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Abstract

We deduce stability and pathwise uniqueness for a McKean—Vlasov equation with
random coefficients and a multidimensional Brownian motion as driver. Our analysis
focuses on a non-Lipschitz continuous drift and includes moment estimates for random
1t processes that are of independent interest. For deterministic coefficients, we provide
unique strong solutions even if the drift fails to be of affine growth. The theory that
we develop rests on It6’s formula and leads to pth moment and pathwise exponential
stability for p > 2 with explicit Lyapunov exponents.
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1 Introduction

The study of McKean—Vlasov stochastic differential equations, also called mean-
field SDEs, was initiated by Kac [23], McKean [31] and Vlasov [34]. Since then,
these integral equations received considerable attention in a variety of fields, such
as physics, economics, finance and mathematics. A crucial reason for this is the fact
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that they can be used to model the propagation of chaos of interacting particles in a
plasma, as shown in [34]. In applications of these types, questions regarding stability,
uniqueness and existence of solutions arise. To give precise answers under verifiable
conditions, we continue our analysis of the companion paper [25] and present new
methods.

Letd, m € Nand (2, F, (F;):>0, P) be afiltered probability space that satisfies the
usual conditions and on which there is a standard d-dimensional (F;);>o-Brownian
motion W. Then a McKean—Vlasov equation can be written in the form

t
X; :X0+/ b(s, Xy, L(Xy))ds
0 (1.1)
—i—/ o(s, X5, L(X))dW, fort >0 as.
0

Thereby, the drift and diffusion coefficients b and o are defined on R x R™ x P(R™)
and take their values in R™ and R">4 respectively, and P(R™) stands for the convex
space of all Borel probability measures on R™.

The theory of mean-field SDEs has undergone groundbreaking developments since
the works [23, 31, 34] and proven to be an indispensable mathematical tool. For
instance, another important application in physics pertains to the analysis of incom-
pressible Navier—Stokes equations that were considered in the classical work [28] by
Leray and which have a deep link with mean-field SDEs, according to Constantin and
Iyer [16]. Recently, this connection was further explored by Réckner and Zhao [33].

Moreover, mean-field games, studied by Lasry and Lions [27], serve as applications
in economics and may be used to explain the interaction and behaviour of agents in
a vast network. For other works related to mean-field games, we refer the reader to
[8-12]. Regarding applications in finance, see [13, 14, 18, 19, 26] in connection with
systemic risk modelling.

Over the years, mean-field SDEs, such as (1.1), were studied from a mathematical
point of view under various assumptions on the type of noise and the regularity of the
coefficients. While the authors in [22] consider Lévy noise, results on unique strong
solutions, based on additive Gaussian noise and a discontinuous drift, were established
in [2—4] by using Malliavin calculus. Results on weak solutions can be found in [15,
17, 21, 32]. In [29], even path-dependent coefficients were treated. It is worth noting
that mean-field equations of backward type were considered in [5, 6], and infinite-
dimensional partial differential equations related to mean-field SDEs were derived in
[71.

In the sequel, let 7p > 0 and P be a separable metrisable space in P(R™). For p > 2
the Polish space P, (R™) of all measures in P(R™) with a finite pth absolute moment,
endowed with the pth Wasserstein metric, serves as main application. Further, assume
that along with P the maps

B:[ty, o[xQ xR" x P - R" and X :[tg, 0o[xQ2 x R" x P — R"*4
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are admissible in a suitable measurable sense, as explained in Sect. 2. We shall focus on
the following McKean—Vlasov SDE with such random drift and diffusion coefficients:

dXt = Bl(Xl‘v E(X[)) dr + Et(Xl‘a ,C(Xt)) th for ¢ > 1p. (12)

This comprises controlled McKean—Vlasov SDEs, by Example 2.2. In particular, if ¥
does not depend on the measure variable u € P, then we recover the setting of the
previous work [25], in which a multidimensional Yamada—Watanabe approach was
developed.

The objective of this paper is to deduce stability, uniqueness and existence of solu-
tions to (1.2), by presenting methods that handle the dependence of the diffusion
coefficient with respect to the measure variable and allow for a discontinuous drift.
Essentially, our contributions to the existing literature can be listed as follows:

(1) Pathwise uniqueness for (1.2) is shown in Corollary 3.5 if B and ¥ satisfy an
Osgood condition that is only partially restrictive for B. In the specific case that
both coefficients are independent of © € P, which turns (1.2) into an SDE, this
condition is required on compact sets only.

(2) From the explicit L?-comparison estimate for (1.2) in Proposition 3.10 we
obtain (asymptotic) pth moment stability in Corollary 3.12 under partial and
complete mixed Holder continuity conditions on B and X, respectively, and
clear integrability conditions on the random partial Holder coefficients relative to
(x, ) e R™ x P.

(3) Exponential pth moment stability with explicit Lyapunov exponents follows from
Corollary 3.13 if partial and complete Lipschitz conditions are valid for B and X,
respectively, and the stability factor in (3.9), which can be viewed as functional
of the partial Lipschitz coefficients, does not exceed a sum of power functions.

(4) Pathwise exponential stability is shown in Corollary 3.17 under the just mentioned
Lipschitz conditions on B and ¥ with deterministic partial Lipschitz coefficients
of certain growth and the same bound involving a sum of power functions for
the stability factor y,, in (3.12), where g > 2. Thereby, the pathwise Lyapunov
exponent is the pgth moment Lyapunov exponent divided by pgq.

(5) As the companion paper [25], this work demonstrates that for a detailed stability
analysis of McKean—Vlasov equations verifiable assumptions can be given and
the existence of Lyapunov functions does not have to be assumed.

(6) Unique strong solutions are derived in Theorem 3.24 when B and X are deter-
ministic, an Osgood growth or an affine growth estimate that is only partially
restrictive for B holds and partial and complete Lipschitz conditions are satisfied
by B and X, respectively. So, B is not forced to be of affine growth relative to
(x, ) e R" x P.

We note that the contributions (1), (4) and (6) are comparable to those in [25] if X is
independent of © € P. In this case, the pathwise uniqueness assertions of Corollary 3.7
in [25] are applicable when X satisfies an Osgood condition on compact sets relative
to the standard basis of R™. Thereby, in contrast to Corollary 3.5 in this article, B is
ought to satisfy a partial Osgood condition that depends on this basis.
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The pathwise exponential stability statements of Corollary 3.17 in [25] require B
and X to satisfy a partial Lipschitz condition and an %—Hélder condition in terms of the
standard basis, respectively. Then the same bound involving a sum of power functions
as in this paper is imposed on the stability factor y; given by (3.9) in [25]. This
entails that one half of the first moment Lyapunov exponent, studied in Corollary 3.14
there, serves as pathwise Lyapunov exponent. While y; is merely influenced by the
regularity of B, the relevant stability factor y,, in (3.12) for Corollary 3.17 in this
work, where ¢ > 2, is based on the partial Lipschitz coefficients stemming from
partial and complete Lipschitz conditions for B and X, respectively.

Further, the strong existence and uniqueness result in [25, Theorem 3.25] holds if
B and ¥ are deterministic, B satisfies a partial affine growth and a partial Lipschitz
condition relative to the standard basis, X;(0) = 0 for any s > #¢ and the Osgood
condition on compact sets, as mentioned before, is valid for X. In Theorem 3.24 of
this paper, however, the partial affine growth and partial Lipschitz conditions on B are
less restrictive and X is supposed to satisfy an affine growth and a Lipschitz condition
instead.

More restrictively, the existence result in [1, Theorem 3.1] on a finite time horizon
requires the deterministic drift and diffusion to be both of affine growth and Lips-
chitz continuous in (x, u) € R™ x P, uniformly in time, as it is based on a standard
fixed-point approach. For time-independent continuous coefficients that do not need
to be Lipschitz continuous, a weak solution is deduced in [17, Proposition 3.5] from
an Euler—-Maruyama approximation. In the case that B and X are integral maps, as in
Example 3.26, weak existence is shown in [32, Theorem 1] under a non-degeneracy
condition for ¥ even if B and X fail to be continuous in x € R™. In view of Theo-
rem 3.24, these three existence results rely on affine growth conditions on B that do not
include the specific case (3.24) of Example 3.26 with arbitrary / € Nand a €]0, oof’.
This emphasises the fact that the partial affine growth condition on B in Theorem 3.24
is less restrictive.

This work is structured as follows. In Sect. 2, the setting of our paper is introduced.
In this context, we recall and extend several concepts from [25] that are related to the
general McKean—Vlasov equation (1.2).

The main results are formulated in Sect.3. In detail, Sect.3.1 gives a quantita-
tive second moment bound for the difference of two solutions, from which pathwise
uniqueness follows. In Sect. 3.2, we compare solutions in arbitrary moments, which
in turn leads to standard, asymptotic and exponential stability in pth moment. Then
Sect. 3.3 deals with pathwise stability and L”-growth estimates. By combining these
results, a strong existence and uniqueness result can be stated in Sect. 3.4. Thereby,
all results are illustrated by a variety of examples involving integral maps.

Finally, Sect. 4 derives moment and pathwise asymptotic estimates for random It6
processes, from which our main results will be inferred in the proofs appearing in
Sect.5.
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2 Preliminaries

In what follows, we use | - | as absolute value function, Euclidean norm or Hilbert—
Schmidt norm and denote the transpose of any matrix A € R™*¢ by A’. Moreover,
for any interval / in R with infimum a and supremum b and every monotone function
i1 — Ryweset f(a) :=1limy, f(v),ifa ¢ I,and f(b) :=limysp f(v),if b & I.

2.1 Admissible Spaces of Probability Measures and Notions of Solutions

From now on, let P be a separable metrisable space in P(R™) that is admissible in the
sense of [25, Definition 2.1]. That is, for every metrisable space S, each probability
space (2, F, P) and any continuous process X : S x € — R satisfying £(X,) € P
for any s € S, the map

S— P, s> L(Xy)

is Borel measurable. Sufficient conditions for a separable metrisable space in P (R") to
be admissible and examples of such spaces are given in [25, Section 2.1]. In particular,
our main application is included.

Namely, for p > 1 the Polish space P,,(R™) of all © € P(R™) admitting a finite pth
absolute moment me |x]? w(dx), endowed with the pth Wasserstein metric defined
via

1
Bp(,v) := inf (/ lx — y|”do(x, y)>p, 2.1
0eP(u,v) R xR™

is admissible. Here, P (1, v) denotes the convex space of all Borel probability measures
on R™ x R™ with first and second marginal distributions & and v, respectively, for
any u, v € P(R™).

Next, let A represent the progressive o -field, consisting of all sets A in [y, co[ x 2
for which 14 is progressively measurable. Then we shall call a map

F : [tg, 0o[xQ2 x R" x P — R4, (s,w, x, ) = Fy(x, u)(w)

admissible if itis A ® B(R™) ® B(P)-measurable. This property, which we also con-
sidered in [25, Section 2.2], ensures that for each R™-valued progressively measurable
process X and every Borel measurable map w : [tg, oo[— P, the process

[10, 00[x Q2 — R™ 4 (5, w) > Fy(Xs(w), n(s))()

is progressively measurable. Here and subsequently, we assume that the drift B and
the diffusion ¥ of the McKean—Vlasov equation (1.2) are admissible, as described.
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Definition 2.1 A solution to (1.2) is an R”-valued adapted continuous process X such
that £L(X;) € P forany s > t, fto IBs (X5, LX)+ Z5(Xs, L(X))|*ds < oo and

X =X, + / By (X, £(X))ds + / 2 (Xs, £(Xy)) AW, ass.
0]

fo

Example 2.2 Assume that there are / € N, an R/-valued progressively measurable
process Y and Borel measurable maps b and o on [fg, oo[ x R” x P x R! with respective
values in R” and R”*¢ such that

BS('xﬂ M)Zb(s,.x,ll/, YS‘) and ES(.X, M)ZU(va’M5 YS‘)

forevery (s, x, u) € [tp, co[ xR" xP. Then B and ¥ are admissible and (1.2) becomes
a McKean—Vlasov SDE with drift and diffusion coefficients that are controlled by Y.

We readily check that for B and X to be deterministic, it is necessary and sufficient
that there are two Borel measurable maps b and o on [fy, co[ xR™ x P with values
in R™ and R”*4, respectively, such that

Bs(x, ) =b(s,x,u) and Xs(x,pu) =o(s,x, n) 2.2)

for all (s, x, u) € [tg, oo[xR™ x P. In this deterministic setting, we may introduce
weak and strong solutions and write (1.2) formally as follows:

dX, = b(r, X;, L(X,))dt + o (1, X;, L(X,)) dW; fort > 1. (2.3)

Namely, any R”-valued F;,-measurable random vector £ and the Brownian motion
W induce a filtration by Ef =0)Vo(Wy— Wy s €ty t])forallt > #y. Then a
solution X to (2.3) with X;, = & a.s. is strong if it is adapted to the right-continuous
augmented filtration of (5,g i>1o-

A weak solution is an R™-valued adapted continuous process X defined on some
filtered probability space (52 f (.7:;);>o, IP’) that satisfies the usual conditions and on
which there is a standard d-dimensional (.7-}) >0-Brownian motion W such that

L(X;) € P foralls > 1, / |b(s, X, LX)| + |o (s, X5, LX) [P ds < 00
0]

and X = X, + fto b(s, X5, L(Xy))ds + fto o (s, X5, £(X,)) dW; a.s. In such a case,

we shall say that X solves (2.3) weakly relative to w.

