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Abstract

The flow of salt water as a base fluid containing nanoparticles of different shapes, viz. zigzag, chiral, and armchair, in an
asymmetric permeable channel has been investigated. Such particles in peristaltic flow with a magnetic field have notewor-
thy medical applications. Two illustrative models, namely those of Hamilton and Crosser, are utilized. The set of governing
partial differential equations is solved analytically to find exact solutions, and numerical results are obtained using computer
software. A rich summary of the latest findings for pertinent parameters and trapping phenomena is presented using graphs,

tables, and streamline diagrams.
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Numerical results

Introduction

A peristaltic pump is a type of positive displacement pump
with two cavities, one for suction and the other for discharge,
especially used for many types of liquid. During the opera-
tion of such a pump, fluid flows into the suction cavity and
out of the discharge cavity as it collapses, the main con-
straint being that the volume of fluid remains constant in any
given cycle. The whole process is known as peristalsis and
can be observed extensively in biological systems such as
the gastrointestinal tract, as well as in heart-lung machines,
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which are used to maintain normal blood circulation during
bypass surgery or kidney dialysis. In fluid mechanics litera-
ture, pioneering work on peristalsis in relation to mechanical
pumping was carried out by Latham [1], after which Shapiro
et al. [2] were the first to study peristaltic transport of New-
tonian fluids in the wave frame of reference, while Fung and
Yih [3] again studied peristalsis but in the laboratory frame.
At the start of the 20th century, Mishra and Ramachandra
[4] reported on peristaltic flow in channels with asymme-
try generated by peristaltic waves of different amplitudes,
concluding that, in comparison with a symmetric channel, a
thinner reflux layer, lower trapping zone, and lower flux were
obtained. Meanwhile, peristaltic flow of different phases has
also been discussed [5-7].

In the current technological era, a main area of focus has
been improving heat transfer and decreasing the thermal
conductivity of fluids such as water, oil, and ethylene—glycol
mixtures. It is well known that the conductivity of some sol-
ids is always higher than that of liquids, thus the main effect
of addition of particles into such fluids is to enhance their
heat transfer features. However, such addition of particles of
different sizes faces two main hurdles:

(a) The increased pressure drop in the system.
(b) The inhomogeneity of the mixed system.
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As a result, scientists have focused on addition of nanopar-
ticles, whose similar size to that of the fluid molecules in the
base fluids offers two main advantages:

(i) The particles can move along with the molecules in
the fluid; i.e., they act like the fluid;

(i1)) They remain stable for long times because of the very
low differential effect of gravity.

Such a combination of nanosized particles suspended in a
conductive base fluid is known as a nanofluid, as explained
in detail by Buongiorno [8], who showed that the relative
velocity can be easily expressed as the sum of the velocity
of the base fluid and its relative slip velocity, leading to the
requirement for a realistic model for these two components
of the effects in nanofluids. The findings of that work include
that:

e In a nanofluid, two very important factors are Brownian
diffusion and thermophoresis of the nanoparticles, and
the slip effect of the base liquid;

e A two-part inhomogeneous equilibrium model can be
developed to described the Brownian diffusion and ther-
mophoresis;

e The energy transfer by nanoparticles can be considered to
be negligible (although other literature disagrees in this
regard);

e Results for the correlation structure can be obtained, in
good agreement with other literature.

The nanoparticles suspended in the base fluid are usually
made of metals, oxides, carbides, or carbon nanotubes, while
the base fluid mat be water or ethylene glycol, as used by
different authors, or some type of oil. The first use of the
term “nanofluid” was by Choi [9], a pioneering researcher
on this topic. Choi concluded that nanofluids represent a
unique type of material and proposed that high-thermal-
conductivity nanofluids could be analyzed with the help of
the HM (Hamilton and Crosser) model for the studied cop-
per—water nanofluid. This was also verified experimentally
by Masuda [10] for another type of particles, viz. Al,O;.
That author also explained some very prominent benefits of
nanofluids with copper nanophase and explained them ana-
lytically, including the unexpected reduction in the pumping
power required for a heat exchanger when using a nanofluid;
For example, if heat source power of 10 W m~2 K~! achieves
heat transfer of 2 W m~2 K~!, the same can be achieved with
a reduced heat source power of 3 W m~2 K~! when using a
nanofluid.

