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Abstract
The natural heat convection within a square enclosure filled with water–Al2O3 nanofluid has been studied numerically in

the presence of a magnetic field. The effect of heat source geometry attached to the bottom wall on the Nusselt number was

investigated by changing its nondimensional width and height, and side walls thickness of the enclosure ranging from 0.1

to 0.5, 0.1 to 0.8 and 0.05 to 0.2, respectively. A regression model has been obtained along with conducting a sensitivity

analysis seeking an optimal heat transfer. Results, reveal that Nusselt number increases by enlarging the fin, and reaching a

peak point before it declines. Thus, interestingly, the ever-increasing heat transfer by means of fin size does not retain and

there is an optimal point wherein the maximum heat transfer occurs. Moreover, the thermal performance of the system

largely depends on the fin size rather than the relative side walls thickness. However, its effect intensifies as the fin width

increases. Results of optimization show that the maximum heat transfer occurs at W ¼ 0:4615, H ¼ 0:6467 and Lb ¼ 0:2.
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List of symbols
B0 Magnetic intensity

Cp Specific heat j kg�1:k�1
� �

d Nanoparticles diameter ðmÞ
h Convection heat transfer coefficient ðwm�2 k�1Þ
H Heater nondimensional height (-)

Ha Hartmann number

k Thermal conductivity wm�1k�1
� �

K� Conductivity ratio (ks=kf )

Lb Side walls nondimensional thickness (-)

Nu Nusselt number (hl=kf )

Nus Local Nusselt number hl=kfð Þ
Num Averaged Nusselt number hl=kfð Þ
�p Modified pressure (pþ qgy)
P Pressure �Pl2=qnfa

2
f

� �

Pr Prandtl number ð#f=afÞ
Ra Rayleigh number gbf l

3ðTh � TcÞ=af#f

� �

T Temperature (K)

vBr Brownian motion velocity ms�1ð Þ
U,V Interstitial velocity components

U ¼ ul=af ; V ¼ ml=afð Þ
W Heater nondimensional width (-)

X, Y Coordinates (x/l, y/l) X ¼ x=l; Y ¼ y=lð Þ

Greek symbols
am Magnetic field angle (�)
a Thermal diffusivity ðm2s�1Þ
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/ Nanofluid concentration (-)

kb Boltzmann constant

h Nondimensional temperature(-)

l Dynamic viscosity ðwm�1 k�1Þ
t Kinematic viscosity ðm2 s�1Þ
q Density (kgm�3Þ
r Electrical conductivity X:mð Þ
c Inclination angle (�)

Subscripts
ave Average

c Cold

f Pure fluid

h Hot

max Maximum

nf Nanofluid

s Nanoparticles

Introduction

Free heat convection of fluids inside enclosures has

attracted a great deal of attention from researchers because

of its vast applications, including double-glass windows,

oil cargo in ship tanks, solar collectors, electronics cooling

systems, etc [1–4]. Thanks to technological advancements,

controlling natural convection leads systems to be smaller,

lighter, and more efficient because of low cost, low noise,

and regeneration features of this mode of heat convection

[4–6]. In many problems, an unwanted inevitable magnetic

field is assigned to the enclosure in a direction sometimes

to intensify the flow circulation and sometimes to suppress

it. For both situations, designing the best enclosure to

maximize or minimize the heat transfer is a necessity

[7–9]. In this regard, there has been an increasing attention

paid to the understanding of the flow pattern and the heat

transfer mechanism of rectangular enclosures filled with an

electrically conducting fluid subjected to a magnetic field

[10–13].

The natural convection of pure fluids inside enclosures

was studied by lots of researchers [10–19]. The impact of

Grashof number, aspect ratio, and magnetic field intensity

on the unsteady MHD flow was numerically studied by

Venkatachalappa and Subbaraya [10] in two different

aspect ratios of 1 and 2. They assigned prescribed heat

fluxes uniformly to the vertical walls while keeping the top

and bottom walls insulated. According to the results,

streamlines are elongated at the center of the enclosure at

high Hartmann numbers and low Grashof numbers; also,

isothermal lines form a roughly parallel position perpen-

dicular to the horizontal walls, which show that the con-

duction heat transfer was dominated. They reported no

significant changes in the structure of streamlines and

isotherms for the cases of long and square enclosures. In

many studies, the enclosure was considered as a rectan-

gular cavity confined by cold and hot sidewalls and insu-

lated top and bottom walls [11–22]. Teamah [11]

investigated double-diffusive free convection of heat

absorbing/generating fluid. Hartmann, and Rayleigh num-

bers effects on flow pattern and thermal performance of the

long enclosure with an aspect ratio of two was studied.

They found that the heat sink intensifies the heat transfer so

that the lower the heat generation and tending to sink

condition leads to change the sign of the Nusselt number

from negative to positive. Also, the imposed magnetic field

suppresses the flow circulation and has a decreasing effect

on the Nusselt number. Such a damping effect of magnetic

field, which depends on the orientation of action, was

reported by Refs. [12–16] for pure fluids and Refs. [20–24]

for nanofluids. A magnetic field applied to the enclosure in

the parallel direction of the gravitational acceleration was

studied by Rudraiah et al. [13]. They indicated that the

circulating currents became weakened when the magnetic

field was intensified and subsequently caused the temper-

ature stratification became predominant horizontally in the

core region and heat transfer disruption. Xu et al. [12]

experimentally examined the thermal behavior of natural

heat convection of molten gallium with and without a

magnetic field inside a confined cell and underlined the

suppression effect of the magnetic field. Four different

locations of heat source-sink pair were compared while

imposing a magnetic field on a square enclosure filled with

liquid gallium by Mahmoodia et al. [25]. For cases wherein

magnetic field has a negative effect by hindering the heat

transfer, they proposed placing the hot heat source on top

wall and cold heat source to the bottom. Mehryan et al. [14]

studied the unsteady MHD natural convection of water as

the working fluid inside the typical enclosure subparted by

a flexible membrane while considering the interaction of

water and solid membrane. They clearly reported that the

flow circulation might be intensified or suppressed by a

magnetic field depends on the direction of effect.

Karimipour et al. [26–28] systematically have focused their

studies on the effect a magnetic field effect of a laminar

flow within microchannel while considering slip flow

condition. On that case, Hartmann number causes a

reduction in velocity near walls and leads fluid to flow

more uniformely along the microchannel. It was indicated

that the thermally developing region is highly affected by

imposing the magnetic field. So that the Nu number

increases with increasing Hartmann number. Besides, heat

transfer from the fully developed region was shown to be

almost independent of the magnetic field.

