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Abstract
In the present study, heat transfer and laminar flow of a nanofluid in a vertical channel by considering the effect of radiation

with single- and two-phase approaches with prescribed surface temperature conditions and prescribed surface heat flux

conditions were simulated. The main goal of this study is to investigate the effect of variations of Grashof number (Gr),

radiation parameter (Nr) and volume fraction of nanoparticles (/) on flow and heat transfer characteristics. For this goal,

flow with Gr = 5, 10, 15 and 20, volume fractions of 0, 0.1 and 0.2 and radiation parameters of Nr = 0, 0.5 and 1 were

simulated. The results show that by increasing Grashof number in both cases of constant heat flux and temperature,

nanofluid velocity increases and in both cases of constant temperature and heat flux by increasing volume fraction, the

velocity and temperature of the nanofluid drops. The presence of moving wall (plate boundary condition) induces sec-

ondary flows in the flow field, and the flow movement in the channel will experience drift because of temperature

variations and buoyancy forces due to inducement of secondary forces and the effect of penetration of moving plate

velocity into the fluid close by it which will affect the entire fluid flow field in the end. For fixed plate case, the velocity of

nanofluid at the walls is zero because of fixed position of the plate and presence of no-slip boundary condition on the solid

walls. By increasing the applied temperature, the value of kinetic and internal energy of the velocity field rises which

results in higher density gradients and higher buoyancy forces. For both constant heat flux and temperature, increasing solid

nanoparticles volume fraction results in lowering of the velocity contour elevations. The quantitative level of axial velocity

curves for constant heat flux condition compared with constant temperature case for Gr = 5 and Nr = 0.5 is about 2–3

times less. For constant temperature boundary condition, for Gr = 5 and Nr = 0.5 and volume fraction of 0.1%, the

maximum velocity happens at regions 30–50% of channel height from the bottom.
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Introduction

Convective heat transfer in vertical channels is important to

improve cooling systems, exchangers, energy geo-struc-

tures, solar cells, nuclear reactors and many more fields.

Based on the trends in micro and nano areas, creation of

smaller devices has become possible. One of the proper

methods for cooling these devices is using nanofluid as a

coolant material. Based on this approach, studying heat

transfer and flow of nanofluid in different geometries has

been carried out by many scientists in the past decades.

Das et al. [1] studied transient natural convection inside a

vertical channel filled with nanofluid by considering ther-

mal radiation. The governing fluid equation was studied by

using exact solution method for the determination of

velocity and temperature of the nanofluid for prescribed

surface temperature (PST) and prescribed surface heat flux

(PHF) cases. The result showed that fluid velocity is higher

in PST case compared with PHF case. Pantokratoras [2]

studied natural convection along a vertical isothermal plate

by considering linear and nonlinear Rosseland thermal

radiation. He showed that the temperature profile follows a
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special S-shaped pattern. Also, by increasing shear stress at

the wall, heat transfer of the wall decreases. Hossain and

Tashakor [3] investigated the effect of mixed convection

along a plate with uniform surface temperature. In their

numerical work, the equations were discretized with a finite

difference method. They showed that in all cases the shear

stress and local heat transfer can increase by increasing

radiation constant and increases by increasing heat transfer

Prandtl number and shear stress it decreases. Das et al. [4]

considered the effect of radiation on transient cavity flow

between two parallel vertical plates. They reached the

conclusion that velocity and temperature of the fluid

decrease by increasing Prandtl number. Also by increasing

Grashof number, the velocity rises. Das et al. [5] simulated

convective boundary condition for nanofluid flow. They

studied heat and mass transfer of an incompressible and

electrical conductor nanofluid flowing on a warmed plate

with convective boundary condition. They reached the

conclusion that increasing surface convection, heat radia-

tion and Brownian motion parameters leads to increased

thickness of the boundary layer. Dogonchi and Ganj [6]

considered MHD buoyancy flow and heat transfer on a

spread plate in the presence of thermal radiation by con-

sidering Brownian motion. Their results showed that dis-

tribution of fluid velocity and temperature decreases by

increasing radiation parameter. Rashidi et al. [7] consid-

ered transient heat transfer of nanofluid over a stretching

sheet in the presence of magnetic field and heat radiation

and studied the effects of buoyancy. The results for water–

CuO nanofluid showed that increasing buoyancy force

results in increased velocity and reduced temperature and

by increasing volume fraction the fluid velocity decreases.

Pantokratoras and Fang [8] investigated the effect of

thermal radiation on laminar flow along a moving plate. In

this present study, the temperature difference between the

sheet and flow was considered to be negligible and the

Rosseland thermal radiation was used for analysis and

mathematical solution of radiation equations. They reached

the conclusion that Rosseland approximation is correct for

small temperature difference between fluid and sheet.

