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Abstract
We study the Freidlin–Wentzell large deviation principle for the nonlinear one-
dimensional stochastic heat equation driven by a Gaussian noise:

∂uε(t, x)

∂t
= ∂2uε(t, x)

∂x2
+ √

εσ (t, x, uε(t, x))Ẇ (t, x), t > 0, x ∈ R,

where Ẇ is white in time and fractional in space with Hurst parameter H ∈ ( 1
4 ,

1
2

)
.

Recently, Hu and Wang (Ann Inst Henri Poincaré Probab Stat 58(1):379–423, 2022)
have studied the well-posedness of this equation without the technical condition of
σ(0) = 0 which was previously assumed in Hu et al. (Ann Probab 45(6):4561–4616,
2017). We adopt a new sufficient condition proposed by Matoussi et al. (Appl Math
Optim 83(2):849–879, 2021) for the weak convergence criterion of the large deviation
principle.
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1 Introduction

In this paper, we consider the following nonlinear stochastic heat equation (SHE, for
short) driven by a Gaussian noise which is white in time and fractional in space:

∂uε(t, x)

∂t
= ∂2uε(t, x)

∂x2
+ √

εσ (t, x, uε(t, x))Ẇ (t, x), t > 0, x ∈ R. (1.1)

Here ε > 0, uε(0, ·) ≡ 1, W (t, x) is a centered Gaussian field with the covariance
given by

E[W (t, x)W (s, y)] = 1

2
(s ∧ t)

(
|x |2H + |y|2H − |x − y|2H

)
, (1.2)

for some 1
4 < H < 1

2 , and Ẇ (t, x) = ∂2W
∂t∂x (t, x). The covariance of the noise Ẇ is

given by

E[Ẇ (t, x)Ẇ (s, y)] = δ0(t − s)� (x − y) ,

where � is a distribution, whose Fourier transform is the measure μ(dξ) =
c1,H |ξ |1−2Hdξ with

c1,H = 1

2π
	(2H + 1) sin(πH). (1.3)

� can be formally written as �(x − y) = H(2H − 1) × |x − y|2H−2. In addition,
the measure μ satisfies the integrability condition

∫
R

μ(dξ)

1+|ξ |2 < ∞. However, the cor-
responding covariance � is not locally integrable and fails to be nonnegative when
H ∈ ( 14 ,

1
2 ). It does not satisfy the classical Dalang’s condition in [11] (there � is

given by a nonnegative locally integrable function). See [1, 19] for more details. For
this reason, the approaches used in references [9, 11, 12, 30, 31] cannot handle such
rough covariance.
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Recently, many authors have studied the existence and uniqueness for the solutions
of stochastic partial differential equations (SPDEs, for short) driven byGaussian noises
which are rough in space, see, e.g., [19, 20, 22, 24, 35].We refer to [18, 34] for surveys.
When the diffusion coefficient is an affine function σ(x) = ax + b, Balan et al. [1]
proved the existence and uniqueness of the mild solution to SHE (1.1) by using the
technique of Fourier analysis, and they established theHölder continuity of the solution
in [2].

For the general nonlinear coefficientσ , which has aLipschitz derivative and satisfies
σ(0) = 0, the problem of the existence and uniqueness of the solution was proved by
Hu et al. [19]. Under this condition, the large deviations, the moderate deviations and
the transportation inequalities were studied in [10, 21, 23], respectively.

In [22], Hu and Wang removed the technical and unusual condition of σ(0) = 0
and they proved the well-posedness of the solution to Eq. (1.1) under Condition (H) in
Sect. 2.3. Without the condition of σ(0) = 0, the solution is no longer in the spaceZ p

T
(see [19] or (2.14) in Sect. 2.3 of this paper with λ(x) ≡ 1). To relax the restriction,
Hu andWang [22] introduced a decay weight (as the spatial variable x goes to infinity)
to enlarge the solution space Z p

T to a weighted space Z p
λ,T for some suitable power

decay function λ(x), see Sect. 2.3 for details.
The aim of this paper is to establish a large deviation principle (LDP, for short) for

the solution uε of (1.1) as ε → 0. A useful approach of investigating the LDP is the
well-known weak convergence method (see, e.g., [3–7, 14]), which is mainly based on
the variational representation formula formeasurable functionals of Brownianmotion.
For some relevant LDP results by using the weak convergence method, we refer to
[25, 33, 39] and the references therein. In particular, Liu et al. [27] and Xiong and Zhai
[38] proved the LDP for a large class of SPDEs with locally monotone coefficients
driven by Brownian motions or Lévy noises, respectively. However, the frameworks
of [27] and [38] cannot be applied to SHE (1.1) because of the spatial rough noise
with H ∈ ( 14 ,

1
2 ).

Comparing with the LDP result for SHE (1.1) under the assumption of σ(0) = 0
in Hu et al. [21], our result and its proof are in the weighted space Z p

λ,T . Notice that
the introduction of the weight brings many difficulties. See Hu and Wang [22] for
the excellent analysis. In this paper, we adopt a new sufficient condition for the LDP
(see Condition 2.2) which was proposed by Matoussi et al. [29]. This method was
successfully applied to the study of LDPs for SPDEs, see, e.g., [13, 16, 17, 26, 36,
37].

The rest of this paper is organized as follows. In Sect. 2, we first present the frame-
work introduced in [22] and recall the weak convergence method given by [6, 29];
then, we formulate the main result of the present paper. In Sect. 3, the associated
skeleton equation is studied. Sect. 4 and 5 are devoted to verifying the two conditions
for the weak convergence criterion. Finally, we give some useful lemmas in Appendix.

We adopt the following notations throughout this paper.We always useCα to denote
a constant dependent on the parameter α, which may change from line to line. A � B
(A � B, resp.) means that A ≤ CB (A ≥ CB, resp.) for some positive generic
constant C , the value of which might change from line to line, and A 
 B means that
A � B and A � B.

123



254 Journal of Theoretical Probability (2024) 37:251–306

2 Preliminaries andMain Result

In this section, we first give some preliminaries of SHE (1.1); then, we state the weak
convergence criterion for the LDP in [6, 29] and give the main result of this paper.

2.1 Covariance Structure and Stochastic Integration

Recall some notations from [19] and [22]. Denote by D = D(R) the space of real-
valued infinitely differentiable functions with compact support on R, and by D′ the
dual ofDwith respect to the L2(R, dx), where L2(R, dx) is theHilbert space of square
integrable functions with respect to Lebesgue measure on R. The Fourier transform
of a function f ∈ D is defined as

F f (ξ) :=
∫

R

e−iξ x f (x)dx .

Let (�,F ,P) be a complete probability space and D(R+ × R) be the space of
real-valued infinitely differentiable functions with compact support on R+ × R. The
noise Ẇ is a zero-mean Gaussian family {W (φ), φ ∈ D(R+×R)}with the covariance
structure given by

E [W (φ)W (ψ)] = c1,H

∫

R+×R

Fφ(s, ξ)Fψ(s, ξ) · |ξ |1−2Hdξds, (2.1)

where H ∈ ( 14 ,
1
2 ), c1,H is given in (1.3), and Fφ(s, ξ) is the Fourier transform with

respect to the spatial variable x of the function φ(s, x). Then (2.1) defines a Hilbert
scalar product on D(R+ × R). Denote H the Hilbert space obtained by completing
D(R+ × R) with respect to this scalar product.

Proposition 2.1 ([22, Proposition 2.1], [32, Theorem 3.1]) The space H is a Hilbert
space equipped with the scalar product

〈φ,ψ〉H := c1,H

∫

R+

(∫

R

Fφ(t, ξ)Fψ(t, ξ) · |ξ |1−2Hdξ

)
dt

= c2,H

∫

R+

(∫

R2
[φ(t, x + y) − φ(x)] · [ψ(t, x + y) − ψ(x)]·

|y|2H−2dxdy
)
dt,

(2.2)

where

c2,H :=
(
1

2
− H

) 1
2

H
1
2

[
	
(
H + 1

2

)]−1

(∫ ∞

0

[
(1 + t)H− 1

2 − t H− 1
2

]2
dt + 1

2H

) 1
2

. (2.3)
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The space D(R+ × R) is dense in H.

For any t ≥ 0, let Ft be the filtration generated by W , that is,

Ft := σ
{
W (φ) : φ ∈ D([0, t] × R)

}
,

where D([0, t] × R) is the space of real-valued infinitely differentiable functions on
[0, t] × R.

Definition 2.2 An elementary process g is a process given by

g(t, x) =
n∑

i=1

m∑

j=1

Xi, j1(ai ,bi ](t)1(h j ,l j ](x),

where n and m are finite positive integers, 0 ≤ a1 < b1 < · · · < an < bn < ∞,
and h j < l j and Xi, j are Fai -measurable random variables for i = 1, . . . , n, j =
1, . . . ,m. The stochastic integral of an elementary process with respect toW is defined
as

∫

R+

∫

R

g(t, x)W (dt, dx) =
n∑

i=1

m∑

j=1

Xi, jW (1(ai ,bi ] ⊗ 1(h j ,l j ])

=
n∑

i=1

m∑

j=1

Xi, j

[
W (bi , l j ) − W (ai , l j )

− W (bi , h j ) + W (ai , h j )
]
.

(2.4)

Hu et al. [19, Proposition 2.3] extended the notion of integral with respect to W to
a broad class of adapted processes in the following way.

Proposition 2.3 ([19, Proposition 2.3]) Let �H be the space of predictable processes
g defined on R+ × R such that almost surely g ∈ H and E[‖g‖2H] < ∞. Then, we
have that:

(i) The space of the elementary processes defined in Definition 2.2 is dense in �H ;
(ii) For any g ∈ �H , the stochastic integral

∫
R+
∫
R
g(s, x)W (ds, dx) is defined as

the L2(�)-limit of Riemann sums along elementary processes approximating g in
�H , and we have

E

[(∫

R+

∫

R

g(s, x)W (ds, dx)

)2
]

= E

[
‖g‖2H

]
. (2.5)

Let H be the Hilbert space obtained by completing D(R) with respect to the fol-
lowing scalar product:
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〈φ,ψ〉H = c1,H

∫

R

Fφ(ξ)Fψ(ξ) · |ξ |1−2Hdξ

= c2,H

∫

R2
[φ(x + y) − φ(x)] · [ψ(x + y)

− ψ(x)] · |y|2H−2dxdy, ∀φ,ψ ∈ D(R).

(2.6)

By Proposition 2.3, for any orthonormal basis {ek}k≥1 of the Hilbert space H, the
family of processes

{
Bk
t :=

∫ t

0

∫

R

ek(y)W (ds, dy)

}

k≥1
(2.7)

is a sequence of independent standard Wiener processes and the process Bt :=∑
k≥1 B

k
t ek is a cylindrical Brownian motion on H. It is well known that (see [9]

or [12]) for any H-valued predictable process g ∈ L2(� × [0, T ];H), we can define
the stochastic integral with respect to the cylindrical Wiener process B as follows:

∫ T

0
g(s)dBs :=

∑

k≥1

∫ T

0
〈g(s), ek〉HdBk

s . (2.8)

Note that the above series converges in L2(�,F ,P) and the sum does not depend
on the selected orthonormal basis. Moreover, each summand, in the above series, is a
classical Itô integral with respect to a standard Brownian motion.

