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Abstract
In this study, the mixed convection of flow in a microchannel containing nanofluid is simulated by the Lattice Boltzmann

Method. The water/functionalized multi-wall carbon nanotubes nanofluid is selected as the working fluid. The cold

nanofluid passes through the warm walls of the microchannel to cool them down. The buoyancy forces caused by the mass

of the nanofluid change the hydrodynamic properties of the flow. Accordingly, the gravitational term is included as an

external force in the Boltzmann equation and Boltzmann’s hydrodynamic and thermal equations are rewritten under new

conditions. The flow analysis is performed for different values of slip coefficient and Grashof number. The results are

expressed in terms of velocity and temperature profiles, contours of streamlines and isotherms beside the slip velocity and

temperature jump diagrams. It is observed that the effect of buoyancy force changes the motion properties of the flow in the

input region and increases the hydrodynamic input length of flow. These changes are particularly evident at higher values

of Grashof numbers and create a rounded circle in the opposite direction of the flow at the microchannel input. The

negative slip velocity caused by the vortex resulted in a temperature jump at the input flow region.

Keywords Lattice Boltzmann method � Slip velocity � Temperature jump

List of symbols
c Microscopic velocity

DH Hydraulic diameter (m)

f Hydrodynamic distribution function

g Thermal distribution function

G Buoyancy force

Gr Grashof number

h Height of microchannel (m)

l Length of microchannel (m)

B Dimensionless slip coefficient

Pr Prandtl number

Re Reynolds number

U Horizontal dimensionless velocity

Us Dimensionless slip velocity

V Vertical dimensionless velocity

X Dimensionless horizontal Cartesian coordinates

Y Dimensionless vertical Cartesian coordinates

Greek symbols
h Dimensionless profiles of temperature

hs Dimensionless temperature jump

t Kinematic viscosity (m2 s-1)

Introduction

Convection heat transfer is one of the most important and

most widely used industrial topics which has always been

studied by the energy due to the optimization of energy

efficiency. On the other hand, the global development of

research on microelectromechanical (MEMS) and nano-

electromechanical (NEMS) systems suggests the growth of

investment and the use of this technology in a variety of
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areas, including the automotive industry, medicine, and

electronic applications in telecommunication and defense

systems. The abundant capabilities of this field have

accelerated innovation and increased patents in the field of

microprocessors. Therefore, the use of lattice Boltzmann

method which is appropriate for flow simulation in

microscopic dimensions is increasing [1].

So far various numerical methods have been introduced

for analyzing and simulating heat transfer. Generally, the

fluid flow can be in two ways. The first method involves

fluid continuum in which macroscopic equations are pre-

sented. The classic Navier–Stokes (NS) equations [2]

contain the same method. The second method consists of

particle-based methods the performance of which is based

on the action and reaction between fluid particles [3]. This

method has a large volume and is not suitable for use in

macroscopic dimensions. The lattice Boltzmann method

(LBM) is one of the particle-based methods with lower

computational cost than other particle-based methods such

as the molecular dynamics (MD) method and direct sim-

ulation of Monte Carlo (DSMC) [4–6]. Therefore, many

researchers have used this method [7, 8]. The lattice

Boltzmann method is a new way for simulating com-

pressible viscose flows and has the most application range

in a variety of fluid flow regimes. This method can well be

used to simulate convective flow and heat transfer in multi-

phase, liquid–gas systems in microscopic dimensions

[9–11]. In LBM by averaging the microscopic particles’

properties, it is possible to gain macroscopic quantities of

the flow and provide the mass and momentum survival

equations [12–15]. The performance of this method

involves the steps of collision at a location and diffusion

within the range of fluid flow [16]. The BGK operator [17]

is used o express the particles’ collision where the Boltz-

mann equation has a proper accuracy and has a good

convergence in the thermal lattice Boltzmann which is also

based on internal energy of the fluid [18–21].

The desirability of this method has led to its increasing

use in the studies conducted by the engineers and has made

it more versatile in fluid flow simulations by providing

different models [22–24]. Microstructure simulation using

LBM and Langmuir slip model adoption by Chen et al.

[25] is an example of it. He introduced the developed

Langmuir slip model instead of Maxwell slip model that

had a brighter physical image. Also, the relationship

between the molecular slip coefficient and the macroscopic

slip length in a Newtonian fluid proposed using LBM by

Oldrich and Jan [26] is an alternative method for calcu-

lating the local shear rate for calculating the macroscopic

slip length. Due to the wide application of LBM and the

presentation of varied models, modified relationships are

proposed to be applied in solving various problems

including the introduction of a modified Richardson

number by Monfared et al. [27]. They used LBM to

determine the thermal flux in a successive square cylinder

with the constant thermal flux boundary condition in 2D

mode. The results of their work showed that using the

buoyancy force term in hydrodynamic and thermal equa-

tions creates a vortex phenomenon in the fluid flow and the

amount of buoyancy force has a great effect on the start of

the vortex and the lift and drag force. The LBM has a good

accuracy in simulating irregular geometries and compli-

cated boundary conditions [28, 29], and it has an optimal

performance in the analysis of channels with curved walls

[30]. Also, the simulation of the displacement of the fluid

inside the chamber and the obstructed channels by LBM

has been reported in many studies [31–34].

