
Natural convection in a CuO–water nanofluid filled cavity
under the effect of an inclined magnetic field and phase change
material (PCM) attached to its vertical wall

Fatih Selimefendigil1 • Hakan F. Oztop2 • Ali J. Chamkha3,4

Received: 3 July 2018 / Accepted: 22 August 2018 / Published online: 4 September 2018
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Abstract
In this study, natural convection of CuO–water nanofluid in a square cavity with a conductive partition and a phase change

material (PCM) attached to its vertical wall is numerically analyzed under the effect of an uniform inclined magnetic field

by using finite element method. Effects of various pertinent parameters such as Rayleigh number (between 105 and 106),

Hartmann number (between 0 and 100), magnetic inclination angle (between 0� and 90�), PCM height (between 0.2H and

0.8H), PCM length (between 0.1H and 0.8H), thermal conductivity ratio (between 0.1 and 100) and solid nanoparticle

volume fraction (between 0 and 0.04) on the fluid flow and thermal characteristics were numerically analyzed. It was

observed that when magnetic field is imposed, more reduction in average Nusselt number for water is obtained as compared

to nanofluid which is 31:81% for the nanofluid at the highest particle volume fraction. The average heat transfer augments

with magnetic inclination angle, but it is less than 5%. When the height of the PCM is increased which is from 0.2H to

0.8H, local and average Nusselt number reduced which is 42:14% . However, the length of the PCM is not significant on

the heat transfer enhancement. When the conductivity ratio of the PCM to the base fluid within the cavity is increased from

0.1 to 10, 29:5% of the average Nusselt number enhancement is achieved.
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List of symbols
df Particle size

D Dirac delta function

F Temperature-dependent function

Fb Buoyancy force

Fo Fourier number

h Local heat transfer coefficient

Ha Hartmann number

H Cavity size

k Thermal conductivity

Kr Conductivity ratio

H Cavity size

n Unit normal vector

Nu Nusselt number

p Pressure

pi;j Polynomial coefficient

Pr Prandtl number

Ra Rayleigh number

Ste Stefan number

T Temperature

u, v, w x–y–z velocity components

x, y, z Cartesian coordinates

Greek symbols
a Thermal diffusivity

b Expansion coefficient
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jb Boltzmann constant

m Kinematic viscosity

h Non-dimensional temperature

k Latent heat of fusion

q Density of the fluid

r Electrical conductivity

/ Solid volume fraction

Subscripts
c Cold

h Hot

m Average

nf Nanofluid

p Solid particle

Introduction

Convective heat transfer characteristics in cavities are

important in many engineering applications such as in solar

power, electronic cooling and many others. In many cases,

the configurations are simplified to two-dimensional square

cavity. Many active and passive techniques were offered to

control the heat transfer and fluid flow characteristics

within cavities. In one of these methods, nanofluids are

used instead of convectional heat transfer fluids such as

water, refrigerant and ethylene glycol. The use of

nanofluids is encountered in many thermal engineering

applications such as heat exchangers, air conditioning

systems, solar power, thermal management and thermal

storage. More compact heat exchangers can be designed,

and refrigeration systems with less environmental side

effects can be obtained. A small amount of nanoparticle

addition to the base fluid may result in very higher heat

transfer coefficient enhancements with little cost for pres-

sure drop [25, 36, 46, 49–51]. There are various factors that

affect the thermal conductivity enhancement of the nano-

fluid such as type, size and shape of the particle [11, 37].

Tremendous amount of numerical and experimental

research for the application of the nanofluids in thermal

engineering problems for 2D cavities can be found in the

literature [2–4, 6, 10, 22, 26–29, 34, 40, 42, 55, 56, 66, 70].

Magnetic field effects are encountered in a variety of

engineering applications such as coolers of nuclear reac-

tors, microelectronic devices and purification of molten

metals. In cavity flow applications, it was shown that the

magnetic field can be used to control the convective heat

transfer characteristics [1, 7, 18, 32, 39, 43, 48, 52, 60–62].

An externally imposed magnetic field affects the fluid

motion and thus heat transfer characteristics. In cavity

flow, magnetic field effect was found to dampen the fluid

motion and to reduce the convective heat transfer rate.

However, in configurations with separated flows, magnetic

field can augment the heat transfer rate due to the sup-

pression of the recirculation regions. Use of magnetic field

with nanofluids is a good possibility to control the con-

vective heat transfer in cavities [5, 15, 16, 30, 31, 44, 45,

47, 54, 57, 58, 60, 63]. When nanofluids are used with

magnetic field effects, not only the thermal conductivity

enhances but the electrical conductivity as well.

Thermal management and thermal energy storage are

important issues in solar power, electronic cooling, solid-

ification and many others applications. Energy costs and

environmental effects become important factors that should

be considered before design of thermal engineering sys-

tems. Therefore, thermal energy storage and their related

technologies capture great attention by the researchers,

recently. Phase change materials (PCMs) provide effective

solutions for thermal storage and thermal management

purposes. Phase change materials can be considered as

latent heat storage systems due to their energy storing and

releasing properties. Chemical stability, higher thermal

conductivity, proper melting temperature for the desired

application, higher specific heat, higher latent heat of

fusion, low corrosiveness and low cost can be mentioned as

some of the desirable properties of PCMs. A vast amount

of literature for use of PCM in thermal engineering appli-

cations can be found in references [8, 9, 12–14, 17, 19–21,

24, 35, 38, 64, 65, 67, 69]. A numerical study for the

melting behavior of PCM in a heat exchanger system was

performed by [38]. Increasing the eccentricity was found to

enhance the heat transfer process for the last stages of

melting. Optimal thickness and melting temperature of the

PCM for a PV/PCM module were experimentally deter-

mined by [35]. A numerical model for PCM application in

thermal storage coaxial tubes with fins for an air condi-

tioning system was developed by [21]. The thermal per-

formance of a PCM integrated into a building wall was

performed by [20]. The optimal location of the PCM was

found when the melting temperature and thickness of the

PCM were changed.

The aim of the present study is to investigate the role of

magnetic field with nanofluids on natural convection in a

square cavity which has a phase change material (PCM)

and a conductive partition attached to its vertical wall.

