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Abstract Fission product yields are critical data for a

variety of nuclear science and engineering applications;

however, independent yields have not been extensively

measured to date. We have previously documented a

methodology to measure the cumulative and independent

fission product yields using gamma spectrometry and

nuclide buildup and decay modeling, and numerical opti-

mization. We have produced fission products by bom-

barding 235U with 14.1 MeV neutrons and made

measurements of fission product yields. In this paper, we

summarize our approach, describe initial experiments, and

present preliminary results where we have determined nine

fission product yields for long-lived nuclides.

Keywords Fission product yields � Optimization �
Gamms spectrometry

Introduction

Accurate modeling of the buildup and decay of fission

products (FP) during and after fission is a fundamental part

of many nuclear engineering applications. Accordingly,

fission product yields (FPY), which describe the likelihood

of any particular fission product being produced by the

fission of a particular fissionable nuclide, e.g., 235U or 238U,

by an incident particle of some energy, e.g., a thermal

neutron, are critical fundamental data for nuclear science.

Despite their importance, there is a lack of direct mea-

surements of FPY, and existing datasets such as ENDF and

JEFF have shortcomings [1, 2]. Many values do not agree

between datasets and the reported uncertainties fail to

capture the true uncertainty in the reported values, i.e., the

confidence intervals reported in different datasets do not

overlap even when large coverage factors are used [3].

For these reasons, we have pursued new measurements

of FPY, with focus placed on the measurement of inde-

pendent fission product yields that have been determined

with semi-empirical models to data [4–6]. In this paper, we

summarize an analysis method based on Bayesian infer-

ence capable of determining independent and cumulative

FPY from series of gamma-ray spectra collected of irra-

diated fissionable material, as well as the initial results of

measurements made of highly-enriched 235U with 14 MeV

neutrons.

Background

To date, the majority of FPY measured have focused on

thermal or fission-spectrum neutron-induced fission; how-

ever, there have been some measurements of FPY from

fission initiated by 14 MeV neutrons [7, 8]. Like previous

work measuring FPY, these authors determine cumulative/

chain yields as opposed to independent/direct yields, i.e.,

the likelihood of a FP arising directly from fission without

the contribution of decaying parent nuclide(s).

There are several difficulties in attempting to measure

independent FPY. First, it is difficult to differentiate

between the contribution made from fission and contribu-

tions from the decay of parent nuclides. This problem is
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coupled with the constant changes undergone by the FP

inventory in a sample during and following irradiation.

Determining the FP composition in an irradiated material is

complicated by the large number of FP in a sample.

Waiting for the sample to decay reduces this complexity by

virtue of reducing the number of nuclides in the total

inventory; however, this reduction makes analysis of many

short- and medium-lived FP impossible. Therefore, the

analyst must determine values only for long-lived nuclides

at the end of FP decay chains.

Theory

We have developed a method to measure independent and

cumulative FPY of FP decay chains, which we have pre-

viously documented [3]. This section provides a summary

of the method used to determine FPY; however, we refer

the reader to [3] for a more complete treatment.

First, FP in the sample after irradiation are identified

using the usual methods of gamma spectroscopy [9]. For

each radionuclide identified, the activity at the beginning of

counting for every member of the decay chain is calculated

simultaneously as a system. For a three-nuclide system,

Ni�1�!Ni�!Niþ1�!;

the buildup and decay of nuclides Ni�1, Ni, and Niþ1 is

described by the system of equations shown below.

d

dt
Nið Þ ¼ ki�1Ni�1 � kiNi i ¼ 1; 2; . . . ð1Þ

These equations are solved, multiplied by ki to get activity

as a function of time, integrated to get the number of

counts, and then rearranged to give an expression for the

activity at the beginning of counting.

The same chain of FP may be modeling during and after

irradiation. This model (see Eq. (2)) depends on the neu-

tron flux, fission cross section, decay constants for all

nuclides in the model, cross sections for all reactions, and

fission product yields. The cumulative FPY is used to

model the buildup of the first nuclide in the decay chain,

and the independent FPY are used for all subsequent

nuclides in the chain. Solving this system leads to a pre-

dicted activity over time of each nuclide in the chain.

d

dt
Nið Þ¼/Rf viþkiþ1Niþ1 �kiNi�/

X

j

Njrj

 !
i¼ 1;2; . . .