In recent years, various simulations have been per-

formed in various conditions [35–88]. Also the analysis of

the Couette and Poiseuille flow within a microchannel has

been studied by LBM under various conditions using

[39–41]. Gas flow analysis within microchannels is very

important in engineering fields due to its diverse applica-

tions. Shu et al. [42] studied the gas flow inside the

microchannel with the aid of the diffuse scattering

boundary condition (DSBC) using LBM. In adapting his

results, he was able to provide an acceptable mathematical

model for simulating the flow of microchannels. Liu and

colleagues studied the gas flow in a long microchannel

using the LBM. He showed that LBM equation can

describe the flow behavior of the fluid in the transient

region. Then Yun and Rahman [44] studied the gas flow in

the microchannel by means of LBM for a range of different

Knudsen numbers with several comfort times. They

examined the effect of the Knudsen layer on the gas flow

rate for different Knudsen numbers.

The present study simulates the effect of buoyancy force

on the flow components in the microchannel using LBM

and simulates the effect of varying slip flow parameters

such as Grashof number and slip coefficient on the

hydrodynamic and thermal properties of the fluid flow.

Statement of the problem

In the present work, the mixed convection of heat transfer

is investigated in microscopic dimensions. Here the

water/functionalized multi-wall carbon nanotube

(FMWCNT) nanofluid mixed convection is studied in a

long 2-D microchannel under fixed wall temperature in slip

flow regime and by using LBM. The force of mass as an

external force influences the collision between fluid parti-

cles and the fluid flow causes mixed convection move-

ments within the microchannel. The cold air flows into the

microchannel and leaves it after cooling the walls,

Tw = 2Tc. In parallel with this flow, gravity also changes
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the velocity components in the direction of perpendicular

to the flow and by creating a vertical temperature gradient

creates free convection. Since the Reynolds number is

small in the microchannel, the presumed value for Rey-

nolds is equal to Re = 0.01 and Pr = 4.42 which represents

the mass fraction of 0.0025 of FMWCNT in water [45].

The effect of gravity on the formation of mixed con-

vection is investigated on different flow parameters for

B = 0.1, 0.01 and 0.001 and Gr = 1, 10 and 100. The flow

is in a two-dimensional microchannel with an aspect ratio

of AR = 30 and hot walls. Because of the length of the

microchannel after the input, the conditions are fully

developed for velocity and temperature (See Fig. 1).

Assumptions

The microflows are classified based on Knudsen number

and have a certain limit for different flow regimes. k is the

mean molecular free path and Dh is the hydraulic diameter

(characteristic length):

Kn ¼ k
DH

ð1Þ

Kn ¼
ffiffiffiffiffiffiffi

Pk

2

r

Ma

Re
ð2Þ

The sound speed is Cs = (kRT)0.5 and Reynolds and

Mach numbers are Re = UL/m and Ma = U/Cs. k also

represents the specific heat ratio (k = cP/cm). A computer

code is developed in FORTRAN language to simulate the

fluid flow and heat transfer. To have appropriate conver-

gence through the solvation process, the compressibility

error of LBM should be small. The compressibility error of

density variation is proportional to Ma2. Hence it will be

negligible for the low value of Mach number which is

chosen as 0.1 through the present using code.

Moreover, the hydrodynamic and thermal relaxation

times are considered as sf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6=ðpkÞ
p

DHKn and

sg ¼ sf=Pr, respectively [22]. It should mentioned that the

expression of Knudsen number is not usually applied for

the liquid microflows. As a result, the dimensionless slip

coefficient of ‘‘B = (Slip coefficient)/(Characteristic

length) = 0.1, 0.01 and 0.001’’ is used instead of ‘‘Kn =

0.1, 0.01 and 0.001’’ in the following parts of the present

work which represents the same theoretical and physical

concepts [52].

Equations

Boltzmann equation

The lattice Boltzmann equation obtained by Lattice Gas

Automata developed by Frisch et al. The performance of

this model consists of the collision processes in one place

and diffusion in the fluid range in a time step. If the dif-

fusion function f denotes the statistical description of the

probability of the presence of particles in the place and

time x and t, at a particle velocity (microscopic) of c, the

macroscopic quantities of density, velocity vector, internal

energy, and heat flux can be calculated:

qðx; tÞ ¼
Z

f ðx; c; tÞdc ð3Þ

quðx; tÞ ¼
Z

cf ðx; c; tÞdc ð4Þ

qeðx; tÞ ¼
Z

c2of ðx; c; tÞdc ð5Þ

qðx; tÞ ¼ 1

2

Z

coðco � coÞf ðx; c; tÞdc ð6Þ

An external force F on the unit gas molecule mass leads

to a change in the particle velocity and its displacement. In

this case the distribution function f for particles at time t, in

the space interval x, has a velocity between c and c ? dc.