Let (B, ‖ · ‖B) be a Banach space with the norm ‖ · ‖B . Let H ∈ ( 14 ,
1
2 ) be a fixed

number. For any function f : R → B, denote

N B
1
2−H

f (x) :=
(∫

R

‖ f (x + h) − f (x)‖2B · |h|2H−2dh

) 1
2

, (2.9)

if the above quantity is finite. When B = R, we abbreviate the notation NR
1
2−H

f as

N 1
2−H f . As in [19], when B = L p(�), we denote N B

1
2−H

by N 1
2−H , p, that is,

N 1
2−H , p f (x) :=

(∫

R

‖ f (x + h) − f (x)‖2L p(�) · |h|2H−2dh

) 1
2

. (2.10)

The following Burkholder–Davis–Gundy’s inequality is well known (see, e.g.,
[19]).

Proposition 2.4 ([19, Proposition 3.2]) Let W be the Gaussian noise with the covari-
ance (2.1), and let f ∈ �H be a predictable random field. Then, we have that for any
p ≥ 2,

∥∥
∥∥

∫ t

0

∫

R

f (s, y)W (ds, dy)

∥∥
∥∥
L p(�)

≤ √
4pcH

(∫ t

0

∫

R

[
N 1

2−H , p f (s, y)
]2

dyds

) 1
2

,

(2.11)
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where cH is a constant depending only on H and N 1
2−H , p f (s, y) denotes the appli-

cation of N 1
2−H , p to the spatial variable y.

2.2 Stochastic Heat Equation

Let C([0, T ] ×R) be the space of all continuous real-valued functions on [0, T ] ×R,
equipped with the following metric:

dC(u, v) :=
∞∑

n=1

1

2n
max

0≤t≤T ,|x |≤n
(|u(t, x) − v(t, x)| ∧ 1). (2.12)

Define the weight function

λ(x) := cH (1 + |x |2)H−1 , (2.13)

where cH is a constant such that
∫
R

λ(x)dx = 1.
For any p ≥ 2 and 1

4 < H < 1
2 , we introduce a norm ‖ · ‖Z p

λ,T
for a random field

v = {v(t, x)}(t,x)∈[0,T ]×R as follows:

‖v‖Z p
λ,T

:= sup
t∈[0,T ]

‖v(t, ·)‖L p
λ (�×R) + sup

t∈[0,T ]
N ∗

1
2−H , p

v(t), (2.14)

where

‖v(t, ·)‖L p
λ (�×R) :=

(∫

R

E
[|v(t, x)|p] λ(x)dx

) 1
p

, (2.15)

and

N ∗
1
2−H , p

v(t) :=
(∫

R

‖v(t, ·) − v(t, · + h)‖2
L p

λ (�×R)
· |h|2H−2dh

) 1
2

. (2.16)

DenoteZ p
λ,T the space of all randomfields v = {v(t, x)}(t,x)∈[0,T ]×R such that ‖v‖Z p

λ,T

is finite.
For the well-posedness of the solution and the large deviation principle, we assume

the following conditions.

(H) Assume that σ(t, x, u) ∈ C0,1,1([0, T ]×R
2) (the space of all continuous functions

σ , with continuous partial derivatives σ ′
x , σ

′
u and σ ′′

xu), and there exists a constant
C > 0 such that

sup
t∈[0,T ], x∈R

|σ(t, x, u)| ≤ C(1 + |u|), ∀u ∈ R; (2.17)

sup
t∈[0,T ], x∈R

|σ(t, x, u) − σ(t, x, v)| ≤ C |u − v|, ∀u, v ∈ R; (2.18)
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sup
t∈[0,T ], x∈R, u∈R

|σ ′
u(t, x, u)| ≤ C ; (2.19)

sup
t∈[0,T ], x∈R

|σ ′
x (t, x, 0)| ≤ C ; (2.20)

sup
t∈[0,T ], x∈R, u∈R

|σ ′′
xu(t, x, u)| ≤ C . (2.21)

Moreover, there exist some constants p0 > 6
4H−1 and C > 0 such that

sup
t∈[0,T ], x∈R

λ
− 1

p0 (x)
∣
∣σ ′

u(t, x, u1) − σ ′
u(t, x, u2)

∣
∣ ≤ C |u1 − u2|, ∀u1, u2 ∈ R,

(2.22)

where λ(x) is the weight function defined by (2.13).

Remark 1 By the monotonicity of λ(x), we know that if (2.22) holds for some p0 >
6

4H−1 , then it also holds for all p ≥ p0.

Let pt (x) := 1√
4π t

exp
(
− x2

4t

)
be the heat kernel associated with the Laplacian

operator �. Recall the following definition of the solution to SHE (1.1) from [22].

Definition 2.5 ([22, Definition 1.4]) Given the initial value u0(·) ≡ 1, a real-valued
adapted stochastic process uε is called a mild solution to (1.1), if for all t ≥ 0 and
x ∈ R,

uε(t, x) = 1 + √
ε

∫ t

0

∫

R

pt−s(x − y)σ (s, y, uε(s, y))W (ds, dy), a.s.. (2.23)

The following theorem follows from [22].

Theorem 2.6 ([22, Theorem 1.6]) Assume that σ satisfies the hypothesis (H). Then
(1.1) admits a unique mild solution in C([0, T ] × R) almost surely.

2.3 A General Criterion for the Large Deviation Principle

Let {uε}ε>0 be a family of random variables defined on a probability space (�,F ,P)

and taking values in a Polish space E .

Definition 2.7 A function I : E → [0,∞] is called a rate function on E , if for each
M < ∞ the level set {y ∈ E : I (y) ≤ M} is a compact subset of E .

Definition 2.8 Let I be a rate function on E . The sequence {uε}ε>0 is said to satisfy a
large deviation principle on E with the rate function I , if the following two conditions
hold:

(a) For each closed subset F of E ,

lim sup
ε→0

ε logP(uε ∈ F) ≤ − inf
y∈F I (y);
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(b) For each open subset G of E ,

lim inf
ε→0

ε logP(uε ∈ G) ≥ − inf
y∈G I (y).

Set V = C([0, T ];R∞) and let U be a Polish space. Let {	ε}ε>0 be a family
of measurable maps from V to U. We recall a criterion for the LDP of the family
Z ε = 	ε(W ) as ε → 0, where and throughout this section W is the Gaussian process
identified a sequence of independent, standard, real-valued Brownian motions, by
using the representation formulae of (2.7).

Define the following space of stochastic processes:

L2 :=
{
φ : � × [0, T ] → H is predictable and

∫ T

0
‖φ(s)‖2Hds < ∞, P-a.s.

}
,

(2.24)

and denote L2([0, T ];H) the space of square integrableH-valued functions on [0, T ].
For each N ≥ 1, let

SN =
{
g ∈ L2([0, T ];H) : LT (g) ≤ N

}
, (2.25)

where

LT (g) := 1

2

∫ T

0
‖g(s)‖2Hds, (2.26)

and SN is equipped with the topology of the weak convergence in L2([0, T ];H). Set
S = ⋃

N≥1 S
N , and

UN =
{
g ∈ L2 : g(ω) ∈ SN , P-a.s.

}
.

Condition 2.1 There exists ameasurablemapping	0 : V → U such that the following
two items hold:

(a) For every N < +∞, the set KN = {
	0
(∫ ·

0 g(s)ds
) : g ∈ SN

}
is a compact subset

of U;
(b) For every N < +∞ and {gε}ε>0 ⊂ UN , if gε converges to g as SN -valued random

elements in distribution, then 	ε
(
W + 1√

ε

∫ ·
0 g

ε(s)ds
)
converges in distribution

to 	0
(∫ ·

0 g(s)ds
)
.

Let I : U → [0,∞] be defined by

I (φ) := inf{g∈S;φ=	0(
∫ ·
0 g(s)ds)}

{LT (g)}, φ ∈ U, (2.27)
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with the convention inf ∅ = ∞.
The following result is due to Budhiraja et al. [6].

Theorem 2.9 ([6, Theorem 6]) For any ε > 0, let Xε = 	ε(W ) and suppose that
Condition 2.1 holds. Then, the family {Xε}ε>0 satisfies an LDP with the rate function
I defined by (2.27).

Recently, a new sufficient condition (Condition 2.2) for verifying the assumptions
in Condition 2.1 for LDPs has been proposed by Matoussi et al. [29]. It turns out that
this new sufficient condition seems to be more suitable for establishing the LDP for
SPDEs.

Condition 2.2 There exists ameasurablemapping	0 : V → U such that the following
two items hold:

(a) For every N < +∞ and any family {gn}n≥1 ⊂ SN that converges to some element
g in SN as n → ∞, 	0

(∫ ·
0 g

n(s)ds
)
converges to 	0

(∫ ·
0 g(s)ds

)
in the space U;

(b) For every N < +∞, {gε}ε>0 ⊂ UN and δ > 0,

lim
ε→0

P
(
ρ(Y ε, Z ε) > δ

) = 0,

where Y ε = 	ε
(
W + 1√

ε

∫ ·
0 g

ε(s)ds
)

, Z ε = 	0
(∫ ·

0 g
ε(s)ds

)
and ρ(·, ·) stands

for the metric in the space U.

2.4 Main Result

To state our main result and give its proof, we need to introduce a map 	0 appeared in
Condition 2.1 (or Condition 2.2). Given g ∈ S, consider the following deterministic
integral equation (the skeleton equation):

ug(t, x) = 1 +
∫ t

0
〈pt−s(x − ·)σ (s, ·, ug(s, ·)), g(s, ·)〉Hds, t ≥ 0, x ∈ R.

(2.28)

By Proposition 3.1, Eq. (2.28) admits a unique solution ug ∈ C([0, T ] × R). For any
g ∈ S, we define

	0
(∫ ·

0
g(s)ds

)
:= ug(·). (2.29)

The following is the main result of this paper.

Theorem 2.10 Assume that the hypothesis (H) holds. Then, the family {uε}ε>0 in
Eq. (1.1) satisfies an LDP in the space C([0, T ]×R) with the rate function I given by

I (φ) := inf{g∈S;φ=	0(
∫ ·
0 g(s)ds)}

{
1

2

∫ T

0
‖g(s)‖2Hds

}
. (2.30)
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Proof According to Theorem 2.9 and [29, Theorem 3.2], it suffices to show that the
conditions (a) and (b) in Condition 2.2 are satisfied. Condition (a) will be proved in
Proposition 4.1, and Condition (b) will be verified in Proposition 5.1. The proof is
complete. ��

3 Skeleton Equation

In this section, we study the well-posedness of the skeleton equation (2.28).
For p ≥ 2, H ∈ ( 14 ,

1
2 ), recall the space Z

p
λ,T with the norm (2.14). The space of

all non-random functions in Z p
λ,T is denoted by Z p

λ,T , with the following norm:

‖v‖Z p
λ,T

:= sup
t∈[0,T ]

‖v(t, ·)‖L p
λ (R) + sup

t∈[0,T ]
N ∗

1
2−H , p

v(t), (3.1)

where

‖v(t, ·)‖L p
λ (R) :=

(∫

R

|v(t, x)|pλ(x)dx

) 1
p

, (3.2)

and

N ∗
1
2−H , p

v(t) :=
(∫

R

‖v(t, ·) − v(t, · + h)‖2
L p

λ (R)
· |h|2H−2dh

) 1
2

. (3.3)

Proposition 3.1 Assume that σ satisfies the hypothesis (H). Then, Eq. (2.28) admits a
unique solution ug in C([0, T ] × R). In addition, sup

g∈SN
‖ug‖Z p

λ,T
< ∞ for any N ≥ 1

and any p ≥ 2.