Attaching fin as a passive route to enhance the heat

transfer has attracted many attentions [15, 16].
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Hydrodynamic effects of oscillating pins were studied by

Ghalambaz et al. [15] simulating a Fluid–Structure Inter-

action (FSI) model of a flexible cantilever thin fin attached

to the left wall oscillating sinusoidally on its free end.

Increasing the amplitude of oscillation was found to

increase the Nusselt number, with a higher thermal per-

formance for short oscillating fins. Ismael and Jasim [16]

conducted a similar study to examine how much the heat

transfer from a vented enclosure improves by attaching a

flexible fin to the bottom. About 230% improvement in

heat transfer was reported for the case with an elastic fin

compared to the enclosure without a fin, although the

flexible attachment showed a better thermal performance

compared to the rigid one. The effect of the radius of a

cylinderical heater inside a square enclosure was investi-

gated by Hemmat et al. [29]. The effects of adding

nanoadditives become negligible for needle-like heaters.

Interestingly, some of the researchers [30–32] addressed

situations wherein the increasing Nusselt number with an

increase in magnetic field occurs. For the case of double-

diffusive MHD natural convection inside a porous enclo-

sure, Shekar et al. [30] showed that the weakening of flow

cell resulted from increasing the imposed magnetic field is

not always associated with the heat transfer deterioration

for the typical enclosure. The local Nusselt number along

the hot wall is increased with an increase in magnetic

strength. The effect of temperature-dependent properties of

natural convection of kerosene solution suspended by Mn–

Zn nanoparticles inside a cube-shaped enclosure was

examined by Yamaguchi et al. [31]. An upward uniform

magnetic field was imposed to the enclosure, while a

square cylinder heat generator was placed at the center of

the enclosure. Their results showed that although the bigger

the heater size causes flow obstruction by reducing the flow

space, magnetic field enhances the heat transfer

characteristics.

A large number of papers and books on nano/microscale

systems have been released to underline the fact that heat

transfer rate increases by increasing fluid thermal conduc-

tivity originated from adding particles in nanoscale into a

base fluid such as ethylene glycol, oil, and water

[9, 20–22, 24, 32]. Khanafer et al. [9] analyzed free heat

convection of water–Cu nanofluid within an enclosure.

They revealed that the heat transfer rate increases by

increasing volumetric fraction of nanoparticles. About 25%

Nusselt number enhancement was reported by adding just

2% Cu nanoparticles into water [9]. While Mahian et al.

[33] experimentally and numerically investigated three

different configurations of enclosures, vertical, tilted, and

right triangular. The volume fraction of SiO2 nanoparticles

was found that has a decreasing impact on the Nusselt

number. The effect of a heat-generating source numerically

explored by Teamah and El-Maghlany [20] in various

magnetic field intensities. A comparison of heat transfer

efficiency for three different nanoparticles of Cupper,

Titanium, and Alumina was carried out. Their results

showed that at low Hartmann numbers, heat transfer rate

was in a direct relation with nanoparticles volume fraction.

Besides, at low Rayleigh number, in which heat transfer

strongly depends on thermal conductivity of the working

fluid, water-Cu nanofluid showed a higher potential for

using in heat exchanger devices than water-TiO2 and

water–Al2O3. A similar enclosure filled with water–Al2O3

nanofluid was used in the study of Ghasemi et al. [21].

They showed that heat transfer rate has a direct relation

with Rayleigh number due to convection intensification.

Moreover, the Nusselt number inversely related to the

Hartmann number since increasing the Lorentz force leads

to the weakening of the vortices strength. They also indi-

cated that the higher the volume fraction of nanoparticles is

the more efficient the thermal performance is. The same

results were also reported by Esfandiary et al. [34] for the

case of an inclined cavity filled with water–Al2O3 nano-

fluid. They also reported that the Nusselt number increases

with the inclination angle. Karimipour et al. [35] examined

the effects of inclination angle and Richardson number on a

shallow tilted lid driven cavity. It was found that the effect

of inclination angle is negligible for low Richardson

numbers. Using Boltzmann grid, Mahmoudi et al. [22]

investigated how the position of two insulated obstacles

attached to the top and bottom walls could control the

thermal behavior of the enclosure. According to their

findings, the Nusselt number highly depends on their

positions. They also demonstrated that both the Rayleigh

number and the nanoparticles volume fraction have

increasing effects on the Nusselt number. This method was

also employed by Sheikholeslami and Ellahi [23] to

investigate the effect of a magnetic field on water–Al2O3

nanofluid free convection inside a cubic enclosure. It was

heated from below and cooled from the top with two dif-

ferent constant temperatures while other walls were held

insulated. They took Brownian motion into account in their

model in order for the conductivity and viscosity of the

nanofluid to be estimated more accurately. They demon-

strated that magnetic field has a noticeable impact on

natural convection heat transfer, especially for high Ray-

leigh numbers. In detail, the convection is suppressed by

increasing the Hartmann number and the sensitivity of heat

transfer rate to the magnetic strength becomes stronger by

increasing Rayleigh number. Sheikholeslami et al. [32]

reported the same results for the problem with magnetic-

dependent viscosity for low values of viscosity parameter.

In fact, they showed that increasing in an unwanted mag-

netic strength increases the Nusselt number for a rectan-

gular container.
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Various types of Dirichlet boundary condition, including

constant, linear, and sinusoidal wall temperature distribu-

tion, and Neumann boundary condition, including constant

and variants heat flux were used by researchers [36–38].

Assigning sinusoidal temperature distribution to the verti-

cal walls, Mejri et al. [36] numerically studied the effect of

sinusoidal phase deviation through the use of Lattice

Boltzmann Method (LBM). According to their results, the

heat transfer rate is enhanced by increasing the Rayleigh

number. A similar study was performed by Hajatzadeh

Pordanjani et al. [37] to numerically examine the impact of

magnetic field angle and aspect ratio on flow pattern and

heat transfer characteristics. Two obstacles at the center

were assumed warmer than the two isotherm vertical walls.

Whatever the aspect ratio of the two heaters decreases the

Nusselt number is intensified, especially from the top of the

side walls. Mahmoudi et al. [38] examined the effect of

imposing a linear temperature distribution on the side

walls. The Nusselt number was found to be in a direct

relation to the Rayleigh number, whereas it was in an

inverse relation to the Hartmann number.