Prandtl number and radiation number both have a similar

effect on temperature profile. When the Prandtl number is

increased the temperature profile becomes linear and

changes from S shape to normal shape. Garoosi et al. [9]

studied mixed convection heat transfer in a square cavity

with a two-phase mixture method. Their results showed

that for small Richardson numbers, the effect of increasing

heating and cooling number will result in increased heat

transfer rate. Also by decreasing nanoparticle thickness, the

natural heat transfer rate increases. Akbarinia and

Behzadmehr [10] considered laminar mixed convection in

a horizontal curved tube containing water aluminum

nanofluid with the two-phase mixture method and they

reached the conclusion that for a given Reynolds number,

buoyancy force has a negative effect on the Nusselt number

whereas the concentration of nanoparticles has a positive

effect on increasing heat transfer and also has a reducing

effect on surface friction. Mirmasoumi and Behzadmehr

[11] performed a numerical simulation of laminar mixed

convection of nanofluid in a horizontal tube with the two-

phase mixture method. They reached the conclusion that

the nanofluid concentration in the fully developed region

does not have an effect on hydrodynamic parameters but

has a strong influence on thermal properties. Also above

the tube and close to the wall, the nanofluid concentration

was higher. Shariat et al. [12] performed simulation of

natural and forced convection in an elliptic duct via the

two-phase mixture method and realized that in the fully

developed region the buoyancy force and particle

momentum do not have a high effect on velocity profile.

Also by decreasing nanoparticles size and increasing

Richardson number, the secondary flows are reinforced and

they increase. Oztop et al. [13] used the heat line analysis

method for heat transfer in a square inclined enclosure with

non-uniform heating for copper nanofluid with water as

base fluid. The equations were solved with the finite ele-

ment method. The results showed that the heat transfer rate

of the cavity rises by increasing nanoparticles and this

increase will be higher for cavities with lower Rayleigh

number. Xu et al. [14] considered fully developed laminar

flow between two straight vertical plates filled with a

nanofluid. It was determined that heat transfer properties

can become significantly higher by using nanofluid.

Ahmed et al. [15] considered mixed convection due to two

discrete heat sources in a cell with two adjacent moving

walls filled with nanofluid. In this experiment, the copper,

silver oxide and thallium oxide nanoparticles were used.

They studied the effect of different parameters such as

Richardson number, fluid type and position of heater and

concluded that Nusselt number decreases along the posi-

tion of heat source and increases by increasing volume

fraction of particles. Joshaghani et al. [16, 17] studied the

effect of heat transfer in the ground as a result of ground

heat exchangers and energy geo-structures. In other studies,

they studied the flow and heat transfer in microchannels

[18, 19].

In recent years, extensive studies have been carried out

on heat transfer. Most of these studies are in nanofluidic

[20–27], two-phase flow treatment using different

methodologies such as SPH [28, 29] and LBM [30, 31].

Many studies have also examined the heat transfer in

various geometries [32, 33]. In this study, the laminar

nanofluid flow in a vertical channel was considerably

including radiation. Contrary to the majority of previous

studies which used exact solution, here the numerical

solution and Rosseland method were used to investigate the
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effect of radiation on the nanofluid. Also, along with sin-

gle-phase approach the two-phase mixture method was also

used to investigate flow and heat transfer characteristics of

nanofluid in constant temperature and constant heat flux

boundary conditions. Also, fixed and moving walls were

used.

Geometry of the problem

In this study, a numerical investigation of effect of heat

radiation on natural and steady convection of nanofluid in a

vertical channel was done with two-phase mixture and

single-phase methods. Figure 1 shows the problem geom-

etry. Two parallel plates with fixed distance along the x-

axis are used and the channel entrance is situated along y-

axis. The channel is vertical and the variations are studied

along the width of the channel. At first, fluid and wall are of

the same temperature equal to Th which is constant. At time

t[ 0, the plate y = 0 moves with velocity ku0 (k = 0 for

stationary case and k = 1 for moving case) and the plate

temperature falls or rises so that it reaches temperature T0
in PST case. In PHF case, the rate of transferred heat to

plate y = 0 is constant. The fluid motion is solely influ-

enced by motion of y = 0 plate and buoyancy force. The

fluid momentum is linearly proportional with buoyancy

force. The nanofluid in this study is water and copper

nanoparticles, and the numerical simulation of this study

was done with finite volume method [34–45]. It should be

stated that heat transfer due is because of radiation and

natural convection. The important parameters for numeri-

cal solution are Grashof number Gr of 5, 10, 15 and 20,

radiation parameter Nr of 0, 0.5 and 1, volume fraction /
of 0, 0.1 and 0.2% and Prandtl number of Pr = 0.2 in the

room temperature, and the flow is modeled in laminar

regime.

For analyzing the nanofluids in a single-phase approach,

the behavior of solid particles in the liquid is taken to be

the same as the primary phase (liquid). Under this

assumption, there is no deviation in the motion between

solid phase (particles) and liquid and to a large extent the

nanofluid is modeled as a regular fluid. The justification for

this is the very small size of nanoparticles and their con-

tinuous motion along with the fluid. Also the results of this

study also apply to the two-phase mixture method. This

numerical study is done by considering Newtonian fluid in

both cases in steady state.

