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Abstract Several efforts have been made in the Com-

prehensive Nuclear-Test-Ban Treaty (CTBT) community

to assess the benefits of combining detections of radionu-

clides to improve the location estimates available from

atmospheric transport modeling (ATM) backtrack calcu-

lations. We present a Bayesian estimation approach rather

than a simple dilution field of regard approach to allow

xenon detections and non-detections to be combined

mathematically. This system represents one possible

probabilistic approach to radionuclide event formation.

Application of this method to a recent interesting

radionuclide event shows a substantial reduction in the

location uncertainty of that event.

Keywords Source-term estimation � Atmospheric

modeling � Nuclear explosion detection � CTBTO

Introduction

The International Monitoring System (IMS) is part of the

verification regime for the Comprehensive Nuclear-Test-

Ban-Treaty Organization [1] that is designed to detect

nuclear explosions no matter where they occur on the

earth. The IMS includes seismic, hydroacoustic, infra-

sound and radionuclide monitoring techniques at a

number of locations around the world. When complete,

80 of the IMS stations will have aerosol measurement

systems sensitive enough to detect releases from nuclear

explosions at great distances and 40 of them will also

have xenon measurement systems that detect four

radioactive xenon isotopes (131mXe, 133Xe, 133mXe, and
135Xe). These isotopes are produced in nuclear explo-

sions, nuclear power plants and medical isotope pro-

duction facilities [2, 3].

Natural events, such as earthquakes, may trigger some

of the IMS monitoring equipment as well as anthro-

pogenic activities such as releases of radionuclides to the

air from nuclear reactors or medical isotope production

facilities. Analysts must evaluate the data and decide

whether there is a possibility they were caused by a

nuclear explosion. Fusing data from several technologies

can help build confidence in a source-attribution

conclusion.

Source attribution based on atmospheric transport

modeling is an emerging science, and in some situations

the estimated release time, location and magnitude may

differ significantly from real values, especially if the

analysis must be performed with a small number of

samples. The current work considers the performance of a

relatively recent [4, 5] application of a Bayesian tech-

nique to the source attribution problem for radionuclides

detected in air samples. Bayesian estimation has the

potential for improving source attribution estimates over

simplistic approaches and the probabilistic treatment

provides a level of confidence statement in the results not

attainable by deterministic methods.
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Theory

Consider a vector of parameters, h, which describe the

properties of a time-transient point source of a contaminant

released to the atmosphere: h ¼ xs; ys; zs; qs; ton; toffð Þ. In

this situation, (xs,ys,zs) represents the spatial location of the

source (longitude, latitude, elevation), qs is the strength of

the source (mass/time) and (ton,toff) is the start and stop

times of the release. A number of techniques can be used to

choose the best h given one or more sample values at one

or more detectors [4–8].

Assuming that each component of h is a random vari-

able, then Bayes theorem can be used to describe a rela-

tionship between the following conditional probability

density functions (PDFs):

P hjD; Ið Þ ¼ P hjIð ÞP Djh; Ið Þ=P DjIð Þ ð1Þ

In Eq. 1, P hjIð Þ is the prior distribution on the parameter

vector, P hjD; Ið Þ is the posterior distribution on the

parameter vector, P Djh; Ið Þ is the likelihood function on

the data, P DjIð Þ is data based evidence, D is a set of

measured data values and I denotes external information

applicable to the values of the parameter vector.

A probabilistic formulation provides a framework to

account for uncertainties in observed and modeled concen-

tration data. Although many different source configurations

may be possible, some will be more probable than others

given some sampling data. The solution to the source deter-

mination problem is the posterior density function P hjD; Ið Þ
which represents the probability that the components of the

source parameter, h, take on specific values.

As formulated, the parameter vector h uses six dimen-

sions to describe a single release. This vector can easily be

extended to describe multiple releases. Although we

examine other aspects of the estimation problem, one could

use a Bayesian formulation to evaluate scenarios to deter-

mine whether more than one release contributed to the

sample values [9, 10].