PCM parameters, nanofluids and magnetic field effects on

the fluid flow, and heat transfer characteristics in a square

cavity are numerically examined. The results of the current

investigation could be used for the design, optimization and

flow control for natural convection in 2D cavities which

involves magnetic field.
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Mathematical formulation of the physical
problem

Figure 1 shows a schematic view of computational domain

of a square cavity with a conductive partition and phase

change material (PCM). The length of the cavity, con-

ductive partition and PCM are H, Lcp and LFDM, while the

height of PCM is HFDM. The left vertical wall is kept at

constant hot temperature of Th, while the right vertical wall

of the PCM and conductive partition and top wall of the

PCM are maintained at constant cold temperature of Tc. A

uniform magnetic field of strength B0 which makes an

inclination angle of c with the horizontal axis is imposed.

Natural convection, conduction and phase change heat

transfer are considered in the square cavity, conductive

partition and phase change material. Water–CuO nanofluid

was used in the square cavity, and incompressible, New-

tonian fluid model was employed even at the highest solid

nanoparticle volume fraction. Two-dimensional, laminar

and unsteady flow configuration was assumed. Various

effects such as Joule heating, induced magnetic and electric

field, viscous dissipation and radiation were considered to

be negligible. Heat generation due to the magnetic field in

the solid wall was also neglected. Thermophysical prop-

erties of water and CuO are demonstrated in Table 1 [60].

Governing equations and boundary conditions

Mass, momentum and energy equations for a two-dimen-

sional, incompressible, laminar and unsteady flow config-

uration can be expressed as follows [43]:
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The last two terms of Eqs. (2) and (3) are due to the Lor-

entz forces.

For the conductive solid medium,

qCp

oT

ot
¼ k

o2T

ox2
þ o2T

oy2

� �
ð5Þ

Phase change material (PCM) was added to the right ver-

tical part of the cavity. The phase change heat transfer was

considered in this domain. Energy equation for the PCM is

expressed as [23, 53]:

qCp

oT

ot
þ qCpu � rT ¼ r � krTð Þ ð6Þ

For the PCM medium, a temperature-dependent function

can be defined which has the following form [23, 53]:

F ¼
0 T\Tm � DT
ðT � Tm þ DTÞ=2DTTm �DT � T � Tm þ DT
1 T [ Tm þ DT

8<
:

ð7Þ

In the above equation, Tm and DT denote the melting

temperature and transition temperature, respectively. In the

solid and liquid phase of PCM, values of F are 0 and 1 and

it linearly varies from 0 to 1 within the transitional zone.

c

c

c

FDM

FDM

FDM

PCM

cp

h

Fig. 1 Schematic description of the physical model

Table 1 Thermophysical properties of base fluid and

nanoparticle [60]

Property Water CuO

q/kg m-3 997.1 6500

cp/J kg-1 K-1 4179 540

k/W mK-1 0.61 18

l/N s m-2 0.001003 –

r/X-1 m-1 0.05 2.7 �10�8

Natural convection in a CuO–water nanofluid filled cavity under the effect... 1579

123



Density and thermal conductivity of the PCM are defined

as [23, 53]:

qðTÞFDM ¼ qs þ ðql � qsÞF ð8Þ

kðTÞFDM ¼ ks þ ðkl � ksÞF ð9Þ

The specific heat of the PCM is defined as:

CpðTÞFDM ¼ Cps
þ ðCpl

� Cps
ÞF þ kD ð10Þ

where k is the PCM heat of fusion and D is the delta Dirac

function which has the following form [23]:

D ¼ e
�ðT�TmÞ2

DT2 =
ffiffiffiffiffiffiffiffiffiffiffi
pDT2

p ð11Þ

which takes 0 except for the transition region.

The momentum equation within the PCM along with the

buoyancy force F~b and additional force F~a appeared, and

they are defined as [23, 53]:

F~b ¼ �ql 1 � bðT � TmÞð Þg~; F~a ¼ �AðTÞu~ ð12Þ

with A(T) from the Carman–Kozeny relation in a porous

medium and is defined as [23, 53]:

AðTÞ ¼ Cð1 � FðTÞÞ2

FðTÞ3 þ q
ð13Þ

In the above expression, C and q are constants which are

taken as 105 and 10�3.

Boundary conditions that are in dimensional form can be

stated as follows:

• For the left vertical wall (cavity), u ¼ v ¼ 0; T ¼ Th.

• For the right vertical walls (PCM and conductive

partition), u ¼ v ¼ 0; T ¼ Tc.

• For the top wall (PCM ), u ¼ v ¼ 0; T ¼ Tc.

• For the other walls, u ¼ v ¼ 0; oT
on

¼ 0.

• Along the interface of the domains (continuity condi-

tion): Ti ¼ Tj; ðkAÞi
oT
on

� �
i
¼ ðkAÞj

oT
on

� �
j

Following parameters can be used to obtain the non-di-

mensional form of the governing equations:

X ¼ x

H
; Y ¼ y

H
; U ¼ uH

a
; V ¼ vH

a
; Kr ¼ ks

kf

;

h ¼ T � Tc

Th � Tc

; P ¼ pH2

qfa
2
f

; Fo ¼ taf

H2
;

Ste ¼ clðTh � TfÞ
k

;

Ha ¼ B0H

ffiffiffiffiffi
r
qm

r
; Gr ¼ gbðTh � TcÞH3

m2
;

Pr ¼ m
a
; Ra ¼ GrPr

ð14Þ

In the above expressions, Ste denotes the Stefan number

which is the ratio of the sensible heat to the latent heat of

the PCM. Fo is the Fourier number which denotes the non-

dimensional time. Ha is the Hartmann number which

shows the significance of the imposed magnetic field

strength. Kr is the conductivity ratio of the solid to the

fluid. A uniform magnetic field was imposed only in the

nanofluid domain. A solid partition was added between the

PCM domain and nanofluid domain.