Governing equations

Fundamental equations for a single-phase case

For incompressible fluid with assumption of uniform dis-

persion of particles in the fluid and assumption of New-

tonian behavior of the nanofluid and using the Boussinesq

approximation, the fundamental equations of continuity,

momentum and energy become [46]:

Continuity:

r:V
!
¼ 0 ð1Þ

Momentum:

qnf
DV

!

Dt
¼ �rPþ lnfr2

V
!
þF~ ð2Þ

In the above equation, F~ is the vector of body force.

Energy:

ðqCPÞnf
DT

Dt
¼ knfr2T þ lnf/�rqr ð3Þ

In the above equation, qr refers to heat radiation flux. This

radiation heat flux vector in a gray model can be approx-

imated with the following equation,

qr ¼ �CrG ð4Þ

And the coefficient C can be obtained from,

C ¼ 1

að3þ rsÞ � ðCrsÞ
ð5Þ

where rs is dispersion coefficient and C is the coefficient of

linear anisotropic phase function. In Eq. (4), G is implicit

radiation. Implicit radiation is calculated from the follow-

ing relationship:

G ¼ 4rn2T4 ð6Þ

In Eq. (6), r is Stefan Boltzmann constant equal to

5:67� 10�8 W

m2 K4

� �
and n is refraction index. Based on

the value of G in a thick medium, the radiation flux emitted

can be calculated from,
h

x

T0

g
Th

Heat flux

Nano fluid

λ u0

y

Fig. 1 Schematic of the considered problem
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qr ¼ �16rCT3rT ð7Þ

Since this radiation heat flux has the same form as the

Fourier conduction law, we can write:

q ¼ qc þ qr ¼ �ðk þ krÞrT ð8Þ

where k is the thermal conductivity and kr is radiation

conduction factor. Based on Eq. (8), we have,

kr ¼ 16rCT2 ð9Þ

Governing equations for the two-phase mixture
method

This model is used for two or several fluid or particle

phases. Therefore, its application is suitable for nanofluid.

The mixture model uses a combined momentum equation

so that the average properties of the different phases are

considered in the equation. In the following, the governing

equations for the two-phase method are presented. The

explanations for Navier–Stokes equations are different in

the two-phase case and given by the following [47, 48],

Continuity:

r � V!m ¼ 0 ð10Þ

Momentum:

rqm � V!mV
!

m ¼ r � lmrV
!

m þr �
Xn
k¼1

/pqkV
!

dr;k

" #

þ qbð Þm T � Thð Þg
ð11Þ

Energy:

r �
Xn
k¼1

ðqkcpkÞ/kV
!

kT

" #
¼ r � kmrT �r � qr ð12Þ

In Eqs. (13)–(17), subscript k represents summation index,

dr represents drift, p represents solid particles, f represents

fluid and m represents nanofluid mixture. In the preceding

equations, different velocities were defined, and Eqs. (26)

to (30) describe the method of calculating them [49]:

Average mass velocity [50, 51]

V
!

m ¼
Pn

k¼1 /kqk V
!

m

qm
ð13Þ

Drift velocity for the second phase,

V
!

dr;k ¼ V
!

k � V
!

m ð14Þ

Relative velocity of the two phases:

V
!

pf ¼ V
!

p � V
!
f ð15Þ

Drift velocity proportional with relative velocity:

V
!

dr;p ¼ V
!

pf �
Xn
k¼1

/kqk
qm

V
!

fk ð16Þ

Relative velocity vpf can be obtained from the following

equations using the definition of drag function:

V
!

pf ¼
qpd

2
pðqp � qmÞ

18lf fdragqp
ðg� ðV!m � rÞV!mÞ

fdrag ¼
1þ 0:15Re0:687p Rep � 1000

� �

0:0183Rep Rep [ 1000
� �

( ð17Þ

All of the expressed equations in the preceding two sec-

tions require thermophysical properties of water and cop-

per particle which are briefly given in Table 1.

Properties of nanofluid for single-phase case

Dynamic viscosity of the nanofluid [52]:

lnf ¼
lf

ð1� /Þ2:5
ð18Þ

Nanofluid density [53–57]:

qnf ¼ ð1� /Þ þ /qs ð19Þ

Specific heat capacity of the nanofluid [58–60]:

ðqcpÞ ¼ ð1� /ÞðqcpÞf þ /ðqcpÞs ð20Þ

Thermal expansion coefficient for the nanofluid:

ðqbÞnf ¼ ð1� /ÞðqbÞf þ /ðqbÞs ð21Þ

Thermal conductivity of the nanofluid [61]:

knf ¼
ks þ 2kf � 2ðkf � ksÞ
ks þ 2kf þ /ðkf � ksÞ

� �
ð22Þ

Table 1 Thermophysical properties of water–copper [49]

Thermophysical properties Water Copper

Density q/kg m-3 997.1 8993

Dynamic viscosity l/Pa s 909.4e-6 –

Kinematic viscosity m/m2 s-1 0.912e-6 –

Specific heat CP/J kg
-1 K-1 4179 385

Thermal conductivity k/W mK-1 0.613 401

Thermal expansion coefficient b/K-1 210e-6 16.7e-6

Molecular weight/g mol-1 18.5152 79.54
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In these equations, the subscript s refers to particle prop-

erties (copper), f refers to base fluid (water) and nf refers to

nanofluid.