To answer a practical question such as what is the distri-

bution of release strength, one must compute the marginal

probability density function for qs. Depending on the nature of

the external information brought to bear, this may be fairly

simple or quite complex, requiring additional techniques such

as Monte Carlo Markov chain methods [11, 12]. The results in

this paper are based on a Monte Carlo Markov Chain solution

to a parametric Bayesian formulation.

The likelihood function quantifies the likelihood of the

discrepancy between the measured concentrations D and a

corresponding set of modeled concentrations, R. Let the

term Ri denote the concentration value that measurement

i would theoretically measure if the source were charac-

terized correctly by the parameters in h. In practice Ri is

calculated using a mathematical model of atmospheric

dispersion. The Hysplit atmospheric transport model [13,

14] is used for the calculations reported in this paper.

One way to formulate the discrepancy between the

measured and modelled concentrations considers two

sources of error: measurement error and transport model

error [4]. Under an assumption that the errors are normally

distributed, one obtains the following likelihood function:

P Djh; Ið Þ / exp � 1

2

X

i

Di � RiðhÞð Þ2

r2
D;i þ r2

M;i

" #
ð2Þ

Depending on the approach used for evaluating

P hjD; Ið Þ the proportionality constant in Eq. 2 and the

expression P(D|I) in Eq. 1 can be subsumed into a nor-

malization step without explicit evaluation.

Experimental

Performance of the Bayesian technique is evaluated with

two data sets. The first data set uses synthetic sampling

data for twelve different releases. The second data set uses

data associated with a nuclear explosion [15].

Synthetic sampling data

Synthetic 133Xe sampling data at ten locations were gen-

erated assuming a hypothetical medical isotope production

facility was located in the central portion of the state of

Missouri, USA. A release of 6.45 9 1012 Bq of 133Xe was

assumed to occur in a 3 h period starting at 0000 UTC on

the first day of each month in 2013. This release is the

average daily release for the five largest 99mTc producers

[16]. The ten sampling locations were in the states of

California, Colorado, North Dakota, Kansas, Texas, Illi-

nois, Arkansas, Florida, Virginia, and Maine. The samplers

ranged from 600 to 2500 km from the release point.

The Hysplit code [17] and archived meteorological data

[18] were used to calculate synthetic sample values for

three different models of samplers. The first sampler [19] is

a new system that uses a 6 h sample collection period and

can detect concentrations of about 0.05 mBq/m3. The

second sampler, named SAUNA [20], uses a 12 h collec-

tion period and can detect concentrations of about

0.25 mBq/m3. The third sampler, named SPALAX [21],

has a 24 h collection period and can detect concentrations

of about 0.1 mBq/m3.

Model discrepancy variance

Analysis of the data collected by real samplers provides the

data variance term in the denominator of Eq. 2. However,

no equivalent method is available with which to estimate
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the model variance term. The standard deviation of the data

is often approximately expressed as a fraction of the data

value. For this analysis, it is assumed that the standard

deviation of the model discrepancy is a fraction of the

modeled value. Unfortunately, the model variance term has

a large effect on the spread of the posterior distributions for

location, time and magnitude. Release information is

known for the synthetic data, and a model discrepancy

standard deviation of about 0.35 provided better posterior

expected location and magnitude estimates than other

values. Therefore, the results in this paper use a value of

0.35 for all calculations. Additional work is needed to

develop a strong basis for selecting the model discrepancy

variance. The mode of the distribution of release magni-

tude is relatively insensitive to the model discrepancy term

and is a better candidate for a point estimate of magnitude

than the expected value of magnitude.

Possible source regions

The simplest description of a possible source region is the

set of locations where a release at some time in a defined

period of time (such as 5 days) before a sample value is

taken could have yielded the sample value. Possible source

regions are illustrated in Fig. 1 for one of the synthetic data

sets. The left pane shows the region where a release of

1017 Bq or less of 133Xe sometime in the 5 days before a

6 h duration sample was taken in Virginia could have

resulted in the sample value. The right pane shows the

combination of four possible source regions for four con-

secutive 6 h samples at the same location. The model

domain is truncated to just larger than the continental USA

borders, thus the possible source regions actually are larger

than shown here. Possible source regions are often conti-

nental in size; making release location estimates imprecise.