Thus the Boltzmann equation is written as follows:

f ðxþ cdt; cþ Fdt; t þ dtÞdxdc� f ðx; c; tÞdxdc ¼ 0 ð7Þ

By introducing an appropriate operator for the collision

term, it is possible to achieve the distribution of particles

after the collision and diffuse the effect of new alignment

on the entire flow range.

NanofluidUi 

Tc 
H 

Tw 

Tw   

Fig. 1 Microchannel formation
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f ðxþ cdt; cþ Fdt; t þ dtÞ dxdc� f ðx; c; tÞ ¼ Xðf Þdxdcdt
ð8Þ

Thus

of

ot
þ of

ox
� cþ F

m
� of
oc

¼ X ð9Þ

If the external force is ignored, the Boltzmann equation is

written as follows:

of

ot
þ corf ¼ X ð10Þ

BGK approximation

The collision operator represents the rate of change in the

distribution function. These changes occur between the

initial and final modes of the distribution function due to

collision between particles. Because of the complexity of

Boltzmann equation solution, so far various models have

presented to solve it; a simple and popular model that is

introduced for the collision operator is the BGK model:

X ¼ �x ðf eq � f Þ ð11Þ

feq is the local equilibrium distribution function; x is the

collision frequency and s is the coefficient of comfort that

are inversely correlated x ¼ 1
s

� �

By introducing the BGK

approximation, the Boltzmann equation is expressed as

follows:

of

ot
þ ci

of

ox
þ Fi

m
� of
oci

¼ x f eq � fð Þ ð12Þ

Boltzmann equation with BGK approximation without

the external force F is rewritten as follows:

of

ot
þ ci

of

oxi
¼ x f eq � fð Þ ð13Þ

Hydrodynamic lattice Boltzmann relations

The analytic solution of Boltzmann equation is difficult

even with the BGK collision operator which is a simple and

suitable model. Therefore, this equation must be dis-

cretized and solve approximately. To facilitate solution,

discretization is done on the velocity domain using a

symmetric network at certain velocities.

In this case, the distribution function is discretized that a
represents the direction of the discretization rate on the

lattice and, as mentioned, the macroscopic properties are

obtained by summing up the microscopic properties and

the laws of conservation of mass, momentum and energy

are calculated as follows:

q ¼
X

b

a¼0

fa

qu ¼
X

b

a¼1

eafa

qe ¼
X

b

a¼1

c2oafa

ð14Þ

Finally, using Eq. (12) and applying the Boussinesq

approximation (all fluid characteristics except density are

constant in the buoyancy force term) and considering the

effects of the mass force on the fluid flow, the Boltzmann

discrete motion equation is written as follows:

faðxþ eaDt; t þ DtÞ � faðx; tÞ

¼ �Dt
sf þ 0:5Dt

faðx; tÞ � f eq
a
ðx; tÞ

h i

þ Dtsf
sf þ 0:5Dt

3Gðeay � VÞ
C2

f eq
� �

ð15Þ

where b coefficient of volumetric expansion and G is the

buoyancy force per unit of mass defined as G ¼ bg T � �Tð Þ
that g is the force of gravity. In this relation, the last right

term denotes the collision of particles under the influence

of the gravitational buoyancy force.

Equilibrium distribution in the BGK model

The BGK approximation represents the density distribution

function in terms of the equilibrium distribution function

and no macroscopic velocity exists in the equilibrium

distribution function because it is considered constant.

Therefore, the values of motion equilibrium distribution

function values are calculated as follows:

f eqa ¼ xaq 1þ 3ðea � uÞ
c2

þ 9ðea � uÞ
2c4

� 3u2

2c2

� �

ð16Þ

In the D2Q9 model (Fig. 2), the microscopic velocity

vectors of the lattice particles are calculated as follows.