Carbon nanotubes (CNTs) are another important type of
nanoparticles; they are another form of carbon, being similar
to graphite, which is seen extensively in daily life, e.g., in
lead pencils. CNTs are hollow cylindrical tubes with size

@ Springer

10,000 times smaller than a human hair but stronger than
steel. They are also highly electrically conductive, which
could make them an extremely cost-effective replacement for
metal wires. The semiconducting properties of CNTs make
them candidates for use in next-generation computer chips.
Nanotubes were discovered by lijima [11] and Baughman
et al. [12]. There are two main types of nanotubes, viz. sin-
gle-walled nanotubes (SWNTs) and multiwalled nanotubes
(MWNTs). A single-walled carbon nanotube is just like a
regular straw, having only one layer or wall. Multiwalled
carbon nanotubes are formed from a collection of nested
tubes of increasing diameter. Carbon nanotubes exhibit
extraordinary thermal conductivity, electrical conductivity,
and mechanical properties, finding applications as additives
for structural materials used in golf clubs, boats, aircraft,
bicycles, etc. Mixing CNTs into solids [13—16] or fluids
[17-23] can effectively enhance the thermal and mechani-
cal properties of the base material, leading to wide study of
their use in heat transfer applications [24-27].

Magnetohydrodynamics (MHD) is the study of the mag-
netic properties of electrically conducting fluids. Examples
of such magnetofluids include plasmas, liquid metals, and
salt water or electrolytes [28—38].

Despite the studies cited above, peristaltic flow contain-
ing CNT nanoparticles in an induced magnetic field in a
permeable channel has not been studied using the Crosser
model; The objective of this paper is to fill this gap in the
literature.

Mathematical formulation

Consider the flow of a nanofluid containing SWCNTSs with zig-
zag, chiral, and armchair shape in salt water as base fluid in a
channel with a permeable wall having width d; + d,. An exter-
nal uniform constant transverse magnetic field H,, is applied,
inducing a magnetic field H (hX(X, Y, ), Hy+ hy(X, Y, 1), O)
and a total magnetic field H* (hX(X, Y, 0),Hy+ hy(X,Y,1), 0).
The undulations in the channel profile [39—41] lead to

Y=H,=d, +alcos<27ﬂ()_(—clf)>,
= 27 5 M
Y =H, = —d, — b, cos (7(X—c1?) +co).

In Eq. (1), a, and b, are wave amplitudes, A is the wave-
length, w is the amplitude ratio, d, + d, is the channel width,
c; is the wave speed, 7 is time, X is the direction of wave
propagation while Y is perpendicular to as shown in Fig. 1.

A mathematical model in the general form can be
expressed as follows:

V-H=0,V-E=0, )
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Fig. 1 Flow diagram
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VAE=—yu oH 4) Using the static wave structures
‘ot

The continuity equation can be written as

V.V=0. ®
The equations of motion are

oot DAV VYY) = <Vt VPV + (o) 2a(T ~ T,)

or
- V(%,ue(HJr)z) — o (H* - V)H.

(6)
The energy equation can be expressed as
oT 99
(pc)nf<5 #VVT) = kg VT + 0y - 3 )
where
4c* OT*
1= 3 9y ®)

Expanding in a Taylor’s series about 7, and ignoring
higher-order terms yields

T ~ AT T - 3T%. )

Combining Eqgs. (2)—(4) provides

x=X—-ct,y=Y,u=U—-c,v=1V, (11)

and applying the transformations

__a _ vV Y __x._ ¢
= — = —Uu,v=-, =—,x=—,l=—t,D.=_,
P UecA PEEVT YT a AT a2
_ T-T, . _
Re=24 5=% 9= =L 9L p —spac
7R A T, Hya ca
— - aa® H
I = b, by, = —b,, G, =25 (1), 5, = 22, [Ee)
HeC c Vo
k (po),
Uy = ——,T = .
(po)g (o)
12)

in Eq. (11) and taking 6 — 0, the following dimensionless
system of equations without bars is obtained:

a_u + Q — 0

ot oy = (13)
dp oy (m) ) PPyt G,

Z =22 (D) 4y ReS?D, + -0, 14
dx 0y3 \ Hg 1w (pP); Re (14
dp

= =0,

&y (15)

