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Abstract
Entropy generation in peristaltic transport of nanomaterial with iron oxide is discussed. MHD and Joule heating are analyzed. 
Energy equation further consists of heat source/sink and viscous dissipation. Velocity slip and temperature jump conditions 
are also accounted. Large wavelength analysis is carried out. Results for velocity, temperature, pressure and entropy genera-
tion are presented graphically. Temperature decreases by increasing nanomaterials’ volume fraction. Larger velocity slip 
parameter yields lower pressure gradient. Entropy generation is increased for Hartmann number and nanoparticle volume 
fraction.
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Introduction

Nanofluid constitutes of suspension of nanometer-sized par-
ticles in ordinary fluid. In the modern industry, biotechnol-
ogy and pharmacological processes, distinct types of nano-
particles are used. Nanoparticles having unique physical 
properties due to their large surface area have dominating 
role by small bulk of material. Applications of nanoparti-
cles in biological systems include omic data generation, 
bioimaging, cell tracking, artificial organ generation, tis-
sue engineering, cancer therapy, biosensors, drug delivery, 
subcellular fractionation and nanoscopy. Molecular imaging 
of cells and tissues using nanotechnology technique creates 
opportunities for noninvasive diagnosis of various diseases 
including cancer [1, 2]. Firstly, Choi [3] explored the unique 
features of nanosized particles. Buongiorno gave theoreti-
cal model [4] to solve the nanofluid problems. Brownian 
diffusion and thermophoresis parameters are introduced 
for nanofluid description. Tiwari and Das also gave another 

model to study the viscous nanofluid [5]. Preference of this 
model is that we use the specific values verified by experi-
ments for thermal conductivity, viscosity, specific heat and 
electrical conductivity of nanoparticles and base fluid. There 
are different models for thermal conductivity of nanofluid 
in the literature [6]. Maxwell, Hamilton–Crosser and Xue 
models are most accurate for describing the characteristics 
of thermal conductivity [7–9]. According to these models, 
the thermal conductivity of particle suspension compared 
to their ordinary fluid is enhanced. Numerous factors affect-
ing thermal conductivity of nanofluid are described. Three 
important factors are nanoparticle size, material and tem-
perature. Hayat et al. [10] investigated distinct types and size 
of nanoparticles and additional temperature effects. Effective 
viscosity of nanofluid is enhanced by decaying temperature 
and increasing nanomaterials volume fraction. Some valu-
able related works [11–23] have been published covering 
different aspects of nanofluid.

Peristalsis has important role in various biological and 
industrial processes. Here, contraction and expansion of the 
vessels wall generate the fluid motion [24]. Physiological 
processes in this direction may include chyme movement 
through intestine, blood flow through arteries and intrau-
terine fluid flow via uterus, etc. The uterus in women of 
reproductive age presents an intrinsic contraction and 
expansion within the sub-endometrial myometrium known 
as uterine peristalsis. It changes periodically. Their direc-
tion and frequency depend on the menstrual cycle phase. 
Uterine peristalsis preforms a vital role in such functions as 
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menstrual blood discharge, sperm transport and preserva-
tion of pregnancies during the initial stages of pregnancy 
[25]. Engineering applications of peristaltic flows are found 
in dialysis machines, heat lung, hose pumps, finger and 
roller pumps. Studies examining the mechanism of peristal-
tic transport can be seen through Refs. [26–28]. Peristaltic 
flow of nanofluid is significant in the modern drug delivery 
procedures. Hayat et al. [29] explored convective peristaltic 
flow of Carreau–Yasuda nanofluid in the presence of mag-
netic field. In modern technology, magneto-nanofluids gain 
much more attention due to its valuable use in industry and 
biomedical sciences. Such motivation is due to the applica-
tion of magnetic field in hyperthermia, reduction in bleeding 
during surgery, removal of blockage in the arteries, can-
cer tumor, polymer technology, electrostatic precipitation, 
in molten metals purification from nonmetallic inclusion 
and MHD generation. Abbasi et al. [30] explored peristaltic 
motion of nanofluid for the drug delivery systems. Hayat 
et al. [31] numerically investigated the peristaltic motion of 
magneto-nanofluid in the presence of modified Darcy law. 
Liang et al. [32] examined velocity slip on shear stress in 
membrane system. The wall slip is significant for describing 
the macroscopic effects of certain molecular phenomena in 
the study of fluid–solid interaction problems. The significant 
application of slip effect in modern technology is polishing 
of artificial heart. Abbas et al. [33] explained the nanofluid 
motion in circular cylinder with velocity and thermal slips.