Mass functions are also in the form of xa¼0 ¼ 4
9
; xa ¼

1
9
for a ¼ 1; 2; 3; 4 and xa ¼ 1

36
for a ¼ 5; 6; 7; 8.

ea ¼ cos
a� 1

2
p; sin

a� 1

2
p

� �

c; a ¼ 1; 2; 3; 4

ea ¼
ffiffiffi

2
p

cos
a� 5

2
pþ p

4

� �

; sin
a� 5

2
pþ p

4

� �� �

c;

a ¼ 5; 6; 7; 8

e0 ¼ ð0; 0Þ

ð17Þ

As already mentioned, the flow range can be calculated by

macroscopic quantities. The laws of conservation of mass,

momentum and energy are as follows:

232 M. Mozaffari et al.

123



q ¼
X

a

fa ð18Þ

u ¼ ð1=qÞ
X

a

faeax ð19Þ

v ¼ ð1=qÞ
X

a

faeayþ
Dt
2
G ð20Þ

The discretized distribution function in the presence of

buoyancy force is as follows:

fa ¼
sf fa þ 0:5Dtf eqa
sf þ 0:5Dt

þ 0:5Dtsf
sf þ 0:5Dt

3G eay � V
� �

c2
f eqa

� �

ð21Þ

Thermal lattice Boltzmann relations

The optimal performance of lattice Boltzmann in solving

the mixed convection problems and its proper application

in simulating multi-phase flows and different geometries

lead to its increased application.

In the hydraulic analysis of the flow through the lattice

Boltzmann, the second-order accuracy is used to satisfy the

laws of conservation and the equilibrium function versus

velocity will be of the second order. Thus the thermal

energy distributed function model by He et al. [18] is used

in the simulation of heat transfer in the LBM where a

separate distribution function, g, is used to simulate the

temperature field. This model is applicable to complex

geometries and boundary conditions.

The BGK thermal lattice Boltzmann model based on

internal energy is described as follows over a process

similar to discretization of hydrodynamic lattice

Boltzmann with BGK approximation. Thermal lattice

Boltzmann equation which includes the collision and

diffusion:

~ga xþ eaDt; t þ Dtð Þ � ~geðx; tÞ

¼ � Dt
sg þ 0:5Dt

~gaðx; tÞ � geqa ðx; tÞ
	 


� sgDt

sg þ 0:5Dt
faðx; tÞZaðx; tÞ

ð22Þ

That

~ga ¼ ga �
Dt
2sg

ga � geqa
� �

þ Dt
2
faZa ð23Þ

The heat loss due to viscosity and condensation in the

equation above are as follows:

Za ¼ ea � uðx; tÞ½ � � uðx � eaDt; t þ DtÞ � uðx; tÞ½ �=Dt
ð24Þ

Discretized lattice Boltzmann equation:

g
eq
0 ¼� 4

9

3qe
2

u2 þ v2

c2

� �

geqa ¼ 1

9
qe 1:5þ 1:5

ea � u
c2

þ 4:5
ðea � uÞ2

c4
� 1:5

u2 þ v2

c2

" #

;

a ¼ 1; 2; 3; 4

geqa ¼ 1

9
qe 3þ 6

ea � u
c2

þ 4:5
ðea � uÞ2

c4
� 1:5

u2 þ v2

c2

" #

;

a ¼ 5; 6; 7; 8

ð25Þ

qe ¼
X

a

~ga �
Dt
2

X

a

faZa

q ¼
X

a

ea~ga � qeu� Dt
2

X

a

eafaZa

 !

sg
sg þ 0:5Dt

ð26Þ

Boundary conditions

The application of boundary conditions in the LBM is very

different from the methods of the Navier–Stokes equations

and has a more complex process due to the use of the

distribution function variable. In this method, boundary

conditions affect the distribution functions and these

effects are applied to the hydrodynamic and thermal

properties of the flow indirectly. In lattice Boltzmann, the

domain of the solution must be divided into lattices that

distribution function particles are on each lattice. Some of

these particles flow along the specified directions to the

adjacent nodes.

1

526

3

7 4 8

Fig. 2 D2Q9 lattice
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Hydrodynamic boundary conditions

In the fluid flow in the microscopic dimensions, the fluid

slips on the channel walls with a limited tangential velocity

which causes the slip boundary condition on the walls to be

applied. The directions of the velocities thrown by the fluid

domain to the boundaries are considered as known quan-

tities, and it is not necessary to calculate them on the

boundary and their values are obtained from the previous

stages of the collision and the previous diffusion of the

fluid range. Here, the unknown distribution functions can

be obtained using unbalanced return boundary condition

[46]. In this model, the collision is performed on a node on

the solid–fluid boundary and the distribution functions

colliding with the wall are returned in a direction that is in

line with equilibrium conditions. The left wall with dis-

tribution functions related to directions a = 1, 5 and 8 is the

missing quantities:

f1 ¼ f3 þ
2

3
qinuin

f5 ¼ f7 þ
f4 � f2

2
þ 1

6
qinuin þ

1

2
qinVin �

Dt
4
qinG

f8 ¼ f6 �
f4 � f2

2
þ 1

6
qinuw � 1

2
qinVin þ

Dt
4
qinG

ð27Þ

~f3 ¼ ~f1 �
2

3
qoutuout

~f7 ¼ ~f5 �
1

2
~f4 � ~f2
� �

� 1

6
qoutuout �

1

2
qoutvout þ

1

4
DtqoutG

~f6 ¼ ~f8 �
1

2
~f4 � ~f2
� �

� 1

6
qoutuout þ

1

2
qoutvout �

1

4
DtqoutG

ð28Þ

The upper and lower walls have different boundary

condition because of the slip in the walls and here the

Knudsen number is important. In this situation, fluid

molecules located on the wall surface slip on it and cause a

slip boundary condition in hydrodynamic problems. Slip

velocity condition:

Duwall ¼ ufluid ðy!wallÞ � uwall ¼ ‘S
oufluid

oy
wall ð29Þ

Maxwell completes the above relation by introducing

the tangential momentum accommodation coefficient

uslip ¼ us � uwall ¼
2� r
r

k
ouS

on

�

�

�

�

w

þ3

4

g
PT

oT

oS

�

�

�

�

w

In dimensionless form : Uslip ¼ B
oU

on

�

�

�

�

w

ð30Þ

where B represent the dimensionless slip coefficient. Slip

velocity boundary condition in lattice model [47]:

~f4 ¼ ~f2
~f7 ¼ r~f5 þ ð1� rÞ~f6
~f8 ¼ r~f6 þ ð1� rÞ~f5

ð31Þ

~f2 ¼ ~f4
~f5 ¼ r~f7 þ ð1� rÞ~f8
~f6 ¼ r~f8 þ ð1� rÞ~f7

ð32Þ

where r = 0.7 is chosen as the matching coefficient.

Thermal boundary conditions

As mentioned before in a fluid flow in microscopic

dimensions, the fluid slips on a channel wall with limited

tangential velocity causing thermal jumps to occur in

thermal problems. Here, the thermal boundary condition is

applied using the model provided by He et al. [18] which

has a proper function. In their model, the non-equilibrium

return boundary condition by Zhu and He functions is used

[48]. In the present study, the thermal boundary condition

is constant temperature and insulated wall. D’Orazio et al.

[49] applied He’s model and complete it by GPTBC model.

In this model, the unknown thermal distribution functions

are equalized with equilibrium distribution functions with

reverse slip thermal energy:

~g5 ¼
1

12
1:5Dt

X

8

a¼1

eaxfaZa þ 3 ~g3 þ ~g6 þ ~g7ð Þ
" #

~g1 ¼
1

6
1:5Dt

X

8

a¼1

eaxfaZa þ 3 ~g3 þ ~g6 þ ~g7ð Þ
" #

~g8 ¼
1

12
1:5Dt

X

8

a¼1

eaxfaZa þ 3 ~g3 þ ~g6 þ ~g7ð Þ
" #

ð33Þ

~g6 ¼
1

12
� 1:5Dt

X

8

a¼1

eaxfaZa þ 3 ~g1 þ ~g5 þ ~g8ð Þ
" #

~g3 ¼
1

6
� 1:5Dt

X

8

a¼1

eaxfaZa þ 3 ~g1 þ ~g5 þ ~g8ð Þ
" #

~g8 ¼
1

12
� 1:5Dt

X

8

a¼1

eaxfaZa þ 3 ~g1 þ ~g5 þ ~g8ð Þ
" #

ð34Þ

The unknown distribution functions of g on the lower

and upper walls are as follows to simulate the temperature

jump boundary condition:
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~g2 ¼
3

qe
g
eq
2 qw; uw; ewð Þ g7 þ g4 þ g8ð Þ

~g5 ¼
3

qe
g
eq
5 qw; uw; ewð Þ g7 þ g4 þ g8ð Þ

~g6 ¼
3

qe
g
eq
6 qw; uw; ewð Þ g7 þ g4 þ g8ð Þ

ð35Þ

~g4 ¼
3

qe
g
eq
2 qw; uw; ewð Þ g2 þ g5 þ g6ð Þ

~g7 ¼
3

qe
g
eq
7 qw; uw; ewð Þ g2 þ g5 þ g6ð Þ

~g8 ¼
3

qe
g
eq
8 qw; uw; ewð Þ g2 þ g5 þ g6ð Þ

ð36Þ

The velocity and temperature values are also calculated

as dimensionless as follows:

U ¼ u=ui ð37Þ
h ¼ T=Tc ð38Þ

The dimensional quantities of spatial coordinates x and y

also become dimensionless as follows:

X ¼ x=H ð39Þ
Y ¼ y=H ð40Þ

It should be noted that L/H = 30. Therefore, for the

dimensionless quantities of X and Y used in plotting the

output charts and figures: 0\ Y\ 1 and 0\X\ 30. The

following equation is used for the Nusselt number [52].