In general, we measure the regularity of the random coefficients B and ¥ with
respect to the variable i € P by means of an R -valued Borel measurable functional
¥ on P x P, and for p > 1 we assume that

?(L(X), L(X)) <E[|IX — 5(|1’]% (2.4)
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for any two R”-valued random vectors X, X satisfying £(X), £(X) € P. For exam-
ple, this condition is satisfied if ¢ is dominated by the pth Wasserstein metric ¢,
in (2.1) as follows:

v, v) < 9p(u,v) forany p,v e P. 2.5)

Thereby, we extend the definition of #,(u, v) for all u,v € P(R™) by allowing
infinite values. Note that if in addition P € P, (R™), we have

,uo(p_] e P forallu e P

and any bounded uniformly continuous map ¢ : R” — R satisfying |¢| < |-| and ¢
is a metric inducing the topology of P, then P is always admissible, by Corollary 2.4
in [25].

Example 2.3 Suppose that ¢ : [—o0, co[— R4 and ¢ : R x R”™ — R are measur-
able, p € C(R,) is increasing and vanishes at 0 and there is ¢ > 0 such that

e, y) <p(x—=y) and p(v+w)/c < p) + p(w)

for any x, y € R and v, w > 0. Under the condition that P is included in the convex
space P,(R™) of all u € P(R™) for which me p(]x]) m(dx) is finite, we may take

D(u,v) =¢ inf / o(x,y)d0(x,y) | forallu,veP
0P (u,v) JRm xRm

and the following three statements hold:

(1) If f, g : R™ — R are measurable and satisfy ¢ (x, y) = f(x)—g(y) < p(Jx—Y|)
for all x, y € R™, then

D, v) = d)(/Rm f(x) pu(dx) — AAW g(y)V(dy)) forany u, v € P.

1
(2) For the choice ¢(v) = v forany v > 0, ¢(x,y) = |x — y|? forall x, y € R"
and p(v) = v? for every v > 0, we get that P,(R™) = P,(R™) and ¢ = 9.

1
(3) The domination condition (2.5) is valid as soon as ¢(v) < (vF)? forall v €
[—o0, oof and p(v) = v” for any v > 0.

2.2 Concepts of Pathwise Uniqueness and Stability

First, we notice that even in the case (P, ) = (P2(R™), ¥,) for any solution X
to (1.2) the measurable function [7g, co[— R4, s +— ]E[|Xs|2] is not necessarily
locally integrable. For instance, let for the moment the following partial and complete
affine growth conditions hold:

x'B(x, n) < |x|(co + c192(1, 80)) and |Z(x, w)| < co + c192(1, o)
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for every (x, n) € R™ x P(R™) and some cg, c¢; > 0, where d is the Dirac measure
in 0. Then, by recalling that ¢, (1, 80)? = me |x|? p(dx) for any p € P,(R™), Itd’s
formula immediately yields that

t t
X7 - X; - 2f X, (X, L(Xy)) AW, = / 2X By (X, L(X))) + |25 (X, £(XS))|2ds
1) fo
! 1 1
< f 2/ Xs(co + cE[1Xs12]?) + (co + ClE[IXslz]Z)2 ds

fo

for all t > 1y a.s. Although the first appearing Lebesgue integral is finite, the second
may be infinite, since the condition £(X;) € P for any s > f¢ in Definition 2.1 is
merely equivalent to the square-integrability of X. But if ¢; = 0, then Lemmas 3.20
and 3.21 show that E[| X |?] is actually locally bounded.

Thus, as in [25], we shall state all uniqueness, stability and existence results under a
local integrability condition, which takes growth in the measure variable into account.
For this purpose, let ® be an [0, co]-valued functional on [fy, co[xP x P x P(R™).

Definition 2.4 Pafhwise uniquergess holds for (1.2) (with respect to ®) if every two
solutions X and X with X;, = X, a.s. (and for which the function

[t0, 0o[— [0, 001, s+ O(s, L(X,), L(Xy), L(Xy — X)) (2.6)

is measurable and locally integrable) are indistinguishable.

Example 2.5 Let p, 0 € C(R) vanish at 0, p be concave and 7, A : [fy, oco[— R be
measurable and locally integrable such that

O (s, i, 1, v) = M()e (P (1, ) +1(s) me p(Ix[7) v(dx)

forall s > g, u, @ € P and v € P(R™). Then O (s, u, L, V) < 0O as soon as
v € P, (R™), and for any two continuous processes X, X satisfying £(Xy), L',(X )yeP
for all s > 1y it holds that

O+, L(Xy), LX), L(Xs — Xy)) = 20 (9 (LX), LX) +nE[p(IX — X|P)].

So, the measurable function (2.6) is locally integrable if E[|X — X|P] is locally
bounded, for instance.

Based on the stability concepts of [25, Definition 2.12] that involve first moments,
we formulate generalised notions of stability for (1.2) in a global meaning. In this
regard, shifts of the stochastic drift and diffusion coefficients are not required, as the
explicit argumentation preceding Definition 2.12 in [25] explains.

Moreover, we stress the fact that the stability definitions below and Definition 2.4
of pathwise uniqueness apply to (2.3) in the case (2.2) of deterministic coefficients by
considering weak solutions on common filtered probability spaces instead of solutions
on the underlying space, as noted in the end of Section 2.2 in [25].
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Definition 2.6 Let o > 0.

(i) Equation (1.2) is stable in pth moment (relative to ©) if for any two solutions X
and X (for which (2.6) is measurable and locally integrable) it holds that

sup E[|X, — X,|”] < o0,

t>19

provided E[|X;, — X;,|7] < oc. If additionally lim, o E[|X; — X;|?] = 0, then
we refer to asymptotic stability in pth moment.

(i) We say that (1.2) is a-exponentially stable in pth moment (relative to ®) if there
exist A < 0 and ¢ > 0 such that any two solutions X and X satisfy

E[1X, = X;17] < ce” TV E[1X;, — X|] 2.7

for each t > 1o (as soon as (2.6) is measurable and locally integrable). In this
case, A is a pth moment o-Lyapunov exponent for (1.2).

(iii) We call (1.2) pathwise a-exponentially stable (relative to an initial absolute pth
moment and ®) if there is A < 0 such that

. 1 -
lim sup t—alog (|Xt - X,|) <A as.
oo

(provided E[| X, — X n|P] < oo and (2.6) is measurable and locally integrable).
In such a case, A is a pathwise o-Lyapunov exponent for (1.2).

Remark 2.7 Suppose that E[|X — X |7] is locally bounded. Then from (2.7) we directly
infer that

lim sup tl“ log (E[1X; — fm”]) <A.

tPoo

Conversely, the latter bound yields the former for A + ¢ instead of A for any ¢ > 0.

3 Main Results
3.1 A Quantitative Second Moment Bound and Pathwise Uniqueness

By comparing solutions to (1.2) with possibly different drift and diffusion coefficients,
we obtain pathwise uniqueness. In this regard, let the two maps

B:[tg, c0[xQ xR" xP —R™ and ¥ :[fy, 0o[xQ x R" x P — R"*4

be admissible. We introduce two sublinear functionals [-], and [-]o with values in
[0, oo] and ] — o0, 0], respectively, on the linear space of all random variables by

o ‘= esssup X.

[X], ==E[(X*)"]" and [X]
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Then the inequalities of Holder and Young show that for any 8,y € [0, p] with
>

B < y,each x > 0 and any two random variables X and Y with Y > 0, [X]r < o0
Y
and E[Y?] < oo, the product XY P~ is quasi-integrable and
_ B 1—Y=£
pxE[XYPV]E[YP]? < px[X],E[Y?] " 7
Y

3.1

_r_

< [X]o((y = Bx77 + (p+ B — Y)E[Y"]),
Y

provided x = 1 whenever 8 = y, since 1°° = lim,4 19 = 1. By means of these
bounds we derive the quantitative moment estimates of Proposition 4.4 and Theo-
rem 4.6, on which our main results rely.

First, let us introduce an uniform error and continuity condition for the coefficients
(B, ¥) and (B, ¥) that is only partially restrictive for the drift coefficients B and B:

(C.1) There are p, 0 € C(R4) that are positive on ]0, oo[ and vanish at 0 and R -
valued progressively measurable processes €, 1, A with locally integrable paths
so that

2(r = H)'(B(x, w) —BE. ) + |2, ) — E(F, )]
<e+np(lx — ) + 2o (9 (. @))

for any x,x € R™ and u, i € P a.s. In addition, ,o«rl is concave for some
a €]0, 1], o is increasing and E[¢], [n] N E[A] are locally integrable.

—a

Remark 3.1 If (B, =) = (B, £) and ¢ = 0, then (C.1) is simply a partial uniform
continuity condition for B and X. Moreover, we may interpret € as error bound for
the differences B— B and ¥ — X.

For the succeeding L?-estimate based on Bihari’s inequality, we recall that for any
p € C(R,) thatis positive on |0, oo[ and vanishes at 0, the function ®, € C! (10, oo
given by

wo
®,(w) :=/1 e dv (3.2)

is a strictly increasing C 1 -diffeomorphism onto the interval ®,(0), ®,(c0)[. Let D,
be the set of all (v, w) € R%r with @, (v)+w < ®,(00) andnote that W, : D, — R
given by

W, (v, w) =@, (0,(0) + w) (3.3)

is a continuous extension of a locally Lipschitz continuous function. Moreover, W, is
increasing in each coordinate.

Hence, under (C.1), we use for fixed 8 €]0, 1] the two measurable locally integrable
functions

yi=alnl L +BER] and 8:=(1—a)nl o+ (1 - HE[]
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to give a quantitative L>-bound. Thereby, we require until the end of this section that
the LP-norm bound (2.4) is valid for p = 2.

Proposition 3.2 Ler (C.1) hold, X and X be two solutions to (1.2) with respective
coefficients (B, ) and (B, X) such that

]E[|Yt0|2] <oo forY =X — X

and E[Mo (9 (L(X), L(X))?) be locally integrable. Define oo € C(R4) via

00(v) == p(V)¥ v o(v) 7

and assume that CDp% (00) = o0 or E[np(|Y|2)] is locally integrable. Then E[|Y|2] is
locally bounded and

t t
sup E[|Y,[’] stO<E[|Y,O|2]+/ E[ss]+8(s)ds,/ y(s)ds)
I

s€lt,1] fo 0

foreacht € [tg, to+ [, where t(;r > to denotes the supremum over all t > ty for which

t

y(s) ds) € Dy,.

t
(E[|Yt0|2]+f ]E[es]+8(S)ds,/
0]

fo

Remark 3.3 From ®,,(c0) = oo it follows that CIDp%(oo) = oo and Dy, = Rﬁ_.

Thus, E[|Y |2] is bounded in this case if E[¢], y and § are integrable. Moreover, the
conditions

Dy (0) =—00, Y, =0 as. and E[e]=6=0 ae.

imply t(;r = oo and Y = 0 a.s. This fact will be used to derive pathwise uniqueness.

Example 3.4 Suppose that o = 8 = 1 and p(v) = o(v) = cv(|log(v)| + 1) for any
v > 0 and some ¢ €]0, 1]. Then we have ®,,(0) = —o0 and ®,,(c0) = oo. Further,

(1 +log(v))e™ —1, ifv>1,

log (\IJQO(U, w)) = #g(v) -1, if 1 >v>exp(l —e"),
1 — (1 —log(v))e ¥, ifv < exp(l —e"),

for any v, w > 0, which leads to an explicit L2-estimate in Proposition 3.2.
To deduce pathwise uniqueness from the comparison, we restrict (C.1) to the case

when (B, X) = (E, fl), € =0, = 1 and 5 is deterministic. Further, if B and X are
independent of © € P, then this condition will be imposed on compact sets only:
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(C.2) Thereare p, o € C(R4) thatare positive on ]0, oo[ and vanish at 0, a measurable
locally integrable function 7 : [y, co[— Ry and an R -valued progressively
measurable process A with locally integrable paths such that

2(x — %) (B(x,w) —B(F, ) + IZ(x, ) — BE, I
< np(lx — %) + ro (9 (1, )%

for any x, x € R and u, i € P a.s. Additionally, p is concave, g is increasing
and [E[A] is locally integrable.

(C.3) B and X are independent of u € P, and for each n € N there are a concave
pn € C(R4) that is positive on ]0, co[ and vanishes at 0 and a measurable
locally integrable function 7, : [ty, co[— R so that

2(x — %) (B(x) = B@) + 1) — E@)* < nupon(x — FP)

forall x, ¥ € R™ with |x| V |X] < n a.s., where B := B(-, @) and £ := Z(-, /1)
for fixed 1 € P.