The literature review showed that the natural heat con-

vection rate could be enhanced by introducing the Lorentz

force originated from applying a magnetic field. Up to now,

there have been only a few works carried out dealing with

the effects of geometrical variations of a heat-generating

fin attached to the bottom of an enclosure in the presence of

a magnetic field. The cross-linking effects of the side walls

thickness of an enclosure filled with the water–Al2O3

nanofluid and two geometrical variables of the heater

remain unstudied. Therefore, a second order polynomial

correlation was made for Nusselt number as a function of

the side walls thickness and the fin size. In order to present

practical points for designers of such heat transfer devices,

a sensitivity analysis was carried out to evaluate how much

the Nusselt number is affected by the aforementioned

factors. An optimization was then accomplished to attain

the maximum heat transfer rate. Useful guidelines were

provided as initial data for the fabrication of enclosures.

Mathematical formulation

Physical model

As shown in Fig. 1, a 2D square enclosure, with a heat

source located at the bottom of it, was studied in the pre-

sent study. The height and width of the heat source are H

and W , respectively, and its distance from the side walls

are the same. The enclosure filled with water–Al2O3

nanofluid with the properties tabulated in Table 1 is

bounded by two thick isothermal vertical walls at

temperature Tc and by two horizontal adiabatic walls. The

generated heat by the fin is assumed to be transferred via

the heater surfaces to the surrounding nanofluid. All the

walls are exposed to no-slip conditions. Two external body

forces originated from the magnetic field (with the strength

of B0) and gravity are imposed to the nanofluid. They are

assigned in the positive and the negative directions of

y-axis, respectively.

Governing equations

It was assumed that Al2O3 nanoparticles and water were in

thermal equilibrium, and the nanofluid is Newtonian and

incompressible. The flow is considered steady, two

dimensional and laminar, and the radiation effects are

negligible. The governing equations were derived in the

nondimensional form for a two-dimensional, laminar,

Newtonian and incompressible flow inside the enclosure.

In order to take the hydrodynamic and thermal interaction

into account, Boussinesq approximation was employed.

The derived equations are as follows [37, 38]:

• Mass continuity

dU

dX
þ oV

oY
¼ 0 ð1Þ

• Momentum equations

U
oU

oX
þV

oU

oY
¼�oP

oX
þ lnf
qnfaf

o2U

oX2
þo2U

oY2

� �

þ qf
qnf

rnf
rf

PrHa2 V sinccosc�U sin2 c
� �

ð2Þ

Adiabatic

Nanofluid

g

W

H
X Adiabatic Adiabatic

B0

Tc

Ib

Ib

q0

Tc I

d

y

γ

″

Fig. 1 A schematic representation of the problem
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U
oV

oX
þV

oV

oY
¼�oP

oY
þ lnf
qnfaf

o2V

oX2
þo2V

oY2

� �

þ qf
qnf

rnf
rf

PrHa2 U sinccosc�V cos2 c
� �

þbnf
bf

RaPrh

ð3Þ

• Energy equation

U
oh
oX

þ V
oh
oY

� �
¼ anf

af

o2h
oX2

þ o2h
oY2

� �
ð4Þ

For the fin, the energy equation is reduced to:

o

ox
K� oh

oX

� �
þ o

ox
K� oh

oY

� �
¼ 0 ð5Þ

• Dimensionless parameters

In the above equations, the following non-dimen-

sional parameters are used.

X ¼ x

l
; Y ¼ y

l
;U ¼ ul

af
;V ¼ vl

af
;K� ¼ ks

kf
;P ¼

�Pl2

qnfa
2
f

; h

¼ T � Tc
q000l
kf

ð6Þ

Pr ¼ #f

af
;Ra ¼ gbf l

3q000l

af#fkf
;Ha ¼ B0l

ffiffiffiffiffiffiffiffiffi
rf
qf#f

r
ð7Þ

Boundary conditions

According to the physical model described before, Eqs. (1–

5) must satisfy the following boundary conditions:

ks
oh
on

����
s

¼ knf
oh
on

����
nf

; hs ¼ hnf ; U ¼ V ¼ 0

Heat source surfaces

0� Y � 1; X ¼ 0; X ¼ 1 : h Yð Þ ¼ 0; U ¼ V ¼ 0

Side walls

0�X� 1; Y ¼ 0; Y ¼ 1 :
oh
oy

¼ 0; U ¼ V ¼ 0

Horizontal walls

Thermophysical properties of the nanofluid

The properties of nanofluid, including effective electrical

conductivity, effective density, effective volumetric ther-

mal expansion, effective thermal capacity, and nanofluid

thermal diffusivity coefficient were obtained as follows:

rnf ¼ 1� uð Þrf þ urs ð8Þ
qnf ¼ 1� uð Þqf þ uqs ð9Þ
ðqbÞnf ¼ 1� uð ÞðqbÞf þ uðqbÞp ð10Þ

qcp
� �

nf
¼ 1� uð Þ qcp

� �
f
þu qcp
� �

s
ð11Þ

anf ¼
knf

qcp
� �

nf

ð12Þ

In the equations proposed for nanofluid properties, the

indices f and s denote the properties of pure fluid and Al2O3

nanoparticles, respectively. Many equations have been

presented by researchers for calculating the thermal con-

ductivity and viscosity of the nanofluid. In the current

study, the effective thermal conductivity and viscosity of

nanofluids were calculated through the use of modified

models suggested by Vajjha [39]. As seen from the fol-

lowing equations, Brownian motion effect was considered

in both models. Maxwell and Brinkman’s models were

used for the term kstatic and lstatic, respectively [40, 41].

knf ¼ kstatic þ kBrownian

¼ ks þ 2kf � 2ðkf � ksÞ
ks þ 2kf þ ðkf � ksÞu

kf þ 5� 104buqðcpÞf

ffiffiffiffiffiffiffiffiffi
kbT

qsds

s

f ðT;uÞ

ð13Þ

lnf ¼ lstatic þ lBrownian

¼ lf
ð1� uÞ2:5

þ 5� 104buqfðcpÞf
lf
kf Pr

ffiffiffiffiffiffiffiffiffi
kbT

qsds

s

f ðT;uÞ

ð14Þ

In above equations, the terms b and f ðT :u) are obtained
through the following equations for the water-Al2O3

nanofluid [41].