Nu ¼ knf

kf

DH
oT
oy

�

w

Tw � Tbulk
ð41Þ

Validation

For implementation of the numerical solution of the

problem algorithm, a computer code written in FORTRAN

language is used. To verify the independence of the solu-

tion process to the number of point in the lattice, it is

examined according to Table 1. The mean value of the

Nusselt number, as well as the dimensionless values of the

horizontal velocity U, the vertical velocity W, and the

dimensionless temperature h at X = 1.5 for three lattices

35 9 350, 40 9 400 and 450 9 450 are shown. Due to the

small difference between the lattices’ results, 40 9 400

lattice is applied for further calculations.

In order to verify the performance validity of the code

and the applied relations, the flow of fluid inside the

microchannel is studied in the slip flow regime and then

compressible fluid flow in the microchannel under different

boundary conditions. In the first problem the results of the

present study are compared with the results of Zhang et al.

[15] in Fig. 3 for validating numerical solution for fluid

flow properties. Using the LBM, they simulated gas flow in

the slip flow regime within the microchannel. According to

the above-mentioned figure, the dimensionless velocity

profile of Zhang et al. for Kn = 0.05 and 0.1 shows a good

consistency with the present work.

To evaluate the accuracy of the numerical solution in the

heat transfer problems in microscopic dimensions, the

results were compared with the results of Kavehpour et al.

[23]. They modeled the compressible fluid flow in a

microchannel under the boundary conditions of tempera-

ture and constant thermal flux using LBM. Figure 4 shows

the comparison between dimensionless temperature pro-

files in the fluid flow for Re = 0.01 and Kn = 0.01 (similar

to the present work). The results of comparison show an

acceptable match.

In Table 2 the coefficient of friction amounts, CfRe, and

Knudsen number, Kn, are compared with those of

Kavehpour et al. [23]. The accuracy of the performed

simulation by comparing the results with past valid

research indicates the high accuracy of the written com-

puter code.

Table 1 Checking the independence of the lattice in terms of the flow

in the microchannel for B = 0.01 and Re = 0.01

350 9 35 400 9 40 450 9 45

Nu 7.18 7.23 7.25

CfRe 21.04 21.10 21.13
U

0.00 0.25 0.50 0.75 1.00 1.25 1.50

Y

0.00

0.25

0.50

0.75

1.00

Kn = 0.1

Kn = 0.05

Fig. 3 Dimensionless velocity profiles (lines) with those of

Zhang et al. [15] (symbols)
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Results and discussion

The laminar flow of cold nanofluid in a microchannel at a

constant heat flux for cooling the walls is examined in a

two-dimensional mode using the LBM. The effect of

gravity on the flow and mixed convection heat transfer in a

microchannel for different values of B = 0.001, 0.01 and

0.1 are investigated. It should be noted that the Reynolds

number is Re = 0.01. The effect of buoyancy force on free

motion is applied by Boussinesq approximation. The

water/functionalized multi-wall carbon nanotubes nano-

fluid (see Table 3) is considered as the working fluid with

different Grashof numbers as Gr = 1, 10 and 100. The

Grashof number indicates the buoyancy to viscosity forces

ratio and using Gr ¼ gbD3
H Th � Tcð Þ=t2 and constant val-

ues for viscosity are assumed at b = 1/T and g = 9.8 ms-2.

In Fig. 5, the flow after the microchannel input tends to

development. The maximum velocity Umax occurs in the

horizontal axis.

In Fig. 6, the velocity profile is displayed for different

Gr in different sections. In the rule of forced convective

heat transfer (Gr = 1), the presence of the slip velocity at

Y = 0 and Y = 1 is well seen in this figure and its maximum

value is at the microchannel input which decreases with

movement along it and eventually reaches a constant value.

Reducing the slip velocity along the microchannel is

observed for different values of X. By increasing the Gra-

shof number and generating buoyancy force, the flow

moves toward the mixed convection heat transfer. At

Gr = 10 the effect of gravity on mixed convection causes a

change in the velocity profile and a negative slip velocity.

The velocity changes are increased at the microchannel

input and more movement along the microchannel is nee-

ded to reach the developed flow. At Gr = 10, the shape of

the velocity profile at X = 0.06 L and X = 0.1 L return

flow and the resulting recirculating cell in the range of

0 2 4 6 8 10 12 14

Y

0.00

0.25

0.50

0.75

1.00

x* 0.0127 x* 0.864= =

θ

Fig. 4 Dimensionless temperature profiles of h = T/Ti at various cross

sections of microchannel for Kn = 0.01 (lines) with Kavehpour et al.