It is tempting to use the intersection of multiple possible

source regions to restrict the locations being considered for

the release point. However, atmospheric transport models

only approximate the movement of air and the intersection

of all the possible source regions may be the null set when

multiple samples are available from different locations. A

good estimation approach provides the best possible solu-

tion even when the data are discordant.

Results and discussion

Analysis using synthetic data

In general, the analysis cases for the synthetic data estimate

the time, magnitude and location of the release. The

Bayesian formulation still applies if some of the release

parameters are known (they have a specified value with

probability one). Four different cases were evaluated for

each release: (1) only samples with concentrations above

the detection limits are used, (2) all samples, including

those below detection limits, are used, (3) samples with

concentrations above the detection limits are used and the

release time is constrained to a 6 h window centered at the

release time, and (4) only samples with concentrations

above the detection limits are used and the release location

is specified.

Four metrics were used to evaluate the estimator per-

formance. The first metric was the distance (km) between

the release point and the most likely (mode) release loca-

tion. The second metric was based on the size (km2) of the

region encompassing the central 90 % of the posterior

distribution on location. The third metric was the offset in

time (h) between the start of release and the mode of the

posterior time distribution. The fourth metric was the mode

of the posterior distribution on release magnitude, expres-

sed as a ratio with the magnitude of the release.

Fig. 1 Possible source region based on one 6-h sample value (left pane) and common possible source regions for four consecutive 6-h sample

values (right pane)
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As expected, the number of samples with detectable

concentrations differs with the type of sampling equipment.

The number of samples with concentrations above detec-

tion limits by month and sample collection period are

provided in Table 1. Even though 12 releases were mod-

eled, the performance measures are based on 11 releases

because only one 6 h sample for the January release had a

detectable concentration.

Average values for the performance metrics for different

analysis scenarios are provided in Table 2. In general,

analyses that are not constrained in time, or constrained by

a reasonable magnitude limit, tend to have the mode in the

release time distribution well before (often 1–3 days) the

real release time. As a consequence, the estimated mag-

nitude is too high and the estimated location is offset from

the real release location.

Cases using a 6 h collection time perform better than

cases with longer collection times. This may be partly due

to the general observation that cases with more samples

tend to produce better estimates than cases with a smaller

number of samples. In addition, samples with a 6 h col-

lection time are averaged over a smaller volume of air than

samples with 12 h or 24 h collection times, which reduces

the size of the averaging area.

In general, including samples with concentrations below

the detection limit significantly improves the estimation

accuracy. Estimation of the release time improved dra-

matically; from an average of being wrong by several days

to being wrong by a few hours. This improvement depends

on the sampling network being dense enough that part of

the possible source regions for the samples with concen-

trations below detection limits overlaps with the possible

source regions for the samples with detections.

Knowing the time of the release or the location of the

release significantly improves estimation accuracy over

unconstrained cases. In addition, cases where the main

body of the plume moved over one or more samplers have

much better estimation accuracy than cases where the

majority of the plume bypasses the samplers. This may be

partly due to the difficulty of accurately resolving low

concentrations in the atmospheric transport model.

The sample cases with the smallest plausible source

regions tend to have the most accurate estimates for loca-

tion, magnitude and time. This observation suggests that it

may be possible to develop ad hoc rules for the overall

confidence that should be placed in a release estimate based

on the size of the plausible source region.

Although not embodied in a performance metric, the

resolution of the atmospheric transport model has a strong

effect on the accuracy of the estimated release parameters.

This analysis used the particle tracking mode of the Hysplit

code. Initial estimation cases used a low number of parti-

cles and yielded poor results. The cases were rerun using

2 9 107 particles per run for generating the synthetic data

and 2.5 9 106 particles for each analysis run. Exploratory

cases indicated that using more particles would have

improved the analysis run results, but the total number of

CPU hours became prohibitive.

Analysis using real data

The Democratic People’s Republic of Korea (DPRK)

conducted its third announced nuclear test at 02:58 UTC on

February 12, 2013 at the Pungye-ri nuclear test site. This

test was detected by seismic stations operated by the IMS.

