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Abstract
The nature and properties of generalized Newtonian fluid flows are of the most significant phenomena applicable to engineer-
ing applications. But this particular portion of research work incorporates the importance of flow, heat and mass transfer 
analysis of non-homogeneous Sisko fluid transport model. The flow source in this study is assumed by the stretching and 
shrinking velocities of the sheet. Therefore, the influence of these two velocities creates a phenomenon of multiple solutions. 
The effect of magnetic field is another significant physical parameter in the flow analysis and has been considered in this 
study. Moreover, the impacts of variable thermal conductivity, mass diffusivity and suction/injection are also incorporated. 
The system of conservative governing partial differential equations are converted into a dimensionless system of equations 
by using the suitable transformations. The new system of equations along with the corresponding transformed boundary 
conditions are then solved numerically with the help of collocation method in Matlab. This method is a built-in approach for 
the solution of nonlinear boundary value problem. In comparison with other user-defined numerical approaches, this method 
is little bit fast and works accurately because this method uses finite difference method for modifying weak initial guess and 
the CPU timing is very small as compared to other built-in approaches. The present results are shown for the existence of 
multiple (upper branch and lower branch) solutions for a specific range of involved physical parameters. The critical values 
of shrinking parameter corresponding to suction parameter and Sisko fluid parameter are computed in the certain range of 
( 𝜒

c
< 𝜒 < 0 ). The behaviors of various dimensionless parameters on different profiles are discussed graphically. The increase 

in material parameter causes a reduction in skin friction for both cases, i.e., shear-thinning as well as shear-thickening fluids. 
The first and second solutions of temperature and concentration profiles, respectively, show increasing and decreasing trends 
for an increase in temperature and concentration time relaxation parameters.

Keywords Generalized Newtonian fluids · Shrinking surface · Variable thermal conductivity · Mass diffusivity: multiple 
solutions

List of symbols
A  Material parameter of Sisko fluid
B0  Magnetic field strength (A/m)
B(x)  Variable magnetic field
c  Constant

Cw  Wall species concentration (kgm−3)

C∞  Ambient concentration, (kgm−3)

D  Mass diffusivity (m2 s−1)

f  Dimensionless stream function
k  Thermal conductivity (W m−1 K−1)
M  Dimensionless magnetic parameter
n  Non-Newtonian power-law index
�  Similarity variable
�  Dynamic viscosity (Nsm−2)

�  Kinematic viscosity (m2 s−1)

�E  Thermal relaxation parameter
�C  Thermal concentration parameter
�1  Variable thermal conductivity
�2  Variable mass diffusivity
Pr  Prandtl number
s  Nonlinear stretching parameter

 * Jawad Ahmed 
 jawad.ahmed@uettaxila.edu.pk

1 Department of Mathematics, Quaid-i-Azam University, 
Islamabad 44000, Pakistan

2 Department of Mathematics, Shaheed Benazir Bhutto 
University, Sheringal, Dir Upper 18000, Pakistan

3 Department of Basic Sciences, University of Engineering 
and Technology, Taxila 47050, Pakistan

4 Department of Mathematics, Faculty of Science, King Khalid 
University, Abha 61413, Saudi Arabia

http://crossmark.crossref.org/dialog/?doi=10.1007/s10973-019-09223-3&domain=pdf


3644 L. Ahmad et al.

1 3

S  Mass transfer parameter
Sc  Schmidt number
Tw  Wall temperature (K)
T∞  Ambient fluid temperature (K)
u, v  Velocity components (m s−1)
uw  Velocity of sheet (m s−1)
vw  Mass transfer velocity (m s−1)
x, y  Cartesian coordinates (m)
�  Electric conductivity of base fluid (S m−1)
�w  Shear stress at surface (Nm−2)

(�c)f  Heat capacity of base fluid (J K−1)
�  Stretching/shrinking parameter
�  Dimensionless temperature
�  Dimensionless concentration
f ′  Dimensionless velocity

Introduction

The phenomenon of fluid flow plays a vital role in vari-
ous industrial and engineering applications [1–17]. A wide 
range of applications of heat and the mass transfer analysis 
due to flow of non-Newtonian fluids can be observed, such 
as petroleum reservoirs, heat exchangers, material process 
system. The non-Newtonian fluids are abundant in various 
involved industrial applications and heat transfer processes 
as compared to Newtonian fluids. The equation for the non-
Newtonian fluids does not execute the linear connection 
across the shear stress and strain rate. The flow and heat 
transfer analysis of these fluids has been explained by vari-
ous researchers with different physical situations.