Table 2 Grid independence study (c ¼ 45�, / ¼ 0:04, LFDM ¼ 0:3H,

HFDM ¼ 0:5H)

Grid name Number of elements Num (Ha ¼ 0) Num (Ha ¼ 100)

G1 382 2.446 1.794

G2 1116 2.360 1.720

G3 6902 2.319 1.704

G4 18,090 2.315 1.701

G5 65,230 2.314 1.701

Table 3 Code validation study: comparison of average Nusselt

number for MHD free convection

Ha Present study Ref. [59] Ref. [41]

Gr = 2 �104

0 2.474 2.566 2.518

10 2.172 2.266 2.223

50 1.068 1.099 1.085

100 1.009 1.022 1.011

Gr = 2 �105

0 4.972 5.093 4.919

10 4.773 4.904 4.805

50 2.540 2.679 2.844

100 1.389 1.460 1.431

Table 4 Code validation: comparison of averaged Nusselt numbers

along the hot wall for various Grashof numbers

Grashof number Present solver Ref. [68] Difference/%

103 0.093 0.095 - 2.105

105 0.155 0.165 - 6.451

106 0.261 0.255 2.255
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Correlations for the effective thermophysical
properties of nanofluid

Density, specific heat and thermal expansion coefficient of

the nanofluid are defined by using the following relations:

ðqSÞnf ¼ ð1 � /ÞðqSÞf þ /ðqSÞp ð15Þ

where the subscripts f, nf and p denote the base fluid,

nanofluid and solid particle, respectively. S takes values of

1, cp and b for density, specific heat and thermal expansion

coefficient, respectively.

In the definition of thermal conductivity of nanofluid,

Brownian motion effect was included. The effective ther-

mal conductivity of the nanofluid takes into account the

particle size, particle volume fraction and temperature, and

it is defined by using the following relation [25]:

knf ¼ kf

ðkp þ 2kfÞ � 2/ðkf � kpÞ
ðkp þ 2kfÞ þ /ðkf � kpÞ

� �

þ 5 � 104 � 1:9526 � ð100/Þ�1:4594/qfcp;f

ffiffiffiffiffiffiffiffiffi
jbT

qpdp

s
f 0ðT;/Þ

ð16Þ

where the first term for the right-hand side equation is the

thermal conductivity defined in [33], and the function f 0 for

CuO–water nanofluid is defined in [25].

Nanofluid viscosity model is defined as [25]

lnf ¼ lf

1

1 � 34:87
dp

df

	 
�0:3

/1:03

� � : ð17Þ

For electrical conductivity of the nanofluid, Maxwell’s

model [33] was utilized which was developed for calcu-

lating the electrical conductivity for random suspension of

spherical particles [33]. The electrical conductivity of

nanofluid is given as:

rnf ¼ rf 1 þ 3ðf � 1Þ/
ðf þ 2Þ � ðf � 1Þ/

� �
ð18Þ

where f ¼ rp

rf
is the conductivity ratio of the two phases.

Numerical solution method

Governing equations with appropriate boundary and initial

conditions were solved with finite element method. Initial

(a) Ra = 105, t = 50 (b) Ra = 105, t = 150 (c) Ra = 10 5, t = 250 (d) Ra = 105, t = 500

(e) Ra = 5 ×105, t = 50 (f) Ra = 5 × 105, t = 150 (g) Ra = 5 × 105, t = 250 (h) Ra = 5 × 105, t = 500

(i) Ra = 106, t = 50 (j) Ra = 10 6, t = 150 (k) Ra = 106, t= 250 (l) Ra = 106, t = 500
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Fig. 2 Influence of Rayleigh number on the distribution of streamlines for different time instances (Ha ¼ 30, c ¼ 45�, / ¼ 0:02, LFDM ¼ 0:3H,

HFDM ¼ 0:5H)
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velocities are assumed to be zero, while initial temperature

was T ¼ Tc for the whole computational domain. Galerkin

weighted residual formulation was utilized to obtain the

weak form of governing equations. Lagrange finite ele-

ments of different orders were used to approximate the

flow variables within the non-overlapping regions of the

computational domain. Residual R is obtained when the

approximated field variables are inserted into the governing

equations. In this method, weighted average of residual

will forced to be zero over the computational domain as:Z
X
WRdv ¼ 0 ð19Þ

where W is the weight function, and in the Galerkin

method, it is chosen from the same set of functions as of

the trial functions. At the nodes of internal element domain,

nonlinear residual equations are achieved.

Mesh independent of the solution was assured by using

various number of elements (mixed type—triangular and

quadrilateral). Grid independence tests were preformed by

various grids and two values of Hartmann numbers.

Table 2 shows the average Nusselt number values for the

hot wall (c ¼ 45�, / ¼ 0:04, LFDM ¼ 0:3H, HFDM ¼ 0:5H)

for different number of elements. G4 with 18,090 elements

was chosen for the subsequent computations.

Local and average Nusselt number for the hot vertical

wall are calculated as:

Nuy ¼ � knf

kf

oh
on

� �
wall

; Num ¼ 1

H

Z H

0

Nuydy: ð20Þ

In the above expressions, the time dependence of the local

and average Nusselt number is considered. For the time-

dependent part, fourth-order Runge–Kutta time-marching

with variable time step was used.

Different existing numerical results are used to validate

the present solver. In the numerical study by [41], free

convection effects under the influence of magnetic field

were investigated. Table 3 shows the average Nusselt

numbers obtained with present solver and calculated

in [41] for two values of Grashof number for different

values of Hartmann number. A comparison with the

numerical results of [59] was also added where results
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(a) Ra = 105 , t = 50 (b) Ra = 10 5, t = 150 (c) Ra = 10 5, t = 250 (d) Ra = 105, t = 500

(e) Ra = 5 ×105, t = 50 (f) Ra = 5 × 105, t = 150 (g) Ra = 5 × 105, t = 250 (h) Ra = 5 × 105, t = 500

(i) Ra = 106 , t = 50 (j) Ra = 10 6, t = 150 (k) Ra = 106, t= 250 (l) Ra = 106 , t = 500

Fig. 3 Effects of Rayleigh number on the isotherm distributions for different time instances (Ha ¼ 30, c ¼ 45�, / ¼ 0:02, LFDM ¼ 0:3H,

HFDM ¼ 0:5H)
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were obtained with lattice Boltzmann method. Another

comparison study is made with the numerical results

of [68] for a partitioned cavity filled with air and water.

Table 4 presents the comparison of the average Nusselt

numbers for various Grashof numbers. The results shown

in Tables 3 and 4 provide sufficient confidence for the

accuracy of the current solver.