Under (C.2), pathwise uniqueness for (1.2) follows with respect to the Borel mea-
surable functional ® : [fg, co[xP x P x P(R™) — [0, oo] defined via

Os, i, fi, v) == E[As]o (9 (i, 1)%) + 110,00 (P (00)) 1(s) /R § p(Iy1?) v(dy).

Corollary 3.5 The following two assertions hold:

(i) If(C.'2) is sati.sﬁed gnd fol m dv = oo, then pathwise uniqueness for (1.2)
relative to ® is valid.

(ii) Assume that (C.3) holds and fol ﬁ dv = oo for any n € N. Then we have
pathwise uniqueness for the SDE (1.2).

Remark 3.6 If B and X are deterministic, in which case (2.2) holds, then pathwise
uniqueness for (2.3) in the standard sense follows from the corollary if the assumptions
are restricted as follows:

(1) The uniform continuity condition (C.2) is stated when A is independent of w € .
(2) The domination condition (2.5) instead of the L?-bound (2.4) is used for p = 2.

As application, we consider the case that B and X are integral maps. Thereby, an
R"*d_yalued map on [fg, oo[ x 2 x R™ x R™ will be called admissible, as introduced
in Sect. 2.1, by viewing it as a map on [z, 0o[ x Q2 x R*" x P that is independent of
weP.

Example 3.7 Let B©® and =@ be admissible maps on [#, co[ x 2 x R x R™ with val-
ues in R™ and R >4 respectively, such that B© (x,)and X ©) (x, -) are p-integrable,

B(x, ) = / BO(x,y) u(dy) and T(x,p) = f 2O, y) ndy)
Rm RNI
for all (x, u) € [tg, oo[xP. Then the following two assertions hold:
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(1) Suppose that there are concave p, o € C(Ry) that are positive on ]0, oo[ and
vanish at 0, a measurable locally integrable function n : [tp, oco[— R4 and an
R -valued progressively measurable process A with locally integrable paths such
that

20 — %) (BO(x, ) =B, 1) + 12V, y) - O, )P
< np(lx — %) + 2oy — 519

forallx, x, y, y € R™.If in addition ¢ is increasing and [E[A] is locally integrable,
then (C.2) is valid when P C P>(R™) and & (i, v) = 92(u, v) forall u, v € P.

(2) Assume that there are a measurable locally integrable map 7 : [fo, oo[— RZ,
a measurable locally square-integrable function 7y : [fg, co[— R4 and an R -
valued progressively measurable process 71® with locally square-integrable paths
so that

(x = %) (BO(x,y) = BOG, §)) < Ix — Fl(nlx — F| + naly — 7]
and |Z@(x,y) — 2O, )| < filx — &+ 7Py — 3

forany x, x, y, ¥y € R™ and [ﬁ(z)]% is locally integrable. Then (C.2) follows when
P < PiR™), v(w,v) > 91(u, v) for any u,v € P and p(v) = o(v) = v for
each v > 0. In this case, we may set

. 1 ~(2)712 -
OC, i, ) = (2 +3[A 29 (1, )?
for all u, i € P and pathwise uniqueness for (1.2) with respect to ® holds.

3.2 An Explicit Moment Estimate and Moment Stability

In this section, we compare two solutions with varying drift and diffusion coefficients
in the L?-norm for p > 2. The resulting estimate implies standard, asymptotic and
exponential stability in pth moment.

To this end, we require a uniform error and mixed Holder continuity condition for
(B, B) and (%, %) that is only partially restrictive for the drift coefficients:

(C.4) There arel € N, o, B € [0, l]l, measurable maps ;“,2 : [to, oo[— RIJF and
progressively measurable processes 1 and 7 with respective values in R! and
]Rl+ such that

l
(x — 3 Bx, p) —BE, @) < Y an®x — &40 (u, )

k=l (3.4)

1
and [S(x,p0) = EE D <Y an®lx — %0 (u., 1)
k=1
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for all x, x € R™ and u, it € P a.s. Further, o+ fr < 1, an® and (Ekﬁ(k))2
admit locally integrable paths, we have ¢y = ¢ = 1, if ax + Br = 1, and

_r -
(1+ Zkliakiﬁk )®] o . (1 fkliakiﬂk )[ﬁ(k)]z 4

T—ay 1=
are locally integrable for each k € {1, ...,1}.

Remark 3.8 All the coefficients ¢, n®, Z‘k, 7o appearing in (C.4), where k €
{1, ..., [} satisfiesay = Br = 0, serve as error terms for B—B and ¥ — X, respectively.
Further, it is feasible to take

o= =1 forallke(l,...,1)

whenever there are a measurable locally integrable map « : [f9, co[— R/ and a mea-
surable locally square-integrable map < : [#9, co[— R@ such that the inequalities (3.4)
hold for

n=« and 7 =K.

However, the possibility to choose ¢ and 15 appropriately leads to the error esti-
mate (3.22) in Theorem 3.24, the announced strong existence result.

Example 3.9 For a, 8 €]0, 1] let ¢1, 21 : [tg, oo[— R be measurable and n and 7 be
two progressively measurable processes with values in R* and Ri, respectively, such
that

(x — 8 Bx, w) — BGE, @) < |x — %1€V +n@x — 7% + 099 (u, F)
and |Z(x,n) — & @) < a4V + 79 x — 2 + 7D, @)P

forany x, ¥ € R” and , i € P a.s. Then (C.4) holds if £;n™, n®, (£;7M)2, (5%))2
have locally integrable paths for k € {2, 3} and

eV, ) (90, G+ ENEVE (19T [T

p p s p

are locally integrable.

Under (C.4), we introduce two measurable locally integrable functions y,, and $ »
on [#y, oo[ with respective values in | — oo, oo] and [0, oo] by

[
vp(s) = (p =1 +a+ B[] o

k=1 ok
Z (3.5)

p—1 A(J) A
— Z (p—2+a; +B; +a +ﬁk)[n§")ﬂ§k)]
J.k=1

+

2701]- —oy
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and

I
Sp(s) =) (I —ax — ﬁk)Ck(S)ﬁ[ﬂgk)]lL

k=1 "”"
; (3.6)
p_] L2 ﬁ A(j) A
HIm Y ey o= A0 TR0
Jj.k=1

Thereby, we observe that the term [ﬁ(j)ﬁ(k)]2 p__ is indeed locally integrable for
—

j
any j, k € {1,...,1}, since Holder’s inequality gives
[ﬁ(j)ﬁ(k)] » < [ﬁ(j)]i[ﬁ(k)] »
27011-7011( lfozj l—ay
Moreover, since ¢ = g:k = 1forallk € {l,...,[} withag + B = 1 and 1 =

limg 00 19 = 1, Young’s inequality yields that

P

1

ANA P Al—a;—p;

Q-0 — B~ — B LTI < (1 —a; = g,
_pr
+ (1 —ax — B,

forall j, k € {1, ...,[}. This clarifies the local integrability of the expressions appear-
ing within the second sum in (3.6).

By means of the coefficients y,, and $ p We get an explicit LP-comparison estimate
under a local integrability condition involving the [0, oc]-valued Borel measurable
functional ® on [#y, co[xP x P given by

l

~ ~ 2214k)72 ~
OC. 1 @)=y t[n®] o oG 0+ GO L o . G
k=1, —og —k
Bk>0

For instance, let u, it : [fo, oo[— P be two Borel measurable maps for which the
function [tg, co[— Ry, s — ¥ (u, it)(s) is locally bounded. Then ®(-, u, i) is
locally integrable, because

G[n®] o and G[AOT,

T—ay I—ay

possess this property for each k € {1, ..., [}, by Young’s inequality. In particular, if
B = 0, then there is no dependence on the measure variable to consider and ® = 0.

Proposition 3.10 Let (C.4) hold and X and X be two solutions to (1.2) with respective
coefficients (B, X) and (B, X) such that

E[IYy|?] <00 forY :=X-X
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and O (-, L(X), L(X)) is locally integrable. Then

1 4 t ~ 1~ A
BI117] = ho OB ]+ [ el OS5 ds (3.8)
fo

forall t > ty. In particular, if)/];Ir and 3,, are integrable, then E[|Y |P] is bounded. If
in addition Yp fails to be integrable, then

tliTgloE[mw] =0.

Remark 3.11 The term § p contains both coefficients ¢ and E and is based on all Holder
exponentsin ]O, 1[ appearing in (C.4) in the following sense: 8 p(s) = Oforfixeds >ty
if and only if for every k € {1, ..., [} with oy + Bx < 1 we have

@) An® <0 and L) AGP =0 as.

Until the end of this section, let (B, X) = (I§, i?). Then (C.4) turns into a mixed
Holder continuity condition if all the error terms disappear, that is, oy + Br > 0 for
any k € {1,...,1}. Noteworthy, even if these expressions are in place, stability still
follows.

Corollary 3.12 Let (C.4) be vglid. Then (1.2) is (asymptotically) stable in pth moment
with respect to © if y,; and 8, are integrable (and ftgo ¥, (s)ds = 00).

To analyse the L?-boundedness and the rate of LP”-convergence for solutions in
the succeeding Corollary 3.13, we strengthen (C.4) to a partial Lipschitz condition on
B and a complete Lipschitz condition on X:

(C.5) There are a measurable locally integrable function 1 : [fg, co[— R, an R -
valued progressively measurable process 7® and an Ri -valued progressively
measurable process 7 such that

(x — %) (B(x, ) — B(X, ) < |x — F|(mi|x — & + D0 (i, )
and |Z(x,n) — 2E, @) < 4V )x — F[+ 3P0, 1)

for any x, ¥ € R™ and u, it € P a.s. In addition, n® and |7|? have locally
integrable paths and [®] P [ﬁ(l)]go and [ﬁ(z)]f7 are locally integrable.

Let us suppose that (C.5) holds, in which case (C.4) folloyvs forl =2, = (1,0)
and B = (0, 1), as Example 3.9 shows. Thus, the function §, in (3.6) is identically
zero and the formula for the stability coefficient v, in (3.5) reduces to

P—1 12 (1)~ ~(2)12
+ ([ + 2], + [19T). 69

Y _ ®)
, =m+[n?],
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Moreover, the functional (3.7) is of the form

OC. w. ) = [n?] 9. i)+ [{P 0 (. 2)? (3.10)

forall u, it € P. Hence, by using the following upper bound on y,, that involves sums
of power functions, we derive exponential moment stability.

(C.6) Condition (C.5) is satisfied and there are [ € N, a €]0, oo[’ and A, s € R such
thatw; < --- < a7, Ay < 0 and

Yp(s) < Ao (s — s (s — s forae. s > 1

for some #; > 1o with maxx=1, sk <11.

Based on the fact that the preceding condition implies the existence of some 7| > £
such that y, < O a.e. on [71, oo, we state the subsequent stability properties.

Corollary 3.13 The following two assertions hold:

(i) Suppose that (C.5) is valid and y; is integrable. Then for the difference Y of any
two solutions X and X to (1.2), we have

L= () de
sup o (A)d‘E[|Y,|1’] < 00,

=1

assuming that E[|Y;)|P] < oo and O (-, L(X), L(X)) is locally integrable. More-
over, if in addition ft(?o ¥y (5)ds = oo, then

lim ¢*Jo 77 OCE[|y, ] =0 foralla € [0, 1].

ttoo
(ii) Let (C.6) be satisfied. Then (1.2) is aj-exponentially stable in pth moment with

respect to ® with any pth moment «;-Lyapunov exponent in |A;, O, and A; is a
Lyapunov exponent if

,,,,,

To illustrate the preceding results, let us consider affine and integral maps.

Example 3.14 For [ € N let «, ¢ and 1 be progressively measurable processes with
values in R™, R™*™ and ]RIJF, respectively, and locally integrable paths. Further, let

fio-os fi: R" xR" - R™
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be measurable and = © be an R”*4-valued admissible map on [#g, oo[ x 2 x R™ x R™
such that f1(x, ), ..., fi(x,-), >0 (x, ) are u-integrable,
Bx,u) =k +¢x

+n(”/ fl(x,y)u(dy)+~--+n(”/ Sile. ) n(dy) 544,
Rﬂl Rm ’

and E(x,u):f 2O x, y) u(dy)
Rm

for any (x, u) € R™ x P. Then (C.4) is satisfied under the following three conditions:

(1) P C Pi(R™), 9 (,v) > ¥1(u,v) for all i, v € P and there is a measurable
locally integrable function ¢ : [f9, oo[— R satisfying x’¢x < C|x|? for all
x € R™.

(2) There exist a, B €]0, 1] and 77 € R**? such that 71 5, ..., 772 > 0 and

=B (fex, ») — i@ D) < Ix — Fl(Fealx — T + fealy — 517)

forall x,x,y,y € R" and k € {1, ..., [}. Furthermore, ﬁ(l) = 25{:1 n(k)ﬁk’l
and 7 = Zizl T)(k)ﬁkyz are such that [7V] L and [7?] p are locally inte-
grable. .