Nanofluid properties in the two-phase approach

The thermophysical properties of the nanofluid are differ-

ent in the two-phase approach, and they are calculated via

the following relationships [62]:

Heat capacity:

qcp
� �

m
¼ ð1� /pÞðqcpÞf þ /p qcp

� �
p

ð23Þ

Density:

qm ¼ ð1� /pÞ þ /pqp ð24Þ

Thermal expansion coefficient:

qbð Þm¼ ð1� /pÞðqbÞf þ /pðqbÞp ð25Þ

where p represents solid particles, f represents fluid and m

represents nanofluid mixture. The dimensionless equations

for temperature–position–velocity are as follows [1]:

Dimensionless (transverse) position:

g ¼ y

h
ð26Þ

Dimensionless velocity:

u1 ¼
u

u0
ð27Þ

Dimensionless temperature for PST case:

h ¼ T � Th

T0 � Th
ð28Þ

Dimensionless temperature for PHF case:

h ¼ kfðT � ThÞ
qwh

ð29Þ

where qw refers to heat flux of the wall. Grashof number for

PST case is defined as,

Gr ¼ gbnfðT � ThÞh2
u0mf

ð30Þ

And for PHF case:

Gr ¼ gbnfqwh
3

u0knfmf
ð31Þ

The radiation number Nr which shows the radiation

capacity divided by surface convection capacity [1]:

Nr ¼ 16rT3
1

3knfk�
ð32Þ

In this equation, r is the Boltzmann constant, knf is thermal

conductivity and k* is Rosseland absorption coefficient.

Method of numerical solution

Boundary conditions

The solution is done for two cases of fixed wall and wall

moving with constant velocity of u0. At the start of the

solution, the two walls are situated at y = 0 and y = h and

the flow between them is in thermal equilibrium with

temperature Th. After starting the solution in the PST case,

the temperature of the lower wall reaches T0 and in the

PHF case it reaches the constant heat flux qw. The

boundary conditions are given in Eqs. (33)–(35),

u ¼ 0; T ¼ Th; 0\y\h ð33Þ

u ¼ ku0; T ¼ T0 PSTð Þ; knf
oT

oy
¼ �qw; y ¼ 0 PHFð Þ

ð34Þ
u ¼ 0; T ¼ Th; y ¼ h ð35Þ

The boundary conditions in this study are shown for the 2D

and 3D cases in Fig. 2.

Method of solving equations

For solving the equation, the solver based on pressure is

used and the problem is solved for a steady-state case by

considering heat radiation and application of two-phase

mixture and single-phase methods. These simulations were

done with the finite volume method and in 3D coordinates.

For solving the numerical domain, the SIMPLEC algorithm

[63–68] was used for velocity–pressure coupling. In this

method, the equations of the velocity and pressure are

modified to establish the mass conservation principle and

to obtain the pressure field. Also, in the current investiga-

tion, PRESTO method was utilized for intuiting the pres-

sure. This method is used for highly rotational flows, the

(b) incomplete(a) stationary

Periodic

Periodic

y = hy = 0
PST(T0) or
PHF
moving or
stionary

Th

g

Periodic

Y
 = 0

Y
 =

 h

Periodic

S
ym

m
etry

S
ym

m
etry

Fig. 2 Model and boundary conditions for 2D and 3D cases
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flows with very intense pressure gradients or in much

curved domains. Also, the second-order upwind approach

was used for solving the equations. The convergence cri-

terion is when the residual curve reaches accuracy of 10-9

and in all analyses and convergences for velocity and

average temperature in the solution space the solving

accuracy is 10-9.

Figure 3 shows the mesh used in this problem. Based on

the boundary conditions of the problem, in order to better

evaluate flow parameters close to the two walls g = h and

g = 0 the density of mesh close to walls was higher and for

reaching this goal an organized uniform mesh was used for

making geometric cells.

The effect of number of grid points on velocity was

checked so that it is independent with respect to the base

mesh and all analysis was considered for volume fraction

of 0.1 for the average velocity in the stationary plate case.

The acceptable error is below 1% and used as a benchmark

for verifying the solution and using 60,000 elements sat-

isfies this criterion. Table 2 shows the effect of number of

grid points on average velocity. It is seen that from 60,000

the criterion for error below 1% holds and for more ele-

ments the results stay the same; therefore, 60,000 elements

is the condition for independence of results from the mesh.