ð2Þ

The predicted activities of each nuclide, RhðtÞ, given

assumed values of the input parameters, h, are compared to

the measured values, A(t), and the values h are altered to

estimate the best-fit values. These best-fit values are

defined in the Bayesian sense, which incorporates the prior

distribution values and uncertainty, �h and uðhÞ, shown in

Eq. (3) for N quantities to be estimated. The matrix W is a

diagonal matrix of weighting terms for each comparison,

Wii¼ðuðRhðtÞÞ2 þuðAðtÞÞ2Þ�1
. Equation (3) is solved

using a numerical optimization algorithm.

ĥ ¼ argmin
h2RN

þ

kWðRhðtÞ � AðtÞk2
2 þ

XN

j¼1

ðhj � �hjÞ2

2uðhjÞ2

 !( )

ð3Þ

in The problem shown in Eq. (3) presents two primary

difficulties: (1) the objective function does not vary

smoothly with the measured activities, A(t), and parameters

used to compute the predicted FP activities, RhðtÞ due to

the noise in the measured activities; and (2) the derivatives

of the objective are not available analytically. All deriva-

tives are estimated using central differencing; however,

these local estimates may be skewed by the noise and

discontinuities in the function and may not adequately

represent the function’s global behavior.

In this work we have primarily solved Eq. (3) using the

Levenberg-Marquardt (LM) method, which is a variation

of Newton’s method [10]. Due to the difficulties in solving

Eq. (3), we employed two alternative solution algorithms

to assess their ability to find the global minimum of

Eq. (3)1. In addition to the LM method, Newton’s method

(NM) and the Nelder-Mead simplex direct search were

used. Newton’s method is a standard root-finding method

used for optimization, and it gives excellent local conver-

gence properties. The Nelder-Mead algorithm is a gradient-

free method that avoids the need to estimate derivatives

numerically, but it does not give guarantees of convergence

in most instances [11, 12].

The parameters shown in Eqs. (1) and (2) carry uncer-

tainty that must be propagated through Eq. (3) to obtain the

uncertainty on the estimate of ĥ. This is done by describing

each of the parameters with a probability distribution,

combining these distributions into a single, multivariate

distribution that incorporates correlations between the

parameters, and using this distribution as an input for a

Monte Carlo algorithm. The multivariate distribution is

sampled, Eq. (3) is solved using these values, and the

process is repeated. The collection of estimates for ĥ gives

an approximation for the distribution of ĥ (the posterior

distribution in Bayesian parlance). From these distribu-

tions, summary statistics, e.g., mean and standard devia-

tion, are computed.

1 The optimization problem shown in Equation (3) is convex and

thus has a global minimum. Convexity follows from the non-negative

sum of two convex functions (a norm and a parabola) defined on a

convex domain, RN
þ. See [10] for a complete discussion.
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Experiment

This section summarizes the experiment conducted to

produce FP from 235U with 14 MeV neutrons, collection of

gamma spectra, and the analysis of these spectra to obtain

approximate posterior distributions for fission product

yields.

Data Collection

A thin foil target was cut from highly-enriched metallic
235U. The mass was determined to be 220 � 1 mg, and the

material was confirmed to be more than 99 % isotopically

pure. This target was bombarded with 14.1 MeV neutrons

obtained from a commercially available neutron generator

with a measured maximum neutron flux of approximately

1 � 109 cm�2s�1 for approximately 333 s. A pneumatic

rabbit system was used to transport the irradiated material

to an isolated location for gamma counting. A radiation

protection survey was required prior to transport, and this

survey increased the minimum possible time between end-

of-irradiation and the beginning of counting to approxi-

mately 5 min.

Following a decay time of 297 s, gamma-rays were

measured using a Canberra BE6530 broad energy high-

purity germanium detector with composite a carbon win-

dow attached to a Canberra 2002 CSI pre-amplifier and

Lynx multichannel analyzers to collect list-mode data.

Data was collected for approximately 166 h. The list-mode

data was parsed offline to create 12, 3, 1-h, and 20-min

time cuts.