Due to the complexity of the space H, it is difficult to prove Proposition 3.1 by
using Picard’s iteration directly. We use the approximation method by introducing a
new Hilbert space Hε as follows.

For every fixed ε > 0, let

fε(x) := 1

2π

∫

R

eiξ x e−ε|ξ |2 |ξ |1−2Hdξ. (3.4)

For any φ,ψ ∈ D(R), we define

〈φ,ψ〉Hε
:= c1,H

∫

R

Fφ(ξ)Fψ(ξ)e−ε|ξ |2 |ξ |1−2Hdξ

= c1,H

∫

R2
φ(x)ψ(y) fε(x − y)dxdy,

(3.5)

where c1,H is given by (1.3). Let Hε be the Hilbert space obtained by completing
D(R) with respect to the scalar product given by (3.5). For any 0 ≤ ε1 < ε2, we have
that for any φ ∈ Hε1 ,
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‖φ‖Hε1
≥ ‖φ‖Hε2

, (3.6)

and we have by the dominated convergence theorem,

lim
ε→0

〈φ,ψ〉Hε
= 〈φ,ψ〉H for any φ,ψ ∈ H.

For any g ∈ S, let

ugε (t, x) = 1 +
∫ t

0
〈pt−s(x − ·)σ (s, ·, ugε (s, ·)), g(s, ·)〉Hε

ds. (3.7)

Since |ξ |1−2He−ε|ξ |2 is in L1(R), | fε| is bounded. Due to the regularity in space,
the existence and uniqueness of the solution ugε to Eq. (3.7) are well known, see, e.g.,
[28, Section 4].

For any t ≥ 0, x, y, h ∈ R, let

Dt (x, h) := pt (x + h) − pt (x), (3.8)

and

�t (x, y, h) := pt (x + y + h) − pt (x + y) − pt (x + h) + pt (x). (3.9)

The following lemma asserts that the approximate solution ugε is bounded in the
space Z p

λ,T uniformly over ε > 0.

Lemma 3.1 Let H ∈ ( 14 ,
1
2 ) and N ∈ N. Assume that σ satisfies the hypothesis (H).

Then, for any p ≥ 2,

sup
g∈SN

sup
ε>0

‖ugε‖Z p
λ,T

< ∞. (3.10)

Proof We use the similar argument as in [22] replacing the stochastic integral by the
deterministic integral. We first define Picard’s iteration sequence. For any t ≥ 0, x ∈
R, let

ug,0ε (t, x) = 1,

and recursively for n = 0, 1, 2, · · · ,

ug,n+1
ε (t, x) = 1 +

∫ t

0
〈pt−s(x − ·)σ (s, ·, ug,nε (s, ·)), g(s, ·)〉Hε

ds. (3.11)

Since g ∈ SN , we know that by (3.6),

∫ T

0
‖g(s, ·)‖2Hε

ds ≤ 2N for any ε > 0. (3.12)
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In Step 1, we prove the convergence of ug,nε (t, ·) in L p
λ (R) for any t ∈ [0, T ]. In Steps 2

and 3, we give some quantitative estimates for ‖ug,nε (t)‖L p
λ (R) andN ∗

1
2−H , p

ug,nε (t) for

each fixed ε > 0. Step 4 is devoted to proving that ugε is bounded in
(
Z p

λ,T , ‖ · ‖Z p
λ,T

)

uniformly over ε > 0.
Step 1 In this step, we will prove that for any fixed ε > 0, as n goes to infinity, the

sequence ug,nε (t, ·) converges to ugε (t, ·) in L p
λ (R).

By the Cauchy–Schwarz inequality, (2.18), the boundedness of fε and Jensen’s
inequality with respect to pt−s(x − y)dy, we have that, for any t ∈ [0, T ] and x ∈ R,

|ug,n+1
ε (t, x) − ug,nε (t, x)|2

=
∣∣
∣
∣

∫ t

0

〈
pt−s(x − ·)[σ(s, ·, ug,nε (s, ·)) − σ(s, ·, ug,n−1

ε (s, ·))], g(s, ·)〉Hε
ds

∣∣
∣
∣

2

≤
∫ t

0
‖g(s, ·)‖2Hε

ds ·
∫ t

0

∥
∥pt−s(x − ·) [σ(s, ·, ug,nε (s, ·)) − σ(s, ·, ug,n−1

ε (s, ·))]∥∥2Hε
ds

≤ 2cH N
∫ t

0

∫

R

∫

R

pt−s(x − y)
[
σ(s, y, ug,nε (s, y) − σ(s, y, ug,n−1

ε (s, y))
]

· pt−s(x − z)
[
σ(s, z, ug,nε (s, z)) − σ(s, z, ug,n−1

ε (s, z))
]
fε(y − z)dydzds

≤ 2cH N‖ fε‖∞ ·
∫ t

0

∫

R

pt−s(x − y)
[
σ(s, y, ug,nε (s, y) − σ(s, y, ug,n−1

ε (s, y))
]2
dyds.

Integrating with respect to the spatial variable with the weight λ(x) and invoking
(2.18), Jensen’s inequality with respect to pt−s(x − y)dyds and an application of
Lemma 6.1 yield that for any p ≥ 2, t ∈ [0, T ],

‖ug,n+1
ε (t, ·) − ug,nε (t, ·)‖p

L p
λ (R)

=
∫

R

∣∣ug,n+1
ε (t, x) − ug,nε (t, x)

∣∣p λ(x)dx

≤Cε,N

∫

R

∣∣∣∣

∫ t

0

∫

R

pt−s(x − y)
∣∣ug,nε (s, y) − ug,n−1

ε (s, y)
∣∣2 dyds

∣∣∣∣

p
2

λ(x)dx

≤Cε,N ,p,T

∫

R

[∫ t

0

∫

R

pt−s(x − y)
∣∣ug,nε (s, y) − ug,n−1

ε (s, y)
∣∣p dyds

]
λ(x)dx

=Cε,N ,p,T

∫ t

0

∫

R

1

λ(y)

∫

R

pt−s(x − y)λ(x)dx
∣∣ug,nε (s, y) − ug,n−1

ε (s, y)
∣∣p λ(y)dyds

≤Cε,N ,p,T

∫ t

0
‖ug,nε (s, ·) − ug,n−1

ε (s, ·)‖p
L p

λ (R)
ds

≤Cn
ε,N ,p,T

T n

n! sup
s∈[0,T ]

‖ug,1ε (s, ·) − ug,0ε (s, ·)‖p
L p

λ (R)
. (3.13)
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Then, (3.13) implies that

sup
n≥1

sup
t∈[0,T ]

‖ug,nε (t, ·)‖L p
λ (R) < ∞, for each ε > 0,

and that {ug,nε (t, ·)}n≥1 is a Cauchy sequence in L p
λ (R) for any t ∈ [0, T ]. Hence, for

any fixed t ∈ [0, T ], there exists ugε (t, ·) ∈ L p
λ (R) such that

ug,nε (t, ·) → ugε (t, ·) in L p
λ (R), as n → ∞. (3.14)

Step 2 In this step, we will give a quantitative estimate for ‖ug,nε (t, ·)‖L p
λ (R) for any

fixed ε > 0. By the Cauchy–Schwarz inequality, (2.6) and (3.5), we have

|ug,n+1
ε (t, x)|p � 1 +

(∫ t

0

∥∥pt−s(x − ·)σ (s, ·, ug,nε (s, ·))∥∥2Hε
ds

) p
2

� 1 +
(∫ t

0

∥∥pt−s(x − ·)σ (s, ·, ug,nε (s, ·))∥∥2H ds

) p
2


 1 +
(∫ t

0

∫

R2

∣∣∣pt−s(x − y − h)σ (s, y + h, ug,nε (s, y + h))

− pt−s(x − y)σ (s, y, ug,nε (s, y))
∣
∣∣
2 · |h|2H−2dhdyds

) p
2

� 1 + A1(t, x) + A2(t, x) + A3(t, x), (3.15)

where

A1(t, x) :=
(∫ t

0

∫

R2
p2t−s(x − y − h)

· ∣∣σ(s, y + h, ug,nε (s, y + h)) − σ(s, y, ug,nε (s, y + h))
∣∣2

· |h|2H−2dhdyds

) p
2 ;

A2(t, x) :=
(∫ t

0

∫

R2
p2t−s(x − y − h) · ∣∣

σ(s, y, ug,nε (s, y + h)) − σ(s, y, ug,nε (s, y))
∣∣2

· |h|2H−2dhdyds

) p
2 ;

A3(t, x) :=
(∫ t

0

∫

R2
|Dt−s(x − y, h)|2 · ∣∣σ(s, y, ug,nε (s, y))

∣∣2 · |h|2H−2dhdyds

) p
2

.
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If |h| > 1, then we have by (2.17)

∣∣σ(s, y + h, ug,nε (s, y)) − σ(s, y, ug,nε (s, y))
∣∣2

�
∣∣σ(s, y + h, ug,nε (s, y))

∣∣2 + ∣∣σ(s, y, ug,nε (s, y))
∣∣2

� 1 + ∣∣ug,nε (s, y)
∣∣2 .

(3.16)

If |h| ≤ 1, then by (2.20) and (2.21) there exists some ζ ∈ (0, 1) such that

∣∣σ(s, y + h, ug,nε (s, y)) − σ(s, y, ug,nε (s, y))
∣∣2

� |σ(s, y + h, 0) − σ(s, y, 0)|2 +
∣∣
∣∣∣

∫ ug,nε (s,y)

0
[σ ′

ξ (s, y + h, ξ) − σ ′
ξ (s, y, ξ)dξ

∣∣
∣∣∣

2

�
∣∣σ ′

x (s, y + ζh, 0)
∣∣2 · |h|2 + ∣∣ug,nε (s, y)

∣∣2 · |h|2
�
(
1 + ∣∣ug,nε (s, y)

∣∣2
)

· |h|2.
(3.17)

By a change of variable, (3.16) and (3.17), we have

A1(t, x) �
(∫ t

0

∫

R

p2t−s(x − y) ·
(
1 + ∣∣ug,nε (s, y)

∣∣2
)
dyds

) p
2

.