f ðT ;uÞ ¼ ð2:8217� 10�2uþ 3:917� 10�3Þ T

T0

� �

þ ð�3:0669� 10�2u� 3:91123� 10�3Þ ð15Þ

b ¼ 8:4407 100uð Þ�1:07304 ð16Þ

Table 1 Thermophysical

properties of water and

nanoparticles [24]

cP=J kg
�1 K�1 k=wmk�1 q=kgm�3 l=kgms�1 Pr r=Xm�1 dP=nm

Water 4179 0.613 997.1 0.001 7.02 0.05 –

Al2O3 765 40 3970 – – 10–12 47
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Auxiliary equations

In order to analyze the thermal performance of the enclo-

sure and how it is affected by different parameters, the

Nusselt number is selected. The local Nusselt number is

expressed as follows:

Nus ¼
hL

knf
ð17Þ

The convection heat transfer coefficient is expressed as

follows:

h ¼ q00x
Th � Tc

ð18Þ

Heat flux is calculated by the following equation.

q00x ¼ knf
oT

ox

� �
ð19Þ

Using Eqs. (6, 18, 19) and manipulating Eq. (17), the

local Nusselt number is derived as follows:

Nus ¼ � knf

kf

oh
oX

� �
ð20Þ

The average Nusselt number is then obtained by inte-

grating the above equation over the cold walls of the

enclosure:

Nuave ¼
1

L

ZL

0

Nu x¼0;1ð ÞdY ¼ � 1

L

knf

kf

ZL

0

oh
oX

� �

x¼0;1ð Þ
dY

ð21Þ

Numerical approach

Using finite volume method over the staggered grid, the

governing equations of mass, momentum, and energy have

been discretized. Also, a SIMPLE algorithm was used to

solve the coupling between pressure and velocity [42]. The

convection and diffusion terms were discretized by using

power-law scheme and a FORTRAN code was developed

to solve the discretized equations iteratively by tri-diagonal

matrix algorithm. The convergence criterion of the sum-

mation residual was assumed to be less than 10-8.

Grid study and validation

A uniform structured mesh was generated for use in the

FVM solver. To this end, the effect of mesh size on Nuave
and Wmax was evaluated. A sample of the results is tabu-

lated in Table 2. The results are roughly independent from

the mesh size for grids finer than 120� 120.

In order to validate the results of the program written in

FORTRAN, the obtained results of Nuave was compared

with both experimental and numerical studies of other

researchers [21, 24, 43]. Nuave was compared with the work

of Ghasemi et al. [21] to evaluate the effect of magnetic

field on nanofluid flow behavior inside an enclosure with

cold and hot side walls and insulated top and bottom walls.

It was done for different nanoparticle volume fractions and

Hartmann numbers at Ra ¼ 105 and the results are tabu-

lated in Table 3. Further evaluations were done by com-

paring Nuave with the work of Aminossadati and Ghasemi

[24] for natural convection in a partially heated enclosure

filled with water-Cu nanofluid at different Ra numbers. The

present numerical code was also validated against the

experimental results of Krane and Jessee [43] for natural

convection in an enclosure filled with air as shown in

Fig. 3. Table 3, Figs. 2 and 3 all indicate that the devel-

oped CFD-code works well.

CFD simulation

Effect of fin width

In order to study merely the effect of the heat source width

on flow pattern and thermal behavior, all of the other

effective parameters were held constant and the width was

changed from 0.1 to 0.5. So that, magnetic field angle, Ra

number, heat source position, nanofluid properties and etc.

were kept constant. The effect of heat source width on

streamlines and isotherms are depicted in Fig. 4. It can be

seen that the two counter-rotating circulating cells appear

both sides of the heat source. The fluid became warmer in

the middle of the obstacle and goes toward the vertical

walls and then descends from both low-temperature side

walls. Circulation is completed by means of buoyant

forces.

Comparing the streamlines, increasing the width of the

heat source is associated with an increase and a decrease in

the power of circulating flows respectively from top and

side walls of the heat source which is originated from the

compactness of streamlines against the side walls. This

observation is supported by the fact that the effect of

buoyancy force on circulating flows from both sides is

declined while its effect is heightened from the top. Sub-

sequently, it can be concluded that the compactness of

isotherms to the wall leads the heat transfer to increase.

Effect of fin height

The heat transfer is highly affected by the height of the heat

source. As shown in Fig. 5, the higher the heat source

height is, the lower the power of flow circulation is.

Roughly speaking, the enclosure is divided into two sub
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enclosures and the fin is blocking the vortex in the sur-

rounding area when the fin height is increased. As a result,

it reduces the flow circulation and the subsequent buoyancy

force. The regions of low isotherms concentration are the

regions of low heat transfer. Comparing the isotherms

show that the isotherms at the top of the heat source

became more compacted as the heat source height

decreases. Therefore, one could state that the large heater

promotes thermal stratification against the side walls ver-

tically due to the weakness of the flow circulation.

Effect of side walls thickness

The streamlines and isotherms are depicted in Fig. 6 to

show the effect of side walls thickness on flow pattern and

thermal performance. The rotating circulating cells became

weaker by increasing side walls thickness. In the case of

the thickest side walls, the regions close to the vertical

walls are almost inactive and no fluid flows there, while in

the case of the thinnest side walls the fluid flows almost

throughout the enclosure. As a matter of fact, the buoyancy

force is intensified for the thinnest side walls originated

from the lowest ability of the side walls to gain heat. In

other words, the upward flow is concentrated at a close

distance to the obstacle in high values of Lb. As a result, the

conduction mode plays the dominant role in heat transfer at

the thickest vertical walls, while a mixed convection-dif-

fusion heat transfer is responsible for heat transfer at the

Table 2 Grid independence study in the case of Ha ¼ 20, c ¼ 90�, u ¼ 0:03, K� ¼ 20, Ra ¼ 105, W ¼ 0:3, Lb ¼ 0:125 and H ¼ 0:45

Grid 60 9 60 80 9 80 100 9 100 120 9 120 140 9 140 160 9 160

Nuave 1.7321 1.7192 1.7091 1.7004 1.7003 1.7002

Wmax 3.3101 3.3243 3.3380 3.3381 3.3381 3.3381

Table 3 A comparison of the mean Nusselt number for water-Al2O3

nanofluid at different Hartmann numbers and nanoparticle volume

fractions with the results reported by Ghasemi et al. [21]

u References 0.00 0.02 0.04 0.06

Ha = 0 [21] 4.738 4.820 4.896 4.968

Present work 4.654 4.813 4.967 5.118

Ha = 30 [21] 3.150 3.138 3.124 3.108

Present work 3.147 3.143 3.138 3.128

Ha = 60 [21] 1.851 1.831 1.815 1.806

Present work 1.927 1.915 1.907 1.809
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Fig. 2 A comparison of the average Nusselt number for water–Cu

nanofluid at different values of Ra number and heater length with the

results reported by Aminossadati and Ghasemi [24]
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thinnest side walls. This fact is also supported by focusing

on the isotherms. Generally speaking, the more regular and

vertical shape of the isotherms next to the vertical walls

implies on the more important the conduction mode.