@ Springer



1280 M. Raza et al.
o Kyt
D =R E - —=— R 16 a, f —
s (e 5) 10, o
) Based on existing literature [42], one can write
(k"f N>”+Q9—0 (17)
T V)5 t 0 =0 o
Applying Eq. (16) in Eq. (14) yields
\ B where A, is defined as
dp 0T<Mnf> 2 < al}’> PP )t
—=—+(— ] +ReSR | E—— ) + G,6. *
dx  0y3 \ k¢ o dy (7). = —0.3127/ 05 - —1'872, (32)
(18) In2y* —1.5 7*
Differentiating Eq. (18) with respect to y yields with
4 : 2 .G ———
v \ e a7 ) " (oh); Re dy =
abe
The nondimensional boundary conditions can be 3
expressed as b=¢=4d/2, 34)
F o¥ VD, >y ST
==, —=—-1- p— t =h, 20 >>b=, 35
75 g M= 0 a ¢ (35)
in which d is the diameter of the CNT particles of different
hapes, given b
D. 32 shapes, g y
N e 21 ,
y a ay ZZ — Cl_‘ /n>:<2 + nrm* + m*2’ (36)
z
=0 aty=h,0=1 aty=h, (22)  where a* = 0.246 nm.
The Hamilton and Crosser models [43] are chosen,
=0 aty=h;, ®=0aty=h,. (23)  expressed as follows:

The pressure rise Ap, magnetic factor 4,, and current den-
sity J, can be expressed nondimensionally as

1
Ap=/<%>dx, (24)
0

h, = o (25)
7 oh,
z— ()y . (26)

Meanwhile, the thermophysical relations are

Par = (1 — @) + dpy, (27)

(PCp) e = L= D(pCy); + $(0Cy ) (28)
_ (1 =@)(pP); + p(pPh),

P = , (29)

Pnf
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knf _ Ks + (n** _ 1)Kf _ (n** — 1)(Kf - Ks)d) (37)
k K+ - DK+ ¢(K - K,)
=2, (38)
1 2
/ /3
_ B3 (%) (39)
ll/ A )

where V,, = 712k is the volume and A, = 2zr(r + h) is the

surface area of a particle and r = b = ¢, h = a. The thermo-
physical properties are presented in Table 1.

Table 1 Thermophysical properties

Physical property Salt water SWCNT MWCNT
plkg m™3 1112 2600 1600

c, 425 796
Bx10°/K™! 185 2.6 2.8

KW m™' K™ 0.51 6600 3000
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Analytical results

Using routine manipulations, these analytical results can be
expressed as follows:

(h =) v/Qo
sinh
NELTY
ke

\/Q_O(hl‘y)
VRN

6 = csch

, (40)

M, Coe~Mn M, CyeMiy
R,S? R,S?
1 | MyG.(My)* Cosh(M)Cosh(Ms )Csch(M;)

Y=C;+Cy+ —
3 4Y Re

My ’
+MZG,.(M9)3/ >Csch(M;)Sinh(Mg)Sinh(M)
My,

(41

M:‘/zeMHY(—C +Cye”MY) 1 1
1 1742 2 2
Rez/z\/lan - §C4Rmy + EERmy + CS +yC6_
@ = MG szCosh(Ms)Csch(M7)Sinh(M6)+
ReM,,
M,G, M,/ *R,,Cosh(Mq)Csch(M,)Sinh(Ms)
ReM,,

42)

The mean volume flow rate Q is
O=1+F. (43)

The pressure gradient dp/dx, axial induced magnetic field
h,, and current density j, are given as

2Cseh (M) sinh ()

z(eh]Mll — oMy )aMl

VDo (e — €)My sinh (%) (N = M)+

GMy (N — M;) (ehiMu +eh2MH)\/E\/KSlasinh<%>\/M1 (N - M;)

e MY (=Cy+Ce™11Y) /R /M, "

j = \/R>eS 1
z R, (G,Csch(M; ) sinh (Mg )M, (N—M3)+(C,—E)Re(Mo(N-M;3)—M,Qy))
Re(M,o(N-M3)—-M, Q)