By a change of variable, Minkowski’s inequality, Lemma 6.1 and Jensen’s inequality
with respect to

p2t−s(y)dy 
 (t − s)−
1
2 p t−s

2
(y)dy, (3.18)

we have

(∫

R

A1(t, x)λ(x)dx

) 2
p

�
∫ t

0

∫

R

p2t−s(y) ·
(∫

R

(
1 + ∣∣ug,nε (s, x)

∣∣p) λ(x − y)dx

) 2
p

dyds

�
∫ t

0
(t − s)−

1
2 ·
(∫

R2
p t−s

2
(y)

(
1 + ∣

∣ug,nε (s, x)
∣
∣p) λ(x − y)dxdy

) 2
p

ds

�
∫ t

0
(t − s)−

1
2 ·
(
1 + ‖ug,nε (s, ·)‖2

L p
λ (R)

)
ds.

(3.19)
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By (2.18), a change of variable, Minkowski’s inequality, Jensen’s inequality and
Lemma 6.1, we have

(∫

R

A2(t, x)λ(x)dx

) 2
p

�
(∫

R

(∫ t

0

∫

R2
p2t−s(x − y)·

∣∣ug,nε (s, y + h) − ug,nε (s, y)
∣∣2 · |h|2H−2dhdyds

) p
2

λ(x)dx

) 2
p

�
∫ t

0

∫

R2
p2t−s(y) ·

(∫

R

∣∣ug,nε (s, x + h) − ug,nε (s, x)
∣∣pλ(x − y)dx

) 2
p · |h|2H−2dhdyds

�
∫ t

0

∫

R

(t − s)−
1
2 ·
(∫

R2
p t−s

2
(y)

∣
∣ug,nε (s, x + h) − ug,nε (s, x)

∣
∣pλ(x − y)dydx

) 2
p · |h|2H−2dhds

�
∫ t

0
(t − s)−

1
2 ·
[
N ∗

1
2−H , p

ug,nε (s)
]2

ds. (3.20)

By (2.17), a change of variable, Minkowski’s inequality, Jensen’s inequality with
respect to (t − s)1−H |Dt−s(y, h)|2 |h|2H−2dydh and Lemma 6.5, we have

(∫

R

A3(t, x)λ(x)dx

) 2
p

�
∫ t

0

∫

R2
|Dt−s(y, h)|2 ·

(
1 +

∫

R

∣∣ug,nε (s, x)
∣∣pλ(x − y)dx

) 2
p · |h|2H−2dhdyds

�
∫ t

0
(t − s)H−1 ·

(∫

R3
(t − s)1−H · ∣∣Dt−s(y, h)

∣∣2

· (1 + ∣∣ug,nε (s, x)
∣∣p) λ(x − y) · |h|2H−2dhdydx

) 2
p

ds

�
∫ t

0
(t − s)H−1 ·

(
1 + ‖ug,nε (s, ·)‖2

L p
λ (R)

)
ds. (3.21)

Thus, (3.15), (3.19), (3.20) and (3.21) yield that

‖ug,n+1
ε (t, ·)‖2

L p
λ (R)

=
(∫

R

|ug,n+1
ε (t, x)|pλ(x)dx

) 2
p

� 1 +
∫ t

0

(
(t − s)H−1 + (t − s)−

1
2

)
·
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‖ug,nε (s, ·)‖2
L p

λ (R)
ds

+
∫ t

0
(t − s)−1/2

[
N ∗

1
2−H , p

ug,nε (s)
]2

ds. (3.22)

Step 3 This step is devoted to estimating N ∗
1
2−H , p

ug,nε (t). Using the Cauchy–

Schwarz inequality and (3.6), we have

∣∣∣ug,n+1
ε (t, x) − ug,n+1

ε (t, x + h)

∣∣∣
p

�
(∫ t

0

∥∥Dt−s(x − ·, h)σ (s, ·, ug,nε (s, ·))∥∥2Hε
ds

) p
2

�
(∫ t

0

∥∥Dt−s(x − ·, h)σ (s, ·, ug,nε (s, ·))∥∥2H ds

) p
2



(∫ t

0

∫

R2

∣
∣∣Dt−s(x − y − z, h)σ (s, y + z, ug,nε (s, y + z))

− Dt−s(x − z, h)σ (s, z, ug,nε (s, z))
∣∣∣
2 · |y|2H−2dzdyds

) p
2

� I1(t, x, h) + I2(t, x, h) + I3(t, x, h),

where

I1(t, x, h) :=
(∫ t

0

∫

R2
|Dt−s(x − y − z, h)|2

· ∣∣σ(s, y + z, ug,nε (s, y + z)) − σ(s, z, ug,nε (s, y + z))
∣∣2·

|y|2H−2dzdyds

) p
2 ;

I2(t, x, h) :=
(∫ t

0

∫

R2
|Dt−s(x − y − z, h)|2

· ∣∣σ(s, z, ug,nε (s, y + z)) − σ(s, z, ug,nε (s, z))
∣∣2·

|y|2H−2dzdyds

) p
2 ;

I3(t, x, h) :=
(∫ t

0

∫

R2
|�t−s(x − z, y, h)|2 · ∣∣σ(s, z, ug,nε (s, z))

∣∣2·

|y|2H−2dzdyds

) p
2

.
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Therefore, by (3.3), we have

[
N ∗

1
2−H , p

ug,n+1
ε (t)

]2

=
∫

R

(∫

R

∣∣∣ug,n+1
ε (t, x) − ug,n+1

ε (t, x + h)

∣∣∣
p
λ(x)dx

) 2
p · |h|2H−2dh

�
3∑

j=1

∫

R

(∫

R

I j (t, x, h)λ(x)dx

) 2
p · |h|2H−2dh.

(3.23)

For the first term of (3.23), by (3.16), (3.17) and a change of variable, we have

I1(t, x, h) �
(∫ t

0

∫

R

∫

|y|>1
|Dt−s(x − y − z, h)|2 ·

(
1 + ∣

∣ug,nε (s, y + z)
∣
∣2
)

· |y|2H−2dzdyds

) p
2

+
(∫ t

0

∫

R

∫

|y|≤1
|Dt−s(x − y − z, h)|2 ·

(
1 + ∣∣ug,nε (s, y + z)

∣∣2
)

· |y|2Hdzdyds
) p

2

=
(∫ t

0

∫

R

∫

|y|>1
|Dt−s(x − z, h)|2 ·

(
1 + ∣

∣ug,nε (s, z)
∣
∣2
)

· |y|2H−2dzdyds

) p
2

+
(∫ t

0

∫

R

∫

|y|≤1
|Dt−s(x − z, h)|2 ·

(
1 + ∣∣ug,nε (s, z)

∣∣2
)

· |y|2Hdzdyds
) p

2

�
(∫ t

0

∫

R

|pt−s(z − h) − pt−s(z)|2 ·
(
1 + ∣

∣ug,nε (s, x + z)
∣
∣2
)
dzds

) p
2

. (3.24)

By (3.24), a change of variable, Minkowski’s inequality, Lemma 6.5 and Jensen’s
inequality with respect to (t − s)1−H |Dt−s(z, h)|2 |h|2H−2dzdh, we have

∫

R

∣∣∣∣

∫

R

I1(t, x, h)λ(x)dx

∣∣∣∣

2
p · |h|2H−2dh

�
∫

R

∣∣∣
∣

∫

R

(∫ t

0

∫

R

|Dt−s(z, h)|2
(
1 + ∣∣ug,nε (s, x)

∣∣2
)
dzds

) p
2

λ(x − z)dx

∣∣∣
∣

2
p ·

|h|2H−2dh

�
∫ t

0

∫

R2
|Dt−s(z, h)|2 · |h|2H−2

(∫

R

(
1 + ∣∣ug,nε (s, x)

∣∣p) λ(x − z)dx

) 2
p

dzdhds

�
∫ t

0
(t − s)H−1 ·

(∫

R3
(t − s)1−H · |Dt−s(z, h)|2 · |h|2H−2 · (1 + ∣∣ug,nε (s, x)

∣∣p)

λ(x − z)dxdzdh

) 2
p

ds

�
∫ t

0
(t − s)H−1 ·

(
1 + ∥∥ug,nε (s, ·)∥∥2L p

λ (R)

)
ds. (3.25)
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For the second term of (3.23), by (2.18) and a change of variable, we have

I2(t, x, h) �
(∫ t

0

∫

R2
|Dt−s(x − y − z, h)|2 · ∣∣ug,nε (s, y + z) − ug,nε (s, z)

∣∣2·

|y|2H−2dzdyds

) p
2

=
(∫ t

0

∫

R2
|Dt−s(x − z, h)|2 · ∣∣ug,nε (s, z) − ug,nε (s, z − y)

∣∣2·

|y|2H−2dzdyds

) p
2

=
(∫ t

0

∫

R2
|Dt−s(x − z, h)|2 · ∣∣ug,nε (s, y + z) − ug,nε (s, z)

∣∣2·

|y|2H−2dzdyds

) p
2

=
(∫ t

0

∫

R2
|pt−s(z − h) − pt−s(z)|2

· ∣∣ug,nε (s, x + y + z) − ug,nε (s, x + z)
∣∣2 · |y|2H−2dzdyds

) p
2

.

(3.26)

By (3.26), a change of variable, Minkowski’s inequality, Jensen’s inequality and
Lemma 6.5, we have

∫

R

∣∣
∣∣

∫

R

I2(t, x, h)λ(x)dx

∣∣
∣∣

2
p · |h|2H−2dh

�
∫

R

∣∣
∣∣

∫

R

(∫ t

0

∫

R2
|Dt−s(z, h)|2 · ∣∣ug,nε (s, x + y) − ug,nε (s, x)

∣
∣2·

|y|2H−2dzdyds

) p
2 · λ(x − z)dx

∣
∣∣∣

2
p · |h|2H−2dh

�
∫ t

0

∫

R3
|Dt−s(z, h)|2 · |y|2H−2 · |h|2H−2

·
(∫

R

∣∣ug,nε (s, x + y) − ug,nε (s, x)
∣∣pλ(x − z)dx

) 2
p

dzdydhds

�
∫ t

0

∫

R

(t − s)H−1 ·
(∫

R3
(t − s)1−H · |Dt−s(z, h)|2 · |h|2H−2

· ∣∣ug,nε (s, x + y) − ug,nε (s, x)
∣∣pλ(x − z)dxdzdh

) 2
p · |y|2H−2dyds
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�
∫ t

0
(t − s)H−1 ·

[
N ∗

1
2−H , p

ug,nε (s)
]2

ds. (3.27)

For the last term of (3.23), by (2.17) and a change of variable, we have

I3(t, x, h) �
(∫ t

0

∫

R2
|�t−s(x − z, y, h)|2 ·

(
1 + ∣

∣ug,nε (s, z)
∣
∣2
)

· |y|2H−2dzdyds

) p
2

=
(∫ t

0

∫

R2
|�t−s(z, y, h)|2 ·

(
1 + ∣

∣ug,nε (s, x − z)
∣
∣2
)

· |y|2H−2dzdyds

) p
2

≤
(∫ t

0

∫

R2
|�t−s(−z, y, h)|2 · |ug,nε (s, x + z) − ug,nε (s, x)|2 · |y|2H−2dzdyds

) p
2

+
(∫ t

0

∫

R2
|�t−s(−z, y, h)|2 ·

(
1 + ∣∣ug,nε (s, x)

∣∣2
)

· |y|2H−2dzdyds

) p
2

=: I31(t, x, h) + I32(t, x, h).