(3) Thereare@, 8 €]0, 1] and an Ri-valued progressively measurable process 7 with
locally square-integrable paths such that

1206,y - 2OG H <AV =5 + 7Py - 51
for any x, X, y, y € R™. Moreover, [ﬁ(l)]ZLA and [ﬁ(z)]i are locally integrable.

I-a

Thus, under these requirements, Proposition 3.10 and Corollaries 3.12 and 3.13 entail
the following assertions:

(4) The bound (3.8) holds for the difference Y of any two solutions X and X to (1.2)
for which E[|Y;,|”] < oo and

[72],2(£00. £G0)° + [i® L9 (00, £60)7
is locally integrable. Thereby, the formulas (3.5) and (3.6) reduce to
vo=pt+(p—1+a[7"] .+ -1+p[T?],

(=24 200 s, + (0 -2+ 20T

+(p—Dp - 2+a+ﬂﬂ“>®LL

—a
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and
Sp=<1—a>[ﬁ<“]lp +1=-p?],

+(p—1)<(1—&)[ﬁ(1]1p +0Q—a— ﬂ)[ﬁ(l)ﬁ(z)]% (1-p[i <2>])

(5) Equation (1.2) is (asymptotically) stable in pth moment with respect to the Borel
measurable functional ® : [fg, co[xP x P — [0, oo] defined via

OC. . ) = [1%] 9. P + [HP 0 (. )

if the coefficients (¢ + [ﬁ(l)]% INNCOME [ﬁ(l)]% Ly0,11(),

[1®], [T, and [

I-a

are integrable (and €+ [n(l)] L L1y ()™ fails to be integrable).

(6) Supposethata = B =a = ,3 = 1, in which case (C.5) is satisfied. Consequently,
if there exist A < 0 and a > 0 such that

T+ [V, +[ﬁ(2)]p

+1’T_1([ O 4+ 2[3M5 i1, +[n(2)],,) < %a(s,_to)a U forae.s > fo.

then (1.2) is a-exponentially stable in pth moment relative to ® with Lyapunov
exponent A.

3.3 Pathwise Stability and Moment Growth Bounds

In the first part of this section, we establish pathwise exponential stability for (1.2).
In this regard, we restrict the partial Lipschitz condition (C.5) to the case that all the
regularity coefficients are deterministic and a certain integral estimate holds:

(C.7) There are a measurable locally integrable map 7 : [fo, oco[— R? and a mea-
surable locally square-integrable map 7 : [fg, co[— ]R%_ such that n, > 0
and

(x — ) (B(x, n) = B(X, @) < |x — X|(m|x — X| + m?(u, )
and |X(x, ) — 2, W] < Nilx = X| + M2 (w1, 1)

forall x,x € R™ and u, it € P a.s. Additionally, there exists some 8 > 0 such
$ A
that sup,-.,, [/ f(s)ds < oo for f € {n, 7}, 3}

Remark 3.15 The preceding integral estimate is always satisfied if 1, and 7 are in fact
locally bounded.
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Given g > 2, we shall just for the next two results assume that (2.4) holds when
p is replaced by pg but may fail to be valid for p. Thus, under (C.7), the stability
coefficient y,, and the functional ®, which we considered in (3.9) and (3.10) for p
instead of pg, can be written in the form

2

Ypq

~ ~A\2
g =M +m+ (A1 + fi2) (3.12)

and O (-, w, i) = 29 (w, 1) + 77219(M )% for all 41, i € P. In addition, we impose
the following abstract condition on y,,, to deduce a general pathwise stability bound
from Theorem 4.13, a pathwise result for random Itd processes.

(C.8) Condition (C.7)is valid and there are & €]0, 1[ and a strictly increasing sequence
(t1)nen in [fg, oo[ such that y,, < 0 a.e. on [t;, oo,

sup(ty41 — ty) < 5, lim t, = o0
neN ntoo

and Z - exp( ftl Ypq(s) ds) < oo for each ¢ €]0, g[.

Proposition 3.16 Let (C.8) be valid and X and X be two solutions to (1.2) for which
O, L(X), L(X)) is locally integrable. Then for Y := X — X we have

1
hmsup—log |Y¢]) < — limsup —— / Vg (s)ds a.s.
oo @) (rh = 27 oo @) Jiy TP

or each increasing continuous function ¢ : [t1, oo[— R4 that is positive on ]t1, oo[
8 % + p
as soon as E[|Y;,|P4] < oo ornp = 12 = 0.

Since the following condition, which involves the same sum of power functions as
in (C.6), implies (C.8), we obtain pathwise exponential stability.
(C.9) Condition (C.7) is satisfied and there exist/ € N, o €]0, oo[’, 1, s € R/ and
ty > tosuchthatay < -+ <oy, Ay <0, maxg—y, ;S <t and

Ypq(s) < Aiaer(s — s b (s — s forae.s > 1.

Corollary 3.17 Under (C.9), the following two statements hold:

(i) The McKean—Viasov SDE (1.2) is pathwise a;-exponentially stable with Lyapunov
exponent 2L relative to an initial absolute pqth moment and ©.

(ii) If B and X are actually independent of i € P, then the SDE (1.2) is pathwise
a;-exponentially stable with Lyapunov exponent %

Example 3.18 Assume that B and ¥ admit the representations in (3.11). Then (C.7)
follows from condition (1) and the subsequent sharpened versions of conditions (2)
and (3), respectively, in Example 3.14:
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(4) There is 7j € R™*? such that 15, ..., fi;» > 0 and
(=) (fix, y) = fi 8, 9) < Ix = &l (A1 lx — | + Ae2ly = 31)

forallx, x,y,y € R"andk € {1, ...,[}. Inaddition, there exists a measurable
map 7 : [fo, oo[— R? such that 7, is locally integrable, 7, is locally bounded
and Y4 n®f ; < 7; for j € {1,2}.

(5) There is a measurable locally bounded map 7 : [fg, co[— R%_ satisfying

12O, y) = =OG, 9 < filx — &+ Haly — 3

for any x, X, y, y € R™.

Based on these assumptions, our considerations in Example 3.14 show that for the
stability coefficient y,4 in (3.12) and the functional ® we have

Y - — - ,pqg—1
LM+

g ) (ﬁl + ﬁz)z

and O(-, u, L) = N0 (u, 1) + ﬁ%z?(,u, )2 for all i, i € P. Thus, if there are A < 0
and a > 0 such that

Ypq(s) < da(s — 10! forae.s > 1,

then Corollary 3.17 yields the following two assertions:

(4) Equation (1.2) is pathwise a-exponentially stable with Lyapunov exponent piq
with respect to an initial absolute pgth moment and ®.

(5) If f1, ..., f; are independent of the second variable y € R™ and ), = 0, then
7, = 0 is feasible and the SDE (1.2) is pathwise a-exponentially stable with
Lyapunov exponent [;\—q.

Now we deduce a second and a pth moment estimate for solutions to (1.2). As
the first bound implies that their second moment functions are locally bounded, local
integrability in terms of the functional ® in Corollary 3.5 is always satisfied.

Similarly, the second bound ensures that the absolute pth moment function of any
solution is locally bounded, in which case all local integrability requirements with
respect to ® in Corollaries 3.12, 3.13 and 3.17 hold.

So, let us give two growth conditions on (B, X) that are only partially restrictive
for B. The first is required for the second moment estimate and includes different
classes of growth behaviour. The second yields the pth moment estimate and is of
affine nature:

(C.10) There are ¢, ¢ € C(R.) that are positive on ]0, oo[ and vanish at 0 and
R4 -valued progressively measurable processes «, v, x with locally integrable
paths so that

2B, ) + 1B, wIP <k + v (x ) + X9 (1. 80)°)
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for all (x, u) € R™ x P a.s. Furthermore, gbé is concave for some o €]0, 1],
@ is increasing and E[«], [v] L E[x] are locally integrable.

(C.11) There arel € N, o, B € [0, 1][, measurable maps «, € : [fy, co[— RQ and

progressively measurable processes v and 0 with values in R! and ]RZ_, respec-
tively, such that

1
B, ) < Y v ® T (, 80)7
"71 (3.13)
and S0, )] < Y &e0© 1|0 u, 80)
k=1

for any (x, ) € R™ x P a.s. Moreover, ax + S < 1, kxv® and (£, 0%))?
have locally integrable paths, it holds that x; = kx = 1, if ax + B = 1, and

2p

_r op
(1+Kkl_ak_ﬁk)[v(k)]ﬁ, (l—i-l?k]_ak_ﬁk)[ﬁ(k)]zp

I—ay

are locally integrable for any k € {1, ...,[}.

Remark 3.19 As in (C.4), we could have
kyp =ky =1 forallk e {1,...,1}

as soon as there are a measurable locally integrable map ¢ : 19, co[— R! and a mea-
surable locally square-integrable map ¢ : [fg, oo[— RQ such that the estimates (3.13)
hold for

v=¢ and O =¢.
By admitting more general choices of « and «, the growth estimate (3.23) in Theo-
rem 3.24 can be derived.

Provided (C.10) is valid, we define for 8 €]0, 1] two measurable locally integrable
functions by

g=afv] L +pE[x] and h:=(1-)|v] L+ -BE[x]

1
I—a

and apply Proposition 4.4 to state the following quantitative L>-estimate, which
becomes explicit in the setting of Example 3.4. To this end, let (2.4) be valid for
p =2

Lemma 3.20 Let (C.10) hold and X be a solution to (1.2) such that IE[|X,O|2] < 00
and B[ xlo (9 (L(X), 80)?) is locally integrable. Define ¢g € C(Ry) via
1 1
Po(v) == @) vV e(v)F

@ Springer



Journal of Theoretical Probability

and suppose that ® g, (00) = oo. Then E[|X|?] is locally bounded and

t t

sup E[|X,|*] < Wy, (E[|Xf0|2] +/

s€(tg,t] 10

E[Ks] + h(s)ds, /

fo

g(s) ds)

foranyt > to. In particular, if E[x), g and h are integrable, then E[|X|?] is bounded.

Next, let again (2.4) hold for p > 2. If the growth estimate (C.11) is satisfied, then
we may introduce two measurable locally integrable functions by

l
gp =Y (p—1+a+po[v®]

I—ay

k=1 1 (3.14)
-1 ~(7) A
+ P D (p—2+4aj+ B+t po[0V00] ,
2 ‘ 2—aj—ak
Jj.k=1
and
I _pr
I—ay—pBy
hp =Y (== B[]
k=1 o
l (3.15)
p— 1 A A # A(7) A
+ 5 D Q= B ek — fO Rk TR [”(J)U(k)]m'

Jk=1

Further, we define an [0, oo]-valued Borel measurable functional ® on [7g, oo[ x P x P
by

1
OC. i) = 3 a[v®] b 9 P + &[0V v

=1 —ay T—ay
Bi>0

These formulas are in essence the same as those for the stability coefficients in (3.5)
and (3.6) and the functional in (3.7), since the following explicit L?-growth estimate
and the preceding L”-comparison estimate in Proposition 3.10 are implied by Theo-
rem 4.6.

Lemma3.21 Let (C.11) hold and X be a solution to (1.2) such that E[| X, |P] < oo
and © (-, L(X), 8o) is locally integrable. Then
t 1 N
E[1X,|7] < elo SO R[1x, 7] + / el s ®Ep (5 ds (3.16)
10

orall t > ty. In particular, if g% and h,, are integrable, then E[| X |P] is bounded and
P 14
from ft:O 8y (s) ds = oo it follows that lim;40 E[| X;|P] = 0.
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Example 3.22 Let B and X be of the form (3.11). Then (C.11) is ensured by condi-
tion (1) in Example 3.14 and the following two conditions:

(2) There exist o, B €]0, 1] and U € R!*3 such that U13,...,013 > 0and
X folx, y) < x| (D + Dr2lx|* + DrslylP)

for any x,y € R™ and k € {1, ...,[}. In addition, for W) = Zi:l n(k)ﬁk)j,
where j € {1,2, 3}, the local integrability of [|«| + 7], [U<2>]1L and [0¥],,
holds. -

(3) There are &, ,3 €]0, 1] and an Ri-valued progressively measurable process U
with locally square-integrable paths satisfying

SO, ) < 6D 4 5@ 4 5D y)P

for all x, y € R™. Further, [0“)],,, [0(2)]% and [0(3)]p are locally square-
integrable.