Data analysis

The peak detector efficiency was calculated in the usual

way using a multi-gamma standard containing 210Pb (46.5

keV), 241Am (59.5 keV), 109Cd (88.0 keV), 57Co (122.1,

136.5 keV), 139Ce (165.9 keV), 203Hg (279.2 keV), 113Sn

(391.7 keV), 85Sr (514.0 keV), 137Cs (661.7 keV), 88Y

(898, 1836.1 keV), and 60Co (1173.2, 1332.5 keV), which

was counted for 1300 s. This gives the curve �ðEÞ.
The target’s high density (approximately 19 g/cc) gives

large attenuation coefficients (approximately 37 cm-1 at

100 keV), and self-attenuation must be corrected. The

expected attenuation factor is easily calculated as

AttnðEÞ ¼
R x

0
e�lðEÞs dsR x

0
ds

¼ 1 � e�lðEÞxeff

lðEÞxeff

; ð4Þ

where xeff is the effective averaged distance a photon

incident on the detector will travel through the foil.

A 12-h cut of the list mode data was taken from the end

of data collection. The expected number of counts were

predicted for the 143, 163, 186, and 205 keV peaks of 235U.

The ratio of the actual to predicted number of counts gives

the attenuation factor at each of the four energies. Using

each value, the effective foil thickness was calculated, and

the four results averaged to obtain a mean value. Using this

estimate, the full attenuation curve was extrapolated using

NIST mass attenuation coefficients [13]. The product of

the peak efficiency and attenuation curves gives the

effective efficiency curve, �effðEÞ ¼ AttnðEÞ�ðEÞ. Figure 1

shows the peak detector efficiency in blue, self-attenuation

function in red, and the effective efficiency in green.

The effective efficiency was used to calculate the

activity at beginning of counting for each identified FP.

When chains of FP were identified, the activities of all

nuclides in the chain were found simultaneously as a sys-

tem in order to account for nuclide transmutation [see

Eq. (1)].

The neutron flux and FPY are not independent in the

system of Eq. (2). Thus, the time-averaged neutron flux

was found using 99Mo as a standard, treating the cumula-

tive yield as an uncertain input. This result was then used in

all subsequent calculations where FPY were determined.

Results and discussion

In this section, we discuss the time-averaged neutron flux

calculated using the LM, NM, and Nelder-Mead algo-

rithms. We then present the fission product yield estimates

made to date.

Flux Estimation

Using the parameters shown in Table 1, the time-averaged

neutron flux was determined using the LM, NM, and

Nelder-Mead algorithms. Production of 99Mo was modest,

leading to a maximum activity of 10.56 Bq and poor

counting statistics. The relative uncertainty in the eleven

measurements ranged between 6.2 and 52.6 %. The 14.1

MeV 235U fission cross section was interpolated from

ENDF/B-VII data [1].

The neutron flux estimates made with the three solvers

are given in Table 2. Flux estimates made using Newton’s

method ranged from approximately 2:0 � 108 to 1:5 � 1015

cm�2s�1. We attribute this large range to instability in the

method induced by poor conditioning of the Hessian matrix

used for Newton updating [10]. The NM flux estimates fell

into two intervals: ½2:05 � 108; 2:75 � 108� and ½3:81�
1013; 1:54 � 1015�. The second interval, attributed to sam-

ples that gave rise to poorly-conditioned Hessian matrices,

were considered outliers and excluded from the computa-

tion of the summary statistics reported in Table 2. After
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removing these outliers, results from the three solvers

agreed exceptionally well, which indicates the results are

based on reality and are not based on numerical/solution

artifacts. The mean relative uncertainty in the flux estimate

is 4.70 %. The uncertainty in output is much less than the

uncertainty in inputs. We attribute this reduction to using

eleven activity measurements, which effectively ‘‘averages

out’’ measurement bias through the optimization formula-

tion. The contribution of each source of uncertainty may be

quantified by computing the uncertainty budget—our

method and the results of the calculation are presented in a

previous publication [3].

