heat stretching sheet.
Int J Therm Sci. 2014;81:118-24.

Mutuku WN, Makinde OD. Hydromagnetic bioconvection of
nanofluid over a permeable vertical plate due to gyrotactic micro-
organisms. Comput Fluids. 2014;95:88-97.

Akbar NS. Bioconvection peristaltic flow in an asymmetric
channel filled by nanofluid containing gyrotactic microorgan-
ism: bio nano engineering model. Int J Numer Method H.
2015;25(2):214-24.

Raju C, Sandeep N. Heat and mass transfer in MHD non-New-
tonian bio-convection flow over a rotating cone/plate with cross
diffusion. J Mol. 2016;215:115-26.

Raju CS, Sandeep N. Dual solutions for unsteady heat and mass
transfer in bio-convection flow towards a rotating cone/plate in a
rotating fluid. Int J Eng Res. 2016;20:161-76.

Vajravelu K, Hadjinicolaou A. Convective heat transfer in an elec-
trically conducting fluid at a stretching surface with uniform free
stream. Int J Eng Sci. 1997;35(12-13):1237-44.

Wu HW, Perng SW. Effect of an oblique plate on the heat transfer
enhancement of mixed convection over heated blocks in a hori-
zontal channel. Int ] Heat Mass. 1999;42(7):1217-35.

Sadeghy K, Hajibeygi H, Taghavi SM. Stagnation-point
flow of upper-convected Maxwell fluids. Int J Nonlin Mech.
2006;41(10):1242-7.

Ishak A, Nazar R, Arifin NM, Pop I. Mixed convection of the
stagnation-point flow towards a stretching vertical permeable
sheet. Malays J Math Sci. 2007;1(2):217-26.

Yian LY, Amin N, Pop I. Mixed convection flow near a non-
orthogonal stagnation point towards a stretching vertical plate. J
Int Heat Mass Transf. 2007;50(23):4855-63.

Harris S, Ingham D, Pop 1. Mixed convection boundary-layer
flow near the stagnation point on a vertical surface in a porous
medium: brinkman model with slip. Transp Porous Med.
2009;77(2):267-85.



Bioconvection through interaction of Lorentz force and gyrotactic microorganisms in transverse...

2689

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Casson N. A new flow equation for pigment oil-suspension of
the printing ink type. In: Mill CC, editor. Rheology of disperse
systems. London: Pergamon; 1959. p. 84-104.

Mukhopadhyay S, Vajravelu K. Diffusion of chemically reactive
species in Casson fluid flow over an unsteady permeable stretching
surface. J Hydrodyn B. 2013;25(4):591-8.

Nadeem S, Haq RU, Akbar NS, Khan ZH. MHD three-dimen-
sional Casson fluid flow past a porous linearly stretching sheet.
Alex Eng J. 2013;52(4):577-82.

Pramanik S. Casson fluid flow and heat transfer past an exponen-
tially porous stretching surface in presence of thermal radiation.
Ain Shams Eng J. 2014;5(1):205-12.

Akbar NS. Influence of magnetic field on peristaltic flow of a
Casson fluid in an asymmetric channel: application in crude oil
refinement. ] Magn Magn Mater. 2015;378:463-8.

Ramesh K, Devakar M. Some analytical solutions for flows of
Casson fluid with slip boundary conditions. Ain Shams Eng J.
2015:6(3):967-75.

Magyari E, Keller B. Heat and mass transfer in the boundary lay-
ers on an exponentially stretching continuous surface. J Phys D
Appl Phys. 1999;32(5):577.

Aziz A. A similarity solution for laminar thermal boundary layer
over a flat plate with a convective surface boundary condition.
Commun Nonlinear Sci. 2009;14(4):1064-8.

Magyari E. Comment on “A similarity solution for laminar ther-
mal boundary layer over a flat plate with a convective surface
boundary condition” by A. Aziz, Comm. Nonlinear Sci. Numer.
Simul. 2009; 14: 1064—-8. Commun Nonlinear Sci Numer Simul.
2011;16(1):599-601.

Ishak A. Similarity solutions for flow and heat transfer over a per-
meable surface with convective boundary condition. Appl Math
Comput. 2010;217(2):837-42.

Nadeem S, Mehmood R, Akbar NS. Partial slip effect on non-
aligned stagnation point nanofluid over a stretching convective
surface. Chin Phys B. 2015;24(1):014702.

Nadeem S, Mehmood R. Akbar N S (2015) Combined effects
of magnetic field and partial slip on obliquely striking rheo-
logical fluid over a stretching surface. J] Magn Magn Mater.
2015;378:457-62.

Riaz A, Ellahi R, Bhatti MM, Marin M. Study of heat and
mass transfer in the eyring—powell model of fluid propagating

37.

38.

39.

40.

41.

42.

43.

44.

45.

peristaltically through a rectangular compliant channel. Heat
Transf Res. 2019;50(16):1539-60.

Rashidi S, Eskandarian M, Mahian O, Poncet S. Combination of
nanofluid and inserts for heat transfer enhancement. J Therm Anal
Calorim. 2019;135:437-60.

Abdelsalam S, Bhatti MM, Zeeshan A, Riaz A, Biag OA.
Metachronal propulsion of a magnetized particle-fluid suspen-
sion in a ciliated channel with heat and mass transfer. Phys Scr.
2019;94:115301.

Marin M, Vlase S, Ellahi R, Bhatti MM. On the partition of ener-
gies for the backward in time problem of thermoelastic materials
with a dipolar structure. Symmetry. 2019;11(7):863.

Szilagyi IM, Eero Santala E, Heikkild M, Kemell M, Nikitin T,
Khriachtchev L, Risdnen M, Mikko Ritala M, MarkkuLeskeld M.
Thermal study on electrospun polyvinylpyrrolidone/ammonium
metatungstate nanofibers: optimising the annealing conditions for
obtaining WO3 nanofibers. ] Therm Anal Calorim. 2011;105:73.
Yousif MA, Ismael HF, Abbas T, Ellahi R. Numerical study of
momentum and heat transfer of MHD Carreau nanofluid over
exponentially stretched plate with internal heat source/sink and
radiation. Heat Transf Res. 2019;50(7):649-58.

Asadollahi A, Esfahani JA, Ellahi R. On evacuation liquid coat-
ings from a diffusive oblique fin in micro/mini-channels: an appli-
cation of condensation cooling process. J Therm Anal Calorim.
2019;138:255-63.

Alamri SZ, Khan AA, Azeez M, Ellahi R. Effects of mass transfer
on MHD second grade fluid towards stretching cylinder: a novel
perspective of Cattaneo-Christov heat flux model. Phys Lett A.
2019;383:276-81.

Sarafraz MM, Pourmehran O, Yang B, Arjomandi M, Ellahi
R. Pool boiling heat transfer characteristics of iron oxide nano-
suspension under constant magnetic field. Int J Therm Sci.
2020;147:106131.

Merone AV, Mazumdar JNA. Mathematical study of peri-
staltic transport of a casson fluid. Math Comput Model.
2002;35:895-912.

Publisher’s Note Springer Nature remains neutral with regard to
jurisdictional claims in published maps and institutional affiliations.

@ Springer



	Bioconvection through interaction of Lorentz force and gyrotactic microorganisms in transverse transportation of rheological fluid
	Abstract
	Introduction
	Physical modelling of mathematical problem
	Physical magnitudes
	Computational algorithm
	Stability and convergence
	Results and discussion
	Physical outcomes and novelty of the article
	References