[23] (symbols)

Table 2 Validation of the

coefficient of friction amounts

and Knudsen number in the

developed current in the

microchannel with Ref. [23] for

Re = 0.01

Kn = 0.015 Kn = 0.02 Kn = 0.03 Kn = 0.04 Kn = 0.046

Nu from present work 7.23 7.20 7.09 6.78 6.63

Nu from Ref. [23] 7.42 7.31 7.15 6.80 6.60

CfRe from present work 21.10 20.81 19.48 18.63 18.01

CfRe from Ref. [23] 21.49 21.15 19.75 18.85 18.20

Table 3 Thermo-physical

properties of FMWCNT/water

[45]

mass%

FMWNT/water

q/Kg m-3 K/W m-1 K-1 l/Pa s

Pure water 996 0.62 7.65 9 10-4

Pure water ? 0.25% of FMWNT 1008 0.75 7.95 9 10-4

1.00

0.75

0.50

0.25

0.00
0.0 0.5 1.0 1.5

U

Y

X = 0.04 L
X = 0.06 L
X = 0.1 L
X = 0.2 L

Gr = 1 Re = 0.01 B = 0.001

Fig. 5 U profiles at different sections of the microchannel for

B = 0.001 and Gr = 1
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Y[ 0.5. The buoyancy force is diminished increasing X by

moving ahead of the input and the velocity profile

approaches the development and symmetrical shape. The

1.00

0.75

0.50

0.25

0.00

1.00

0.75

0.50

0.25

0.00

1.00

0.75

0.50

0.25

0.00

0.0 0.5

– 0.5

1.0 1.5

0.0 0.5 1.0 1.5 2.0

– 15 – 10 – 5 0 5 10 15

U

U

U

Y

Y

Y

X = 0.06 L
X = 0.1 L
X = 0.2 L
X = 0.3 L

X = 0.06 L
X = 0.1 L
X = 0.2 L
X = 0.3 L

Gr = 1 Re = 0.01 B = 0.1

Gr = 10 Re = 0.01 B = 0.1

X = 0.06 L
X = 0.1 L
X = 0.2 L
X = 0.3 L

Gr = 100 Re = 0.01 B = 0.1

Fig. 6 U profiles at different sections of the microchannel for B = 0.1

and Gr = 1, 10 and 100

1.00

0.75

0.50

0.25

0.00

Y

0.0 0.5 1.0 1.5
U

B = 0.001
B = 0.01
B = 0.1

Gr = 1 Re = 0.01

Fig. 7 U Profiles at section X = 0.1 L for different values of slip

coefficient

1.00

0.75

0.50

0.25

0.00
1.85 1.90 1.95 2.00

Y

X = 0.1 L

X = 0.2 L
X = 0.4 L

X = 0.15 L

Gr = 1 Re = 0.01 B = 0.1

θ

Fig. 8 Profiles of h at different sections of the microchannel for

B = 0.1 and Gr = 1

1.00

0.75

0.50

0.25

0.00

Y

1.85 1.90 1.95 2.00
θ

B = 0.001
B = 0.01
B = 0.1

Gr = 1 Re = 0.01

Fig. 9 Profiles of h at different slip coefficient at X = 0.1 L and

Gr = 1
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Fig. 10 Streamlines and

dimensionless isotherms in the

microchannel in a Gr = 1,

b Gr = 10, c Gr = 100
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reason for the presence of a strong buoyancy force at the

microchannel input is the difference in temperature

between the input fluid and the walls especially in the

input. As the fluid moves along the path and the temper-

ature difference between the fluid and the walls is reduced,

the free movement force is reduced and the velocity profile

develops. This powerful buoyancy force on the upper wall

1.5

1.0

0.5

0.0
2 4 6 8

Us

1.0

0.5

0.0

–0.5

–1.0

Us

2.0

1.5

1.0

0.5

0.0

Us

X

2 4 6 8

X

2 4 6 8

X

B = 0.001
B = 0.01
B = 0.1

Gr = 1 Re = 0.01

B = 0.001
B = 0.01
B = 0.1

Gr = 1 Re = 0.01

B = 0.001
B = 0.01
B = 0.1

Gr = 1 Re = 0.01

Top wall

Bottom wall

Fig. 11 Changes in Us for different values of slip coefficient and

Gr = 1, 10

0.100
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0.100
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0.100

0.075

0.050

0.025

0.000

θ s

2 4 6 8

X

2 4 6 8
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B = 0.001
B = 0.01
B = 0.1

Gr = 1 Re = 0.01

Fig. 12 hS along microchannel for different values of slip coefficient

in Gr = 1, 10 and 100
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leads to a negative slip velocity resulting from a return flow

in the area. This phenomenon is only due to gravity and the

negative value of the velocity profile at Y[ 0.75. At

Gr = 100, it can be seen that with the increase in the

Grashof number and the stronger buoyancy force, the

velocity profile has a higher negative slip rate which can

affect the velocity profile at points far from the flow input

section. Comparison of Figs. 5 and 6 shows that in the rule

of forced convective heat transfer (Gr = 1), it is observed

that the buoyancy force is diminished by increasing the slip

coefficient (B) and separating nanoparticles from each

other. Also more B leads to higher value of slip velocity.