Validation

Figure 4 shows the comparison of dimensionless velocity

across the width for the results of numerical and exact

solutions from Ref. [1] for case of fixed wall and constant

temperature and Gr = 5 and Nr = 0.5 for different volume

fractions. For the exact solution, the problem was consid-

ered to be transient and single phase. The value of error

among the curves was less than 5% which is acceptable.

Results and discussion

Effect of volume fraction on velocity

Figure 5 shows the results of solving the numerical field for

the single-phase and two-phase cases for the nanofluid flow

in the channel with both PST and PHF boundary condi-

tions. This investigation is done for Gr = 5 and Nr = 0.5.

For base fluid and different volume fractions of 0, 0.1 and

0.2 solid nanoparticles, the variations in axial velocity field

in a constant section were considered. The goal was to

follow the effect of changing solid nanoparticles volume

fraction and type of heat boundary condition on axial

velocity field of the fluid. As it can be seen, the velocity of

the nanofluid is zero at solid walls because the plate is

stationary and no-slip boundary condition exists.

Based on the behavior of curves in Fig. 5, increasing

solid nanoparticles volume fraction results in reduced ele-

vation of velocity curves. The reason for this behavior is

increased volume fraction of solid nanoparticles in the base

fluid which results in a higher viscous force and density for

the coolant fluid and reduces buoyancy force. This

behavior is shown in curves of Fig. 5 for both single- and

two-phase simulations. Based on velocity curves, the

Fig. 3 Demonstration of computational mesh

Table 2 Effect of number of network elements on average velocity

Number of elements Average velocity/(m/s) Deviation/%

6000 4.2e-5 11.3

15,000 3.28e-5 9.76

30,000 3.46e-5 4.76

45,000 3.5e-5 2.02

60,000 3.45e-5 0.883

0.0 0.2 0.4 0.6 0.8 1.0

u
1

0.00

0.05

0.10

0.15

0.20

0.25
Numerical = 0.2
Exact = 0.2
Numerical =  0.1
Exact = 0.1
Numerical = 0
Exact = 0

η

φ
φ

φ
φ

φ
φ

Fig. 4 Comparison of two-phase numerical solution for the case of

fixed wall and temperature for Gr = 5 and Nr = 0.5 and volume

fractions of 0, 0.1 and 0.2% with the exact solution of Ref. [1]
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changes in velocity values based on the selected model are

identical for PST boundary condition for zero volume

fraction of nanoparticles but for the constant flux boundary

condition this is not true. Also the quantitative levels of

axial velocity curves for constant flux case are about 2–3

times lower than constant temperature case. This is because

in the same Grashof number, the constant temperature

boundary condition applies more heat to the flow field

compared with constant flux case so that by increasing the

prescribed temperature to the fluid the value of internal and

kinematic energy of the velocity field rises and results in

stronger gradients and increases buoyancy force. The cal-

culation of the change in value of velocity in the channel

center (g = 0.5) for single- and two-phase cases is given in

Table 3. The value of this difference for PST case for

volume fraction of 0.2% solid nanoparticles is about 18.8%

and for 0.1% volume fraction it is about 8.2%. This

behavior for PHF case is 12.5% for volume fraction of

0.2% solid nanoparticles and 5% for 0.1 volume fraction.

In general, for both cases of constant flux and temperature

the determination of flow field behavior results in higher

value in the single-phase method.

In Fig. 6, the velocity contours for simulation of

velocity field for the two-phase method and constant tem-

perature and heat flux boundary conditions for volume

fractions of 0, 0.1 and 0.2% for Gr = 5 and Nr = 0.5 are

shown separately. It is observed that for the base fluid, the

highest value of velocity occurs in the hydrodynamic flow

field. The reason is that the viscous force between fluid

layers of base fluid is smaller. Also, in the fluid with higher

volume fraction the viscous force is the highest and the

lowest velocities are obvious. Based on velocity contours

for constant temperature BC due to temperature difference

between the lower and upper plate of the channel, the axial

velocity distribution is asymmetrical and the maximum

temperature is toward the wall with the higher heat so that

for all three contours in Fig. 6 the maximum velocity in the

constant temperature case happens at 30–50% of the

channel height but for constant heat flux case the velocity

field is nearly symmetrical.

In Fig. 7, the dimensionless velocity curves are drawn

for PST (prescribed temperature) and prescribed heat flux

(PHF) boundary conditions when the lower plate is mov-

ing. The results are displayed for Gr = 5, Nr = 0.5 and

volume fractions of 0, 0.1 and 0.2 along channel width.