Results and discussion

In this study, MHD natural convection of CuO–water

nanofluid in a cavity with a conductive partition and phase

change material (PCM) attached to its vertical wall was

numerically investigated. Effects of various parameters

such as Hartmann number (between 0 and 100), magnetic

inclination angle (between 0� and 90�), solid nanoparticle

volume fraction (between 0 and 0.04), height (between

0.2H and 0.8H) and length (between 0.2H and 0.6H) of the

phase change material and thermal conductivity ratio of the

fluid to the PCM (between 0.1 and 100) on the fluid flow

and heat transfer characteristics were numerically ana-

lyzed. Results are illustrated with streamlines, isotherms

and Nusselt number distribution plots for various values of

parameter combinations.

Effects of Rayleigh number

Figures 2 and 3 show the variation of streamlines and

isotherms within the square cavity for various time
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Fig. 4 Variation of local (a) and
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(a) Ha = 0, t = 50 (b) Ha = 0, t = 150 (c) Ha = 0, t = 250 (d) Ha = 0, t = 500

(e) Ha = 50 , t = 50 (f) Ha = 50 , t = 150 (g) Ha = 50 , t = 250 (h) Ha = 50 , t = 500

(i) Ha = 100 , t = 50 (j) Ha = 100 , t = 150 (k) Ha = 100 , t = 250 (l) Ha = 100 , t = 500
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Fig. 5 Influence of Hartmann number on the distribution of streamlines for different time instances (c ¼ 45�, / ¼ 0:02, LFDM ¼ 0:3H,
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Fig. 6 Effects of Hartmann number on the isotherm distributions for different time instances (c ¼ 45�, / ¼ 0:02, LFDM ¼ 0:3H, HFDM ¼ 0:5H)
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instances (Ha ¼ 30, c ¼ 45�, / ¼ 0:02, LFDM ¼ 0:3H,

HFDM ¼ 0:5H). At Rayleigh number of 105, two recircu-

lation zones and a small corner vortex are established

within the cavity for t ¼ 50 s. As the time evolves, the

whole cavity is occupied with a single vortex. As the value

of Rayleigh number increases, natural convection effects

become important, but one vortex is established within the

cavity for all time instances. The main vortex alignment is

toward the diagonal direction for lower Rayleigh number

value. Isotherms within the cavity become parallel to the

horizontal walls with higher Ra values due to the increased

effect of natural convection. Temperature gradients

become steeper in the lower part of the hot wall when value

of Rayleigh number augments. Since we consider a con-

ductive partition and phase change material for the right

vertical wall of the cavity, thermal gradients within the

cavity are affected in the vicinity of those location for

different Rayleigh numbers.

Variations of local and average Nusselt number for the

hot wall are shown in Fig. 4 for various values of Rayleigh

numbers. Local heat transfer is higher for the lower part of

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

3

4

5

6

Y

N
u y

Ha = 0, 10, 25, 50, 100

(a) φ = 0 .02

0 10 20 30 40 50 60 70 80 90 100
1.4

1.6

1.8

2

2.2

2.4

2.6

Ha

N
u m

φ = 0%, 1%, 2%, 3%, 4%

(b) All φ values

Fig. 7 Variation of local (a) and

average (b) Nusselt number for

various Hartmann numbers

(c ¼ 45�, / ¼ 0:02,

LFDM ¼ 0:3H, HFDM ¼ 0:5H)

Table 5 Polynomial constant coefficients (within their 95% confi-

dence interval)

Coefficients Value

p00 2.083 (2.072, 2.094)

p10 - 0.219 (- 0.2288, - 0.2092)

p01 0.06433 (0.05745, 0.07121)

p20 - 0.03456 (- 0.04354, - 0.02559)

p11 0.01146 (0.004438, 0.01848)
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the cavity and enhances with higher values of Rayleigh

number. Water and nanofluid at various solid particle

volume fractions show heat transfer augmentation with

Rayleigh number. At Ra ¼ 106, 7% higher average heat

transfer is obtained with nanofluid at the highest solid

particle volume fraction. This value is 5% higher for lower

value of Rayleigh number at Ra ¼ 105 but the average

Nusselt number value is lower.

Magnetic field parameter effects

Figures 5 and 6 demonstrate the effects of Hartmann

number on the distribution of streamlines and isotherms

within the square cavity for different time instances for

fixed values of (c ¼ 45�, / ¼ 0:02, LFDM ¼ 0:3H,

HFDM ¼ 0:5H). In the absence of magnetic field, a recir-

culation vortex is established in the cavity and its center is

closer to the left vertical wall. As the time evolves, this

vortex breaks up into two recirculation regions and the

extent of the vortex in the right half of the cavity increases.

When the magnetic field is imposed, the single vortex

elongates in the diagonal direction and the value of max-

imum stream function decreases. At the highest value of

Hartmann number, more orientation of the streamline in

the diagonal direction is observed which is due to the fluid

motion dampening with magnetic field. For all time

instances, one single recirculation zone is established

within the cavity when magnetic field is imposed.

Isotherm distributions show typical patterns within the

cavity for a differential heated cavity, but due to conduc-

tion heat transfer in the partition and phase change heat

transfer in the PCM, thermal patterns show a layered dis-

tribution in the vicinity of partitions and PCM. As the time

evolves, isotherms within the PCM show a progress with a
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(a) γ = 0, t = 50 (b) γ  = 0, t = 150 (c)  = 0, t = 250 (d)  = 0, t = 500

(e)  = 45, t = 50 (f)  = 45, t = 150 (g)  = 45, t = 250 (h)  = 45, t = 500

(i)  = 90, t = 50 (j)  = 90, t = 150 (k)  = 90, t = 250 (l)  = 90, t = 500
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Fig. 9 Influence of magnetic inclination angle on the distribution of streamlines for different time instances (Ha ¼ 30, / ¼ 0:02, LFDM ¼ 0:3H,

HFDM ¼ 0:5H)
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(a) γ = 0, t = 50 (b) γ  = 0, t = 150 (c)  = 0, t = 250 (d)  = 0, t = 500
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(i)  = 90, t = 50 (j)  = 90, t = 150 (k)  = 90, t = 250 (l)  = 90, t = 500
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Fig. 10 Effects of magnetic inclination angle on the isotherm distributions for different time instances (Ha ¼ 30, / ¼ 0:02, LFDM ¼ 0:3H,

HFDM ¼ 0:5H)
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front due to the energy transfer in melting within the PCM.