By a change of variable, Minkowski’s inequality and Lemma 6.4, we have

∫

R

∣∣
∣∣

∫

R

I31(t, x, h)λ(x)dx

∣∣
∣∣

2
p · |h|2H−2dh

�
∫ t

0

∫

R3
|�t−s(z, y, h)|2 ·

(∫

R

|ug,nε (s, x + z) − ug,nε (s, x)|pλ(x)dx

) 2
p

· |h|2H−2 · |y|2H−2dhdzdyds

�
∫ t

0
(t − s)H−1 ·

[
N ∗

1
2−H , p

ug,nε (s)
]2

ds. (3.28)

By a change of variable, Minkowski’s inequality and Lemma 6.2, we have

∫

R

∣∣∣∣

∫

R

I32(t, x, h)λ(x)dx

∣∣∣∣

2
p · |h|2H−2dh

�
∫ t

0

∫

R3
|�t−s(z, y, h)|2 ·

(
1 +

∫

R

∣∣ug,nε (s, x)
∣∣p λ(x)dx

) 2
p ·

|h|2H−2 · |y|2H−2dhdzdyds

�
∫ t

0
(t − s)2H− 3

2 ·
(
1 + ‖ug,nε (s, ·)‖2

L p
λ (R)

)
ds.

(3.29)
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Thus, by (3.23), (3.25), (3.27), (3.28) and (3.29), we have

[
N ∗

1
2−H , p

ug,n+1
ε (t)

]2

� 1 +
∫ t

0

(
(t − s)2H− 3

2 + (t − s)H−1
)

· ∥∥ug,nε (s, ·)∥∥2L p
λ (R)

ds

+
∫ t

0
(t − s)H−1 ·

[
N ∗

1
2−H , p

ug,nε (s)
]2

ds.

(3.30)

Step 4 Let

�n
ε (t) := ‖ug,nε (t, ·)‖2

L p
λ (R)

+
[
N ∗

1
2−H , p

ug,nε (t)
]2

.

Putting (3.22) and (3.30) together, there exists a constant CT ,p,H ,N > 0 such that

�n+1
ε (t) ≤ CT ,p,H ,N

(
1 +

∫ t

0
(t − s)2H− 3

2 �n
ε (s)ds

)
.

By the extension of Grönwall’s lemma ([11, Lemma 15]), we have

sup
n≥1

sup
t∈[0,T ]

�n
ε (t) ≤ C, (3.31)

where C is a constant independent of ε and g ∈ SN .
For any fixed ε > 0, by (3.14) and (3.31), we have that, for any t ∈ [0, T ],

‖ugε (t, ·)‖L p
λ (R) = lim

n→∞

(∫

R

[|ug,nε (t, x)|p] λ(x)dx

) 1
p ≤ C . (3.32)

For any fixed t and h, we have by (3.14),

‖ug,nε (t, · + h) − ug,nε (t, ·)‖L p
λ (R) → ‖ugε (t, · + h) − ugε (t, ·)‖L p

λ (R), as n → ∞.

By Fatou’s lemma and (3.31), we have

N ∗
1
2−H , p

ugε (t) =
∫

R

‖ugε (t, · + h) − ugε (t, ·)‖2L p
λ (R)

|h|2H−2dh

≤ lim inf
n→∞

∫

R

‖ug,nε (t, · + h) − ug,nε (t, ·)‖2
L p

λ (R)
|h|2H−2dh ≤ C .

(3.33)

By (3.32) and (3.33), we obtain that

sup
g∈SN

sup
ε>0

‖ugε‖Z p
λ,T

≤ sup
g∈SN

sup
ε>0

sup
t∈[0,T ]

‖ugε (t, ·)‖L p
λ (R) + sup

g∈SN
sup
ε>0

sup
t∈[0,T ]

N ∗
1
2−H , p

ugε (t) < ∞.
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The proof is complete. ��
Lemma 3.2 Let ugε be the approximate process defined by (3.7).

(i) If p > 6
4H−1 , then there exists a constant CT ,p,H ,N > 0 such that

sup
t∈[0,T ], x∈R

λ
1
p (x) · N 1

2−Hu
g
ε (t, x) ≤ CT ,p,H ,N

(
1 + ‖ugε‖Z p

λ,T

)
. (3.34)

(ii) If p > 3
H and 0 < γ < H

2 − 3
2p , then there exists a constant CT ,p,H ,N ,γ > 0

such that

sup
t, t+h∈[0,T ],

x∈R
λ

1
p (x) · |ugε (t + h, x) − ugε (t, x)|

≤ CT ,p,H ,N ,γ |h|γ ·
(
1 + ‖ugε‖Z p

λ,T

)
. (3.35)

(iii) If p > 3
H and 0 < γ < H − 3

p , then there exists a constant CT ,p,H ,N ,γ > 0
such that

sup
t∈[0,T ],
x, y∈R

|ugε (t, x) − ugε (t, y)|
λ

− 1
p (x) + λ

− 1
p (y)

≤ CT ,p,H ,N ,γ |x − y|γ ·
(
1 + ‖ugε‖Z p

λ,T

)
.

(3.36)

Proof (i) By (3.7), we have

ugε (t, x + h) − ugε (t, x) =
∫ t

0

〈
pt−s(x + h − ·)σ (s, ·, ugε (s, ·)), g(s, ·)

〉
Hε

ds

−
∫ t

0

〈
pt−s(x − ·)σ (s, ·, ugε (s, ·)), g(s, ·)

〉
Hε

ds

=: �(t, x + h) − �(t, x).

Applying (3.5) and the Fubini theorem, we have that, for any α ∈ (0, 1),

�(t, x) =
∫ t

0
〈pt−s(x − ·)σ (s, ·, ugε (s, ·)), g(s, ·)〉Hε

ds



∫ t

0

∫

R2
pt−s(x − y)σ (s, y, ugε (s, y))g(s, ỹ) fε(y − ỹ)dyd ỹds

= sin(πα)

π

∫ t

0

∫

R2
pt−s(x − y)

[∫ t

s
(t − r)α−1(r − s)−αdr

]

· σ(s, y, ugε (s, y))g(s, ỹ) fε(y − ỹ)dyd ỹds

= sin(πα)

π

∫ t

0

∫

R2

(∫

R

pt−r (x − z)pr−s(z − y)dz

)
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(∫ t

s
(t − r)α−1(r − s)−αdr

)

· σ(s, y, ugε (s, y))g(s, ỹ) fε(y − ỹ)dyd ỹds



∫ t

0

∫

R

(t − r)α−1 · pt−r (x − z)

·
(∫ r

0
(r − s)−α ·

∫

R2
pr−s(z − y)σ (s, y, ugε (s, y))

g(s, ỹ) fε(y − ỹ)dyd ỹds) dzdr



∫ t

0

∫

R

(t − r)α−1 · pt−r (x − z)

·
(∫ r

0
(r − s)−α〈pr−s(z − ·)σ (s, ·, ugε (s, ·)), g(s, ·)〉Hε

ds

)
dzdr

=
∫ t

0

∫

R

(t − r)α−1 · pt−r (x − z)Jα(r , z)dzdr , (3.37)

where

Jα(r , z) :=
∫ r

0
(r − s)−α〈pr−s(z − ·)σ (s, ·, ugε (s, ·)), g(s, ·)〉Hε

ds.

Set

�h Jα(t, x) := Jα(t, x + h) − Jα(t, x).

Applying a change of variable, we have

�(t, x + h) − �(t, x)



∫ t

0

∫

R

(t − r)α−1 · pt−r (x + h − z) · Jα(r , z)dzdr

−
∫ t

0

∫

R

(t − r)α−1 · pt−r (x − z) · Jα(r , z)dzdr

=
∫ t

0

∫

R

(t − r)α−1 · pt−r (x − z) · Jα(r , z + h)dzdr

−
∫ t

0

∫

R

(t − r)α−1 · pt−r (x − z) · Jα(r , z)dzdr

=
∫ t

0

∫

R

(t − r)α−1 · pt−r (x − z) · �h Jα(r , z)dzdr .

Invoking Minkowski’s inequality and Hölder’s inequality with 1
p + 1

q = 1, we have

∫

R

|�(t, x + h) − �(t, x)|2 · |h|2H−2dh
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∫

R

∣∣∣∣

∫ t

0

∫

R

(t − r)α−1 · pt−r (x − z)�h Jα(r , z)dzdr

∣∣∣∣

2

· |h|2H−2dh

�
(∫ t

0

∫

R

(t − r)α−1 · pt−r (x − z)

[∫

R

|�h Jα(r , z)|2 · |h|2H−2dh

] 1
2

dzdr

)2

�
(∫ t

0

∫

R

(t − r)q(α−1) · pqt−r (x − z)λ− q
p (z)dzdr

) 2
q

·
(∫ T

0

∫

R

[∫

R

|�h Jα(r , z)|2 · |h|2H−2dh

] p
2

λ(z)dzdr

) 2
p

� λ
− 2

p (x)

(∫ t

0
(t − r)q(α− 3

2+ 1
2q )dr

) 2
q

·
(∫ T

0

∫

R

[∫

R

|�h Jα(r , z)|2 · |h|2H−2dh

] p
2

λ(z)dzdr

) 2
p

, (3.38)

where in the last step we have used Lemma 6.1 and the following fact:

pqt−r (x − z) 
 (t − r)
1−q
2 p t−r

q
(x − z). (3.39)

If q(α − 3
2 + 1

2q ) > −1, namely if α > 3
2p , then

sup
t∈[0,T ],x∈R

λ
1
p (x)

(∫

R

|�(t, x + h) − �(t, x)|2 · |h|2H−2dh

) 1
2

�
(∫ T

0

∫

R

[∫

R

|�h Jα(r , z)|2 · |h|2H−2dh

] p
2

λ(z)dzdr

) 1
p

.

(3.40)

Thus, to prove part (i) we only need to prove that there exists some positive constant
C , independent of r ∈ [0, T ], such that for 3

2p < α < 1,

∫

R

[∫

R

|�h Jα(r , z)|2 · |h|2H−2dh

] p
2

λ(z)dz ≤ C

(
1 + ∥∥ugε

∥∥p
Z p

λ,T

)
. (3.41)

Now, it remains to show (3.41). Recall Dt (x, h) defined by (3.8). Applying the
Cauchy–Schwarz inequality, (2.6), (3.5) and (3.12), we have

�h Jα(r , z) ≤
∫ r

0
(r − s)−α · ∥∥Dr−s(z − ·, h)σ (s, ·, ugε (s, ·))

∥∥Hε
· ∥∥g(s, ·)∥∥Hε

ds
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�
(∫ r

0
(r − s)−2α · ∥∥Dr−s(z − ·, h)σ (s, ·, ugε (s, ·))

∥∥2Hε
ds

) 1
2 ·

(∫ r

0

∥∥g(s, ·)∥∥Hε
ds

) 1
2

�
(∫ r

0
(r − s)−2α · ∥∥Dr−s(z − ·, h)σ (s, ·, ugε (s, ·))

∥∥2Hε
ds

) 1
2

�
(∫ r

0

∫

R2
(r − s)−2α · ∣∣Dr−s(z − y − l, h)σ (s, y + l, ugε (s, y + l))

− Dr−s(z − y, h)σ (s, y, ugε (s, y))
∣∣2 · |l|2H−2dldyds

) 1
2

.