(46)
where the constants M,—M; are given by
Hng (pﬂ)nf knf
M =A=—M,=B= My =Kf = —,
1 w'? o T T
__V Q M. = VQoy _ hi v/ Qo
YU VKFAN oK +N V-Kf+N

M. = (h = ha) VO, M. = VQo(h - )

" VeKF+N ' K +N
VRe /R, S,
A

My = Kf —N,M,y = ReRS*. M, = T,M12 =R,S;
M3 = /0, (AQ, + (Kf — N)ReR,.S7).
47

Discussion

Figures 2—7 illustrate the behavior of the resulting param-
eters, i.e., the nanoparticle volume fraction ¢, magnetic
Reynolds number R,,, Strommer’s number S, heat genera-
tion parameter Q,, and heat flux parameter N for CNTs of
various shapes in salt water. The effect of ¢ on the pressure

N

dp VN1 = M5+/Qy(NM5 — MyoM5 = M, Q) > ad)
B[ e VDl = M) (1 = hy) Mg
(ehMir M) (B — by ) V/Rey/R, S /M| — 2(eMMin — ehoMin)af
VN = M3+/Q, (NM o = MoM5 — M, Q)
2G,R,, cosh (M )Csch(M; )My (N-M; )
R _(hy+h,—2y)—ER_(h, +h, —2y) —
CyRo (1) + Iy y) m( ) y) Rey/0s MMy M1 Qy) +
1 e‘Mll»"(C2+C1e2M11Y)\/§M1 (b +h)My (M1 —ehliexiyy )(C2+C1e(hl“‘2)Mll )M?/z
hy = 2] 2 a st + (m=hy) VRS & @5)

G, V/ReR, M,(N-M;)’
(71 =hy) Qo (Mo (=N+M;)+M, Qy)

Re/?
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gradient is illustrated in Fig. 2a. It is seen that an increase
in the value of ¢ results in an increasing trend in the pres-
sure gradient. It is also observed from this figure that the
impact of ¢ on the pressure gradient is maximum for the
zigzag shape but comparatively less for the chiral and mini-
mum for the armchair shape. The effects of R, and S, on
the pressure gradient are shown in Fig. 2b, c, revealing that
the pressure gradient is enhanced for higher values of R,
and S, for the CNTs of all three shapes (zigzag, chiral, and
armchair). Meanwhile, Fig. 2d, e reveals that the pressure
gradient decreases with an increase in the heat generation
and heat flux parameter throughout the channel for the CNTs
of different shapes.

Figure 3a—e shows the pumping characteristics in terms
of the variation of the pressure rise per wavelength A, with
the time-averaged flux (Q = F + 1). Figure 3a shows the
impact of the volume fraction ¢ on the pressure rise A,
revealing that an increase of ¢ throughout the domain results
in an increase in the pressure rise. Figure 3b illustrates that
an increase in the value of R, results in a higher pressure
rise in the region (Ap <0,0< 0), but A, goes down in the
pumping region (Ap >0,0> 0). Figure 3c depicts the effect
of S, on the pressure rise, revealing a similar behavior to that
found for R,,. Figure 3d and e show the effects of O and N,
respectively. Note that an increase in Q,and N results in a
decrease in the pressure rise for the CNTs with zigzag, chi-
ral, and armchair shapes in the entire domain.

Figure 4a—c shows the temperature distributions for
different values of ¢, Q,, and N. Figure 4a shows that 6
decreases when increasing ¢ for the CNTs of zigzag, chiral,
and armchair shape. In Fig. 4b, c, a similar trend is noted
for Q, and N. Note that 6 increases when the values of Q,
and N. are raised.

Figure 5 depicts the effects of the magnetic Reynolds
and Strommer’s numbers on A,. Here, the induced magnetic
field is in one direction in a half-region of the channel but
the opposite direction in the other half-region. In addition,
Fig. 5a illustrates that the magnitude of 4, decreases with
increasing R, from the wall &, to the middle of channel,
whereas an increasing trend is seen in the other half of the
channel. However, in Fig. 5b, the behavior of S, on £, is
opposite compared with that found for R, .