This diagram shows the effect of changes in solid

nanoparticles volume fraction on dimensionless axial

velocity and the effect of movement of the lower plate on

the flow field. Similar to the velocity curves for fixed plate

boundary condition, by increasing solid nanoparticles

volume fraction, because of increased viscous force the

axial force is reduced. But for the hot moving plate with

both boundary conditions, the variations in axial velocity

have a smaller sensitivity to the modeling type (single-

phase or two-phase). This, however, shows a great dis-

tinction for fixed plate in the previous curves. The axial

velocity curves are affected by the thermal boundary con-

dition, and the curves are specially changed in regions

closed to the moving sheet. In addition to the hot sheet

movement, imposing constant temperature also results in

higher velocity and deeper penetration of hot plate move-

ment into the neighboring fluid and in these regions the

stability of plate motion or dimensionless velocity equal to

1 (u1 = 1) covers about 10% of regions in proximity to the

moving plate based on Fig. 7a. The dimensionless axial

velocity curves with the constant heat flux boundary con-

dition according to Fig. 7b result in a more uniform

velocity profile for all volume fractions and smaller dis-

tinction between single- and two-phase methods so that by

increasing solid nanoparticles volume fraction the behavior

of dimensionless axial velocity tends to a linear shape.

0.0 0.2 0.4 0.6 0.8 1.0

u 1

0.0

0.1

0.2

0.3
= 0

Mixture = 0.1
Mixture = 0.2
Single phase = 0.1
Single phase = 0.2

(a) Fixed plate,PST

0.0 0.2 0.4 0.6 0.8 1.0

u 1

0.00

0.02

0.04

0.06

0.08
= 0

Mixture = 0.1
Mixture = 0.2
Single phase = 0.1
Single phase = 0.

(b) Fixed plate, PHF

φ
φ
φ

φ
φ

φ
φ
φ

φ
φ

η

η

Fig. 5 Variations of dimensionless velocity across the channel width

for a fixed plate and constant temperature condition and b constant

heat flux for Gr = 5, Nr = 0.5 and different volume fractions
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In Table 4, the values of axial velocity for channel

centerline (g = 0.5) for both single- and two-phase condi-

tions for Gr = 5, Nr = 0.5 and PST (constant temperature)

and PHF (constant flux) boundary conditions are com-

pared. Based on the considered values in Table 4, there is a

clear difference between axial velocity curves and this

parameter shows a distinctive behavior for each volume

fraction for the constant temperature boundary condition;

however, the distinction is rather limited for the constant

heat flux BC case.

Effect of changing volume fraction
on temperature

In Fig. 8, the dimensionless temperature field across

channel field for Gr = 5 and Nr = 0.5 for single- and two-

phase models for volume fractions of 0, 0.1 and 0.2% solid

nanoparticles for constant temperature and heat flux

boundary conditions are shown. Figure 8 shows that adding

solid nanoparticles volume fraction in the cross section for

constant heat flux case (in fixed and moving plate case) has

an inverse effect on changes on dimensionless temperature

Table 3 Comparison of the results of dimensionless velocity values for single- and two-phase models for fixed plate, constant heat flux and

temperature for section of g = 0.5 for Gr = 05, Nr = 0.5 and volume fractions of 0.1 and 0.2%

Boundary condition Deviation/% Mixture Single phase Volume fraction

PST 8.2 0.158 0.146 0.1

18.8 0.117 0.139 0.2

PHF 5 0.0361 0.384 0.1

12.5 0.0240 0.0277 0.2

φ = 0

φ = 0.1

φ = 0.2
(b) PHF(a) PST
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Fig. 6 Dimensionless velocity

contour for a fixed plate and

constant temperature and

b stationary plate and fixed

thermal flux for section g = 0

for Gr = 5 and Nr = 0.5 and

different volume fractions
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so that by adding volume fraction, a reduction in temper-

ature field and an increase in channel cooling are observed.

This is in accordance with physical behavior of the

nanoparticles, and as a result, it is an optimum property

which can be applied in industrial cooling because

nanoparticles increase heat absorption and because of

better heat conduction coefficient transmits heat faster than

substrate fluid and therefore reduces fluid temperature and

the temperature distribution becomes more uniform upon

adding solid nanoparticles with higher volume fraction.

The dimensionless temperature contours for the two-

phase case for moving plate and constant heat flux case are

shown in Fig. 9 which shows temperature distribution in

the channel for different volume fractions. In these

Table 4 Comparison of dimensionless velocity results for single-phase and two-phase models for conditions of moving plate, constant heat flux

and temperature at section g = 0.5 for Grashof number Gr = 5 and radiation number Nr = 0.5 and different volume fractions of 0.1 and 0.2%

Boundary condition Deviation/% Mixture Single phase Volume fraction

PST 4.6 0.64 0.57 0.1

6.5 0.61 0.65 0.2

PHF 6.9 0.5212 0.5563 0.1

6 0.5014 0.5386 0.2
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= 0
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Fig. 7 Variations of dimensionless velocity across channel width for

conditions of a moving plate and constant temperature and b moving

plate and constant heat flux for Nr = 0.5, Gr = 5 and different volume

fractions
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Fig. 8 Variations in dimensionless temperature in the channel width

for condition of a fixed plate and constant heat flux and b moving

plate and constant heat flux for Gr = 5 and Nr = 0.5 and different

volume fractions
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contours, the most uniform temperature distribution hap-

pens for the highest solid nanoparticles volume fraction

and formation of hot zones is observed in the base fluid.