Set

J1(r , z, h) :=
(∫ r

0

∫

R2
(r − s)−2α · ∣∣Dr−s(z − y − l, h)

∣∣2

· ∣∣σ(s, y + l, ugε (s, y + l)) − σ(s, y, ugε (s, y + l))
∣∣2

· |l|2H−2dldyds

) p
2

;

J2(r , z, h) :=
(∫ r

0

∫

R2
(r − s)−2α · ∣∣Dr−s(z − y − l, h)

∣∣2

· ∣∣σ(s, y, ugε (s, y + l)) − σ(s, y, ugε (s, y))
∣
∣2 · |l|2H−2dldyds

) p
2

;

J3(r , z, h) :=
(∫ r

0

∫

R2
(r − s)−2α · ∣∣�r−s(z − y, l, h)

∣∣2·
∣∣σ(s, y, ugε (s, y))

∣∣2 · |l|2H−2dldyds
) p

2
.

By Minkowski’s inequality, we have

∫

R

[∫

R

|�h Jα(r , z)|2 · |h|2H−2dh

] P
2

λ(z)dz �
3∑

i=1

⎡

⎣
∫

R

(∫

R

Ji (r , z, h)λ(z)dz

) 2
p |h|2H−2dh

⎤

⎦

p
2

.

(3.42)

By the same technique as that in Step 2 of the proof for Lemma 3.1, we have

∫

R

(∫

R

J1(r , z, h)λ(z)dz

) 2
p |h|2H−2dh

�
∫ r

0
(t − s)−2α+H−1 ·

(
1 + ‖ugε (s, ·)‖2L p

λ (R)

)
ds; (3.43)
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∫

R

(∫

R

J2(r , z, h)λ(z)dz

) 2
p |h|2H−2dh

�
∫ r

0
(t − s)−2α+H−1 ·

[
N ∗

1
2−H , p

ugε (s)
]2

ds; (3.44)

∫

R

(∫

R

J3(r , z, h)λ(z)dz

) 2
p |h|2H−2dh

�
∫ r

0
(t − s)−2α+2H− 3

2 ·
(
1 + ‖ugε (s, ·)‖2L p

λ (R)

)
ds

+
∫ r

0
(t − s)−2α+H−1 ·

[
N ∗

1
2−H , p

ugε (s)
]2

ds. (3.45)

By (3.42), (3.43), (3.44), (3.45) and by using the same method as that in the proof of
(4.27) in [22], we have

∫

R

[∫

R

|�h Jα(r , z)|2 · |h|2H−2dh

] p
2

λ(z)dz

≤ C

(∫ r

0
(r − s)−2α+2H− 3

2 + (r − s)−2α+H−1ds

) p
2
(
1 + ‖ugε‖p

Z p
λ,T

)
.

(3.46)

If −2α + 2H − 3
2 > −1 and −2α + H − 1 > −1, namely if α < H − 1

4 , then we
see that (3.41) follows from (3.46). This condition on α is combined with α > 3

2p to

become 3
2p < α < H − 1

4 . Therefore, we have proved that for any p > 6
4H−1 , (3.34)

holds.
(ii) By (3.7) and (3.37), we have

�(t + h, x) − �(t, x)



∫ t

0

∫

R

(t + h − r)α−1 pt+h−r (x − z)Jα(r , z)dzdr

−
∫ t

0

∫

R

(t − r)α−1 pt−r (x − z)Jα(r , z)dzdr

+
∫ t+h

t

∫

R

(t + h − r)α−1 pt+h−r (x − z)Jα(r , z)dzdr

=
∫ t

0

∫

R

(t + h − r)α−1 (pt+h−r (x − z) − pt−r (x − z)) Jα(r , z)dzdr

+
∫ t

0

∫

R

(
(t + h − r)α−1 − (t − r)α−1

)
pt−r (x − z)Jα(r , z)dzdr

+
∫ t+h

t

∫

R

(t + h − r)α−1 pt+h−r (x − z)Jα(r , z)dzdr

=: K1(t, h, x) + K2(t, h, x) + K3(t, h, x). (3.47)
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In the following, we give estimates for Ki (t, h, x), i = 1, 2, 3, respectively. By
Hölder’s inequality, we have

K1(t, h, x) =
∫ t

0

∫

R

(t + h − r)α−1 (pt+h−r (x − z) − pt−r (x − z))

λ
− 1

p (z)Jα(r , z)λ
1
p (z)dzdr

≤
(∫ t

0

∫

R

(t + h − r)q(α−1)
∣∣pt+h−r (x − z)

−pt−r (x − z)
∣∣qλ− q

p (z)dzdr
) 1

q

·
(∫ t

0

∫

R

∣∣Jα(r , z)
∣∣pλ(z)dzdr

) 1
p

=: |K11(t, h, x)| 1q ·
(∫ t

0

∥∥Jα(r , ·)∥∥p
L p

λ (R)
dr

) 1
p

. (3.48)

Applying the Cauchy–Schwarz inequality, (2.6), (3.5) and (3.12), we have

∥∥Jα(r , ·)∥∥p
L p

λ (R)

=
∫

R

∣∣
∣∣

∫ r

0
(r − s)−α · 〈pr−s(z − ·)σ (s, ·, ugε (s, ·)), g(s, ·)〉Hε

ds

∣∣
∣∣

p

λ(z)dz

�
∫

R

∣∣∣∣

∫ r

0
(r − s)−2α · ∥∥pr−s(z − ·)σ (s, ·, ugε (s, ·))

∥∥2H ds

∣∣∣∣

p
2

λ(z)dz



∫

R

∣∣
∣∣

∫ r

0

∫

R2
(r − s)−2α ·

(
pr−s(z − y − l)σ (s, y + l, ugε (s, y + l))

− pr−s(z − y)σ (s, y, ugε (s, y))
)2 · |l|2H−2dydlds

∣∣∣∣

p
2

λ(z)dz

�
∫

R

[B1(r , z) + B2(r , z) + B3(r , z)]λ(z)dz,

(3.49)

where

B1(r , z) :=
(∫ r

0

∫

R2
(r − s)−2α · p2r−s(z − y − l)

· ∣∣σ(s, y + l, ugε (s, y + l) − σ(s, y, ugε (s, y + l))
∣∣2·

|l|2H−2dydlds

) p
2

;

B2(r , z) :=
(∫ r

0

∫

R2
(r − s)−2α · p2r−s(z − y − l)
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· ∣∣σ(s, y, ugε (s, y + l) − σ(s, y, ugε (s, y))
∣∣2 · |l|2H−2dydlds

) p
2

;

B3(r , z) :=
(∫ r

0

∫

R2
(r − s)−2α · ∣∣Dr−s(z − y, l)

∣
∣2 · ∣∣σ(s, y, ugε (s, y))

∣
∣2·

|l|2H−2dydlds
) p

2
.

By using the same technique as that in Step 3 of the proof for Lemma 3.1, we have

∫

R

B1(r , z)λ(z)dz �
(∫ r

0
(r − s)−2α− 1

2 ·
(
1 + ∥∥ugε (s, ·)

∥∥2
L p

λ (R)

)
ds

) p
2 ; (3.50)

∫

R

B2(r , z)λ(z)dz �
(∫ r

0
(r − s)−2α− 1

2 ·
(
N∗

1
2−H , p

ugε (s)
)2

ds

) p
2 ; (3.51)

∫

R

B3(r , z)λ(z)dz �
(∫ r

0
(r − s)−2α+H−1 ·

(
1 + ∥∥ugε (s, ·)

∥∥2
L p

λ (R)

)
ds

) p
2

. (3.52)

Putting (3.49), (3.50), (3.51) and (3.52) together, we have

∥∥Jα(r , ·)∥∥p
L p

λ (R)
�
(∫ r

0
(r − s)−2α− 1

2 + (r − s)−2α+H−1ds

) p
2
(
1 + ‖ugε

∥∥p
Z p

λ,T

)
.

(3.53)

If −2α − 1
2 > −1 and −2α + H − 1 > −1, namely if α < H

2 , then we have

∥
∥Jα(r , ·)∥∥p

L p
λ (R)

� 1 + ‖ugε
∥
∥p
Z p

λ,T
. (3.54)

By (3.39), (6.9) and Lemma 6.1, for any γ ∈ (0, 1), we have

∣
∣K11(t, h, x)

∣
∣ � |h|qγ

∫ t

0

∫

R

(t − r)q(α−1−γ )+ 1−q
2 p 2(t+h−r)

qγ
(x − z)λ− q

p (z)dzdr

+ |h|qγ

∫ t

0

∫

R

(t − r)q(α−1−γ )+ 1−q
2 p 2(t−r)

qγ
(x − z)λ− q

p (z)dzdr

� |h|qγ λ
− q

p (x)
∫ t

0
(t − r)q(α−1−γ )+ 1−q

2 dr .

Hence, if α < H
2 and q(α − 1 − γ ) + 1−q

2 > −1, namely if 0 < γ < H
2 − 3

2p , then
we have

∣∣K11(t, h, x)
∣∣
1
q � |h|γ λ

− 1
p (x). (3.55)
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If 0 < γ < H
2 − 3

2p , then by putting (3.48), (3.54) and (3.55) together, we have

sup
t, t+h∈[0,T ],

x∈R
λ

1
p (x) · ∣∣K1(t, h, x)

∣
∣ ≤ CT ,p,H ,N ,γ · |h|γ ·

(
1 + ‖ugε‖Z p

λ,T

)
. (3.56)

Applying Hölder’s inequality, (3.39) and Lemma 6.1, we have

K2(t, h, x) ≤
(∫ t

0

∫

R

∣∣(t + h − r)α−1 − (t − r)α−1
∣∣q · pqt−r (x − z)λ− q

p (z)dzdr

) 1
q

·
(∫ t

0

∫

R

∣∣Jα(r , z)
∣∣pλ(z)dzdr

) 1
p

�
(∫ t

0

∣∣(t + h − r)α−1 − (t − r)α−1
∣∣q(t − r)

1−q
2 λ

− q
p (x)dr

) 1
q

·
(∫ T

0

∥∥Jα(r , ·)∥∥p
L p

λ (R)
dr

) 1
p

.

(3.57)

By (3.54) and (6.8), for any γ ∈ (0, 1), if α < H
2 , then we have

sup
t, t+h∈[0,T ],

x∈R
λ

1
p (x) · ∣∣K2(t, h, x)

∣
∣

� |h|γ · sup
t∈[0,T ]

(∫ t

0
(t − r)q(α−1−γ )+ 1−q

2 dr

) 1
q

·
(
1 + ‖ugε‖Z p

λ,T

)
.