In perspective on numerous such applications, Sheikhole-
slami et al. [18] commence the analytical study on MHD 
free convection of nanofluid considering the impacts of ther-
mal radiation with a stretching sheet. Prasannakumara et al. 
[19] studied that in the case of nonlinear stretching sheet the 
Nusselt number and Sherwood number are higher with the 
effect of magnetic field on nanofluid radiative heat trans-
fer. Sheikholeslami and Ellahi [20] investigated that the rise 
of Lorentz forces detracts the convection in a cubic cavity. 
MHD viscous flow due to a shrinking sheet has been done 
by Sajid and Hayat [21]. Hsiao [22] investigated the effects 
of stagnation-point flow on MHD nanofluid mixed convec-
tion with the existence of boundary slip on stretching sheet. 
Cortell [23] indicates that the magnetohydrodynamic flow 
and a nonlinear radiative heat transfer of a viscoelastic fluid 
over a stretching sheet with the generation/absorption of heat 
at energy aspect. The articles discussed by Sheikholeslami 
[15, 24–29] revealed the significant importance of magnetic 
field. Subsequently, many researchers extended this kind of 
work to Newtonian/non-Newtonian boundary layers flow 
with assorted velocity and the thermal boundary condition. 
In view of such extensive materials, many authors have made 

efforts to illustrate the analysis of flow and heat with non-
Newtonian fluids along with a Sisko fluid model [30–33].

The above referred works concern the consistent physical 
properties of a cooling fluid, but in practical situations the 
physical properties are needed with variable characteristics. 
That is why the one such property is a thermal conductivity, 
which is considered to vary linearly with a temperature. The 
heat transfer analysis in a viscous fluids flow over a perme-
able surface along with temperature field is presented by 
Mahmood et al. [34]. Salahuddin et al. [35], using the Keller 
box method, discussed the combined impacts of variable 
thermal conductivity and the MHD flow on pseudoplastic 
fluid. Abel et al. [36] deliberated the effects of variable ther-
mal conductivity in a power-law fluid past a stretching sur-
face in the existence of non-uniform heat source. Recently, 
Malik et al. [37, 38] have initiated the flow of non-Newto-
nian fluids over a stretching cylinder and heat transfer with 
viscous dissipation and variable thermal conductivity. In one 
of these investigations, the physical properties of the fluids 
were thought to be consistent. Although it is notable that 
such properties increase or decrease with the temperature. 
Consequently, the related articles [39–44] demonstrate that 
this sort of flow has not been explored for power-law flu-
ids within the sight of stretching sheet. Zhang et al. [45] 
presented another model on the temperature field by con-
sidering the impacts of power law, they expected that the 
temperature field is same as velocity field, while the thermal 
diffusivity shifts as a component of temperature slope. Yu 
and Choi [46] altered the Maxwell’s equation and the Ham-
ilton’s Crosser relation for the effective thermal conductivity 
to incorporate the impact of requested nano-layers surround-
ing the particles. Jang and Choi [47] proposed a powerful 
thermal conductivity model by considering the impacts of 
Brownian motion particles. They concentrated on the heat 
transfer among particles and the carrier fluid, ignoring the 
blending because of irregular molecule movement.

Furthermore, some researchers focus on the combining 
investigation of non-Newtonian fluids with the convection 
process. A numerical studied on such types of heat trans-
fer execution of nanofluids over a porous stretching sheet is 
exhibited by Das [48]. Huang et al. [49] also discussed the 
unsteady flow with a heat transfer enclosure held on a circu-
lar cylinder. Convection flow based on boundary layer from 
a circular cylinder with uniform surface heat flux transfer is 
explored by Bhowmick et al. [50].

All the overhead examinations were carried out for fluids 
having magnetic field, variable thermal conductivity and the 
mass diffusivity, right through the flow regime. Although it 
is realized that the physical properties change with the tem-
perature, the effects of these quantities on the heat transfer 
have become more useful in engineering and applications 
process such as crude oil extraction, geothermal systems 
and ground water pollution. The main purpose of the current 
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work is to study the dual nature of magnetohydrodynamics 
flow with the heat and mass transfer analysis embedded in 
permeable media under the impacts of thermal conductiv-
ity and the mass diffusivity. The governing PDEs have been 
solved by using bvp4c techniques in Matlab.