Entropy generation demonstrates the location of a sys-
tem in which more energy dissipation occurs. Bejan [34] 
studied the prime factor to modify the entropy generation 
phenomenon. Since entropy is one factor out of numerous 
for the wastage of energy through heat transfer process, it 
becomes essential to measure entropy generation in a more 
precise manner. Addition of nanomaterials in a base fluid 
improves the heat transfer efficiency of liquids. However, 
it also enhances the viscosity of fluid and therefore fluid 
flow pressure loss. Furthermore, improvement in heat trans-
fer characteristics effectively reduces entropy generation 
and irreversibility. Manay et al. [35] examined the entropy 
generation of nanofluid in a microchannel. Khan et al. [36] 
explored entropy generation minimization of nanofluid. 
Further, they have studied the nonlinear thermal radiation. 
Noreen et al. [37] studied entropy generation analysis in a 
tube with viscous dissipation. Prime purpose of this study 
is to explore entropy generation in peristaltic transport of 
nanofluid with combined effects of MHD, Ohmic heating 
and viscous dissipation. Further, velocity slip and thermal 
jump conditions are considered. Numerical simulation 
is used for describing the velocity, temperature, pressure 
gradient and entropy generation. Physical interpretation of 
obtained results is explored through graphs. The proposed 

mathematical model has relevance with modern drug deliv-
ery processes and cancer therapy.

Formulation

Peristaltic motion of nanofluid in a tube of radius a is ana-
lyzed. Waves in the speed c and wavelength � travel along 
the tube walls. We select a cylindrical coordinates system 
( ̄R, Z̄ ). Here, Z̄-axis lies along the centerline and R-axis in 
radial direction. Wall surface is described by [37]:

where b indicates wave amplitude and t  time. Nanofluid is 
mixture of nanoparticles and ordinary fluid. Water is con-
sidered as an ordinary fluid and iron oxide nanosized parti-
cles as nanomaterials. These are considered to be in thermal 
equilibrium. For the present problem, Brinkman viscosity 
model is considered for �nf as [13]:

where �w denotes viscosity of conventional liquid and � 
depicts nanomaterials volume fraction. In view of Maxwell 
model, the effective thermal conductivity of nanofluid is [7]:

The density of nanoliquids �nf, heat capacity of nanoliq-
uid (�C)nf , thermal expansion of nanoliquid (��)nf and elec-
tric conductivity ( �nf ) are given as follows [10]:

Magnetic field of constant strength B0 is applied. Induced 
magnetic field for small magnetic Reynolds number is 
neglected. The wave ( ̄r, z̄ ) and laboratory ( R̄, Z̄, t̄ ) are 
related by [10]:

Here, (Ū, W̄) and P̄ denote the velocity components and 
pressure in the laboratory frame (Z̄, R̄, t̄) , and ( ̄u , w̄ ) and p̄ 
represent the velocities and pressure in the wave frame ( ̄z , 
r̄ ) of reference. The governing mathematical expression in 
the wave frame is given by [10, 37]:

(1)h̄ = a + b sin
2𝜋

𝜆
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(2)�nf =
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,