If α < H
2 and q(α − 1 − γ ) + 1−q

2 > −1, namely if 0 < γ < H
2 − 3

2p , then there
exists a positive constant CT ,p,H ,N ,γ such that

sup
t, t+h∈[0,T ],

x∈R
λ

1
p (x) · ∣∣K2(t, h, x)

∣∣ ≤ CT ,p,H ,N ,γ |h|γ ·
(
1 + ‖ugε‖Z p

λ,T

)
. (3.58)

By Hölder’s inequality and Lemma 6.1, we have

K3(t, h, x) ≤
(∫ t+h

t
(t + h − r)q(α−1)(t + h − r)

1−q
2 λ

− q
p (x)dr

) 1
q

·
(∫ T

0

∥∥Jα(r , ·)∥∥p
L p

λ (R)
dr

) 1
p


 λ
− 1

p (x) · |h|α− 3
2p ·

(∫ T

0

∥∥Jα(r , ·)∥∥p
L p

λ (R)
dr

) 1
p

.

(3.59)

123



280 Journal of Theoretical Probability (2024) 37:251–306

Let γ = α − 3
2p . If

3
2p < α < H

2 , namely if 0 < γ < H
2 − 3

2p , then (3.54) yields that

sup
t, t+h∈[0,T ],

x∈R
λ

1
p (x) · ∣∣K3(t, h, x)

∣∣ ≤ CT ,p,H ,N ,γ |h|γ ·
(
1 + ‖ugε‖Z p

λ,T

)
. (3.60)

If p > 3
H and 0 < γ < H

2 − 3
2p , then by putting (3.47), (3.56), (3.58) and (3.60)

together, we have

sup
t, t+h∈[0,T ],

x∈R
λ

1
p (x) · ∣∣�(t + h, x) − �(t, x)

∣∣ ≤ CT ,p,H ,N ,γ |h|γ ·
(
1 + ‖ugε‖Z p

λ,T

)
.

(3.61)

(iii) Notice that

|�(t, x) − �(t, y)|


∫ t

0

∫

R

(t − r)α−1 · (pt−r (x − z) − pt−r (y − z)) Jα(r , z)dzdr

�
(∫ t

0

∫

R

(t − r)q(α−1) · ∣∣pt−r (x − z) − pt−r (y − z)
∣∣qλ− q

p (z)dzdr

) 1
q

·
(∫ t

0

∫

R

∣
∣Jα(r , z)

∣
∣pλ(z)dzdr

) 1
p

=
(∫ t

0

∫

R

(t − r)q(α−1) · ∣∣pt−r (x − z) − pt−r (y − z)
∣∣qλ− q

p (z)dzdr

) 1
q ·

(∫ t

0

∥∥Jα(r , ·)∥∥p
L p

λ (R)
dr

) 1
p

.

For any γ ∈ (0, 1), by using the same method as that in the proof of (4.35) in [22] and
(3.54), we have

∣
∣�(t, x) − �(t, y)

∣
∣

�
∣∣x − y

∣∣γ ·
[
λ

− 1
p (x) + λ

− 1
p (y)

]
·
(∫ t

0
(t − r)(αq− 3q

2 + 1
2 )− γ q

2 dr

) 1
q ·

(
1 + ‖ugε

∥∥
Z p

λ,T

)
.

(3.62)

If α < H
2 and (αq − 3q

2 + 1
2 ) − γ q

2 > −1, namely if p > 3
H and 0 < γ < H − 3

p ,
then we get the desired result (3.36).

The proof is complete. ��
Lemma 3.3 Assume that un ∈ Z p

λ,T , n ≥ 1, for some p ≥ 2. If un → u in (C([0, T ]×
R), dC) as n → ∞, then we have the following results:
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(i) u is also in Z p
λ,T ;

(ii) for any fixed t ∈ [0, T ],
∫ t

0

∫

R

‖pt−s(x − ·)σ (s, ·, u(s, ·))‖2Hλ(x)dsdx < ∞. (3.63)

Hence, for almost all x ∈ R,

∫ t

0
‖pt−s(x − ·)σ (s, ·, u(s, ·))‖2Hds < ∞. (3.64)

Proof (i) This result is due to [22, Lemma 4.6] by replacing ‖ · ‖L p
λ (�×R) by ‖ · ‖L p

λ (R),
the proof is omitted here.

(ii) Recall Dt (x, h) given by (3.8). By (2.6) and a change of variable, we have

‖pt−s(x − ·)σ (s, ·, u(s, ·))‖2H
= c2,H

∫

R2

[
pt−s(x − y − h)σ (s, y + h, u(s, y + h))

− pt−s(x − y)σ (s, y, u(s, y))

]2
· |h|2H−2dhdy

�
∫

R2
p2t−s(x − y) |σ(s, y, u(s, y + h)) − σ(s, y, u(s, y))|2 · |h|2H−2dhdy

+
∫

R2
|Dt−s(x − y, h)|2 |σ(s, y + h, u(s, y))|2 · |h|2H−2dhdy

+
∫

R2
p2t−s(x − y) |σ(s, y + h, u(s, y)) − σ(s, y, u(s, y))|2 · |h|2H−2dhdy

=: F1(t, s, x) + F2(t, s, x) + F3(t, s, x).

(3.65)

By (2.18), (3.18), a change of variable and Lemma 6.1, we have that, for any fixed
t ∈ [0, T ],

∫ t

0

∫

R

F1(t, s, x)λ(x)dxds

�
∫ t

0

∫

R3
p2t−s(x − y) · ∣∣u(s, y + h) − u(s, y)

∣∣2 · |h|2H−2λ(x)dhdydxds



∫ t

0

∫

R2
(t − s)−

1
2 ·
(∫

R

p t−s
2

(y − x)λ(x)dx

)

·∣∣u(s, y + h) − u(s, y)
∣∣2 · |h|2H−2dhdyds

�
∫ t

0

∫

R2
(t − s)−

1
2 λ(y)

∣∣u(s, y + h) − u(s, y)
∣∣2 · |h|2H−2dhdyds
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�
∫ t

0
(t − s)−

1
2 ds · sup

s∈[0,T ]

[
N ∗

1
2−H ,2

u(s)
]2

< ∞. (3.66)

By (2.17), a change of variable and Lemma 6.2, we have that, for any fixed t ∈
[0, T ],

∫ t

0

∫

R

F2(t, s, x)λ(x)dxds

�
∫ t

0

∫

R3
|Dt−s(x − y, h)|2 ·

(
1 + ∣∣u(s, y)

∣∣2
)

· |h|2H−2λ(x)dhdydxds

=
∫ t

0

∫

R

(∫

R2
|Dt−s(y, h)|2 · |h|2H−2λ(x − y)dhdy

)
·
(
1 + ∣∣u(s, x)

∣∣2
)
dxds

�
∫ t

0

∫

R

(t − s)H−1
(
1 + ∣∣u(s, x)

∣∣2
)

λ(x)dxds

≤
∫ t

0
(t − s)H−1ds · sup

s∈[0,T ]

(
1 + ‖u(s, ·)‖2

L2
λ(R)

)
< ∞. (3.67)

By (3.16), (3.17), (3.18), a change of variable and Lemma 6.1, we have that, for
any fixed t ∈ [0, T ],

∫ t

0

∫

R

F3(t, s, x)λ(x)dxds

�
∫ t

0

∫

R3
p2t−s(x − y)

(
1 + |u(s, y)|2

)
· (1{|h|≤1}

|h|2 + 1{|h|>1}
)

|h|2H−2λ(x)dhdydxds

�
∫ t

0

∫

R2
p2t−s(x − y)

(
1 + |u(s, y)|2

)
λ(x)dydxds



∫ t

0

∫

R

(t − s)−
1
2 ·
(∫

R

p t−s
2

(y − x)λ(x)dx

)
·
(
1 + |u(s, y)|2

)
dyds

�
∫ t

0

∫

R

(t − s)−
1
2 λ(y)

(
1 + |u(s, y)|2

)
dyds

≤
∫ t

0
(t − s)−

1
2 ds · sup

s∈[0,T ]

(
1 + ‖u(s, ·)‖2

L2
λ(R)

)
< ∞.

(3.68)

Putting (3.65)-(3.68) together, we obtain (3.63). In particular, (3.64) holds for almost
all x ∈ R.

The proof is complete. ��
Proof of Proposition 3.1 (Existence) By Lemma 3.2 (ii) and (iii), we have that for any
R > 0 and γ > 0, there exists θ > 0 such that

max|t−s|+|x−y|≤θ,
0≤t,s≤T ;−R≤x,y≤R

|ugε (t, x) − ugε (s, y)| ≤ γ.
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Combining this with the fact of ugε (0, ·) ≡ 1, we know that the family {ugε }ε>0 is
relatively compact on the space (C([0, T ] × R), dC) by the Arzelà–Ascoli theorem.
Thus, there is a subsequence εn ↓ 0 such that ugεn converges to a function ug in
(C([0, T ] × R), dC).

By using the Cauchy–Schwarz inequality, (2.18), Lemma 3.3 (ii) and the dominated
convergence theorem, we have

ugεn (t, x) = 1 +
∫ t

0
〈pt−s(x − ·) (σ(s, ·, ugεn (s, ·)) − σ(s, ·, ug(s, ·))) , g(s, ·)〉Hεn

ds

+
∫ t

0
〈pt−s(x − ·)σ (s, ·, ug(s, ·)), g(s, ·)〉Hεn

ds

−→ 1 +
∫ t

0
〈pt−s(x − ·)σ (s, ·, ug(s, ·)), g(s, ·)〉Hds as εn ↓ 0.

By the uniqueness of the limit of {ugεn }n≥1, we know that ug satisfies Eq. (2.28). By
Lemma 3.1 and Lemma 3.3 (i), we have that, for any p ≥ 2,

sup
g∈SN

‖ug‖Z p
λ,T

< ∞. (3.69)

(Uniqueness)Let ug and vg be two solutions of (2.28). By using the same technique
as that in the proof of Lemma 3.2 (i), we have that, for any p > 6

4H−1 ,

sup
t∈[0,T ], x∈R

λ
1
p (x) · N 1

2−Hu
g(t, x) < ∞; (3.70)

sup
t∈[0,T ], x∈R

λ
1
p (x) · N 1

2−Hvg(t, x) < ∞. (3.71)

Denote that

S1(t) =
∫

R

|ug(t, x) − vg(t, x)|2λ(x)dx,

and

S2(t) =
∫

R2

∣∣ug(t, x) − vg(t, x) − ug(t, x + h) + vg(t, x + h)
∣∣2

· |h|2H−2λ(x)dhdx .

According to (3.2), (3.3) and (3.69), we know that

sup
t∈[0,T ]

S1(t) < ∞, sup
t∈[0,T ]

S2(t) < ∞. (3.72)
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Recall Dt (x, h) defined by (3.8) and denote that

�(t, x, y) := σ(t, x, ug(t, y)) − σ(t, x, vg(t, y)).