When magnetic field is imposed and its strength is

increased with higher values of Hartmann number, the

parallel alignment of the isotherms to the horizontal walls

within the cavity becomes distorted and they tend to

become parallel to the vertical walls which indicates the

reduction in natural convection heat transfer mechanism. In

the PCM, isotherm distributions become different for dif-

ferent time instances with the applied magnetic field.

Local Nusselt number distribution along the hot vertical

wall of the cavity is shown in Fig. 7a for various values of

Hartmann numbers. Along the vertical wall, local heat

transfer is higher in the lower part and decreases toward the

upper part of the hot wall. The local Nusselt number is

reduced in the location for 0:25H� y� 0:9H when Hart-

mann number augments. In the lower part of the hot wall,

magnetic field acts in a way to increase the local heat

transfer. The average Nusselt number reduces with Hart-

mann number due to the dampening of the fluid motion

within the cavity for higher values of magnetic field

strength. In Fig. 7b, effects of various nanoparticle volume
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Fig. 11 Variation of local (a)

and average (b) Nusselt number

for various magnetic inclination

angles (Ha ¼ 30, / ¼ 0:02,

LFDM ¼ 0:3H, HFDM ¼ 0:5H)

Table 6 Thermophysical properties of PCM

Property Value

Density, q=kg m�3 (solid) 880

Density, q=kg m�3 (fluid) 760

Specific heat, cp=J kg�1 K�1 2100

Thermal conductivity, k=W mK�1 0.2

Melting temperature, Tm=K 290

Heat of fusion/ kJ kg�1 222
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fractions are also shown. A higher value of solid particle

volume fraction results in heat transfer enhancement due to

the thermal conductivity enhancement but the electrical

conductivity changes as well which was given by the

Maxwell correlation in Eq. (5). When Hartmann number is

increased from 0 to 100, reduction in the average Nusselt

numbers is 31:81% and 26:19% for the water and for the

nanofluid with the highest particle solid volume fraction.

Imposing a magnetic field results in more reduction in

average heat transfer for water as compared to nanofluid.

The electrical conductivity enhances, and more suppression

of the convection is achieved but heat transfer enhance-

ment due to the thermal conductivity enhancement is

higher which results in more augmentation of average

Nusselt number. A polynomial fit for the average Nusselt

number of the hot wall which depends on the Hartmann

number and solid particle volume fraction is obtained for

magnetic inclination angle of c ¼ 45�. The polynomial

relation has the following form:

Num ¼ p00 þ p10 � Han þ p01 � /n þ p20 � Ha2
n

þ p11 � Han � /n

ð21Þ

where Han and /n are the normalized Hartmann number

(Han ¼ Ha�37
36:46

) and solid particle volume fraction

(/n ¼ /�0:02
0:0144

). Coefficients of the polynomial fit with their

95% confidence bounds are demonstrated in Table 5. The

root mean square (RMSE) and R2 values of the polynomial

fit are 0.01615 and 0.9967, respectively. Figure 8 shows

the surface map and residuals of average Nusselt number

versus Ha and /. Interaction of the magnetic field with the

nanoparticle solid volume fraction is given with p11

coefficient.

Influence of magnetic inclination angle on the variation

of streamlines and isotherms within the cavity is shown in

Figs. 9 and 10 for different time instances (Ha ¼ 30,

(a) HFDM  = 0.2H, t = 50 (b) HFDM  = 0.2H, t = 150 (c) HFDM  = 0.2H, t = 250 (d) HFDM  = 0.2H, t = 500

(e) HFDM  = 0.5H, t = 50 (f) HFDM  = 0.5H, t = 150 (g) HFDM  = 0.5H, t = 250 (h) HFDM  = 0.5H, t = 500

(i) HFDM  = 0.8H, t = 50 (j) HFDM  = 0.8H, t = 150 (k) HFDM  = 0.8H, t = 250 (l) H FDM  = 0.8H, t = 500
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Fig. 12 Effects of PCM height on the distribution of isotherms for various time instances (Ha ¼ 30, c ¼ 45�, / ¼ 0:02, LFDM ¼ 0:3H)
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/ ¼ 0:02, LFDM ¼ 0:3H, HFDM ¼ 0:5H). For 45� inclina-

tion, more elongation of the single recirculation zone is

seen when time evolves and at the highest value of incli-

nation, two recirculation cells are established within the

square cavity which is due to the Lorentz forces for this

flow configuration. Isotherm distributions show some slight

changes for the cavity, conductive partition and PCM for

various magnetic inclination angles for the same time

instance. Local Nusselt number enhances in the lower part

of the hot wall for higher c values (Fig. 11a). The average

Nusselt number increases with c for fluid and nanofluid at

various solid particle volume fractions (Fig. 11b). For

water and nanofluid at the highest particle volume fraction,

only 4% and 3:36% of average heat transfer enhancements

are achieved when magnetic inclination angles increase

from 0� to 90�.

Phase change material parameter effects

In this study, a phase change material (PCM) and a con-

ductive partition are attached to the right vertical wall of

the square enclosure. Thermophysical properties of PCM

are shown in Table 6. Effects of height, length and thermal

conductivity of the PCM on the convective heat transfer

characteristics for the square cavity are analyzed. Figure 12

shows the isotherm distributions for three different height

parameters of the PCM for several time instances

(Ha ¼ 30, c ¼ 45�, / ¼ 0:02, LFDM ¼ 0:3H). In the

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

3

4

5

6

7

Y

H
PCM

 = 0.2H, 0.5H, 0.8H

(a)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

H
FDM

/H

(b)

N
u y

N
u m

Fig. 13 Local (a) and average

Nusselt number (b) variations

for the hot wall various PCM

heights (Ha ¼ 30, c ¼ 45�,

/ ¼ 0:02, LFDM ¼ 0:3H)

1590 F. Selimefendigil et al.

123



vicinity of the conductive partition and PCM, isotherms are

highly affected by the variation of the height of PCM.