Mathematical formulation

Here, we consider the steady, laminar and incompressible 
two-dimensional flow of a Sisko fluid originate by semi-
infinite shrinking surface with the velocity uw = cxs, in the 
region upper half plane. The velocity vw on the wall is per-
pendicular to the sheet. Further, it is assumed that the veloc-
ity v = v0 is the constant mass flux velocity which is taken 
to be positive in the case of suction while taking negative in 
the case of blowing on the sheet along the axial direction. In 
the positive y-direction, a uniform transverse magnetic field (
B0x

(s−1)∕2
)
 is applied normal to the stretching surface. And 

the effects of thermal conductivity and mass diffusivity are 
also considered. Moreover, Tw and Cw represent the tempera-
ture and the concentration at the wall surface of shrinking 
sheet, while T∞ the temperature and C∞ the concentration at 
the ambient surface such that ( T∞ < Tw ) and ( C∞ < Cw ). In 
this analysis, we considered the positive velocity gradient 
due to the boundary layer approximation the flow is over the 
shrinking surface (Fig. 1).

For the Sisko fluid model, the extra stress tensor is [51]:

with

By using the above suppositions, the model equations are 
governed into the following form:

(1)� =

{
a + b

|||||

√
1

2
tr
(
�1

)2|||||

n−1}
�1,

(2)�1 = ∇�+(∇�)T.

(3)
�u

�x
+

�v

�y
= 0,

the BC’s are

where u and v denote the velocity components in x- and 
y-directions, respectively, � is the electrical conductivity, p 
is a fluid pressure, T denotes the fluid temperature and C the 
fluid concentration, respectively, �f a fluid density and cf the 
specific heat,  and � is shrinking (𝜒 < 0) / stretching (𝜒 > 0) 
parameter. Introducing a stream function �(x, y)

where �(x, y) = uwxRe
−

1

n+1

b
f (�), with f (�) is a dimensionless 

stream function where � =
y

x
Re

1

n+1

b
. Thus,

where �(�) and �(�) are the dimensionless temperature and 
concentration for the fluid. By using Eqs. (8) and (9) , Eqs. (3) 
to (6) transform into the following set of nonlinear ODEs as:
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(7)
u =�uw(x), v = vw(x), T = Tw,C = Cw at y = 0,

u =0, � = 0, T = T∞,C = C∞ as y → ∞,

u =
��

�y
and v = −

��

�x
,
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u = uwf

�(�), v = −uwRe
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Fig. 1  Physical geometry and coordinates system
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and the BC’s become

where Rea
(
=

�xuw

a

)
, and Reb

(
=

�xnu2−n
w

b

)
 are the Reynolds 

numbers, A

(
=

Re
2

n+1
b

Rea

)
 denotes the material parameter, 

M
(
=

�B2
0

a�

)
 is a magnetic field parameter, �E,C

(
=

uw�E,C

x

)
 is a 

relaxation parameters, Pr
(
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xuw

a
Re

−2

n+1

b

)
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eralized Prandtl number and Sc

(
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xuwRe
−2
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)
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ized Schmidt numbers, and S

(
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uwRe

−2
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)
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suction parameter.
From Eq. (10), it tends to be seen that for A = 0 and dis-

tinct values of a power-law index, different kinds of fluid 
behaviors are recovered. For n = 1 , the behavior of the 
fluid is Newtonian and for n ≠ 1 the behavior of the fluid 
is non-Newtonian ( n > 1 shear thickening and n < 1 shear 
thinning). Also when n = 1, we have Rea = Reb which rep-
resents the global similarity. The physical attributes of Cf is 
described as

where the shear stress �w is defined as

In dimensionless notation, the quantity skin friction becomes

(11)
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Solution methodology

The non-dimensional governing equations of the model 
problem are nonlinear PDEs in nature. Thus, to solve this 
system we first transform these into a new dimensionless 
form of ODEs along with boundary conditions depending 
on a single variable �. For further solving, we go toward 
numerical simulation. Therefore, the transformed governing 
ODEs in Eqs. (10–12) with conditions (13) are numerically 
integrated by using the bvp4c in Matlab. In utilizing this 
technique, the dimensionless system of equations are ini-
tially reduced into the set of first-order differential equations 
by familiarizing with some new variables given by