Fig. 1 Peak detector efficiency curve (blue), extrapolated attenuation

factors calculated using the estimated effective thickness, xeff , and

NIST attneuation coefficients (red), and effective efficiency curve

(green). The large dip in the red and green curves at 115 keV is due to

the K-absorption shell of 235U. (colour figure online)

Table 1 Parameters and associated uncertainty used to calculate the

time-averaged neutron flux during sample irradiation. For brevity, the

eleven measurements of 99Mo derived from eleven 12-h spectra

parsed from the dataset collected following irradiation (see Section 4)

are averaged together. Relative uncertainties in activity were espe-

cially large near the end of collection due to low count rate (less than

2 net counts in the 739.5 keV peak).

Parameter Value Relative

Uncertainty

(%)

Measured activities 6.2 Bq 17.0

Irradiation time 333.0 0.3

Decay constant 2:9 � 10�6 s-1 \0.1

Cumulative fission yield 5.2 % 2.9
235U cross section 2.1 2.0
235U mass 220 mg 0.1
235U density 19.0 g cm-3 1.6

Table 2 Time-averaged neutron flux estimations made using 5000

Monte Carlo samples of 17-dimensional input space. Normal distri-

butions were fit to sampled posterior distributions using the sample

mean and variance. The mean value and standard uncertainty are

reported.

Solver Estimated flux cm�2s�1

LM ð2:3565 � 0:1113Þ � 108

Nelder-Mead ð2:3538 � 0:1109Þ � 108

NMy ð2:3606 � 0:1101Þ � 108

y Results using Newton’s method only include 435 samples as others

went to extreme values ([ 5 � 1013) due to instability of the method,

attributed to large condition numbers.

2242 J Radioanal Nucl Chem (2016) 307:2239–2245
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As shown in Table 2, the values are consistent between

the three solvers, and the LM value, ð2:3565 � 0:1113Þ �
108 cm�2s�1, are consistent with the maximum specified

flux value for the generator (see Section 4).

Estimation of fission product yields

Following an initial analysis of the 12-h cuts of the dataset

collected following irradiation (see Section 4), gamma-ray

signatures of the following radionuclides were identified:
95Zr/95Nb, 99Mo, 127Sb, 131I, 140Ba/140La, and 147Nd2.

Counting statistics were poor: the majority of the observed

photopeaks only contained several hundred counts or less,

corresponding to net count rates less than 0.1 counts per

second. Calculation of nuclide activity at the beginning of

counting using different characteristic photons gives

inconsistent results, therefore the results obtained using

multiple photons were aggregated using a multi-dimen-

sional generalization of the bootstrap median algorithm,

which is based on an idea proposed by Helene and

Vanin [14]. The following nuclides were identified using

20-min cuts of the dataset: 89Kr/89Rb, 94Y, 104Tc, 130Sb,
134Te/134I, 138Xe/138Cs, 146Ce/146Pr.

First, a multivariate normal distribution, Nðxjl;RÞ, is

attributed to each calculated activity, using the determined

value of each nuclide in the chain for l, the square of the

standard uncertainty as the diagonal of R, and the off-

diagonal terms are given by oy
ox
uðxÞ2

, where y and x are

activities of different nuclides in the chain and u(x) is the

standard uncertainty in the activity x. Many samples are

drawn from these distributions and collected. Subsets of

these datapoints are randomly drawn (bootstrapping) and

the median is calculated for each. Finally, a normal dis-

tribution is fit to the collection of median values, and the

parameters of this fit is the reported value. As discussed by

Helene and Vanin, the median is robust to outliers, and

using the bootstrapping procedure allows the uncertainty of

each measurement to be explicitly considered.

The fission product yields for each decay chain were

estimated using ten-thousand Monte Carlo samples. When

multiple nuclides in the chain were observed, e.g.,
140Ba/140La, the cumulative yield was determined for the

parent and the independent yield(s) were determined for all

subsequent daughter product(s). The results are summa-

rized in Table 3. As shown in the last column, results

obtained for FP in decay chains are strongly correlated.

Reporting the correlation reduces the total range of likely

values that the FPY can take.

The measured yields of 89Kr and89Rb were within 3.9

and 46.7 % of the literature values, respectively. Good

counting statistics were obtained due to the high specific

activity of the nuclides, and there is considerable uncer-

tainty in the true FPY of 89Rb—the literature-derived

uncertainty is 50.6 %. This results suggests that further

measurements of FPY for 89Kr and 89Rb and possibly

updating the nuclear data is warranted.