If these three requirements are met, then Lemma 3.21 yields the following two asser-
tions:

(4) For any solution X to (1.2) such that E[| X,|”] < oo the estimate (3.16) is valid
if the local integrability of
— ~(3)72 28
[09],9(£X).80)" + [0D], 2 (£(X). 80)
holds, where the coefficients (3.14) and (3.15) become
gp = =Dkl +7V] +pl+ -1+ 0)[T?] .+ -1+p[TY],

+pT(<p V], + (p -2+ 2[00 s+ (p 2+ 2H)[07]; )

+(p— 1)((p—2+&)[o<1>o<2>] . +(p—2+/§)[0“)0(3)]g>
+(p=Dp—2+a+pHOP0V] L

and

h,,=[|;<\+6<‘>]p+(1—a)[v<2>]1p +(1-p],

+(p—1)([ O, + (1= a[0P e + (1 =], + 2 - [0Do?] )

2—-a

]

+(p- 1>(<2 AWV, +2-a- ﬁ)[o(”o“)]#).

2-&

(5) Assume that [[ic| + T, € + [0 2 1@, [0P] 2 Lo 1p(@),

| ~ 2 ~ 2
[UG)],,a [U(l)]p, [(2)]% and [U(S)]p
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are integr_able. Then E[|X|”] is bounded, and we have lim;yo E[| X;|”] = O as
soon as (¢ + [U(z)]% 11y(ar))™ fails to be integrable.

3.4 Strong Solutions with Locally Bounded Absolute Moment Functions

Now we suppose that b and o are two Borel measurable maps on [y, co[ xR x P
with values in R” and R">4 respectively, and £ : @ — R is F;,-measurable. The
aim of this section is to deduce a strong solution X to (2.3) such that X;, = & a.s. and
the measurable absolute pth moment function

(10, co[— [0, 0], 1+ E[|X;|”]

is finite and locally bounded for p > 2. Namely, we use the preceding comparison and
growth results to construct the law of the solution as local uniform limit of a Picard
iteration. In this setting, b(s, -, ;) is not required to be Lipschitz continuous or of
affine growth for any (s, u) € [tg, co[xP.

For a Borel measurable map u : [fy, oo[— P we define two measurable maps b,
and o, on [t9, co[ xR™ with values in R™ and Rmxd respectively, by b, (¢, x) =
b(t, x, u(t)) and 0, (¢, x) := o (t, x, u(t)). These two coefficients induce the SDE

dX; =b,(t, X;)dt +0,(t, X;)dW; fort > 1. (3.17)

To obtain strong solutions for this equation, we introduce a growth as well as a conti-
nuity and boundedness condition and a spatial Osgood condition on compact sets on
(b, 0):

(D.1) There exist ¢, ¢ € C(R4) that are positive on ]0, co[ and vanish at 0 and
measurable locally integrable functions «, v, x : [fp, co[— R such that

20'b(, x, 1) + 1o (ox, WP <+ vp () + xo@ (1, 80)°)
for all (x,u) € R™ x P. Moreover, ¢ is concave, ¢ is increasing and
I % dv = oo.
(D.2) b(s,-, n) and o (s, -, u) are continuous for any (s, u) € [tp, oco[xP, and for
each n € N there is ¢, > 0 such that
Ib(s,x, W)V lo(s, x, W] < cn
for every (s, x, u) € [to, to + n] x R™ x P with |x| < n and 9 (u, dg) < n.

(D.3) For every n € N there are a concave p,, € C(R;) that is positive on ]0, oo
and a measurable locally integrable function n, : [fp, co[— R such that

2()C - i)/(b(',.x, /“L) - b(',i, /“L)) + |O.('v-xs /’L) - O‘('vis /’L)l2

< upn(jx — 3%

for all x, x € R™ with |x| V |X] < n and u € P. In addition, fol ﬁ dv = .
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We write Bj 10c(P) for the set of all Borel measurable maps u : [fo, oo[— P
for which 9 (u, 8¢) is locally bounded. Then a local weak existence result from [20],
Corollary 3.5 and Lemma 3.20 allow for a concise analysis of the SDE (3.17).

Proposition 3.23 For (1 € By 10c(P) the following three assertions hold:

(i) Under (D.3), we have pathwise uniqueness for (3.17).
(ii) Let (D.1) and (D.2) be satisfied. Then there is a weak solution X to (3.17) with
L(Xy,) = L(§). Further, ifE[|£]2] < o0, then 92(L(X), 8¢) is locally bounded.
(iii) Assume that (D.1)-(D.3) are valid. Then (3.17) admits a unique strong solution
X5 such that Xfo’“ =£a.s.

Next, consider the convex space By, joc (P, (R™)) of all P, (R™)-valued Borel mea-
surable maps p on [#y, co[ such that me |x|? w(dx) is locally bounded, endowed with
the topology of local uniform convergence.

Then By, 1o (P, (R™)) is completely metrisable, as @, is complete, and a sequence
(Mn)nen in this space converges locally uniformly to some u € By joc(Pp(R™)) if
and only if limp oo SUPse(y 1) O p (n, 1) (s) = O for all 7 > 0.

To deduce a strong solution to (2.3) as local uniform limit of a Picard iteration in
By 10c(Pp(IR™)), we replace the spatial Osgood condition (D.3) on compacts sets by
a Lipschitz condition, which implies the former:

(D.4) There are a measurable locally integrable map 7 : [fg, oco[— R? and a mea-
surable locally square-integrable map 7 : [fy, co[— R%r such that 1, > 0
and

(X —i)/(b(',.x, I’L) - b('viv :EL)) S |-)C _)z|(771|x _)E| + 7721?(/1«» ﬂ))
and |o(,x, ) —o(, X, W < filx — %]+ 020 (1, 1)

forallx, x e R and u, i € P.

Assuming that (D.4) is satisfied, from which (C.5) follows for (B, ¥) = (b, o), we
define two measurable locally integrable functions by

Yp0 = pm +(p— D
p—1, . AN .
+ == (P} +2(p = Ditvita + (p = 2)3) (3.18)

and 8 := m + (p — D(fif + 73).

So, yp,0 and 8o are defined according to the formulas in (3.5) and (3.6), respectively,
for the particular choice

1=2, a=(1,0, B=(0,0) and L =0 =1,
because we will use the L”-estimate of Proposition 3.10 when (B, X) = (b, 0,) and
(Ba 2:) = (b[ls Gﬂ) fOr ,bL, /1 € Bb,lOC(P)'

If in addition the following affine growth condition for (b, o) is valid, from
which (D.1) follows, then an estimate in By, ;o (P, (IR™)) for the Picard iteration holds.
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(D.5) There are Il € N, «, 8 € [0, l]l , a measurable locally integrable map v :
[70, oco[— R and a measurable locally square-integrable map U : [fy, co[—
Rﬂr such that

l

K'bCx, ) < ) velx] TR (e, 80) P
k=1
I

and |o(,x, )| < Oplx|9 (. 80)*
k=1
forevery (x, ) e R” x Pand @ + 8 € [0, 1.

As (D.5) ensures that (C.11) is satisfied for (B, ¥) = (b, o), we may use the
coefficients g, and h, given by (3.14) and (3.15) when «; = kx = 1 for all k €
{1,...,1}. That is,

!
8p = Z(p — 1+ + B (v — vy Lay(ew))

k=t l (3.19)
p—1 R

+ 5 Z (p—2+a;+Bj+o+ Br)vjuk

Jj.k=1
and
1
hp =Y (1—ax — By

=l (3.20)

l
p—1 A
+T E Q—a;—Bj —ax — Br)U;vy.
k=1

As aresult, we obtain a unique strong solution to (2.3) with initial value condition &
together with a semi-explicit error estimate and an explicit growth estimate.

Theorem 3.24 Assume that (D.1) and p = 2 or (D.5) holds and let (D.2), (D.4) be
valid. Further, let P,(R™) C P, o € Bpoc(P), E[|§|P] < 00 and © : [tg, 0o[ X P x
P — Ry be given by

OC, 1) = mad (1, 1) + 30 (1, 1), (321)

(i) Thenwe have pathwise uniqueness for (2.3) with respect to ® and there is a unique
strong solution X¢ such that X ,50 = & a.s. and B[|X¢|P] is locally bounded.
(ii) The map [ty, oo[— Pp(R™), t £(Xf) is the local uniform limit of the

sequence (fip)neN in Bp joc(Pp(R™)) recursively defined via p,, = L(XEHn-1)
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and

sup 2 (un(s). L(X5))

s€lro,t]

i (3.22)

00 1
1 ! o dqE A 7
=Aam)] (‘) (f el 000 %y ) dS)'
i=n : fo

for any t > 1o with A(t) := supycg,, 1 9 (LX), 11o(s5)).
(iii) Suppose that (D.5) is satisfied. If o lies in the closed and convex space M, of
all & € Bp 1o (Pp(R™)) such that

t t " o
Pp(u(1), 80)? < el SO CE[217] 4 / el 8 ®Bp (5)ds  (3.23)

0]
for any t > to, then so does [, for each n € N.
1
Remark 3.25 While the choice 1o = 8o yields A(r) < supycy,, , EIIX5 717 for any
t > ty, we have u, = po for all n € N whenever o = £(X%).

Example 3.26 Let by and oy be measurable maps on [fy, co[ xR x R™ with values
in R™ and R"*4, respectively, such that by (s, x, -) and op(s, x, -) are u-integrable,

b(s,x,/x)=/Rm bo(s,x,y) u(dy) and 0(s,x,u)=/Rm oo(s, x,y) u(dy)

for any (s, x, ) € [tg, co[xR™ x P. Further, let P € P (R™) and 9 (u,v) >
1 (w, v) for all i, v € P. Then the following three assertions hold:

(1) Assume that there are a measurable locally integrable map 7 : [fy, co[— R2 and
a measurable locally square-integrable map 7 : [fg, co[— ]Ri such that 7o > 0
and

(.X - i)/(bo('7x7 }’) - bO('vi7 y))
and |UO('5 X, }’) - O'O('vjzv f)|

< |x = X[(mlx — X+ na2ly — 3I)
< lx =%+ aly — ¥l

forany x, X, y, y € R™. Then the Lipschitz condition (D.4) for (b, o) is satisfied.

(2) If there are [ € N, o, 8 € [0, 1]1 , a measurable locally integrable map v :
[tg, oo[— Rﬁr and a measurable locally square-integrable map 0 : [y, co[— RL
such that

[ l

x'bo(,x,y) < Yol P and oo C, x, y)| < ) Oxlx] [yl
k=1 k=1

forany x,y e R" ando + 8 € [0, 1]1, then oy (s, x, -) is always pu-integrable for

all (s, x, ) € [tg, co[xR™ x P and the affine growth condition (D.5) for (b, o)
follows.
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(3) Let bo(s, -, ¥) and op(s, -, y) be continuous for all (s,y) € [fg, co[xR™ and
assume that for each n € N there is ¢,, > 0 such that

|b0(sax’ )’)| 5 Cﬂ(l + |y|)

for any s € [tp, o + n] and x, y € R™ with |x| < n. Further, let the estimate
for op in (2) be valid such that U is locally bounded. Then the continuity and
boundedness condition (D.2) for (b, o) is valid.

For instance, let [ € I\AI, a €]0, oo[l and f1, ..., fi : R™" x R"™ — R" be Lipschitz
continuous. Further, let b and ¢ be measurable locally integrable maps on [y, oo[ with
respective values in RL and R/ such that

bo(-,x,y) = —)C(I;1|x|“1_l +"'+l;1|x|“l_l>

+le1(-x’ y)++lel(x»)’)

(3.24)

for any x, y € R™ with x # 0 and by(-, 0, ) = ¢{ f1(0, ) + - - - 4+ ¢; f;(0, -). Then all
the conditions for by in (1) and (2) are satisfied, and the conditions in (3) are valid for
by if

b and c are in fact locally bounded.

In the general case, each statement of Theorem 3.24 holds as soon as P,(R™) C P,
E[|£]7] < oo and the requirements in (1)—(3) are met. Thereby, the coefficients

Yp.0s 80, &p, h, and ©

remain exactly as specified in the formulas (3.18)—(3.21).

4 Moment and Pathwise Asymptotic Estimations for Random It6
Processes

4.1 Auxiliary Moment Bounds

From now on, let B and X be two progressively measurable processes with respective
values in R” and R"*¢ satisfying

f [Bs| + | Zs]?ds < 00
1o

and Y be a random It6 process with drift B and diffusion X, as introduced and analysed
in [25, Section 4.1]. That is, Y is an R™-valued adapted continuous process such that

Y:Y,O+/ Bsds—}—/ Y, dW, as.
fo

fo
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Our aim is to give quantitative L?-estimates for Y when p > 2. For this purpose, we
consider the following representation.

Lemma4.1 Letl € N, V be an R -valued adapted locally absolutely continuous
process and u : [ty, oo[— R be continuous and locally of bounded variation. Then

ulvVy|r =u<zo>|V,0Y,O|P+/ |V Y|P du(s)
0]
+ p/ u(s)|YSVs|p2(VSYS)’<(VSYS + ViBy) ds + Vi = dWs)
0]
+ § / u(s>|vm|”<|vszs|2 +(p — 2)|<vszs>’wm<vsm|2) ds a.s.,
0]

where Yy, : R™ — R™ is given by Y, (x) := é—‘, ifx #0,and ¥, (0) :=0, ifx =0.