Therefore, the reduced system of first-order equations is

with conditions

Flow, heat and mass transfer problem of Sisko fluid is con-
sidered for testing the influence of various flow parameters 
with the help of numerical approach. In particular, all these 
effects are summarized in the form of first and second 
approximated values of local skin friction, Nusselt number 
and Sherwood number. However, these results are well cor-
related with results presented by Bhattacharyya [34] and 
Ishak et al. [35] as illustrated in Table 1.
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Graphical results and discussion

Numerical solutions to the ordinary differential equations 
(10) to (12) along with the boundary conditions (13) were 
obtained by using one of the collocation methods in Matlab. 
In this techniques, the multiple solutions are obtained by 
setting different initial guesses for the values of f ��(0), ��(0) 
and �(0) , where all profiles satisfy the boundary conditions 
asymptotically with different boundary layer thickness. The 
actual domain is infinite but the results concluded for finite 
domain because the software is working only for finite value 
of domain.

The variation of f ��(0) with shrinking parameter � for 
shear-thinning fluid in panel (a) and shear-thickening fluid 
in panel (b) is shown in Fig. 2 and Fig. 3 for the repre-
sentative values of Sisko fluid parameter and mass suction 
parameter,  respectively. These figures show that there is a 
region of single solution for � ⩾ −1, dual (upper branch and 
lower branch) solutions for 

(
𝜒c < 𝜒 < −1

)
 and there are no 

solutions for 
(
𝜒 < 𝜒c

)
. Here, �c represent the critical values 

(turning points) of � that depend on A and S.
Figure 2 displays the impacts of skin friction for the 

surface of Sisko fluid parameter A for distant values of the 
shrinking parameter � . In shear-thinning fluid critical values 
are changing from �c = −1.5065 to �c = −1.6360 , whereas 
in shear-thickening fluid critical values decrease from �c = 
−2.3804 to �c = −3.4054 . Here, we also noted that the dual-
nature solutions of skin friction are reduced with increasing 
the values of A = {3, 4, 5} and {50%, 60%, 83%} in percent-
age term.

Also, Fig. 3 depicts the evaluation for numerous values of 
mass suction parameter ( S > 0 ); the skin friction is sketched 
with reference to shrinking parameter � . We noted that the 
critical values for shear-thinning fluid are decreasing from 
�c = −2.2846 to �c = −2.6296 , whereas in shear-thicken-
ing fluid critical values are decreasing from �c = −4.0094 
to �c = −4.4094 . Thus, skin friction rises with rising the 
variation of S = {3.0, 3.1, 3.2}and {75%, 77.5%, 80%} in 

percentage term. Also we noted that multiple solutions of 
skin friction are higher for A as compared to the S.

The profile f �(�) for the several values of Sisko fluid 
parameter A is shown in Fig. 4 with the first solution being 
shown by a full line and the second solutions by a bro-
ken line. It is depicted that the fluid velocity distribution 
decreases in the upper branch solution and increases in the 
lower branch solution, while in the case of shear thicken-
ing, the upper branch solution and the lower branch solution 
are showing a decreasing pattern. Also, the thickness of a 
momentum boundary layer increases with this effect.

Figure 5 shows the impacts of S on f �(�). It is perceived 
that the impact of suction parameter S has the opposite trend 
in upper branch and lower branch solutions, i.e., the strong 
influence of S causes the fluid velocity to increase in upper 
branch, while it causes the fluid velocity to decrease in the 
lower branch. Furthermore, the behavior of the boundary 
layer of the flow can also be analyzed through these figures. 
Thus, we observed that the related thickness is declined and 
is raised in the upper branch and lower branch solutions, 
respectively, with the increasing value of S = {3.0, 3.4, 3.8}

and {75%, 85%, 95%} in percentage term.
Figure 6 shows the prominent attributes of shrinking 

parameter � on fluid velocity against the dimensionless 
parameter � . For both the cases, the velocity increases with 
increasing the magnitude of � for the first branch, whereas 
opposite behavior is seen in the second branch. Conse-
quently, the momentum boundary layer thickness is showing 
reduction in the upper branch case, while the reverse is true 
for the lower branch.