All of the IMS radionuclide stations in the local region

were operating at the time and all samples for the next few

weeks were consistent with historical samples. Beginning

on April 7, 2013, several samples with unusual combina-

tions of 131mXe and 133Xe were detected at IMS stations in

Takasaki, Japan and Ussuriysk, Russia. These data have

been analyzed [15] and shown to be consistent with

delayed releases from an underground nuclear explosion.

All of the IMS samples used in this analysis came from

SAUNA [20] samplers and use a 12 h collection time.

The Bayesian estimation approach is used with 133Xe

data from IMS samplers in a two-step process using the

assumption that all samples were caused by a short-dura-

tion ground-level release at a single location. First, the

posterior distribution of location is examined for consis-

tency with an assumption of a release at the Punggye-ri

site. Second, the release location is specified [22] and the

posterior distribution of release time and magnitude is

calculated. The Hysplit code and 0.5 degree space and 3 h

time resolution meteorological data [23] are used in the

analysis.

Table 1 Number of synthetic samples with detectable concentrations

by release month and sample collection length

Month Sample Collection Length

6 h 12 h 24 h

January 1 0 0

February 13 7 5

March 6 3 2

April 19 7 5

May 9 2 2

June 12 4 4

July 11 5 3

August 8 2 3

September 2 1 1

October 2 1 1

November 8 4 2

December 5 2 1
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The posterior probability distribution of release location

based on three 133Xe samples in Takasaki, Japan is shown

in Fig. 2 for the time period of 4 days before the first

detection. Dark grey denotes the highest probability and

light grey denotes the lowest probability. Contour steps are

approximately 0.1. Atmospheric transport is a complex

process and in this time period some near-surface air

originating in central China can reach Japan as quickly as

near-surface air originating in DPRK. As a consequence,

using only three sample values, there are two distinct

regions where a release might have yielded the sample

values measured in Japan.

Two other IMS samplers in China and Mongolia did not

detect 131mXe and 133Xe at any time during this time per-

iod. Similarly, a number of samples at IMS stations in

western Russia and Japan did not detect these nuclides.

When the samples without detections are added to the data

set, the plausible release region in central China essentially

disappears. This calculational result is consistent with other

analysis of these data [15] and illustrates the improvement

in location estimation achieved by including samples

where the isotopes of interest were not detected.

The Bayesian posterior distribution for location suggests

that a release at the location of the Punggye-ri nuclear test

site at some time could have resulted in the sampled values.

A secondary analysis fixed the location of the release event

at the test site [22] and estimated the release time and

magnitude. The posterior probability densities for release

time and magnitude are shown in Fig. 3 along with three

curves showing the amount of release at different times

needed to produce the three sample values. The curves are

based on backwards (in time) atmospheric transport runs.

As is often the case (because atmospheric models only

approximate the movement of air) these three curves do not

all coincide at any single time-magnitude pair. If they did

coincide at only one point, one could interpret that time-

magnitude pair as describing the event.

The Bayesian approach provides probability distribu-

tions on the components of the release rather than single

estimates. The expected value or the most likely values

(mode) from the posterior distributions are sometimes used

as point estimates. Based on these three samples, the most

likely values for this case are a release of about

2 9 1013 Bq of 133Xe around 0600 UTC on April 7. The

expected values are a release of about 1.2 9 1014 Bq of
133Xe around 0400 UTC on April 7. Analysis of the syn-

thetic data sets suggest that the mode values are more

accurate descriptions of the event than the expected values.

The authors in the previous analysis [15] estimate a

release of 7 9 1011 Bq of 131mXe but they don’t provide a

release estimate for 133Xe. They also argue for two dif-

ferent release episodes, a situation which isn’t explored in

this analysis. The cumulative yield of 133Xe from a nuclear

explosion is about 100 times that of 131mXe [24]. Thus, this

estimate for the release of 133Xe is consistent with release

estimates of 131mXe using different analysis techniques and

different atmospheric transport models.