@ Springer

Figure 6a, b shows the current density j, for different
values of R, and §;. In Fig. 6a, it is seen that, when increas-
ing R, j, increases, but j, decreases when increasing S, as
observed in Fig. 6b.

Figure 7a—e plots the velocity profile (1), showing an
increase along the walls but a decrease in the middle of
channel with increasing ¢. Figure 7b, c illustrates R, and
S, for the CNTs with zigzag, chiral, and armchair shape,
revealing conflicting behavior in the middle of the channel.
Figure 7d shows the effect of the heat generation param-
eter O, on the velocity profile u, revealing that the velocity
increases with rising Q, in the middle of the channel, while
the opposite behavior is seen at the channel walls.

Figure 7e demonstrates the effects of the Darcy number
(D,) on the velocity profile. It is seen that, near the walls,
the velocity profile increases when increasing D,, but at
the center of the channel, a quite opposite behavior on the
velocity profile is observed. The impact of a on the velocity
profile is presented in Fig. 7f. Along the walls, the velocity
profile decreases with increasing «, whereas at the center of
the channel, a clear increase is observed.

To study the bolus phenomenon, streamlines of the Darcy
number (Da) for the CNTs with zigzag, chiral, and armchair
shape are plotted in Figs. 8 to 10. It is found that the bolus
is small for larger values of D,.

In addition, the effects of significant physical parameters
such as the nanoparticle volume fraction, heat generation,
and heat flux on the skin friction coefficient and Nusselt
number are computed numerically using MATLAB software
and presented in Tables 2 to 7. Tables 2 and 3 are formulated
for the nanoparticles of zigzag shape at the walls &, and £,,
respectively. Tables 4 and 5 present the results for the nano-
particles of chiral shape at the walls &, and h,, respectively.
Tables 6 and 7 are prepared for the nanoparticles with arm-
chair shape at the walls &, and h,, respectively. The results
presented in these tables indicate that the absolute value of
the skin friction coefficient is enhanced with increases in
the volume fraction, heat generation parameter Q, and heat
flux parameter N for the CNTs of all three shapes along both
walls &, and h,.
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-0.5 0.0 0.5 1.0 1.5 2.0 -0.5 0.0 0.5 1.0 1.5 2.0

Fig.8 a, b  Streamlines for CNTs of zigzag shape for D,=0.1 and D,=0.2. The other parameters are
0=20,a=20,a=0.7,b=08,S, =10, N=0.02, D, =0.002, 0, =0.5

Fig.9 a, b Streamlines for CNTs of chiral shape for D,=0.1 and D,=0.2. The other parameters are
0=20,a=20,a=0.7,b=08,5, =10, N=0.02, D, =0.002, 0, =0.5
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for D,=01 and D,=0.2. The other parameters are

0=20,a=20,a=0.7,b=038,5, =10, N=0.02, D, =0.002, Q, =0.5

Table 2 Numerical values of skin friction coefficient and Nusselt

number at wall #; when x = 0.2 for zigzag-shaped nanoparticles

Table 4 Numerical values of skin friction coefficient and Nusselt
number at wall #; when x = 0.2 for chiral-shaped nanoparticles

¢ Qo N G Nu ¢ Qo N Ce Nu

0.02 0.6 1.2 —2.2621 —1.8093 0.02 0.6 1.2 —2.2658 —1.6245
0.03 0.6 1.2 —2.3035 —0.6252 0.03 0.6 1.2 —2.3094 —0.6076
0.04 0.6 1.2 —2.3496 —0.4522 0.04 0.6 1.2 —2.3581 —0.4456
0.025 04 1.0 —2.5712 -0.5112 0.025 04 1.0 —2.5845 —0.5020
0.025 0.6 1.0 —2.6524 —0.7275 0.025 0.6 1.0 —2.6312 —0.7043
0.025 0.8 1.0 —2.7248 —1.1282 0.025 0.8 1.0 —2.7182 —1.0671
0.035 0.7 1.1 -2.1754 —0.5573 0.035 0.7 1.1 —2.1885 —0.5451
0.035 0.7 1.3 -2.3121 —0.5974 0.035 0.7 1.3 —2.3190 —0.5814
0.035 0.7 1.5 —2.3857 -0.6514 0.035 0.7 1.5 —2.4924 —0.6295