Proof The function ¢ : (R)"” x R™ — R, defined by ¢(ai, ..., dpn,x) =
| ZT:] ajx;|P is twice continuously differentiable with first-order derivatives with
respect to the jth and the last variable given by

Dy ¢(ai. ..., am, x) = p|Ax|P2(Ax)'x; and Dyg(ay,..., am, X) = plAx|P72(Ax)' A

forall j € {l,...,m},ay,...,ay € R! and x € R™, where A € R'*™ is of the form
A = (ay, ..., ay). Its second-order derivative relative to the last variable equals

Dig(ar, ..., am, x) = plAx|P2(A'A + (p = 2) A"V (AX) Y (Ax)' A),
which in turn gives us that
tr(Dyg(ar, ... aw, )BB') = p|Ax|P2(JABP + (p = D(AB) Y (AX)I)

forany B € R™*d_Moreover, from [td’s formula we know that
m N .
VY|P = |V, Y|P = Z/ Do (VY. v ) dvy
j=1"1
+ / Dx(p(‘/s(l)’ crt ‘/x(m)v YS‘) dYY
to
1 [
+3 / wr(Dip(VD, ..., v ¥))5,2])ds as.,
0]

where V) stands for the Jjth column of the process V forall j € {1, ..., m}. Hence,
1t6’s product rule completes the verification. O

We readily employ the just considered identity to get an auxiliary L”-estimate.
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Lemma 4.2 Let E[|Y,|7] < oo and assume that there are a progressively measurable
process Z with locally integrable paths and a stopping time t such that

’ p—1 2
Y.B, + T|ES| < Zs foralls € [ty, T[ a.s.

If u : [ty, oo[— Ry is locally absolutely continuous, then

INT
E[u(t A OIYIP] < uto)E[|Y,7] +E[/ Y1772 (i ()| Y | +u<s>pzs)ds}
1

0

for every t > tq for which f”\r [Ys| P72 (s)|Ys|> + u(s) pZs)T ds is integrable.

fo

Proof By the preceding lemma, the claimed inequality holds when 7 is replaced for
each k € N by the stopping time

T :=inf{t > 1o

t
|Yt|2kor/ |Zs|+|2s|2dszk}/\r, 4.1)
I

0

since fté)Mk u(s)|Ys|? _2YS’ > dWj is a square-integrable martingale. Hence, Fatou’s
lemma and dominated and monotone convergence give the asserted bound, as
SUPkeN Tk = T. O

Now we apply a Burkholder—Davis—Gundy inequality for stochastic integrals driven
by W from [30, Theorem 7.3]. Forg > 2setw, := (g9 /(2(g—1)771))4/2,ifq > 2,

and wy := 4, if ¢ = 2. Then
q ' 3
} < qu[(/ |x5|2ds> ] (4.2)
0]

s
/ X, dW,
0]

for every R”*?_valued progressively measurable process X and each r > 1y satisfying
ft; |X;|>ds < oo. The next result is an auxiliary moment estimate in the supremum
norm.

E[ sup

s€lto,t]

Proposition4.3 Let g > 1, Z be a progressively measurable process with locally
integrable paths and t be a stopping time such that

Y,By < Z; foralls € [1, t[ a.s.
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ThenZ .= Z+ pT_l |2 12 and any locally absolutely continuous function u : [to, 0o[—
R satisfy

1

N9
]E|:< sup u(sAr)IYstlp—u(l0)|Yzo|p> i|

s€(to,t]
AT At q é
fﬂﬂ[(/ Y1772 (i) | Vs |* + u(s) pZy) ds)]
1

0
40

— e 2iv 2p—21% |2 2 %
+pE|:qu(/ u(s) | Ys|7P =713 ds) ]
0]

foreacht >ty with qo :=q V 2.

Proof Because sups.(,, 1] fti k(s)ds < ft; k¥ (s) ds for each measurable locally inte-
grable function k : [fg, oo[— R, we infer from Lemma 4.1 that the stopping time (4.1)
satisfies

INT n
sup u(s AT Y7 < ulto)| Yy P +/ Y|P (i ()| Vs +M(S)st)+ds
selo.1] o (4.3)
+ sup I{* as.
s€lty,t]

for any fixed k € N and ¢ > 1y, where I denotes a continuous local martingale with
I;, = 0 that is indistinguishable from the stochastic integral

p/ u(s)| Y|P/ 5 dWy.
1o

Thus, Holder’s inequality, (4.2) and the estimate |Z'Y| < |Z[|Y| yield that

q0 a0

- INTE 2
%IE[ sup |I§k|q}" sE[( / p2u<s>2|Ys|2P‘2|Es|2ds> } d.4)
1o

s€lto,t]

For this reason, the claimed inequality follows when 7 is replaced by i from (4.3), (4.4)
and the triangle inequality in the L7-norm. Since sup; .y Tx = T, monotone conver-
gence completes the proof. O

4.2 Quantitative Moment Estimates

First, we derive an L>-estimate from Sect. 4.1 and Bihari’s inequality. For this purpose,
let € N and consider the following assumption on the random Itd process Y:

(A.1) There are a €]0, l]l, Pls---sP1,01,---,01 € C(Ry) that are positive on
]0, oo and vanish at 0, a measurable map 6 : [#y, co[— RI_F and

an R, -valued process k and two Rﬂr-valued processes 1, A
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that are all progressively measurable and have locally integrable paths such
that

I
20B+IZP <+ Y nPo(¥YP) +2Po 06 as.
k=1
L 1
In addition, p,f" is concave, gy is increasing, O;(s) < E[|Y,|?]2 forall s > 1o
with E[A¥] > 0 and

E[1®)]

are locally integrable for every k € {1, ...,1}.

Under (A.1), we define for 8 €]0, 1]! two measurable locally integrable functions
by

1 1
v = Zak[ﬂ(k)]# + BE[AP] and §:= Z(l —ap[n®] L+ - ,Bk)IE[A(k)].
k=1

T—q T—q,
k k=1 k

Based on definitions (3.2) and (3.3), this allows for a general bound.

Proposition 4.4 Let (A.1) hold, E[|Y,,|*] < 00, Y4 _, E[x® oy 0 62 be locally inte-
grable and po, 090 € C(Ry) be given by

.....

If ® 4, (00) = oo or Zizl E[n® pr (1Y|?)] is locally integrable, then E[|Y |*] is locally
bounded and

t t
sup E[|Y,[?] stO(E[|Y,O|2]+/ E[xs]+a<s)ds,/ y(s)ds)
I

s€lr,1] fo 0

forallt € 1y, tO+ [, where to+ > to stands for the supremum over all t > to for which

t

t
(]E[|Y,0|2]+/ E[Ks]-i-a(s)ds,/

fo fo

y(s) ds) € Dy,,.

Proof We take the stopping time 7, := inf{t > 1y ||Y;| > n} for given n € N, define
& :=E[x]+ ch:l E[A®]ok o 67 and observe that

fo

t 1
E[1Y,"*] < E[1%,1*] + / R+ Y En® o (Y 1fr,5]ds  (45)
k=1
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for fixed r > 1y, according to Lemma 4.2. Moreover, for any stopping time t for which
1

E[|Y7|?] < oo we infer from (3.1) and the concavity of p% that
k k ar
E[n® (1% Lie=n] < 0] o (1 -+ apE[IYT %) @46)
=

forany s € [fo,t] and k € {1, ...,!}. So, if ®,,(0c0) = oo, then an application of
Bihari’s inequality to (4.5) and Fatou’s lemma show that E[|Y |2] is locally bounded.

In this case, we may take T = oo in (4.6) to see that Zi:l E[n® pr(1Y]?)]is locally
integrable. For this reason, we merely suppose that the latter holds. Then

Bl = =7l /(KH)“”Z% (9] pr(E[17:P]) % ds
k

ford := Zi:l (I —oag) [n(k)] - by (4.5) and Fatou’s lemma. Thus, as in the previous
—ar

case, E[|Y|?] is locally bounded. Lastly, since Young’s inequality gives

E[.0Jox 0 0F < E[LO](1 - fi + pror(E[IYIZ) )

on [ty, t] forall k € {1, ..., 1}, the asserted estimate follows from Bihari’s inequality.
O

Next, we seek to give an explicit L”-estimate for p > 2 and impose an abstract
mixed power condition on Y:

(A.2) Therearec, 8 € [0, 27 witha+8 € [0, 2], measurable maps ¢, 0 : [ty, oco[—
Rﬁr and a progressively measurable process 7 such that

p

1
YB+—— P <an®y@el +. 4+ gn@y 1@/ as.

1
Further, {kn(k) has locally integrable paths, 0 (s) < E[|Ys|”]7 for all s > 1
with ;k(s)[n§")]2 »_T10.2)(Be) > 0, we have & = 1, if o + B = 2, and
=

)
(1 + C/jiarﬁk )[ﬂ(k)]%
=

is locally integrable for any k € {1, ...,[}.

Remark 4.5 The preceding condition implies that & [n®] - is locally integrable,
=
since Young’s inequality entails that

Ph<p—24a+ B+ Q- — B * TR0 forallk € {1,...,1}.
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If (A.2) is satisfied, then we may define two measurable locally integrable functions
Yp.2 : [t0, 00[—] — 00, 00l and 62 : [0, oo[— [0, o] by

[
Yp2() =) (p =2+ + O[] o @7
k=1 o
and
A ! P
bpa(s) =3 @ — o — ()T 0] L, (4.8)
k=1 o

which yield an explicit pth moment estimate. As a direct consequence, we can provide
sufficient conditions for boundedness and convergence in L? (2, F, P).

Theorem 4.6 Let (A.2) hold, E[|Y,,|P] < oo and Y %_, ﬁk>0;k[n<k>]2p e,f"f be
. =
locally integrable. Then

t t i
E[|Y,|p] < effo Vp.z(s)dsE[|Yt0|p] +[ ef; Vp.z(S)ds(gp’z(s) ds
10

forall t > to. In particular, if)/;jz and Sp,z are integrable, then E[|Y|P] is bounded.
If additionally ftg" Vp2(8)ds = 00, then lim; o0 E[|Y;|7] = 0.

Proof According to Lemma 4.2 and (A.2), the process Z:=YB+ I’T‘lm |2 and any
stopping time t for which E[|Y7|”] is locally bounded satisfy

E[u(t A OIYF ] < E[|Y17]

t R 4.9
+ / E[1Y, P72 (it() Ys1* + u(s) pZs) Liz=s}] ds )
1

0

for any t > ty and each locally absolutely continuous function u : [#g, co[— R.
Thereby, we immediately infer from (3.1) that

pEUYS |p_22sl{r>s}] = Sp,l(s) + Vp,l(s)E[|Ys|pl{r>s}]
for all s > #p with the two measurable locally integrable functions
! !

ypa =3 (p—2+ea[n®] o 6 and 5,1 :=> @ -ana[n1®] . 6fF.

2— 2—
k=1 “k =1 ak

Thus, if we choose the function u(t) = exp(— ft(t) Yp,1(s)ds) for all 1 > 1y and the
stopping time t = inf{t >ty | |Y;| > n} in (4.9) for any n € N, then

" ! s ?
e_ffoyp’l(s)dSE[|Yt|P] SE[|Yto|p]+/ e_jtoyP’l(SO)dSOSP’l(S)dS

fo
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for each ¢ > 19, by an application of Fatou’s lemma. In particular, E[|Y|?] is locally
bounded. Thus, a second estimation by means of (3.1) shows that

PE[1Y51P72Z,] < 8p2(5) + vp2)E[1Y517]

for any s > 1y, since [n(")]% > 0 whenever B > O forall k € {1,...,1}. Now
=

we take u(t) = exp(— fz; ¥p,2(s) ds) for any r > 19 and T = o0 in (4.9) to obtain the
asserted estimate after dividing by u(¢). O

Remark 4.7 Assume that SAP,Q = 0 a.e., which is the case if oy + Bx = 2 for every
ke{l,... I}.If V;2 is integrable, then Theorem 4.6 gives

-
sup eho Vp,z(s)dsE[|Y,|1’] < 00,
t>10

because an_,z +Vp2 = V;z — (1 - a)yp_’2 for each a € [0, 1]. Thus, if in addition
yp_ , fails to be integrable, then

lim /o772 SE[|1,17] = 0 forany a € [0, 11.

tfoo

This describes the rate of convergence more accurately.

4.3 Moment Bounds in the Supremum Norm

This section provides general methods to obtain L”9-moment estimates in the supre-

mum norm for p, g > 2 under the following abstract mixed power condition for/ € N,

which implies (A.2) when p is replaced by pg and {1 = --- = { = 1 holds there:

(A.3) There are «, &, B, B e [0, 2]’, a measurable map 60 : [ty, co[— Rﬂr and pro-
gressively measurable processes 7 and /) with values in R/ and Ri, respectively,
such that

pq —

1
Y/B+—|E|2§n(l)|Y|o“9ﬂl +,,,+n(1)|y|a/9ﬂ/

and |22 <AV y1@el 4. 44Oy @ef as.