Conclusions

The Bayesian estimation approach shows promise for

general use in the source attribution problem. Results using

synthetic data demonstrate that samplers with 6 h

Table 2 Bayesian estimator performance for different analysis scenarios using average values of the metrics

Ratio of 90 % plausible region size

with 6 h detections

Ratio of release magnitude

(estimate/release)a
Distance from release

point (km)

Difference in release time

(h)

6 h 12 h 24 h 6 h 12 h 24 h 6 h 12 h 24 h 6 h 12 h 24 h

Detections 1.0 3.4 5.4 13.5 28.3 39.6 642 1341 1562 -41.0 -65.0 -65.4

Det. ? mdc 0.4 1.3 3.7 3.0 5.2 4.4 244 331 324 2.8 8.2 -0.1

Set time 0.098 0.50 1.1 2.8 4.4 4.5 220 207 296 NA NA NA

Set Loc. NAb NA NA 2.1 2.1 2.4 NA NA NA 0.5 0.4 5.1

a Geometric mean rather than arithmetic mean of release magnitude ratios
b NA denotes not applicable to the analysis scenario

Fig. 2 Posterior probability of release location using three samples

collected in Takasaki, Japan. Darker grey regions are higher

probability than light grey regions
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collection times perform better on a suite of performance

metrics than samplers with 12 h or 24 h collection times. A

modeling case using real 133Xe data associated with a

nuclear explosion produces location, timing and release

magnitude results consistent with detailed analyses by

other authors.

The Bayesian approach is unique in that samples with

concentrations below the detection limit for the equipment

can explicitly be included in the analysis. The utility of

including the additional samples is demonstrated for both

the synthetic data and real 133Xe data collected after a

nuclear explosion. With 10 sampling locations in the

continental United States, including the additional samples

reduced the size of the plausible source region by an order

of magnitude and greatly improved estimation of the time

and magnitude of the release.

If the posterior probability distribution of the source

location is diffuse in space, then there is low confidence

that the real release location has been identified well

enough for practical use. Release time and magnitude are

tightly coupled with release location, so low confidence in

any of these three items induces low confidence in the other

items. Based on a dozen cases using synthetic data, the size

of the estimated plausible source region can be used as a

general indicator of overall confidence in the estimation

results.
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Dyer KM, Aines RD, Chow FK, Belles RD, Hanley WG, Larsen

SC, Loosmore GA, Nitao JJ, Sugiyama GA, Vogt PJ (2008)

Bayesian inference and Markov chain Monte Carlo sampling to

reconstruct a contaminant source on a continental scale. J Appl

Meteorol Climatol 47(10):2600–2613. doi:10.1175/

2008jamc1766.1

9. Yee E (2012) Inverse dispersion for an unknown number of

sources: model selection and uncertainty analysis. ISRN Appl

Math 2012:20. doi:10.5402/2012/465320

10. Wade D, Senocak I (2013) Stochastic reconstruction of multiple

source atmospheric contaminant dispersion events. Atmos Envi-

ron 74:45–51. doi:10.1016/j.atmosenv.2013.02.051

11. Dellaportas P, Forster J, Ntzoufras I (2002) On Bayesian model

and variable selection using MCMC. Stat Comput 12(1):27–36.

doi:10.1023/a:1013164120801

12. Brooks SP (1998) Markov chain Monte Carlo method and its

application. J R Stat Soc Ser D (The Statistician) 47(1):69–100

13. Draxler RR, Stunder B, Rolph G, Stein A, Taylor A (2013)

HYSPLIT4 User’s Guide, Version 4. Air Resources Laboratory,

National Oceanic and Atmospheric Administration (NOAA),

Silver Spring, Maryland

14. Draxler RR, Hess GD (1997) Description of the HYSPLIT_4

modeling system. NOAA Air Resources Laboratory, Silver

Spring, Maryland

15. Ringbom A, Axelsson A, Aldener M, Auer M, Bowyer TW,

Fritioff T, Hoffman I, Khrustalev K, Nikkinen M, Popov V,

Popov Y, Ungar K, Wotawa G (2014) Radioxenon detections in

the CTBT international monitoring system likely related to the

announced nuclear test in North Korea on February 12, 2013.

J Environ Radioact 128:47–63. doi:10.1016/j.jenvrad.2013.10.