Table 3 Numerical values of skin-friction coefficient and Nusselt

number at wall /1, when x = 0.2 for zigzag-shaped nanoparticles

Table 5 Numerical values of skin friction coefficient and Nusselt
number at wall /2, when x = 0.2 for chiral-shaped nanoparticles

¢ Qo N Ce Nu ¢ Qo N G Nu

0.02 0.6 1.2 2.5173 1.6317 0.02 0.6 1.2 2.5214 1.4313
0.03 0.6 1.2 2.5484 0.2480 0.03 0.6 1.2 2.5546 0.2235
0.04 0.6 1.2 2.5729 —0.0054 0.04 0.6 1.2 2.5810 0.0158
0.025 0.4 1.0 2.4887 0.0849 0.025 0.4 1.0 2.4837 0.0711
0.025 0.6 1.0 2.5449 0.3849 0.025 0.6 1.0 2.5198 0.3544
0.025 0.8 1.0 2.8412 0.8744 0.025 0.8 1.0 2.8291 0.8030
0.035 0.7 1.1 2.5531 0.1525 0.035 0.7 1.1 24722 0.1348
0.035 0.7 13 2.5756 0.2093 0.035 0.7 1.3 2.5835 0.1868
0.035 0.7 1.5 2.5841 0.2837 0.035 0.7 1.5 2.5920 0.2539
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Table 6 Numerical values of skin friction coefficient and Nusselt

number at wall 4, when x = 0.2 for armchair-shaped nanoparticles

¢ Qo N G Nu

0.02 0.6 1.2 —2.2636 -1.7299
0.03 0.6 1.2 —2.3058 —-0.6179
0.04 0.6 1.2 -2.3529 —0.4495
0.025 0.4 1.0 -2.5762 -0.5074
0.025 0.6 1.0 —2.6435 -0.718
0.025 0.8 1.0 -2.7225 -1.1027
0.035 0.7 1.1 —2.1863 —-0.5523
0.035 0.7 1.3 —2.3147 —-0.5908
0.035 0.7 1.5 —2.3883 —0.6423

Table 7 Numerical values of skin friction coefficient and Nusselt

number at wall 4, when x = 0.21 for armchair-shaped nanoparticles

¢ Qo N G Nu
0.02 0.6 1.2 2.5189 1.5459
0.03 0.6 12 2.5508 0.2379
0.04 0.6 12 2.5761 0.0096
0.025 0.4 1.0 2.4869 0.0793
0.025 0.6 1.0 2.5345 0.3724
0.025 0.8 1.0 2.8367 0.8447
0.035 0.7 1.1 2.5203 0.1452
0.035 0.7 1.3 2.5787 0.2001
0.035 0.7 15 2.5871 0.2714
Conclusions

The effects of addition of carbon nanotubes to a peristaltic
flow in an induced magnetic field are studied, yielding the
following key results:

e The effect of the nanoparticle volume fraction (¢) on the
pressure gradient is least in the case of CNTs of armchair
shape, being comparatively larger for chiral shape and

maximum in case of zigzag shape.

e The pressure gradient decreases with an increase in the
heat generation parameter.

e The pressure rise increases with an increase in the vol-
ume fraction or Reynolds and Strummer’s number. It is
also seen that increasing the heat flux parameter and Nus-
selt number decreases the pressure rise for the CNTs of

zigzag, chiral, or armchair shape.

e The axial induced magnetic field decreases at the center
of the right wall for higher values of the Strommer’s
number.

@ Springer

The current density increases with increasing values
of the magnetic Reynolds number, but declines with
increasing Strommer’s number.

It is observed that the velocity profile increases with
increase of the Darcy or Strommer’s number at the mid-
dle of channel.

The size of the bolus becomes small and the number of
boluses reduces for higher values of the Reynold’s num-
ber and Darcy number, for CNTs of zigzag, chiral, and
armchair shape.

The absolute value of the Nusselt number decreases when
increasing ¢ but decreases when increasing 0, or N.
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