Melting of the PCM gives different melting front charac-

teristics within the PCM, and they show different behaviors

for different heights considering various time instances. In

the interior of the cavity, some slight variations are

obtained especially near the bottom wall, and this will

effect the temperature gradient for the lower part of the

heater. Local Nusselt number reduces with higher values of

height of the PCM. Reduction in the average Nusselt

number is 42:14% when the height of the PCM is increased

from 0.2H to 0.8H (Fig. 13). The length of the PCM is not

significant on the local and average Nusselt number dis-

tributions for the hot wall as shown in Fig. 14. Only 3:3%

reduction in the average heat transfer is achieved when the

length is increased from 0.1H to 0.4H.

Thermal conductivity of the PCM is low in common

applications; therefore, there are some attempts to increase

its conductivity. In this numerical study, a parameter called

the conductivity ratio (Kr) which denotes the ratio of the

thermal conductivity of PCM to the water was defined.

Figure 15 shows the variations of local and average Nusselt

number distributions for the hot wall with various Kr val-

ues. Local and average heat transfer augments with higher

Kr values, and there is very little increase in the average Nu

when Kr is increased from 10 to 100. Average heat transfer

enhancement is 29:5% for water when Kr changes from 0.1

to 10. This value is only 2% higher when nanofluid with the

highest particle volume fraction is used. The saturation
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type curve for the average Nusselt number versus con-

ductivity ratio shows similar trends for all nanofluids

containing various particle volume fractions.

Conclusions

Numerical simulation of natural convection of MHD flow

in a 2D cavity filled with CuO–water nanofluid with a

phase change material attached to its vertical wall is per-

formed. It was observed that magnetic field parameters

(strength and inclination angle) with nanofluid properties

(thermal and electrical conductivity enhancement) have

significant effects on the fluid flow and heat transfer

characteristics. Among various properties of the side wall-

attached PCM properties, height and thermal conductivity

have influence on heat transfer enhancement whereas the

length has little influence. The average Nusselt number is

found to rise with magnetic field inclination angle, but the

values are less than 5%. The average Nusselt number

reduces with magnetic field strength, and more reduction is

obtained for water as compared to nanofluid which is

31:81% at the highest value of Hartmann number. Lower

value of the height of PCM and higher value of thermal

conductivity ratio (PCM to base fluid) result in local and

average heat transfer enhancement. The average Nusselt

number augments 29:5% when the conductivity ratio is

increased from 0.1 to 10.

References

1. Abbassi H, Nassrallah SB. MHD flow and heat transfer in a

backward-facing step. Int Commun Heat Mass Transf.

2007;34:231–7.

2. Abu-Nada E, Chamkha A. Mixed convection flow in a lid-driven

inclined square enclosure filled with a nanofluid. Eur J Mech B

Fluids. 2010;29:472–82.

3. Abu-Nada E. Application of nanofluids for heat transfer

enhancement of separated flows encountered in a backward fac-

ing step. Int J Heat Fluid Flow. 2008;29:242–9.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

3

4

5

6

7

Y

Kr = 0.1, 1, 10, 100

(a) φ = 0.03

10– 1 100 101 102
1.8

2

2.2

2.4

2.6

2.8

3

Kr

φ = 0%, 1%, 2%, 3%, 4%

(b) All φ values

N
u y

N
u m

Fig. 15 Influence of thermal

conductivity ratio of the fluid to

the PCM on the variation of

local (a) and average (b)

Nusselt number variations for

the hot wall (Ha ¼ 30, c ¼ 45�,

/ ¼ 0:02, LFDM ¼ 0:3H,

HFDM ¼ 0:5H)

1592 F. Selimefendigil et al.

123



4. Alsabery AI, Armaghani T, Chamkha AJ, Hashim I. Conjugate

heat transfer of Al2O3–water nanofluid in a square cavity heated

by a triangular thick wall using Buongiorno’s two-phase model.

J Therm Anal Calorim. 2018. https://doi.org/10.1007/s10973-

018-7473-7.

5. Alsabery AI, Sheremet M, Chamkha A, Hashim I. MHD con-

vective heat transfer in a discretely heated square cavity with

conductive inner block using two-phase nanofluid model. Sci

Rep. 2018;8:7410.

6. Aminossadati S, Kargar A, Ghasemi B. Adaptive network-based

fuzzy inference system analysis of mixed convection in a two-

sided lid-driven cavity filled with a nanofluid. Int J Therm Sci.

2012;52:102–11.

7. Aydin O, Kaya A. Mhd-mixed convection from a vertical slender

cylinder. Commun Nonlinear Sci Numer Simul.

2011;16:1863–73.

8. Brano VL, Ciulla G, Piacentino A, Cardona F. Finite difference

thermal model of a latent heat storage system coupled with a

photovoltaic device: description and experimental validation.

Renew Energy. 2014;68:181–93.

9. Chamkha AJ, Doostanidezfuli A, Izadpanahi E, Ghalambaz M.

Phase-change heat transfer of single/hybrid nanoparticles-en-

hanced phase-change materials over a heated horizontal cylinder

confined in a square cavity. Adv Powder Technol.

2017;28:385–97.

10. Cho CC. Heat transfer and entropy generation of natural con-

vection in nanofluid-filled square cavity with partially-heated

wavy surface. Int J Heat Mass Transf. 2014;77:818–27.

11. Chon CH, Kihm KD, Lee SP, Choi SU. Empirical correlation

finding the role of temperature and particle size for nanofluid

(Al2O3) thermal conductivity enhancement. Appl Phys Lett.

2005;87:153107.

12. Ganguly S, Sikdar S, Basu S. Experimental investigation of the

effective electrical conductivity of aluminum oxide nanofluids.

Powder Technol. 2009;196:326–30.

13. Ghalambaz M, Doostanidezfuli A, Zargartalebi H, Chamkha AJ.

MHD phase change heat transfer in an inclined enclosure: effect

of a magnetic field and cavity inclination. Numer Heat Transf

Part A Appl. 2017;71:91–109.

14. Gharebaghi M, Sezai I. Enhancement of heat transfer in latent

heat storage modules with internal fins. Numer Heat Transf Part

A Appl. 2007;53:749–65.

15. Hajialigol N, Fattahi A, Ahmadi MH, Qomi ME, Kakoli E. MHD

mixed convection and entropy generation in a 3-D microchannel

using Al2O3–water nanofluid. J Taiwan Inst Chem Eng.