Figure 7 shows velocity profile for different values of

slip coefficient. In this figure, it is clearly seen that the

higher slip coefficient leads to an increase in slip velocity

on the walls. Also, by increasing the amount of slip

velocity on the walls the maximum velocity decreases in

the horizontal axis of the microchannel. Figure 8 shows the

dimensionless temperature profile h = T/Tin at different

sections of the flow. The increase in fluid temperature due

to heat exchange with hot walls is evident; therefore the

temperature gradient is high at the microchannel input. As

the fluid moves along the path and the nanofluid temper-

ature increases, the flow will be convective and this con-

vection is evident at X = 0.4 L.

It can be seen from Figs. 6 and 8 that the slip velocity

has led to temperature jump which has dropped along the

microchannel. Figure 9 shows the dimensionless tempera-

ture profile h = T/Tin for different values of slip coefficient

at X = 0.1 L. This figure clearly indicates an increase in the

amount of temperature jump due to the increase in the slip

coefficient. Figure 10a–c presents the streamlines and

isotherms for different values of Grashof number in the

range of one-sixth of the input from the microchannel

length for the sake of clarity. In Fig. 10a, in the flow lines

at Gr = 1 the flow is developed and exits on the right side

after entering the microchannel without changing. In this

figure the flow lines are completely parallel and there is no

trace of the buoyancy force and the recirculating cell. In

Fig. 10b, in Gr = 10 by increasing the buoyancy force and

creating buoyancy motions, the flow after entering

microchannel is dragged down under the influence of

gravity and then its temperature is increased through the

exchange of heat with the hot walls and, as a result, the

buoyancy force pushes it up and creates a weak cell in the

input region. Figure 10c shows that the same cell is formed

in Gr = 100 but due to the strong buoyancy forces a

recirculating cell is created in the opposite direction of the

input fluid. Since the circulation direction is counter-

clockwise, it leads to a negative slip velocity in the input

area.

Figure 11 shows the variations in the slip velocity Us

along the microchannel for different values of slip coeffi-

cient. In the rule of forced flow convection Gr = 1, due to

the flow lines and the parallelism of the flow lines, the slip

velocities in the upper and lower walls match. Also it is

seen that slip velocity has its greatest value at inlet, and

then it decreases mildly along the microchannel wall to

approach a constant value. For Gr = 10, the slip velocity of

the input area is obvious in the upper and lower walls

which is affected by buoyancy motions. At distances away

from the input section the nanofluid temperature tends to

the wall temperature and the buoyancy motions due to free

movement are weak. It is observed that as the nanofluid

moves along the path, the slip velocity decreases and

eventually reaches a constant value. The phenomenon of

negative slip velocity is evident along the wall for Gr = 10

which its amount will be increased with B. In the lower

wall for Gr = 100 the positive slip velocity increases and

then reaches a constant value.
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Fig. 13 The variations of Nusselt number along the microchannel

walls for nanofluid (FMWCNT in water with mass fraction of 0.0025)

versus pure water
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In Fig. 12, the temperature jump (hS) changes along the

upper wall of the microchannel are shown for different

values of slip coefficient. In this figure temperature jump is

increased by slip coefficient. For a specific Gr, the tem-

perature jump decreases along the microchannel path so

that it reaches the constant value of zero. At Gr = 100

where there is a strong buoyancy force, this constant value

is slightly greater than zero for B = 0.1. Figure 13 shows

the variations of Nusselt number along the microchannel

walls for nanofluid (FMWCNT in water with mass fraction

of 0.0025) versus pure water. The positive effect of adding

CNTs to increase Nu of the base fluid can be seen clearly in

this figure.

Conclusions

In the present study mixed convection of water/function-

alized multi-wall carbon nanotubes (FMWCNT) nanofluid

flow is simulated in a microchannel with hot walls by the

lattice Boltzmann method. Given the gravity in this

research and the emergence of buoyancy force the flow

velocity components changed and therefore the relation-

ships used to compute macroscopic properties were cor-

rected to include these changes. By increasing the slip

coefficient, the slip velocity and temperature jumps also

increase. The maximum of these parameters occurred in

the input region, and afterward, their amount had a

decreasing trend to reach a corresponding constant value

along its path. Including the gravity term in Boltzmann

equation as an external force changed motion properties

and increases the length of the hydrodynamic input length

of the flow. Gravity creates powerful buoyancy motions at

the input area. Therefore, in the input range where the

temperature gradient between the nanofluid and the wall is

high, the required distance for flow development increases.

For Gr = 1 the rule of forced convective heat transfer the

buoyancy is negligible and for higher values of Grashof

number Gr = 100 the buoyancy force creates buoyancy

motions in the input region. So that in Gr = 100 the vortex

power increases and the gravitational buoyancy force

changes the hydrodynamic properties of the flow such as

the slip velocity and coefficient of friction. These changes

lead to the formation of a counterclockwise vortex along

the flow direction.
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