Optimization part

Application of response surface methodology

The response surface methodology is a mathematical-sta-

tistical approach which could make a relation between

some independent parameters and some responses with

minimum resources and quantitative data [44, 45]. The

procedure that RSM follows has been illustrated in Fig. 7.

In the current study, W , H and Lb are input parameters

and Nuave is the response. This method uses a sequential

plan to find the best correlations based on least squares

error fitting [46]. The multivariate model of Nuave in terms

of factors can be written as follows:

Nuave ¼ a0 þ
X3

i¼1

aixi þ
X3

i¼1

aiixixi þ
X3

i¼1

X3

j¼1;j 6¼i

aijxixj

ð22Þ

where a0 is the intercept, ai and aii respectively are the

linear and quadratic regression coefficients of ith factor,

and aij is the interaction of ith and jth factors. Central

Composite Design (CCD) is one of the most well-known

RSM-based models to find the above unknown function

[46, 47]. According to the literature and the presented CFD

simulations three-factor three-levels face-centered CCD-

RSM, with complete replication is considered. Table 4

shows the low, middle, and high levels of the investigated

factors. A Design of Experiment (DoE) resulted from CCD

is necessary in order to perform the RSM analysis. Each

design composed of 2k factorial points, 2k axial points and

several center points. k is the number of independent fac-

tors. In order to fit linear and interaction terms, factorial

points are necessary; also the estimation of curvature

Fig. 4 Streamlines (right) and isotherms (left) for low (top) and high (bottom) levels of the heat source width in the middle level of H and Lb
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provided by axial points. Center points are repetitive for

determination of the existence noise of system, which are

suggested six for three factors CCD. Thus, twenty values

for Nuave have to be collected in Table 5.

Statistical analysis

The response, Nuave, was computed on the basis of

numerical experiment with respect to Table 5. The math-

ematical correlation was determined by using multiple

regression. Regression models have to pass several statis-

tical performance tests in order to check their accuracy.

ANOVA introduced by Fisher is a collection of standard

statistical indicators to identify the best fitted model by

omitting the insignificant terms [48]. All of the statistical

estimators, including Sum of Squares (SS), Degree Of

Freedom (DOF), Mean Squares (MS), F value, P value, R2

and, adj-R2, are computed in ANOVA procedure and

gathered in Table 6. Each term of the regression model has

a distinct F value which indicated whether it remains or

leaves the regression model. F value shows the data vari-

ance around the mean. The insignificant terms which

crossed out from the model are the ones that have F values

smaller than the unity [48]. Consequently, the quadratic

term of C (Lb) was eliminated from Nuave. After manipu-

lations and using a power transformation, the ANOVA is

changed. The regression coefficients and P-values of each

term in the reduced model of Nuave were listed in Table 7.

The statistical indicators of the updated models shows the

model is appropriate to calculate the values of the average

Nusselt number.

Regression models of responses

The reduced regression model for Nuave which is valid in

the range of 0:1\W\0:5, 0:1\H\0:8 and

0:05\Lb\0:2 is given as follows:

Fig. 5 Streamlines (right) and isotherms (left) for low (top) and high (bottom) levels of the heat source height in the middle level of W and Lb
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• Statistical model:

Nuave ¼ 0:6� 0:64A� 0:036B� 1:29� 10�3C
�

� 4:981� 10�3WH � 8:667� 10�3WLb

� 1:213� 10�3HLb þ 0:41W2 þ 0:037H2
� �1
0:96

ð23Þ

• Technological model:

Nuave ¼ 2:551� 9:197W � 0:3441H þ 0:177Lbð
� 0:071WH � 0:578WLb � 0:046HLb

þ 10:139W2 þ 0:298H2
� �1
0:96

ð24Þ

Residual plots for Nu�0:96
ave are plotted in Fig. 8 to

determine the accuracy of the obtained correlation. Normal

probability is depicted in Fig. 8a. Since the residuals are

lied down on a straight line, the errors are normally

distributed. Figures 8b, d respectively show the studentized

residuals versus predicted values and versus run numbers

for Nu�0:96
ave . According to these two figures, the maximum

error for Nu�0:96
ave is something neat to 2 among all the

responses. Predicted values from the regression model

versus actual values, which indicate the goodness of fit and

subsequently the model accuracy, have been shown in

Fig. 8b. Since the residuals are falling on or near the

straight line, regression model is well fitted with the actual

values [49].

R2 and adj-R2, which are the two indicators for showing

the better fitting, both are 99.99% for this model, as

depicted in Table 5. The closer the two aforementioned

values to 100% the better the regression model fitting. For

instance, 99.99% indicates that the model could be

implemented with 0.01% of uncertainty. Thus, the model is

able to predict the Nusselt number with an excellent

accuracy [50].

Fig. 6 Streamlines (right) and isotherms (left) for low (top) and high (bottom) levels of the side walls thickness in the middle level of W and H
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Response surface analysis

Figure 9 shows the 3D surfaces and contour plots of

Eq. (24). The interaction between the height and width of

the fin has been investigated simultaneously and plotted in

Fig. 9a while the Lb kept in its middle level (C=0). Both of

the height and width of the fin have increasing effects on

Nuave, except for the region corresponds to middle and high

levels of both W (A = 0 and A = ? 1) and H (B = 0 and

B = ? 1). In other words, such an increasing trend is

preserved until Nuave reaches to its maximum value

somewhere within the aforementioned region. Another

important result would be appeared by focusing on Fig. 9a.

If the Nuave always increased by increasing the fin height,

then Nuave must be reached to its maximum at high level of

H. However, Fig. 9a shows a negative fact, it indicates that

the maximum value of Nuave occurred somewhere between

0.6 cm and 0.7 cm, while keeping Lb at the middle level.