2015;46:30–42.

16. Hamad M, Ismail IPA. Magnetic field effects on free convection

flow of a nanofluid past a vertical semi-infinite flat plate. Non-

linear Anal Real World Appl. 2010;12:1338–46.

17. Ho C, Tanuwijava A, Lai CM. Thermal and electrical perfor-

mance of a BIPV integrated with a microencapsulated phase

change material layer. Energy Build. 2012;50:331–8.

18. Ishak A, Nazar R, Pop I. MHD convective flow adjacent to a

vertical surface with prescribed wall heat flux. Int Commun Heat

Mass Transf. 2009;36:554–7.

19. Ismail KAR, de Jesus AB. Modeling and solution of the solidi-

fication problem of pcm around a cold cylinder. Numer Heat

Transf Part A Appl. 1999;36:95–114.

20. Jin X, Medina MA, Zhang X. Numerical analysis for the optimal

location of a thin PCM layer in frame walls. Appl Therm Eng.

2016;103:1057–63.

21. Jmal I, Baccar M. Numerical study of pcm solidification in a

finned tube thermal storage including natural convection. Appl

Therm Eng. 2015;84:320–30.

22. Kamyar A, Saidur R, Hasanuzzaman M. Application of compu-

tational fluid dynamics (CFD) for nanofluids. Int J Heat Mass

Transf. 2012;55:4104–15.

23. Kant K, Shukla A, Sharma A, Biwole PH. Heat transfer studies of

photovoltaic panel coupled with phase change material. Sol

Energy. 2016;140:151–61.

24. Konakanchi H, Vajjha R, Misra D, Das D. Electrical conductivity

measurements of nanofluids and development of new correla-

tions. J Nanosci Nanotechnol. 2011;11:1–8.

25. Koo J, Kleinstreuer C. Laminar nanofluid flow in microheat-

sinks. Int J Heat Mass Transf. 2005;48:2652–61.

26. Mahian O, Mahmud S, Heris SZ. Analysis of entropy generation

between co-rotating cylinders using nanofluids. Energy.

2012;44:438–46.

27. Mahian O, Mahmud S, Heris SZ. Effect of uncertainties in

physical properties on entropy generation between two rotating

cylinders with nanofluids. J Heat Transf. 2012;134:101704.

28. Mahian O, Mahmud S, Wongwises S. Entropy generation

between two rotating cylinders with magnetohydrodynamic flow

using nanofluids. J Thermophys Heat Transf. 2013;27:161–9.

29. Mahmoodi M, Sebdani SM. Natural convection in a square cavity

containing a nanofluid and an adiabatic square block at the center.

Superlattices Microstruct. 2012;52:261–75.

30. Mahmoudi A, Mejri I, Abbassi MA, Omri A. Lattice Boltzmann

simulation of MHD natural convection in a nanofluid-filled cavity

with linear temperature distribution. Powder Technol.

2014;256:257–71.

31. Mahmoudi A, Mejri I, Abbassi MA, Omri A. Analysis of MHD

natural convection in a nanofluid-filled open cavity with non

uniform boundary condition in the presence of uniform heat

generation/absorption. Powder Technol. 2015;269:275–89.

32. Makinde O, Aziz A. MHD mixed convection from a vertical plate

embedded in a porous medium with a convective boundary

condition. Int J Therm Sci. 2010;49:1813–20.

33. Maxwell J. A treatise on electricity and magnetism. Oxford:

Oxford University Press; 1904.

34. Mehryan SAM, Ghalambaz M, Izadi M. Conjugate natural con-

vection of nanofluids inside an enclosure filled by three layers of

solid, porous medium and free nanofluid using Buongiorno’s and

local thermal non-equilibrium models. J Therm Anal Calorim.

2018. https://doi.org/10.1007/s10973-018-7380-y.

35. Minea AA, Luciu RS. Investigations on electrical conductivity of

stabilized water based Al2O3 nanofluids. Microfluid Nanofluidics.

2012;13:977–85.

36. Oztop HF, Abu-Nada E. Numerical study of natural convection in

partially heated rectangular enclosures filled with nanofluids. Int J

Heat Fluid Flow. 2008;29:1326–36.

37. Oztop FH, Estelle P, Yan WM, Al-Salem K, Orfi J, Mahian O. A

brief review of natural convection in enclosures under localized

heating with and without nanofluids. Int Commun Heat Mass

Transf. 2015;60:37–44.

38. Pahamli Y, Hosseini MJ, Ranjbar AA, Bahrampoury R. Analysis

of the effect of eccentricity and operational parameters in PCM-

filled single-pass shell and tube heat exchangers. Renew Energy.

2016;97:344–57.

39. Pekmen B, Sezgin MT. MHD flow and heat transfer in a lid-

driven porous enclosure. Comput Fluids. 2014;89:191–9.

40. Roslan R, Saleh H, Hashim I. Effect of rotating cylinder on heat

transfer in a square enclosure filled with nanofluids. Int J Heat

Mass Transf. 2012;55:7247–56.

41. Rudraiah N, Barron R, Venkatachalappa M, Subbaraya C. Effect

of a magnetic field on free convection in a rectangular enclosure.

Int J Eng Sci. 1995;33:1075–84.

42. Selimefendigil F, Oztop HF. Identification of forced convection

in pulsating flow at a backward facing step with a stationary

Natural convection in a CuO–water nanofluid filled cavity under the effect... 1593

123

https://doi.org/10.1007/s10973-018-7473-7
https://doi.org/10.1007/s10973-018-7473-7
https://doi.org/10.1007/s10973-018-7380-y


cylinder subjected to nanofluid. Int Commun Heat Mass Transf.

2013;45:111–21.

43. Selimefendigil F, Oztop HF, Chamkha AJ. MHD mixed con-

vection and entropy generation of nanofluid filled lid driven

cavity under the influence of inclined magnetic fields imposed to

its upper and lower diagonal triangular domains. J Magn Magn

Mater. 2016;406:266–81.

44. Selimefendigil F, Oztop HF. MHD mixed convection of nano-

fluid filled partially heated triangular enclosure with a rotating

adiabatic cylinder. J Taiwan Inst Chem Eng. 2014;45:2150–62.