Figure 10 shows dimensionless temperature profile for

fixed and moving plates for PST boundary condition. This

analysis is shown for Gr = 5, Nr = 0.5 and different solid

nanoparticles volume fractions. This curve is observed to

be pseudo-linear, and most data in single- and two-phase

cases for moving wall coincide with each other and along

the channel width, by moving away from the hot wall the

temperature drops. This means that the temperature field in

the introduced conditions is almost independent of the

dynamic plate BC and solid nanoparticles volume fraction.

= 0.1φφ = 0

= 0.2φ
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Fig. 9 Temperature distribution

in the channel for different

volume fractions and Gr = 5,

Nr = 0.5 and g = 0
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Fig. 10 Variations of dimensionless temperature in the channel width

for moving plate and fixed plate and constant temperature (PST)

boundary condition for Gr = 5, Nr = 0.5 and different volume

fractions
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Fig. 11 Variations in dimensionless velocity in the channel width for

condition of a fixed plate and constant temperature and b moving

plate and constant temperature for Nr = 0.5, / = 0.1% and different

Grashof numbers
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Effect of Grashof number on velocity

Figure 11 shows the variations of dimensionless velocity

across the channel width for different Gr values in the

constant temperature (PST) boundary condition for fixed

and moving walls. In this diagram, the dimensionless

temperature is shown for Gr = 5, 10, 15 and 20, Nr = 0.5

and / = 0.1. For the fixed and moving plates by increasing

Grashof number, the axial velocity of the fluid rises. Gra-

shof number indicates the effect of buoyancy forces in

natural convection. Gr[ 0 indicates increasing density

field gradients which result in higher buoyancy force.

Increasing Grashof number results in inducing stronger

secondary flows due to convection and higher acceleration

of flow passing the channel. In Fig. 11, the velocity field in

the single-phase simulation is estimated to be higher than

the two-phase mixture method. The reason for this is lack

of noticing and separation of velocity fields for solid and

fluid phases and this parameter is suitably included in the

two-phase method. Based on Fig. 11b, the presence of

moving BC results in creation of secondary flows in the

fluid field and the motion of the fluid will experience drift

because density difference and the buoyancy caused by

creation of secondary fluid are affected by velocity pene-

tration caused by the moving plate in the fluid in that

vicinity which will influence the entire fluid flow. By

increasing Gr number, the dimensionless axial velocity

rises and the maximum value for both fixed and moving

plates moves toward the warm plate and the position of

maximum velocity or velocity peak will be situated closer

to the warm wall.

In Table 5, the single- and two-phase data are given for

constant temperature case for fixed and moving walls for

different Gr values for / = 0.1 and Nr = 0.5. The single-

phase solution estimates higher velocities than the two-

phase solution. By the investigation of the curve, it can be

concluded that the maximum estimation error for the fixed

plate is 7.43% and for moving plate it is 2.09% which

happen in Gr = 5 and 15, respectively. In general, the axial

velocity field shows lower sensitivity for moving plate BC

for single- and two-phase solutions and in other words the

application of two-phase model in the fixed plate results in

higher errors and it appears that this BC will show better

results for forced and mixed convection problems.

In Fig. 12, the numerical solution of flow field and heat

transfer with two-phase mixture and single-phase methods

for constant heat flux BC for fixed and moving plates is

shown. This investigation is done for different Gr values

and Nr = 0.5 and / = 0.1% solid nanoparticles. For the

constant heat flux BC, because this BC is the same con-

ditions and specifically in the same Gr value, the internal

energy of the fluid is smaller in the heat flux case compared

with constant temperature case; as a result, the secondary

flows induced have a lower level in the constant heat flux

BC compared with the constant temperature BC. As it is

observed, similar to constant temperature diagrams the

single-phase solution shows higher velocity values and by

increasing Gr value, because of higher buoyancy force

effects, higher velocities are achieved.

The minimum and maximum values are calculated for

single- and two-phase cases for fixed and moving wall BCs

for constant heat flux case in Table 6. The minimum

velocity differences for fixed wall are close for single- and

two-phase cases but the maximum values are strongly

different, but there are no high variations in the moving

plate case.

Effect of radiation parameter on velocity

In Fig. 13, the variations of dimensionless velocity field for

the two-phase mixture method and single-phase method are

shown for determination of velocity profiles across channel

width for different radiation parameters of 0, 0.5 and 1 for

Gr = 5 and volume fraction of 0.1%, for constant tem-

perature and moving constant plate. By increasing radiation

number and because of reduced convective heat transfer

Table 5 Comparison of dimensionless velocity for single-phase and two-phase models for constant temperature case and fixed and moving walls

for volume fraction of / = 0.1%, radiation number of Nr = 0.5 and different Grashof numbers