This result is also supported by Fig. 9b, which shows the

interaction of Lb and W at the same time on Nuave. As

depicted in Figs. 9b and 9c, Lb always has an increasing

impact on Nuave at any fixed value of W and H. Therefore,

it could be inferred that the maximum of Nuave happens at

the thickest sidewalls.

Sensitivity Analysis and Optimization

To determine the effects of factors, the sensitivity of the

model to the factors was carried out based on CCD-RSM

and presented in Table 8. The increasing or decreasing rate

of Nuave with A, B and C, which described by sensitivity

function, can be obtained by differentiating the regression

model of Nuave in coded form, Eq. (23), with respect to A,

B, and C, respectively, as follows:

S1 ¼ � 1

0:96

�0:64� 4:98� 10�3B� 8:667� 10�3C þ 0:8A
� �

Nuaveð Þþ1:96

ð25Þ

S2 ¼ � 1

0:96

�0:036� 4:98� 10�3A� 1:213� 10�3C þ 0:074B
� �

Nuaveð Þþ1:96

ð26Þ

S3 ¼ � 1

0:96

�1:29� 10�3 � 8:667� 10�3A� 1:213� 10�3B
� �

Nuaveð Þþ1:96

ð27Þ

where S1, S2, and S3 are sensitivity functions. Sensitivity of

Nuave to factors are performed for the three levels of W , H

and Lb. Consequently, 27 values for each sensitivity

functions will be calculated and collected in Table 8. The

magnitude of the values regardless of their sign demon-

strates the amount of sensitivity between the response and

the investigated factor. In addition, positive sign depicts

that, the response increases with increasing the investigated

factor [51].

Choosing the effective parameters

Experimental design

Regression models based on RSM

Analysis of Variance (ANOVA)

Statistical tests

No

Yes

Sensitivity analysis

Optimization

Determination of
goodness of the
statistical models

Fig. 7 Flow chart of response surface methodology procedure

Table 4 The three levels of factors based on CCD-RSM

Variable Actual parameter Symbolic sign Low level (- 1) Middle level (0) High level (? 1)

Fin width W A 0.1 0.3 0.5

Fin height H B 0.1 0.45 0.8

Side walls thickness Lb C 0.05 0.125 0.2
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Table 5 The CCD based DoE

matrix
Experiment number Point type Coded values Real values Response

A B C W H Lb Nuave

1 Factorial - 1 - 1 - 1 0.1 0.1 0.05 0.56690

2 - 1 - 1 ? 1 0.1 0.1 0.2 0.57258

3 - 1 ? 1 - 1 0.1 0.8 0.05 0.59436

4 - 1 ? 1 ? 1 0.1 0.8 0.2 0.59018

5 ? 1 - 1 - 1 0.5 0.1 0.05 2.30544

6 ? 1 - 1 ? 1 0.5 0.1 0.2 2.40950

7 ? 1 ? 1 - 1 0.5 0.8 0.05 2.83240

8 ? 1 ? 1 ? 1 0.5 0.8 0.2 3.03018

9 Axial - 1 0 0 0.1 0.45 0.125 0.59470

10 0 - 1 0 0.3 0.1 0.125 1.52220

11 0 0 - 1 0.3 0.45 0.05 1.70650

12 0 0 ? 1 0.3 0.45 0.2 1.70300

13 0 ? 1 0 0.3 0.8 0.125 1.70124

14 ? 1 0 0 0.5 0.45 0.125 2.90219

15 Center 0 0 0 0.3 0.45 0.125 1.71920

16 0 0 0 0.3 0.45 0.125 1.70910

17 0 0 0 0.3 0.45 0.125 1.70035

18 0 0 0 0.3 0.45 0.125 1.70042

19 0 0 0 0.3 0.45 0.125 1.70029

20 0 0 0 0.3 0.45 0.125 1.70041

Table 6 ANOVA for Nuave Source SS DOF MS F value P value

Model 11.57 9 1.29 377:99 \ 0.0001 Significant

A-W 11.15 1 11.15 3279:83 \ 0.0001 Significant

B-H 0.19 1 0.19 55:33 \ 0.0001 Significant

C-Lb 8:322� 10�3 1 8:322� 10�3 2.45 0.1488 Significant

AB 0:15 1 0:15 44.69 \ 0.0001 Significant

AC 0:012 1 0:012 3.57 0.0881 Significant

BC 1:133� 10�3 1 1:133� 10�3 0.33 0.5765 Not Significant

A2
2:173� 10�3 1 2:173� 10�3 0:64 0.4427 Not Significant

B2 0:032 1 0:032 9.54 0.0115 Significant

C2
6:680� 10�4 1 6:680� 10�4 0.2 0.6670 Not Significant

Residual 0:034 10 3:401� 10�3

Lack of fit 0:034 5 6:74� 10�3 110:21 \ 0.0001 Not Significant

Pure error 3:058� 10�4 5 6:11� 10�5

Cor total 11.60 19

R2 = 0.9971 SD ¼ 0:058

Adjusted R2 = 0.9944 Mean ¼ 1:66

Predicted R2 = 0.9762 C:V:% ¼ 3:51

Adequate precision ¼ 60:344 Press ¼ 0:28
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According to Table 8, since the amount of the values

for S1 are larger than those of the two columns, the

averaged Nusselt number is very sensitive to a change in

fin width rather than fin height and side walls thickness.

Moreover, In the middle level of A, one could state that

the larger the fin height, the more sensitive the Nuave to fin

width. The results also reveal that, around the low and

middle levels of fin width, the Nusselt number increases

Table 7 Regression coefficients

for Nu�0:96
ave

Regression terms Nu�0:96
ave

Coefficients of regression model P value

Coded Actual

a0 0:6 2:551 \ 0.0001

a1 � 0:64 � 9:197 \ 0.0001

a2 � 0:036 � 0:3441 \ 0.0001

a3 � 1:29� 10�3 0:177 0.1113

a12 � 4:981� 10�3 � 0:071 \ 0.0001

a13 � 8:667� 10�3 � 0:578 \ 0.0001

a23 � 1:213� 10�3 � 0:046 0.1731

a11 0:41 10:139 \ 0.0001

a22 0:037 0:298 \ 0.0001

a33 – – –

R2 = 99.99%

Adjusted R2 = 99.99%
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by an increase in fin width, while the trend is inverted in

high level of fin width. Consequently, no doubt, a maxi-

mum point is existed somewhere between the middle and

high levels of A.

It can be seen from the column of S2 that, in all values of

the three factors, the sensitivity of Nusselt number to fin

height is increased by increasing the fin width. Focusing on

the column of S2 shows that S2 experienced a slight change

by changing the Lb, especially in lower values of Lb.