Moreover, o + B, & + ,3 € [0, 21", n and 7 have locally integrable paths and
the following three conditions hold for each k € {1, ..., [}:
1
D) a=26k=1, [T](k)]zﬂ is locally integrable and 6y (s) < E[|Y|P9]?4 for
=n

all s > ¢ with

[’7§k)]2fi]1]o,2](ﬂk) >0 or [2] w T21(A0) > 0.

—ay 2—ay
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(2) If o > 0, then there are a real-valued measurable locally integrable function
k.1 on [fp, oo[ and an R -valued progressively measurable process n%2 so
that

n® = in®? and / ni ) [P ] p ds < o0,

fo 2-ay

(3) There are a measurable locally integrable function 7 | : [fo, co[— R4 and
an R -valued progressively measurable process 7*-2) satisfying

. q
A® = 1A%?  and / 1 ()22 ds < oo,
0]

T-ax

Remark 4.8 If the two processes 1 and 7] are in fact deterministic, then the conditions (2)
and (3) are redundant.

Given (A.3) is satisfied, we introduce o, a » €10, l]l coordinatewise by

p—2+ o . 2p — 2+ &
app=———— and Qp) = ———.
P 2p
Forany j € {1,...,l} witha; > O and each k € {1,...,[}, let the two R -valued

continuous functions c; 4 and ¢ 4 on the set of all (#1,¢) € [1, oo[2 witht; < t be
given by

t 1—% t 5=
Cjq(t1,t) = (/t 77;1(5) ds) and Ciq(f1,1) = (/t Mk 1(8) ds) .
1 1

Further, we define three [0, oo]-valued measurable functions f, 4, g&p,q and i 4 on
the set of all (¢, 1) € [y, oo[2 with ) < ¢ by

t
fpqti,t) == PE[(/ Y |P~2
1

8&p.qt1, 1) = fpq(t1, 1)

! t
+p Y. Ck.q(ll,l)(/;l n,il(s)JE[(nf.’“’Z))ﬂY,lW*M]ek(s)f‘kqds>

k=1, ;>0

Q=

1

q 1
3 (n§">)+9,fk<s)ds> ]q,

k=1, az=0

q

1 P 1

~ — ~ ~ q 5 g, 4 q

+p ) ek, t)(wq / A1 (OE[RED) 7 1Yy, 15044 6p (5)P 2 ds)
1

k=1
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and

l t
hpgti ) :=pt > Ck,q(tl,t)q/ n,f’l(S)[nﬁk’z)]ZﬂHk(S)ﬂ"q ds
k=1, a;>0 n %
[

+ququ(l1 )¢ wq/ nkl(s)[ ]jm 9k(S)ﬁk2dS

k=1 2—aqy

which are finite if E[|Y'|”7] is locally bounded. This fact follows from Holder’s inequal-
ity, applied to any two [0, co]-valued random variables ¢ and X as follows:

E[é‘arp.kpq] < [C]q,,q E[qu]“p,k

2—«
. g . (4.10)
and E[¢} x8r4r4] < [¢]?,, E[xPa]0r+
27&1{
for each k e {1,...,1}. Finally, let us introduce o := ming—; . ;(cp s A &p ) and

O = maxj—1,.., I(Otp kY p ).

Proposition 4.9 Let (A.3) be valid, Zi:] ﬂk>0[n(k)]2&0£k be locally integrable and
. =7
po € C(Ry) be given by pp(v) := v¥1o,11(v) + vﬁ’oo[(v). If

' ! q
E[1Y,,"] and E[(/ Py (nff‘))*ds” (.11
fo k=1, ax=0

are finite, then supsc(, 1 |Ys| is pq-fold integrable and

q
IE[( sup |Y5|P—|Y,1|P) ]swp0<<2l+1>q-1gp,q<n,r>q,(2l+1>q—1h,,,q(n,t>)

s€lty,t]
forallty,t > towitht| <t. In particular, E[|Y|P1] is continuous.

Proof Under the integrability assertion, dominated convergence gives us that

tim E17,,77] = E[1¥,1"]

ﬂ o

for each sequence (#,,),eN in [#9, oo converging to some ¢ > fy. Hence, we merely
need to show the first two claims.
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As (A.3) implies (A.2) when p is replaced by pgq in the latter assumption, we know
from Theorem 4.6 that E[|Y |”9] is locally bounded. Thus, Proposition 4.3, the triangle
inequality in the L4-norm and Jensen’s inequality yield that

1
an
E[( sup |Ysr"|p_|Yt1|p) :| < frqti, 1)

s€lt,t]
1

/ ; 1
+r ) ck.qm,z)( / n,tl<s>E[(n§"'2>>"|Y;"|“ﬁ-k"‘1]ek<s>ﬂkqds)"
k=1, x>0 iz
1

! t A N 7
+pZék,q(r1,r)(wq / i1 B[ 8y |“W’q]9k(s)ﬂk%ds)
1

k=1

for any fixed #1,7 > ty with #; < ¢t and n € N, where 7, := inf{t > 71 ||Y;| > n}.
Hence, if E[|Y;,|??] < oo, then Minkowski’s inequality, (4.10) and Bihari’s inequality
give the claimed estimate for

o
E[( sup |stn|P_|Y[1|P> :| .
s€lty,t]

Afterwards, Fatou’s lemma implies the asserted bound. Moreover, if we take #; = t,
then the pg-fold integrability of |Yy,| implies that of supc(,, , |¥s|. For this reason,
the proposition is proven. O

Remark 4.10 The second expectation in (4.11) is finite if for each k € {1, ..., [} with
ai = 0 there exist a measurable locally integrable function 1y ;1 : [fo, oo[— R and an
R..-valued progressively measurable process *-? so that

(k,2)

n® =man®™? and nfi[n

is locally integrable, by the inequalities of Jensen and Holder.

If (A.3)issatisfiedand y : [fg, co[—]—00, oo]is measurable and locally integrable,
then we define an [0, oc]-valued measurable function 4, 4 on the set of all (71, 1) €
(10, oo[* with ¢; < 7 via

i 1

L b o) ds 2 0y + g N
By gt 1) = pE[(/ e InTEOE 2 N ))+9kk(s)ds> ]
a

k=1, az=0
I . P 1
+p Z Ch,q (11, t)(/ nzl(s)[nlgkl)]qzﬂe*q(q y(s0) SOE[|Yx|pq]a"'k9(S)ﬂkq ds)
k=1, axel0,2[ f T
1

I ' P . 1

A —_ o o 5 —q [’ d Q) q q

+chk.q<z1,z>(wq / At O[]0y e @I O Sog |y, pa)rkg, (s)Ped ds) :
k=1 fo —%

then an auxiliary pgth moment stability estimate in the supremum norm follows.
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Lemma4.11 Let (A.3) be valid and Zi:l ﬂk>0[n(k)]zﬂ9£k be locally integrable. If
. =

the expectations in (4.11) are finite, then

1
s a1z
E[( sup e ”°°”*°|W—|Y,]|P> ] < hypg(tr 1)

s€(tr,t]
1

t 1—5 t s 7
+ ( / (P[n" ] = 7)) ds) ( / (P[], = ¥ @) Te I OO0y, ] ds)
1

1

for any measurable locally integrable function y : [ty, oo[— Rand all t;, t > ty with
1<t

Proof From Theorem 4.6 we deduce that i, , , is finite, Proposition 4.9 gives the
pq-fold integrability of sup;c(, , |¥s| and we readily observe that

-1

1
—yIYP+p Y n®y el = p(Z n<">|Y|“k9,fk) +(pn® = )Y
k=1 k=1

Hence, we may infer the assertion from Proposition 4.3 by using the triangle inequality
in the L?-norm, Jensen’s inequality and (4.10). O

At last, we introduce a condition that forces the function 8 pg,2 in (4.8) when p is
replaced by pg and {1 = --- = ¢ = 1 to vanish a.e. on [#1, oo[ for some #; > 1.

(A.4) Assumption (A.3) holds and for any k € {1,...,[} with o = O there are a
measurable locally integrable function 7y 1 : [t9, oo[— R4 and an R, -valued
progressively measurable process %2 such that

% = nein®?  and / nzl(s)[ngk’z)]'%q ds < oo.
4]

Moreover, there are t; > to,g > O0and ¢y > Osuch that n(k) (resp. ﬁ(k)) vanishes
on [t1, oo[ forany k € {1, ..., 1} with o + Br < 2 (resp. & + Br < 2) and

t+68 (.2)
[ e max 1 [97]
, .

J

145 .
19.ds v / faymax {1 [147] | ds
t

—ay

is bounded by ¢ forany r > ¢y and j, k € {1,..., [} with j <[] — 1.

Then the pathwise asymptotic behaviour of Y in the next section can be handled with
the subsequent pgth moment estimate in the supremum norm by using the function
Vpg,2 in (4.7).

Proposition 4.12 Let (A.4) hold, E[|Y;,|?1] < oo and Y %_, ﬁk>0[n<k>]2piqe,fk be
: =7

locally integrable and assume that there are a measurable locally integrable function
y i [to, 0o[— Randc, _1,¢y0,Cyq, Cy0 = 050 that

t t t
/ (P[], —r) ds <71, / Ypg.2 — qoy)(s)ds <€y g0, / y(s)ds < é,0
5] n

L)
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forany tr,t >ty withty <t < 8 and qo € {0, q}. Then there is ¢ > 0 such that

1 1
q o, q 1
E[ sup |Ys|”"}q SE(IE[IY,OW"H / Spq,m)dS)q“f” 78 (4.12)
1

s€ln,1] 0

foreverytr,t >ty withty) <t < 5.

Proof As n<’i> =0 (resp. /' = 0)on [11, oo forany k € {1, ..., 1} withag + Br < 2
(resp. ax + Br < 2), it follows from Lemma 4.11, (4.10) and Jensen’s inequality that

1
s ; . q 1
E[ sup e“’ffzy“"’dé°|Ys|”T < E[|Y,,|"7]«

s€[tr,t]
=g < g k279 =4 Jn v(s0)dso Pq g
+ pey Z e () ]721"1 e " E[|Ys17] ds
k=1 Y02 ok

(4.13)

1

_1y ot . 1

+5;,—"1</ (P[n"] — v () Te 1 OO SOR ] ds)q
19}

11 ! 1

1_ t p § l

— — N N 1 — d q

+pcé q Z <wq/; nk’l(s)[ngk,z)]zﬂe QfQ y (s0) SOE[|YS|I’Q] ds>
2

i—1 2—ay

Moreover, as S pg,2 = 0a.e.on [t, oo[, the moment stability estimate of Theorem 4.6
gives us that

a0 [* = ) o N
e 0 Jy, v(s0) dso ‘y,qu[lyslpq] < oo qu,z(so)dsoE[lle‘pq] +/ efyo qu.z(n)dﬂ(quyz(s()) dso
1o

for all s € [#2, t] and go € {0, g}. Thus, the sum of the four right-hand terms in (4.13)
is bounded by the right-hand expression in (4.12) when ¢ is replaced by the constant

1 rn

1 + 1= 1z 11
1 1= ed Jo Vpg2 ()48 (eqLV’O +eq (PEO(I -D+cy -1+ pEéE}’l))

Because exp(— f; y (s0) dso) > exp(—é%o) for any s € [f, t], the claimed bound
holds for ¢ := exp(¢, 0)c1. O

4.4 Pathwise Asymptotic Behaviour

Finally, we derive a limiting bound for Y from the moment estimate of Proposition 4.12.
To this end, we use an application of the Borel-Cantelli lemma in [25, Lemma 4.11].

Namely, let A € F and X be an R -valued right-continuous process for which
there are a strictly increasing sequence (f,),en in [f9, 00[ with limypeof; = 00, @
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sequence (cp)neN in 10, oo[, ¢ > 0 and & €]0, 1[ such that

o0
IE|: sup XslA]fécn foralln € N and Zcfl<oo

SG][n,IyH,]] n=1

foreache €]0, £[. Thenany ]0, oo[-valued lower semicontinuous function ¢ on ]¢1, co[
satisfies

log(X 1
lim sup —og( 2 < lim sup 0g(cn)

————————— as.onA. (4.14)
1100 (ﬂ(t) ntoo lnfse]t,,,tn+1] @(S)

Theorem 4.13 Let (A.4) be satisfied and Zi:l 5k>0[n(k)]zﬂ9£k be locally inte-
, =

grable. Assume that yp, 2 < 0 a.e. on [t, 00[ and there is an increasing sequence
(tn)nen\(1y in [t1, ool such that

sup(tp+1 —ty) < 3, lim #,, = 00
neN ntoo

and Y 07, exp(;—q fttl" Ypqg.2(s)ds) < oo for all ¢ €]0,&[ and some & €]0, 1[. If
E[|Y,,|79] is finite or B = p = 0, then

1 1 1
lim sup —— log (]Y;]) < — lim sup
oo @(1) (1) P4 oo P(tn)

In
/ Ypg.2(s)ds a.s.