45. Selimefendigil F, Oztop HF. Numerical study of mhd mixed

convection in a nanofluid filled lid driven square enclosure with a

rotating cylinder. Int J Heat Mass Transf. 2014;78:741–54.

46. Selimefendigil F, Oztop HF. Natural convection and entropy

generation of nanofluid filled cavity having different shaped

obstacles under the influence of magnetic field and internal heat

generation. J Taiwan Inst Chem Eng. 2015;56:42–56.

47. Selimefendigil F, Oztop HF. Analysis of MHD mixed convection

in a flexible walled and nanofluids filled lid-driven cavity with

volumetric heat generation. Int J Mech Sci. 2016;118:113–24.

48. Selimefendigil F, Oztop HF. Natural convection in a flexible

sided triangular cavity with internal heat generation under the

effect of inclined magnetic field. J Magn Magn Mater.

2016;417:327–37.

49. Selimefendigil F, Oztop HF. Jet impingement cooling and opti-

mization study for a partly curved isothermal surface with CuO–

water nanofluid. Int Commun Heat Mass Transf. 2017;89:211–8.

50. Selimefendigil F, Oztop HF. Cooling of a partially elastic

isothermal surface by nanofluids jet impingement. J Heat Transf.

2018;140:042205.

51. Selimefendigil F, Oztop HF, Abu-Hamdeh N. Mixed convection

due to rotating cylinder in an internally heated and flexible walled

cavity filled with SIO2–water nanofluids: effect of nanoparticle

shape. Int Commun Heat Mass Transf. 2016;71:9–19.

52. Selimefendigil F, Oztop HF, Al-Salem K. Natural convection of

ferrofluids in partially heated square enclosures. J Magn Magn

Mater. 2014;372:122–33.

53. Sellami A, Elotmani R, Kandoussi K, Eljouad M, Hajjaji A,

Boutaous M. Numerical modelling of phase-change material used

for PV panels cooling. Eur Phys J Plus. 2017;132:553.

54. Sheikholeslami M, Bandpy MG, Ganji D. Numerical investiga-

tion of mhd effects on Al2O3–water nanofluid flow and heat

transfer in a semi-annulus enclosure using LBM. Energy.

2013;60:501–10.

55. Sheikholeslami M, Chamkha AJ, Rana P, Moradi R. Combined

thermophoresis and brownian motion effects on nanofluid free

convection heat transfer in an L-shaped enclosure. Chin J Phys.

2017;55:2356–70.

56. Sheikholeslami M, Hayat T, Alsaedi A. On simulation of nano-

fluid radiation and natural convection in an enclosure with

elliptical cylinders. Int J Heat Mass Transf. 2017;115:981–91.

57. Sheikholeslami M, Oztop HF. MHD free convection of nanofluid

in a cavity with sinusoidal walls by using CVFEM. Chin J Phys.

2017;55:2291–304.

58. Sheikholeslami M, Rokni H. Influence of melting surface on mhd

nanofluid flow by means of two phase model. Chin J Phys.

2017;55:1352–60.

59. Sheikholeslami M, Shamlooei M. Convective flow of nanofluid

inside a lid driven porous cavity using CVFEM. Phys B.

2017;521:239–50.

60. Sheikholeslami M, Bandpy MG, Ellahi R, Zeeshan A. Simulation

of MHD CuO–water nanofluid flow and convective heat transfer

considering Lorentz forces. J Magn Magn Mater.

2014;369:69–80.

61. Sheikholeslami M, Ganji DD, Javed MY, Ellahi R. Effect of

thermal radiation on magnetohydrodynamics nanofluid flow and

heat transfer by means of two phase model. J Magn Magn Mater.

2015;374:36–43.

62. Sheikholeslami M, Gerdroodbary MB, Mousavi SV, Ganji DD,

Moradi R. Heat transfer enhancement of ferrofluid inside an 90

elbow channel by non-uniform magnetic field. J Magn Magn

Mater. 2018;460:302–11.

63. Sheremet M, Oztop H, Pop I, Al-Salem K. MHD free convection

in a wavy open porous tall cavity filled with nanofluids under an

effect of corner heater. Int J Heat Mass Transf. 2016;103:955–64.

64. Shoghl SN, Jamali J, Moraveji MK. Electrical conductivity,

viscosity, and density of different nanofluids: an experimental

study. Exp Therm Fluid Sci. 2016;74:339–46.

65. Smith CJ, Forster PM, Crook R. Global analysis of photovoltaic

energy output enhanced by phase change material cooling. Appl

Energy. 2014;126:21–8.

66. Sourtiji E, Ganji D, Seyyedi S. Free convection heat transfer and

fluid flow of Cu–water nanofluids inside a triangular–cylindrical

annulus. Powder Technol. 2015;277:1–10.

67. Srivatsa PVSS, Baby R, Balaji C. Numerical investigation of

PCM based heat sinks with embedded metal foam/crossed plate

fins. Numer Heat Transf Part A Appl. 2014;66:1131–53.

68. Varol Y, Oztop HF, Koca A. Effects of inclination angle on

conduction-natural convection in divided enclosures filled with

different fluids. Int Commun Heat Mass Transf. 2010;37:182–91.

69. Yilbas BS, Shuja SZ, Shaukat MM. Thermal characteristics of

latent heat thermal storage: comparison of aluminum foam and

mesh configurations. Numer Heat Transf Part A Appl.

2015;68:99–116.

70. Zargartalebi H, Ghalambaz M, Sheremet MA, Pop I. Unsteady

free convection in a square porous cavity saturated with nano-

fluid: the case of local thermal nonequilibrium and Buongiorno’s

mathematical models. J Porous Media. 2017;20:999–1016.

1594 F. Selimefendigil et al.

123


	Natural convection in a CuO--water nanofluid filled cavity under the effect of an inclined magnetic field and phase change material (PCM) attached to its vertical wall
	Abstract
	Introduction
	Mathematical formulation of the physical problem
	Governing equations and boundary conditions
	Correlations for the effective thermophysical properties of nanofluid
	Numerical solution method

	Results and discussion
	Effects of Rayleigh number
	Magnetic field parameter effects
	Phase change material parameter effects

	Conclusions
	References