Morover, the averaged Nusselt number first increases as fin

height increases, reaches to a maximum value, then it

decreases. So, the trend obviously shows that there is a

maximum point between the middle and high levels of B,

where the S2 became zero.

Relatively, the lowest value of sensitivity is for the

sensitivity of Nuave to Lb. The results show that Nusselt
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Fig. 9 Three-dimensional surfaces and contour plots of the effect of, a heat source width and height, b heat source height and side walls

thickness, c heat source width and side walls thickness

692 S. M. Vahedi et al.

123



number is in an inverse relation with Lb for thin fin, but the

trend is inversed by inceasing in W , namely, at high level

of W , the Nusselt number is increased by a rise in Lb.

Furthermore, the thicker the side walls always intensify the

effect of side walls thickness on heat transfer. Besides, the

intensity of S3 is decreased by increasing H in low level of

A, while the trend is inversed in the middle and high levels

of A. As a result, it can be inferred that, the minimum of

Nuave occurs somewhere between the low and middle

levels of A. The results also reveal that, compared to the

interaction of Lb with W , the interactions of Lb with itself

as well as with H are not noticeable.

The influence of the individual main effects of factors

on the heat transfer was further elucidated using the

perturbation plot shown in Fig. 10. The figure illustrates

how Nuave varies as each factor changes from the refer-

ence point while other two factors held constant at the

middle level (coded zero level). It is evident that the

most influencing process parameter is fin width (A) fol-

lowed by fin length (B) which has a moderate effect on

Nuave followed by side walls thickness (C) which pro-

duces a minor effect as it changes from the reference

point. It can be also observed that the profiles of A and

B are curved because of the quadratic terms of Eqs. (23,

24). The curvature of the profile of fin width (A) is more

noticable compared to the figure for fin length (B). This

is due to the fact that its coefficient for the quadratic term

of fin width is larger than that of the quadratic term of fin

length. Fin width (A) showed negative quadratic effect

and hence, there is a continous heat transfer enhancement

up to an optimal point, than decreased with further

increase in fin width. Side walls thickness (C) confirmed

little contribution on heat transfer and its effect is almost

negligible.

Optimal point happens at the peak point, if exist any,

or happens at the fringes, if a monotonic trend was pre-

served in perturbation plot. Therefore, it can be simply

infered from the perturbation plot that the minimum heat

transfer occures at the lowest levels of the factors, at the

fringes, and the maximum heat transfer happens at the

peak point. Capturing the exact position of the peak point

is difficult without using an optimization technique

because of the interactions between factors. In fact, the

position of the peak point varies as the factors position

changes. Thus, it should be necessary to select an effi-

cient method.

The objective of RSM is providing the optimum solution

to reduce the cost of expensive analysis methods [51].

After trying to fit the best regression models to one or more

responses, RSM provides the best set of factor levels to

minimize or maximize the responses. To this end, a hill

climbing technique was used with a set of random points to

Table 8 The sensitivity analysis of the Nuave

C A B Sensitivity

S1 S2 S3

- 1 - 1 - 1 0.5038 0.0359 - 0.0030

0 0.5481 0.0112 - 0.0027

? 1 0.5453 - 0.0163 - 0.0023

0 - 1 1.4799 0.2531 0.0001

0 1.8752 0.1022 0.0038

? 1 1.8775 - 0.1129 0.0073

? 1 - 1 - 0.9767 0.6075 0.0471

0 - 1.3909 0.3126 0.0785

? 1 - 1.3746 - 0.2689 0.0896

0 - 1 - 1 0.5018 0.0360 - 0.0030

0 0.5464 0.0116 - 0.0028

? 1 0.5445 - 0.0158 - 0.0023

0 - 1 1.5006 0.2561 0.0002

0 1.9092 0.1063 0.0038

? 1 1.9193 - 0.1103 0.0074

? 1 - 1 - 0.9683 0.6394 0.0491

0 - 1.3981 0.3406 0.0831

? 1 - 1.3899 - 0.2761 0.0955

? 1 - 1 - 1 0.4996 0.0360 - 0.0029

0 0.5447 0.0119 - 0.0027

? 1 0.5435 - 0.0152 - 0.0023

0 - 1 1.5213 0.2590 0.0002

0 1.9434 0.1104 0.0038

? 1 1.9616 - 0.1077 0.0075

? 1 - 1 - 0.9583 0.6733 0.0511

0 - 1.4038 0.3713 0.0879

? 1 - 1.4041 - 0.2836 0.1019
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check whether a more desirable solution exists or not [52].

It is an iterative mathematical optimization method, which

searches the best solution locally. It starts with an arbitrary

solution, and then tries to find a better solution comparing

with the previous solution. Desirability value was selected

as the criterion for the present work. The general desir-

ability objective function is expressed as follows:

D ¼
Yn

i¼1

dr1i

 ! 1P
ri

ð28Þ

where, n is the number of responses and ri is the impor-

tance value. This approach is limitless for the number of

investigated responses. In fact, all goals are combined into

a single desirability function in multi-objective optimiza-

tion. The importance varies from 1 (the least important) to

5 (the most important). From the above equation, di is the

desirability of i-th response, which reflects the desirable

ranges for each response. Its calculation depends on the

goal of maximizing or minimizing as follows:

di ¼

Yi � YL;i

YH;i � YL;i

� 	
; for maximization

YH;i � Yi

YH;i � YL;i

� 	
; for minimization

8
>><

>>:
ð29Þ

where, Yi, YL;i, and YH;i are the predicted, the lowest, and

the highest values of the ith response, respectively. So that,

di has a value in the range of 0 to 1. The closer the value of

di to the unity, the candidate point is closer to the goal and

the optimal solution is reachable. Zero indicates that the

Nusselt number is outside the acceptable limit and one

corresponds to the ideal solution. As expressed previously,

the lowest and the highest values of the responses indi-

vidually happen at the two axial points especified in

Fig. 10. The first experiment number of Table 5 is asso-

ciated to the lowest values of the response, and the eighth

experiment number is associated to the highest value. The

minimum heat transfer occurs when W , H and Lb respec-

tively being equal to 0.1, 0.1 and 0.05 with the desirability

of 0.9975. Nuave is predicted as 0.57298 while its actual

value is 0.56690 at this point. Exploring the maximum of

Nuave needs more efforts. All of the points within the cir-

cled region of Fig. 10 have the desirability value of unity.