Boundary condition Grashof number Maximum deviation/% Minimum deviation/%

Stationary wall and constant temperature 5 7.43 5.92

10 6.81 3.95

15 6.19 2.04

20 5.58 0.19

Moving wall and constant temperature 5 1.62 0.008

10 2.06 0.01

15 2.09 0.019

20 0.96 0.195
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Table 6 Comparison of dimensionless velocity for single-phase and two-phase models for constant heat flux case and fixed and moving walls for

volume fraction of / = 0.1%, radiation number of Nr = 0.5 and different Grashof numbers

Boundary condition Grashof number Maximum deviation/% Minimum deviation/%

Stationary wall and constant heat flux 5 8.01 7.81

10 7.90 7.79

15 7.84 7.47

20 0.19 7.75

Stationary wall and constant heat flux 5 0.15 4e-4

10 0.039 3e-3

15 1.414 4e-3

20 1.84 0.19
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Fig. 13 Variations in dimensionless velocity in the channel width for

condition of a fixed plate and constant temperature and b moving

plate and constant temperature for Gr = 5, / = 0.1% and different

radiation numbers
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Fig. 12 Variations in dimensionless velocity in the channel width for

condition of a fixed plate and constant heat flux and b moving plate

and constant heat flux for Nr = 0.5, / = 0.1% and different Grashof

numbers
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and higher radiation flux penetration in fluid layers, the

fluid flow field temperature rises. With higher temperature

in different fluid regions, density gradients grow stronger.

This results in higher buoyancy force and inducement of

secondary flows in the fluid flow field. Higher dimension-

less velocity levels for fixed plate case are solely because

of buoyancy force, but by increasing movement of warm

plate, in addition to existence of buoyancy mechanism, the

inducement of fluid velocity by plate motion results in a

more significant growth in the dimensionless velocity

profiles. By increasing radiation number, the maximum

velocity increases. For the fixed plate by increasing radi-

ation number, the maximum velocity moves toward the

warmer wall and this is not observed for the moving plate.

For the moving plate case, there is not much of a difference

between flow field simulations in single- and two-phase

methods but there is a difference in the fixed plate case.

This is because of lack of estimation of solid–fluid

behavior in the single-phase method.

Figure 14 is similar to other considered cases and shows

variations of axial velocity field. In this diagram, we first

consider velocity field in two-phase and then in single-

phase cases. For the constant heat flux BC and for fixed and

moving plates, the problem is solved for Nr = 0, 0.5 and 1

for / = 0.1% and Gr = 5. For a given Nr value, the axial

velocity curves are lower for constant heat flux BC com-

pared with constant temperature. This is because of lower

influence of temperature field in the constant flux case on

the velocity parameter. For both curves by increasing Nr

value, nanofluid becomes warmer and is accompanied by

the formation of flow because of buoyancy force. In gen-

eral, in the constant heat flux BC with moving plate the

behavior of flow field is independent of single- or two-

phase behavior of the flow and all curves are almost

touching each other.

Conclusions

In this study, a numerical simulation of effect of thermal

radiation along with natural convection in steady state for a

vertical channel with single-phase and two-phase mixture

methods was carried out. These analyses were done for

Grashof number of 5, 10, 15 and 20, radiation parameter of

0, 0.5 and 1 and volume fractions of 0, 0.1 and 0.2% copper

solid nanoparticles with pure water as base fluid. The

results showed that increasing volume fraction of solid

nanoparticles has an inverse effect on variations of

dimensionless temperature at the cross section for constant

heat flux case (for moving and fixed plate cases) so that

increasing volume fraction results in lower-temperature

field and higher cooling. But for fixed plate case, the

velocity of nanofluid at the walls is zero because of fixed

position of the plate and presence of no-slip boundary

condition on the solid walls. For both boundary conditions

(constant heat flux and temperature), increasing solid

nanoparticles volume fraction results in lowering the

velocity contour elevations. The reason for this behavior is

increased volume fraction of solid nanoparticles in the base

fluid which results in higher viscous forces and density of

coolant fluid and resulting a reduction in buoyancy force.

The level of axial velocity curves in constant heat flux is

about 2–3 times lower than constant temperature for

Gr = 5 and Nr = 0.5. The reason for this behavior is that

the constant temperature boundary condition applies more

heat to the velocity field in the same Grashof number

compared with constant heat flux case so that by increasing

the applied temperature the value of kinetic and internal

energy of the velocity field raises which results in higher

density gradients and higher buoyancy forces. The
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Fig. 14 Variations in dimensionless velocity in the channel width for

condition of a fixed plate and constant heat flux and b moving plate

and constant heat flux for Gr = 5, / = 0.1% and different radiation

numbers
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presence of moving plate boundary condition induces

secondary flows in the flow field, and the flow movement in

the channel will experience drift because of temperature

variations and buoyancy forces due to inducement of sec-

ondary forces and the effect of penetration of moving plate

velocity into the fluid close by it which will affect the

entire fluid flow field in the end. For the constant heat flux

case compared with constant temperature case, the velocity

field is lower. The reason for this is the smaller effect of

temperature field in the constant heat flux case on the

velocity field.
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