(3)
Knf
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.
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(5)
r̄ = R̄, z̄ = Z̄ − ct̄, ū = Ū, w̄ = W̄ − c, p̄(z̄, r̄) = P̄(Z̄, R̄, t̄).
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where � stands for dimensional heat absorption/generation. 
We consider the following dimensionless variables [10, 37]:

where Re, Br, Ec, Pr, M, �, � and � denote the Reynolds 
number, Brinkman parameter, Eckert number, Prandtl num-
ber, Hartmann number, wave number, nondimensional tem-
perature and heat source/sink parameters, respectively. The 
assumption of long wavelength (� ≈ 0) and small Reynolds 
number (Re ≈ 0) is extensively used in the study of peristal-
tic motion. In view of the long wavelength and small Reyn-
olds number assumptions, we have
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1
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Continuity equation is trivially justified, and Eq.  (11) 
depicts that p ≠ p(r) . The nondimensional form of flow rate 
in the fixed 𝜂(= Q̄∕ca) and moving F(= q̄∕ca) frames of refer-
ence is related by:

Here, Q̄ and q̄ are dimensional forms of flow rates in the 
fixed and moving frames. Furthermore, ‘ F ’ is given as:

The associated boundary conditions are [10]:

Here, h = 1 + a sin(2�x) depicts the nondimensional con-
figuration of peristaltic wall, � represents the dimensionless 
velocity slip parameter and � stands for dimensionless ther-
mal slip parameter. Here, we use the Mathematica 9 software 
to compute the numerical solutions via NDSolve technique. 
This technique guarantees the accuracy in solution of the 
boundary value problem using suitable step size. In this 
problem, we have chosen step size 0.01 for the variation in 
both x and y.

Entropy generation analysis

Entropy generation expression can be defined as follows 
[37–40]:
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NS is the dimensionless form, and SG is known as entropy 
generation number. The total entropy generation can be writ-
ten as

where NH depicts the entropy generation effects caused by 
the presence of characteristic heat transfer, NF shows the 
entropy generation effect for the presence of fluid friction 
irreversibility and NM depicts the entropy generation effect 
for magnetic field. Bejan number (Be) gives the comparison 
between the total irreversibility and irreversibility due to 
heat transfer. Mathematically

Clearly, Bejan number ranging from 0 to 1 holds when 
the entropy generation due to combined effects of fluid fric-
tion and magnetic field dominates. Bejan number approach-
ing 1 is the opposite case where heat transfer irreversibility 
dominates and Bejan number of 0.5 corresponds to situation 
when contribution of both fluid friction and heat to entropy 
generation is equal.

Discussion

Solutions of governing Eqs. (11)–(13) subject to boundary 
conditions (16) are determined. Graphical analysis of axial 
velocity, pressure gradient, pressure rise per wavelength, tem-
perature and entropy is illustrated through Figs. 1–21. For 

(19)NS = NH + NF + NM,

(20)Be =
NH

NS

.

graphical analysis, we have considered fixed numerical values 
of some parameters (Table 1).  

Velocity distribution

Figures 1–4 illustrate the analysis of axial velocity across the 
tube for nanomaterials volume fraction � , Hartmann number 
M, velocity slip parameter � and amplitude ratio � . Axial 
velocity reduces for larger value of nanomaterials volume 
fraction near center of tube (see Fig. 1). It is because of the 
fact that addition of nanomaterials provides more resistance 
to the flow and thus fluid velocity decays. Figure 2 indi-
cates effects of Hartmann number on velocity distribution. 
It means that axial velocity reduces for larger applied mag-
netic field due to the retarding nature of Lorentz force. From 
Fig. 3, it is noted that axial velocity decreases near core part 
of tube by increasing velocity slip parameter and reverse 
behavior is seen near tube wall. It is noted from Fig. 4 that 
axial velocity decays by increasing the amplitude ratio.
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Fig. 1   Effect of � on velocity

Table 1   Thermophysical characteristics [19]

ρ/kg m−3 Cp/J kg−1K−1 K/W mk−1 β (1/k) × 10−6 σ/S m−1

H2O 997.1 4179 0.613 210 0.05
Fe3O4 5200 670 80.6 13 25,000
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Fig. 2   Effect of M on velocity

β = 0.1, 0.2, 0.3, 0.4

– 1.5 – 1.0  – 0.5 0.0 0.5 1.0 1.5

0

1

2

3

4

r

u

Fig. 3   Effect of � on velocity
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Pressure distribution