Hill climing tecnique provides a set of maximum points

(not displayed) need to be screen to select the best one. The

maximum heat transfer occurs when W , H and Lb respec-

tively being equal to 0.4615, 0.6467 and 0.2 with the

desirability of unity. The predicted maximum Nusselt

number by the RSM regression model, Eq. (24), is calcu-

lated as 3.2120 while the figure resulted from the CFD

model is 3.16814. Figure 11 shows the streamlines and

isotherms of the maximum heat transfer.

Conclusions

In the present work, flow and natural heat convection of

water-Al2O3 nanofluid resulted from a heat generating fin

attached to the bottom of a square enclosure has been

studied. The effects of fin geometry and side walls thick-

ness variations on flow pattern and heat transfer charac-

teristics have been studied while a magnetic field assigned

to the enclosure. The highlights of the paper are listed as

follows:

• The two counter-rotating circulating cells become

stronger as the heat source width and height increases

and decreases, respectively. The thinner the side walls

intensify their influence too.

• The heat transfer from the top of the heat source is

reduced in the case of the thinnest heat source and side

walls and the longest heat source.

• Increasing side walls thickness always enhances the

heat transfer rate, except for thin fin.

• The average Nusselt number, which is the heat transfer

characteristic, increases with increasing width and

height of the heat source, reaches its peak, then

decreases. So, there is a peak point somewhere in the

considered ranges of the two investigated factors.

• The effect of fin length is secondary compared to fin

width and side walls thickness has the lowest effect on

fin effectiveness.

Fig. 11 Optimal solution for the maximum heat transfer (Left:

Isotherms, Right: Streamlines)
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• Optimizing the Nusselt number to attain the maximum

heat transfer between the heat source and the two

vertical walls, the maximum Nusselt number takes

place at W ¼ 0:4615, H ¼ 0:6467 and Lb ¼ 0:2.
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Mamourian M. Heat transfer and sensitivity analysis in a double

pipe heat exchanger filled with porous medium. Int J Therm Sci.

2017;121:124–37. https://doi.org/10.1016/j.ijthermalsci.2017.07.

008.

48. Rashidi S, Bovand M, Esfahani JA. Sensitivity analysis for

entropy generation in porous solar heat exchangers by RSM.

J Thermophys Heat Transf. 2017;31:390–402. https://doi.org/10.

2514/1.T5003.

49. Akbarzadeh M, Rashidi S, Bovand M, Ellahi R. A sensitivity

analysis on thermal and pumping power for the flow of nanofluid

inside a wavy channel. J Mol Liq. 2016;220:1–13. https://doi.org/

10.1016/j.molliq.2016.04.058.

50. Rashidi S, Bovand M, Esfahani JA. Optimization of partitioning

inside a single slope solar still for performance improvement.

Desalination. 2016;395:79–91. https://doi.org/10.1016/j.desal.

2016.05.026.

51. Vahedi SM, Zare Ghadi A, Valipour MS. Application of response

surface methodology in the optimization of magneto-hydrody-

namic flow around and through a porous circular cylinder.

J Mech. 2018;34:695–710. https://doi.org/10.1017/jmech.2018.1.

52. Myer RH, Montgomery DC. Response surface methodology:

process and product optimization using designed experiments.

2nd ed. Hoboken: Wiley; 2002. https://doi.org/10.2307/1270613.

Publisher’s Note Springer Nature remains neutral with regard to

jurisdictional claims in published maps and institutional affiliations.

696 S. M. Vahedi et al.

123

https://doi.org/10.1016/j.physe.2016.10.015
https://doi.org/10.1615/HeatTransRes.2013007026
https://doi.org/10.1615/JPorMedia.v19.i8.20
https://doi.org/10.1615/JPorMedia.v19.i8.20
https://doi.org/10.1016/j.jmmm.2009.10.044
https://doi.org/10.1016/j.jmmm.2009.10.044
https://doi.org/10.1016/j.molliq.2016.02.093
https://doi.org/10.1016/j.molliq.2016.02.093
https://doi.org/10.1016/j.ijheatmasstransfer.2016.03.045
https://doi.org/10.1016/j.ijheatmasstransfer.2016.03.045
https://doi.org/10.1007/s10973-015-4417-3
https://doi.org/10.1016/j.physa.2014.01.057
https://doi.org/10.1016/j.ijheatmasstransfer.2018.01.019
https://doi.org/10.1016/j.ijheatmasstransfer.2018.01.019
https://doi.org/10.1016/j.ijheatmasstransfer.2009.06.027
https://doi.org/10.1016/j.ijheatmasstransfer.2009.06.027
https://doi.org/10.1017/CBO9780511709333
https://doi.org/10.1017/CBO9780511709333
https://doi.org/10.1063/1.1700493
https://doi.org/10.1063/1.1700493
https://doi.org/10.1016/j.watres.2009.11.010
https://doi.org/10.1016/j.watres.2009.11.010
https://doi.org/10.1016/j.enconman.2015.07.019
https://doi.org/10.1007/s10973-018-7652-6
https://doi.org/10.1007/s10973-018-7652-6
https://doi.org/10.2514/1.T4907
https://doi.org/10.2514/1.T4907
https://doi.org/10.1016/j.ijthermalsci.2017.07.008
https://doi.org/10.1016/j.ijthermalsci.2017.07.008
https://doi.org/10.2514/1.T5003
https://doi.org/10.2514/1.T5003
https://doi.org/10.1016/j.molliq.2016.04.058
https://doi.org/10.1016/j.molliq.2016.04.058
https://doi.org/10.1016/j.desal.2016.05.026
https://doi.org/10.1016/j.desal.2016.05.026
https://doi.org/10.1017/jmech.2018.1
https://doi.org/10.2307/1270613

	On the role of enclosure side walls thickness and heater geometry in heat transfer enhancement of water--Al2O3 nanofluid in presence of a magnetic field
	Sensitivity analysis and optimization
	Abstract
	Introduction
	Mathematical formulation
	Physical model
	Governing equations
	Boundary conditions
	Thermophysical properties of the nanofluid
	Auxiliary equations
	Numerical approach
	Grid study and validation

	CFD simulation
	Effect of fin width
	Effect of fin height
	Effect of side walls thickness

	Optimization part
	Application of response surface methodology
	Statistical analysis
	Regression models of responses
	Response surface analysis
	Sensitivity Analysis and Optimization

	Conclusions
	References