141
for each increasing continuous function ¢ : [t|, co[— R that is positive on ]t1, oo[.
Proof Since y,;2 = ra((n®se + Zi;ll[n(k)]%) on [t1, oo, it follows that

[n(l)]oo < 0 a.e. on the same interval. Consequently, if E[|Y;,|”?] < oo, then

E[ sup |Ys|”q] < geln Yra2 s

S€ltn,th41]

for each n € N and some ¢ > 0 by taking y = p[n?]s a.e. in Proposition 4.12.
Indeed, from Jensen’s inequality and (A.4) we immediately obtain that

t
/ (Ypg.2() — pa[n"],.) ds < pg(l — )eo
5]

for any £, ¢ > 1) satisfying r, <t < 5. Next, we suppose that § = B = 0 and set
Ay = {|Yy| < k} for given k € N. Then Proposition 4.12 yields ¢ > 0 such that

n
E|: sup |Y31Ak|pqi| < 5kef;, Vpq.2(s)ds

S€ltn,tn41]
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for all n € N, as the random Itd process Y14, with drift B14, and diffusion X1 4,
satisfies (A.3) and (A.4). Hence, in both cases the claimed pathwise inequality follows
from the result recalled at (4.14) and the fact that |, N Ak = Q. m]

5 Proofs of the Main Results
5.1 Proofs of the Moment Estimates, Uniqueness and Moment Stability

Proof of Proposition 3.2 Let the two progressively measurable processes B and % with
values in R™ and R™>4 respectively, be defined via

o>
Il
e
5
ks
|
o
e
5
ks
)
=
o

5.1)

Then Y is a random It6 process with drift B and diffusion 3 satisfying
2YB+ |52 <e+np(|Y?) +r006” as.
with the measurable function 6 := ¥ (L(X), E(f( )). For this reason, the proposition

is a special case of Proposition 4.4. O

Proof of Corollary 3.5 For both claims in (i) and (ii), let X and X be two solutions
to (1.2) with X, = Xy, a.s. Suppose first that (C.2) holds and the expression

E[1]o(9(L(X), LX)?) + Lo,001 (P (0))1E[p(1X — X|P)]

is locally integrable. Then Proposition 3.2 gives E[| X; — X ; |2] = 0 for any ¢t > 19, as
00 1= p V g satisfies (0, w) € Dy, and Wy, (0, w) = 0 for all w > 0. Hence, path
continuity implies that X and X are indistinguishable.

Now let (C.3) hold and set ,, := inf{t > 19| |X;| > n or | X;| > n} forfixedn € N.
Then Y := X™ — X™ is a random It process with drift B and diffusion % given by

Ex = (BA(XA) - l%x(f(s))ﬂ{rn>s} and i:s = (i:A(XA) - ﬁ:s(is))]l{r,,>s}s
and we have 2Y'B + |22 < M Pn (| Y|?) a.s. So, Proposition4.4 yields that ¥ = 0 a.s.

This in turn implies that X = X a.s., because sup, .y 7, = 00. O

Proof of Proposition 3.10 We define two processes B and ¥ with respective values in
R” and R™*“ by (5.1) and observe that

l
VB =Y an®y| ek
k=1
! (5.2)
and |52 < 3 &840 70 |yt ghith
Jk=1
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a.s., where 6 := 9 (L(X), L(X)). So, all claims follow from Theorem 4.6, as our con-
siderations succeeding definitions (3.5) and (3.6) explain. In this context, the required
local integrability of

é— é—k[ )5 (k)] » Qﬁj“‘ﬁk

2—mj —ay

forall j,k € {1, ...,1I}follows from that of © (-, £(X), L£(X)), by Young’s inequality.
O

Proof of Corollary 3.12 Definition 2.6 clarifies that both stability claims are immediate
consequences of Proposition 3.10. O

Proof of Corollary 3.13 (i) From Remark 4.7 we infer the first two assertions by replac-
ing yp,2 by vy there, since Proposition 3.10 is a special case of Theorem 4.6.

(ii) Let X and X be two solutions to (1.2) such that E[ X, — )},OV’] < o0 and
O, L(X), L(X)) is locally integrable. Then

~ t N ¢
E[|X{ _ X[|p] < effo Yp(s)ds

E[1Xq — Xo|”]
for each # > 19, according to Proposition 3.10. Thus, let us directly exclude the case
that X;, = Xy, a.s. Then (C.6) implies that

~ ! _ ap _ o
hmsuPilog( [|X,—X,|”])§limsukak(t 22 (f1 = s) =N

tPoo too k=1 1

and we obtain the first assertion from Remark 2.7. To prove the second claim, we
may suppose that/ = 1 and see that ¢y := max;efs.1] exp(ft; yp(s)ds — Ay (t —19)*)
satisfies

E[|1X: — X,|7] < éoe" V" E[| X,y — Xy (5.3)

for every t € [fg, t1]. Hence, to ensure that (5.3) is satisfied for all ¢+ > 1y, we take
C:=0CV exp(ftg' yp(s)ds — A1 (1 — s1)™) instead of ¢. O

5.2 Proofs for Pathwise Stability and the Moment Growth Bounds

Proof of Proposition 3.16 Since Y is random Itd process with drift B and diffusion %
defined via (5.1) for the choice (B, ¥) = (B, X), the assertion follows from Theo-
rem 4.13. O

Proof of Corollary 3.17 To show both claims simultaneously, we argue as in the proof
of Corollary 3.17 in [25]. Namely, we take fi >t and § > 0 such that Ypg < Oa.e.on
[f1, ool and set 1, := 7] + 8(n — 1) for all n € N with n > 2. Then

o0 e f1+81 #+6t
/ exp (— / Ypq (s) ds) dr < / exp ( Z)‘k / ag (s — sp)%! ds) dr
0 rq Ji rq f=1 1
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for any given ¢ > 0. Since A; < 0, the integral on the right-hand side is finite, see
Lemma 5.1 in [25], for instance. Thus, the integral test for the convergence of series
implies that ) °2 | exp( fn Ypq(s) ds) < co.

Consequently, (C.8) follows as soon as § < 4, and Proposition 3.16 entails that the
difference Y of any two solutions X and X to (1.2) for which ©(-, £(X), L(X)) is
locally integrable satisfies

log (1Y 1 ty — )% — (f) — sp)% A
lim sup oe\%l) (| [|) < — limsup Z)‘k (n = 5k) o (1 = si) = a.s.,
1100 % P94 nteo tn rq
provided E[|Y;,[7?] < oo or both B and X are independent of v € P. O

Proof of Lemma 3.20 By hypothesis, X is a random It process with drift and diffusion
given by B := B(X, £(X)) and ¥ := (X, L(X)), respectively, so that

2X'B+ 2P <k +vp(IX]P) + xe0?) as.

with the measurable function 6 := ¥ (L(X), d¢). For this reason, the lemma is implied
by Proposition 4.4. O

F:roofofLemma 3.21 As in the proof of Lemma 3.20, let us set B:= B(X, £(X)) and
Y= X (X, L(X)) and 6 := 9 (L(X), 8p). Then we readily see that

1 I
B < Y v ®|x|"Tof and [S17 < Y koD oW x (0P as,
=1 k=1

Hence, Theorem 4.6 yields all assertions. O

5.3 Proofs for Unique Strong Solutions

Proof of Proposition 3.23 (i) Because the uniform continuity condition (C.3) is satisfied
when (B, X) = (by, 0,,), pathwise uniqueness for (3.17) follows from Corollary 3.5.

(i1) In essence, we may proceed as in the proof of Proposition 3.24 in [25]. First,
let £ be essentially bounded. Mainly, Theorem 2.3 in [20, Chapter IV] yields a local
weak solution X to 3.17).

That is, based on the one-point compactification, X is an R" U {oo}-valued adapted
continuous process on a filtered probability space (Q, F, (F,),>o, PP) on which there
is an (.7-',),>0 Brownian motion W such that the usual and the following conditions
hold:

(1) If (s, @) € [to, co[ x 2 satisfies X;(w) = oo, then X, (w) = oo for any t > s.

2) E(X,O) = L(&) and for the supremum t of the sequence (7,),ecN of stopping
times defined by 7, := inf{r > 79 | |X;| > n} we have T > 1g a.s.

(3) X™ solves (1.2) relative to W when B and  are replaced by the admissible maps
b, lig,~.y and 0, 1, -}, respectively, for every n € N.
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Clearly, (D.1) ensures that (C.10) holds for (B, ¥) = (by,0u), as k, = « +
x (¥ (1, 80)?) is locally integrable. Consequently, Lemma 3.20 and Fatou’s lemma
assert that

t t
E[I1X]*] §lirr%inffE[|)~(f"|2] < 1D¢,(]E[|§|2]+/ Kﬂ(s)ds,/ U(s)ds> (5.4)
nToo 1 1

0 0

for each t > 1y, which implies that t = oo and X € R" P-as. Thus, X = Xl{,:m}
serves as weak solution to (2.3) in the standard sense and I~E[|X 1] is locally bounded.
In particular, this derivation applies to the case when £ is deterministic.

Therefore, Remark 2.1 in [20, Chapter V] entails that there is a weak solution X
to (2.3) with X, = & a.s., regardless of whether £ is essentially bounded. If, however,
E[|€]*] < oo, then the second moment function of X is bounded by the right-hand
term in (5.4), according to Lemma 3.20.

(iii) By what we have just shown, pathwise uniqueness for (3.17) holds and there
exists a weak solution for any R”-valued J;,-measurable random vector used as initial
condition. Hence, Theorem 1.1 in [20, Chapter IV] entails the assertion. O

Proof of Theorem 3.24 (i) and (ii) Pathwise uniqueness with respect to ® follows from
Proposition 3.10, as the underlying filtered probability space and Brownian motion
were arbitrarily chosen. In particular, there exists at most a unique solution X to (2.3)
such that Xy, = & a.s. and E[| X|”] is locally bounded.

Next, for any u € By 1o (P) Proposition 3.23 gives a unique strong solution X .
to (3.17) with X,SO’” = £ as., and E[|X%#|P] is locally bounded, by Lemmas 3.20
and 3.21. We note that this process is also a strong solution to (2.3) if u is a fixed-point
of the operator

Wt By ioc(P) = Bpioc(Pp(R™), WO)(1) = LXE).

For given p, 1 € By 10c(P), we directly check that (C.4) is valid when (B, ) and
(B, ¥) are replaced by (b, 0,) and (b, o), respectively. Hence, Proposition 3.10
implies that

9,(W(w), W) ()P < E[|IX0H — x577]

p o 5.5
- / O o s ds
1

0

for every t > ty. In particular, this shows that there is at most a unique fixed-point of
W, due to Gronwall’s inequality.

Further, because By, 1o (P, (R™)) is completely metrisable, the fixed-point theorem
for time evolution operators in [24] yields the existence of a fixed-point and the error
estimate (3.22). Namely, it follows inductively that

m—1 1 i
1\7 N T »
sup ﬁpwm,um(s)sA(t)}:(i—,) ( / els Vp-o“)“ao(s)ds) (5.6)
N 0

selto,t] i=n
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for all m,n € N withm > n and ¢t > fy. Hence, (i,)nen is a Cauchy sequence in
By 1oc(Pp(R™)), and from (5.5) we infer that its limit « must be a fixed-point of W.
Now we may take the limit m 1 oo in (5.6) to get the desired bound (3.22).

(iii) The set M), is closed and convex, since the estimate in (3.23) does not depend
on /& € By 1oc(Pp(R™)). An application of Lemma 3.21 entails that

ot t ; o
Pp(U(L(0), 80)7 < o 0O VE[Jg)7] + f el 00O, L (s)ds (5.7)
0]

for every € Bpoc(P) and t > fy with the two measurable locally integrable
functions

l 1
—1
8p.0 = kgl(p—1+Olk)(UIj_—Uk_I[{1}(Olk))+—p2 .gk I(P—2+Olj+01k)ﬁjf)k
= ‘]’ =

and

l
P
hpui= ) (=)0, (n, 80) 5 "yt

k=1,
ar<l1
! Bj+hr
p—1 L. .
+T E (2—Olj—ak)ﬂp(u,50)2 A 30/

J.k=1,
aj<lorag<l

Thereby, we used the fact that (b, 0,,) satisfies (C.11) for the choice 8 = 0. Next,
Young’s inequality gives us that

P
(1 —ap)®p (i, 80) TP < 1 — o — Br + By (e, 80)P
forevery k € {1, ...,l} withay < 1 and

Bj+Pk
)
R —aj—ap)Pp(p,80) %" <2—a; — Bj —ax — B + (Bj + B)Pp(1, 80)”

forany j,k € {1,...,[} witha; < 1 or ay < 1. From these estimates we infer that
gp.1 = gp — &p,o satisfies

hp,u = hp +gp,ll9p(,u, s0)?.

So, the inequality (5.7), the fundamental theorem of calculus for Lebesgue—Stieltjes
integrals and Fubini’s theorem show that W maps M, into itself, which implies the
claim. O
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