The measured value for the FPY of 94Y is approximately

24 % smaller than the literature value. No significant

source of bias is evident, and counting statistics were

within 5 %. Due to the short half-life, it is unlikely that the

existing literature values are based on measurements,

which have been performed with radiochemical separations

and destructive analysis, but rather are likely based on

nuclear models evaluating using historical data. As the

nuclear data, e.g., branching ratios, have been updated, the

existing FPY values may no longer be valid.

The values obtained for 95Zr and 95Nb differ signifi-

cantly from existing values (the value for Nb is approxi-

mately 3900 % greater than the value used in the prior

distribution). We attribute the errant result to an overesti-

mation of activity stemming from an unresolved spectral

interference. In addition, the exected value for the FPY of

Nb is very small: the number of Nb nuclei produced

directly from fission (captured by the independent yield) is

much smaller than the nuclei produced from the decay of

the parent nuclei (captured by the cumulative yield of Zr),

and this additional Nb activity is easily lost in the noise of

the activity measurements.

The values obtained for 104Tc, 127Sb, and 130Sb are

fairly commensurate with existing values. In addition, the

result for 131I somewhat agrees with the existing value, and

there may be an unresolved spectral interference and

associated activity overestimation.

The short half-lives and large specific activities of 134Te

and 134I led to an average precision in the measured

activities of the two-nuclide chain less than 1 %. The

determined values are commensurate with the value

obtained from the literature, differing by 0.01 and 1.06

percentage points, respectively.

The cumulative yield of 138Xe was underestimated rel-

ative to existing values and the independent yield of 138Cs

was overestimated relative to the literature. The overesti-

mation of the daughter independent yield is attributed to

the underestimation of the cumulative yield of the parent

nuclide (attributed to uncertainty in the measured activi-

ties), which is balanced by an overestimation of the inde-

pendent yield of the daughter. Similar behavior is observed

in the results obtained for the 140Ba/140La decay chain.

The measured values for 146Ce and 146Pr are commen-

surate with prior values, differing by 0.36 and 0.17 per-

centage points, respectively. As in previous cases, an2 Parent/daughter chains are written with a slash.
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underestimation in the FPY of the parent nuclide coincides

with an overestimation in the FPY of the daughter nuclide.

It should be noted that this correlation is not necessarily

causation. A separate factor, such as spectral interference,

could drive an overestimation of a poorly measured and/or

poorly understood daughter nuclide and the FPY of the

parent is adjusted during the simultaneous solution.

Finally, the result for 147Nd is very different than

existing values found in the literature, which we attribute to

poor counting statistics, whose relative uncertainty ranged

from approximately 2 to 91 %.

In summary, while measured values differed (sometimes

greatly) from existing values, the distribution of over- and

under-estimations suggest that no system biases are present

in the analysis, and the developed methodology is a valid

approach for the determination of independent and cumu-

lative FPY using gamma-ray spectrometry. Further vali-

dation of the methodology and additional measurements

should be pursued in order to obtain results suitable for

updating nuclear datasets.

Conclusion

We have developed a method appropriate for measuring

the activity of FP (especially short-lived nuclides) follow-

ing irradiation and the estimation of cumulative and inde-

pendent fission product yields. Our method relies on

flexible modeling of FP during and after irradiation and

comparing these predicted results to measured results. This

comparison is combined with prior information taken from

the existing literature to form the objective of a convex

optimization problem.

With attention to flexibility and future work, we have

developed multiple solution algorithms for the problem

described in Eqs. (2) and (3). Our implementation allows

the user to fully specify time-varying neutron flux, e.g.,

pulses or cyclic irradiation as used by in cyclic neutron

activation analysis or commercial reactor operations. In

addition, the neutron spectrum may be implicitly specified

by the user through the definition of the nuclear data values

appearing in Eq. (2). Finally, our method allows the user to

solve for any quantity in Equation (2), such as neutron flux,

cross sections, branching ratios, decay constants, or nuclide

concentrations.

We have produced FP by bombarding a y235U metal foil

with 14.1 MeV neutrons obtained from a neutron generator

and measuring the activities of several long-lived FP using

list-mode spectral data collected using a high-purity ger-

manium detector.
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