027

16. Saey PRJ (2009) The influence of radiopharmaceutical isotope

production on the global radioxenon background. J Environ

Radioact 100(5):396–406. doi:10.1016/j.jenvrad.2009.01.004

17. Draxler RR, Hess GD (1998) An overview of the HYSPLIT_4

modeling system of trajectories, dispersion, and deposition. Aust

Meteorol Mag 47:295–308

18. EDAS (2015) Downloadable North American Data Assimilation

System 40 km meteorological data set archive. Air Resources

Laboratory, National Oceanic and Atmospheric Administration.

http://arlftp.arlhq.noaa.gov/pub/archives/edas40/. Accessed 15

Jan 2015

19. Hayes JC, Ely JH, Haas DA, Harper WW, Heimbigner TR,

Hubbard CW, Humble PH, Madison JC, Morris SJ, Panisko ME,

Ripplinger MD, Stewart TL (2013) Requirements for Xenon

International. Pacific Northwest National Laboratory, Richland.

doi:10.2172/1122330

20. Ringbom A, Larson T, Axelsson A, Elmgren K, Johansson C

(2003) SAUNA—a system for automatic sampling, processing,

and analysis of radioactive xenon. Nucl Instrum Methods Phys

Res Sect A 508(3):542–553. doi:10.1016/s0168-9002(03)01657-7

21. Fontaine JP, Pointurier F, Blanchard X, Taffary T (2004) Atmo-

spheric xenon radioactive isotope monitoring. J Environ Radioact

72(1–2):129–135. doi:10.1016/S0265-931X(03)00194-2

22. Zhang M, Wen L (2013) High-precision location and yield of

North Korea’s 2013 nuclear test. Geophys Res Lett

40(12):2941–2946. doi:10.1002/grl.50607

23. GHDA (2012) Downloadable half-degree global data assimila-

tion system information archive. Air Resources Laboratory,

National Oceanic and Atmospheric Administration. http://arlftp.

arlhq.noaa.gov/pub/archives/gdas0p5/. Accessed 25 April 2012

24. Saey PRJ, Bowyer TW, Ringbom A (2010) Isotopic noble gas

signatures released from medical isotope production facilities—

simulations and measurements. Appl Radiat Isot

68(9):1846–1854. doi:10.1016/j.apradiso.2010.04.014

J Radioanal Nucl Chem (2016) 307:1599–1605 1605

123

http://dx.doi.org/10.1016/j.atmosenv.2006.08.044
http://dx.doi.org/10.1016/j.atmosenv.2006.08.044
http://dx.doi.org/10.1016/j.atmosenv.2007.04.064
http://dx.doi.org/10.1016/j.atmosenv.2007.04.064
http://dx.doi.org/10.1016/j.jenvrad.2013.10.013
http://dx.doi.org/10.1016/j.jenvrad.2013.10.013
http://dx.doi.org/10.1016/j.jenvrad.2014.04.006
http://dx.doi.org/10.1016/j.jenvrad.2014.04.006
http://dx.doi.org/10.1175/2008jamc1766.1
http://dx.doi.org/10.1175/2008jamc1766.1
http://dx.doi.org/10.5402/2012/465320
http://dx.doi.org/10.1016/j.atmosenv.2013.02.051
http://dx.doi.org/10.1023/a:1013164120801
http://dx.doi.org/10.1016/j.jenvrad.2013.10.027
http://dx.doi.org/10.1016/j.jenvrad.2013.10.027
http://dx.doi.org/10.1016/j.jenvrad.2009.01.004
http://arlftp.arlhq.noaa.gov/pub/archives/edas40/
http://dx.doi.org/10.2172/1122330
http://dx.doi.org/10.1016/s0168-9002(03)01657-7
http://dx.doi.org/10.1016/S0265-931X(03)00194-2
http://dx.doi.org/10.1002/grl.50607
http://arlftp.arlhq.noaa.gov/pub/archives/gdas0p5/
http://arlftp.arlhq.noaa.gov/pub/archives/gdas0p5/
http://dx.doi.org/10.1016/j.apradiso.2010.04.014

	Multi-detection events, probability density functions, and reduced location area
	Abstract
	Introduction
	Theory
	Experimental
	Synthetic sampling data
	Model discrepancy variance
	Possible source regions

	Results and discussion
	Analysis using synthetic data
	Analysis using real data

	Conclusions
	Acknowledgments
	References