Figures 5–7 are plotted to examine the pressure gradient 
across the tube for various fluid parameters of interest. 
Figure 5 depicts that pressure gradient across the tube 
enhances larger nanomaterials volume fraction. It is due 
to the fact that resistance of fluid motion provided by the 
addition of nanomaterials is enhanced and therefore pres-
sure gradient elevates. Figure 6 reveals that for large Hart-
mann number, the pressure gradient increases. Physically 
in the presence of strong magnetic field, more resistive 
force is experienced in system due to which more dis-
turbances occurred and so pressure gradient is enhanced. 
Figure 7 studies influence of velocity slip on pressure 
gradient. It illustrates that an increase in � decays pres-
sure gradient in the tube and prominent effects are noticed 
in narrow portion. Figures 8–10 show study effects of 
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Fig. 4   Effect of � on velocity
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pertinent variables on pressure rise per wavelength ( ∇pλ ). 
These graphs depict that when the flow rate is enhanced, 
then ∇pλ decreases continuously. Graphs are generally 
classified in three regions known as retrograde, peristaltic 
and augmented pumping portions. Figures 8 and 9 show 
that by enhancing the nanoparticles volume fraction and 
Hartmann number, the pressure rise per wavelength decays 
in retrograde pumping region ( 𝜂 < 0, ∇pλ > 0 ) and peri-
staltic pumping region ( 𝜂 < 0, ∇pλ < 0 ). Furthermore, 
opposite trend is found in augmented pumping portion 
( 𝜂 > 0, ∇pλ < 0 ). Figure 10 depicts that ∇pλ increases by 
larger amplitude ratio parameter.

Temperature distribution

Figures 11–13 display influences of � , M and � on tem-
perature. Figure  11 indicates temperature for different 

nanomaterials volume fraction. Here, temperature rapidly 
decays for larger nanomaterials volume fraction. Nanoparti-
cles play a role as cooling agent in fluid flow. Figure 12 gives 
effect of Hartmann number on temperature. Temperature is 
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enhanced for increasing the intensity of applied magnetic 
field due to Ohmic heating effect. Figure 13 illustrates that 
temperature uniformly decreases by increasing thermal jump 
parameter. Larger value of � parameter facilitates the heat 
transfer rate and therefore temperature decreases.

Entropy distribution

Figures 14–17 are plotted to compute variations of � , M � 
and � on entropy generation. Effect of nanomaterials vol-
ume fraction on entropy generation is observed in Fig. 14. 
It is examined that entropy generation is decreasing func-
tion of nanoparticle volume fraction. Figure 15 reveals that 
entropy generation enhances Hartmann number. Effect of 
heat source/sink on entropy generation is depicted in Fig. 16. 
Here, entropy generation is enhanced, especially near the 
tube wall for larger � . Figure 17 depicts that there is a rise 
in entropy generation by flow rate parameter � . Effect of 
nanomaterials volume fraction on Bejan number is shown 
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in Fig. 18. Bejan number is an increasing function of nano-
particle volume fraction. Figures 19 and 20 compute effects 
of Hartmann number and flow rate on Bejan number. It is 
noticed that Bejan number is enhanced via Hartmann num-
ber and flow rate. Figure 21 depicts that there is a reduction 
in Bejan number with increasing effect of amplitude ratio �.

Conclusions

Key points of this analysis are:

•	 Axial velocity shows decreasing behavior by increasing 
the nanoparticle volume fraction and Hartmann number.

•	 Presence of nanomaterials increases pressure gradient.
•	 Behavior of Hartmann number on pressure gradient is 

similar to nanomaterials volume fraction.
•	 Temperature decays via nanomaterial volume fraction.
•	 Temperature for Hartmann number has opposite response 

when compared with nanomaterial volume fraction.
•	 Presence of nanomaterials decreases entropy generation. 

Increasing the Hartmann number, the total entropy gen-
eration is remarkably enhanced.

•	 Bejan number has increasing behavior for nanoparticle 
volume fraction, Hartmann number and flow rate.
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