Figure 7 reveals the magnetic field effects on the momen-
tum boundary layer. By analyzing these graphs, it is eluci-
dated that the strong magnetic field improves the bound-
ary layer in the upper branch, while it conflicts in the lower 
branch solution. Also we noted that due to the effect of Lor-
entz forces the magnitudes of the first velocity profile are 
lower with the variation of M and that the motion of the 
fluid is declined. On the other way, the velocity profile is not 
realizable physically; that is why in a physical situation the 

Table 1  Comparison of 
f ��(0) for first and second 
solutions with different values 
of shrinking parameter � by 
keeping n = s = 1 , when the 
other parameters are zero

Bhattacharyya. [52] Ishak et al. [53] Present results

� First Second First Second First Second

− 0.50 1.4956697 1.495670 1.4951062
− 0.75 1.4892981 1.489298 1.4895589
− 1.00 1.3288169 0 1.328817 0 1.3286050 0
− 1.15 1.0822316 0.1167023 1.082231 0.116702 1.0820049 0.1167059
− 1.20 0.9324728 0.2336491 0.932474 0.233650 0.9304351 0.2336011
− 1.2465 0.5842915 0.5542856 0.584295 0.554283 0.5841111 0.5546414
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second solution is unstable. Here, we vary the value of M in 
percentage term as {10%, 25%, 40%}.

The impact of Pr on dimensionless temperature distri-
bution �(�) is shown in Fig. 8a. The percent values of Pr 

are increased in a manner {32%, 33%, 35%} depending upon 
the convergence region of Pr. An increase in Pr physically 
implies a reduction of fluid thermal conductivity; thus, the 
decline is seen in the thickness of a thermal boundary layer. 
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Fig. 2  The impact of Sisko fluid parameter A on skin friction coefficient with shrinking parameter �
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Fig. 3  The variation of skin friction at the surface with shrinking parameter (�) for distant values of mass suction parameter (S).
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Also, the temperature profile is showing a decreasing behav-
ior in the first branch and increasing one in second branch 
solution with increasing values of Pr . So there is no effect 
of Pr on the velocity fluid because the momentum equa-
tion is independent of the thermal one. Furthermore, from 

Fig. 8b we noted that as we increased the values of �E , the 
fluid temperature and the thickness of the related boundary 
layers diminished. Physically, this is due to the reality that 
the liquid particle needs enough time to transport the heat 
to its nearest particles. Additionally, for the larger values 
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of �E the conduct of liquid as a non-conductor which is in 
charge of the decrease of �(�) (Fig. 9). The fluctuation in 
the temperature distribution and the related boundary layer 
thickness for the �1 is shown in Fig. 10. It is concluded from 
the figure that the fluid temperature shows an increasing 
behavior with the enlargement of �1 in upper branch and 
lower branch solutions, which is a result of the way that the 
thermal conductivity improves the temperature.

The variation of Sc and �c on concentration profile is 
shown in Fig. 10a,b. Schmidt number Sc causes the con-
centration profile to minimize in the first solution as well as 
in the second solution. The enhancment in Schmidt number 
decreases the concentration distribution as well as the asso-
ciated boundary layer thickness and this is due to an inverse 
relation of Schmidt number with molecular diffusivity. So, 
concentration distribution and concentration boundary layer 
thickness diminished. The corresponding dual dimensionless 
concentration profiles are shown in Fig. 9b. For the second 
solution, the peak of the concentration overshoot increases 
with increasing concentration relaxation parameter and the 
thickness of a concentration boundary layer is always greater 
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than that of the first solution. Figure 11 displays the concen-
tration profile for distant values of �2 . As we see from the fig-
ure, the related thickness for the first solution is greater than 
for the second solution. The concentration profile declines 
with the variation of �2 for the first solution, however incre-
ment for the second solution.         

Conclusions

A numerical simulation is employed to examine the dual-
nature solutions for the MHD Sisko fluid flow over a uni-
formly shrinking sheet. In this work, magnetic field and suc-
tion effects were taken into the account for the fluid flow and 
heat transfer analysis. The results were obtained for the mul-
tiple (upper branch and lower branch) solutions of modeled 
problem by utilizing the Matlab built-in function, namely 
bvp4c. On the basis of the present work, we have concluded 
some remarkable features as follows:

• The upper solution is physically stable, whereas the lower 
solution is unstable.

• The more suction S into the Sisko fluid flow increases 
the fluid velocity in upper branch, while it reduces in the 
lower branch.

• The thickness of momentum and thermal boundary layer 
are thinner in upper branch compared with the lower 
branch.

• Temperature fluid rises with rising the values of variable 
thermal conductivity.
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