Since
∫ T
0 ‖g(s, ·)‖2Hds < ∞, by using the Cauchy–Schwarz inequality, (2.6) and a

change of variable, we have that, for any t ∈ [0, T ],
∫

R

|ug(t, x) − vg(t, x)|2λ(x)dx

=
∫

R

∣∣∣∣

∫ t

0
〈pt−s(x − ·)�(s, ·, ·), g(s, ·)〉Hds

∣∣∣∣

2

λ(x)dx

�
∫

R

∫ t

0
‖g(s, ·)‖2Hds ·

∫ t

0
‖pt−s(x − ·)�(s, ·, ·)‖2Hdsλ(x)dx

�
∫ t

0

∫

R3

[
pt−s(x − y − h)�(s, y + h, y + h) − pt−s(x − y)�(s, y, y)

]2

· |h|2H−2λ(x)dhdydxdsvz

�
∫ t

0

∫

R3
p2t−s(x − y) |�(s, y, y + h) − �(s, y, y)|2 · |h|2H−2λ(x)dhdydxds

+
∫ t

0

∫

R3
|Dt−s(x − y, h)|2 |�(s, y + h, y)|2 · |h|2H−2λ(x)dhdydxds

+
∫ t

0

∫

R3
p2t−s(x − y) |�(s, y + h, y) − �(s, y, y)|2 · |h|2H−2λ(x)dhdydxds

=: V1(t) + V2(t) + V3(t). (3.73)

By the integral mean value theorem, we have

|�(s, y, y + h) − �(s, y, y)|2

=
∣∣∣
∫ 1

0

[
ug(s, y + h) − vg(s, y + h)

]
σ ′

ξ

(
s, y, θug(s, y + h) + (1 − θ)vg(s, y)

)
dθ

−
∫ 1

0

[
ug(s, y) − vg(s, y)

]
σ ′

ξ

(
s, y, θug(s, y) + (1 − θ)vg(s, y)

)
dθ

∣∣
∣
2
.

By (2.19) and (2.22), we have

|�(s, y, y + h) − �(s, y, y)|2
�
∣∣ug(s, y + h) − vg(s, y + h) − ug(s, y) + vg(s, y)

∣∣2

+ λ
2
p0 (y)|ug(s, y) − vg(s, y)|2·

[
|ug(s, y + h) − ug(s, y)|2 + |vg(s, y + h) − vg(s, y)|2

]
. (3.74)

where p0 ∈
(

6
4H−1 ,∞

)
is the constant appeared in (2.22).
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By (3.18) and Lemma 6.1, we have

∫ t

0

∫

R3
p2t−s(x − y)

∣∣ug(s, y + h) − vg(s, y + h) − ug(s, y) + vg(s, y)
∣∣2 ·

|h|2H−2λ(x)dhdydxds



∫ t

0
(t − s)−

1
2

∫

R2
·
(∫

R

p t−s
2 (y−x)λ(x)dx

)

· ∣∣ug(s, y + h) − vg(s, y + h) − ug(s, y) + vg(s, y)
∣∣2 · |h|2H−2dhdyds

�
∫ t

0
(t − s)−

1
2

∫

R2
λ(y)

∣∣ug(s, y + h) − vg(s, y + h) − ug(s, y) + vg(s, y)
∣∣2 ·

|h|2H−2dhdyds =
∫ t

0
(t − s)−

1
2 · S2(s)ds. (3.75)

By (3.18), (3.70), (3.71) and Lemma 6.1, we have

∫ t

0

∫

R3
p2t−s(x − y)λ

2
p0 (y)|ug(s, y) − vg(s, y)|2

·
[
|ug(s, y + h) − ug(s, y)|2 + |vg(s, y + h) − vg(s, y)|2

]
·

|h|2H−2λ(x)dhdydxds

�
∫ t

0

∫

R2
p2t−s(x − y)|ug(s, y) − vg(s, y)|2λ(x)dydxds

�
∫ t

0
(t − s)−

1
2

∫

R

·
(∫

R

p t−s
2

(y − x)λ(x)dx

)
|ug(s, y) − vg(s, y)|2dyds

�
∫ t

0
(t − s)−

1
2

∫

R

λ(y)|ug(s, y) − vg(s, y)|2dyds

=
∫ t

0
(t − s)−

1
2 · S1(s)ds. (3.76)

Combining (3.74), (3.75) with (3.76), we obtain that

V1(t) �
∫ t

0
(t − s)−

1
2 · (S1(s) + S2(s)) ds. (3.77)

A change of variable, Lemma 6.5 and (2.18) yield that

V2(t) �
∫ t

0

∫

R3
|Dt−s(x − y, h)|2 · |ug(s, y) − vg(s, y)|2 · |h|2H−2λ(x)dhdydxds

=
∫ t

0

∫

R

·
(∫

R2
|Dt−s(x, h)|2 · |h|2H−2λ(y − x)dhdx

)
· |ug(s, y) − vg(s, y)|2·

dyds
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�
∫ t

0
(t − s)H−1

∫

R

λ(y)|ug(s, y) − vg(s, y)|2dyds

=
∫ t

0
(t − s)H−1 · S1(s)ds. (3.78)

If h > 1, then we have that by (2.19),

(�(s, y + h, y) − �(s, y, y))2 =
∣∣∣∣∣

∫ vg

ug

(
σ ′

ξ (s, y + h, ξ) − σ ′
ξ (s, y, ξ)

)
dξ

∣∣∣∣∣

2

�
∣
∣ug(s, y) − vg(s, y)

∣
∣2 .

(3.79)

If h ≤ 1, then we have that by (2.21),

(�(s, y + h, y) − �(s, y, y))2 =
∣∣∣∣∣

∫ vg

ug

(
σ ′

ξ (s, y + h, ξ) − σ ′
ξ (s, y, ξ)

)
dξ

∣∣∣∣∣

2

�
∣∣ug(s, y) − vg(s, y)

∣∣2 · |h|2 .

(3.80)

Thus, by (3.39), (3.79), (3.80) and Lemma 6.1, we have

V3(t) =
∫ t

0

∫

R2

∫

|h|>1
p2t−s(x − y) · |ug(s, y) − vg(s, y)|2 · |h|2H−2λ(x)dhdydxds

+
∫ t

0

∫

R2

∫

|h|≤1
p2t−s(x − y − h) · |ug(s, y) − vg(s, y)|2·

|h|2Hλ(x)dhdydxds

�
∫ t

0

∫

R2
p2t−s(x − y) · |ug(s, y) − vg(s, y)|2λ(x)dydxds



∫ t

0
(t − s)

1
2

∫

R

·
(∫

R

p t−s
2

(y − x)λ(x)dx

)
· |ug(s, y) − vg(s, y)|2dyds

�
∫ t

0
(t − s)

1
2

∫

R

λ(y)|ug(s, y) − vg(s, y)|2dyds

=
∫ t

0
(t − s)−

1
2 · S1(s)ds. (3.81)

By (3.73), (3.77), (3.78) and (3.81), we have

S1(t) �
∫ t

0
(t − s)H−1 · [S1(s) + S2(s)]ds. (3.82)

123



Journal of Theoretical Probability (2024) 37:251–306 287

Using the similar procedure as in the proof of (3.82), we obtain that

S2(t) �
∫ t

0
(t − s)2H− 3

2 · [S1(s) + S2(s)]ds. (3.83)

Therefore, by (3.82) and (3.83), we have

S1(t) + S2(t) �
∫ t

0

(
(t − s)H−1 + (t − s)2H− 3

2

)
· [S1(s) + S2(s)]ds.

Notice that S1(t) and S2(t) are uniformly bounded on [0, T ] as in (3.72). By the
fractional Grönwall lemma ([15, Lemma 7.1.1]), we have

S1(t) + S2(t) = 0 for all t ∈ [0, T ].
This, together with the continuities of ug and vg , implies that ug = vg .

The proof is complete. ��

4 Verification of Condition 2.2 (a)

We now verify Condition 2.2 (a). Recall that 	0
(∫ ·

0 g(s)ds
) = ug for g ∈ S, where

ug is the solution of Eq. (2.28).

Proposition 4.1 Assume that σ satisfies the hypothesis (H). For any N ≥ 1, let gn, g ∈
SN be such that gn → g weakly as n → ∞. Let ugn denote the solution to Eq. (2.28)
replacing g by gn. Then, as n → ∞,

ugn −→ ug in C([0, T ] × R).

Proof The proof is divided into two steps. In Step 1, we prove that the family {ugn }n≥1
is relatively compact in C([0, T ] × R), which implies that there exists a subsequence
of {ugn }n≥1 (still denoted by {ugn }n≥1) such that ugn → u as n → ∞ in C([0, T ]×R)

for some function u ∈ C([0, T ] × R). In Step 2, we show that u = ug .
Step 1 Recall that

ugn (t, x) = 1 +
∫ t

0
〈pt−s(x − ·)σ (s, ·, ugn (s, ·)), gn(s, ·)〉Hds. (4.1)

Since {gn}n≥1 ⊂ SN , by Proposition 3.1, we know that for any p ≥ 2,

sup
n≥1

∥∥ugn
∥∥
Z p

λ,T
< ∞. (4.2)

As in (3.37), for any α ∈ (0, 1), we have

∫ t

0
〈pt−s(x − ·)σ (s, ·, ugn (s, ·)), gn(s, ·)〉Hds
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∫ t

0

∫

R

(t − r)α−1 · pt−r (x − z) · Iα(r , z)dzdr ,

where

Iα(r , z) :=
∫ r

0
〈(r − s)−α pr−s(z − ·)σ (s, ·, ugn (s, ·)), gn(s, ·)〉Hds.

If α < H
2 , then by using the same technique as that in the proof of (3.54), we have

∥∥Iα(r , ·)∥∥p
L p

λ (R)
� 1 + ‖ugn∥∥p

Z p
λ,T

. (4.3)

Fix γ ∈ (0, 1). By using the same method as that in the proof of (3.61), if α < H
2 ,

then we have

sup
t,t+h∈[0,T ],

x∈R
λ

1
p (x) · ∣∣ugn (t + h, x) − ugn (t, x)

∣
∣

� |h|γ ·
(∫ t

0
(t − r)q(α−1−γ )+ 1−q

2 dr

) 1
q

·
(
1 + ‖ugn‖Z p

λ,T

)
.

(4.4)

If α < H
2 and q(α − 1 − γ ) + 1−q

2 > −1, namely if p > 3
H and 0 < γ < H

2 − 3
2p ,

then there exists a positive constant CT ,p,H ,N ,γ such that

sup
t,t+h∈[0,T ],

x∈R
λ

1
p (x) · ∣∣ugn (t + h, x) − ugn (t, x)

∣∣

≤ CT ,p,H ,N ,γ · |h|γ ·
(
1 + ‖ugn‖Z p

λ,T

)
. (4.5)

By using the same method as that in the proof of (3.62), if α < H
2 , then we have

∣∣ugn (t, x) − ugn (t, y)
∣∣

�
∣∣x − y

∣∣γ ·
[
λ

− 1
p (x) + λ

− 1
p (y)

]
·
(∫ t

0
(t − r)(αq− 3q

2 + 1
2 )− γ q

2 dr

) 1
q ·

(
1 + ‖ugn∥∥Z p

λ,T

)
.

(4.6)

If α < H
2 and (αq − 3q

2 + 1
2 )− γ q

2 , namely if p > 3
H and 0 < γ < H − 3

p , then there
exists a positive constant CT ,p,H ,N ,γ such that

sup
t∈[0,T ],
x,h∈R

|ugn (t, x) − ugn (t, y)|
λ

− 1
p (x) + λ

− 1
p (y)

≤ CT ,p,H ,N ,γ · |x − y|γ ·
(
1 + ‖ugn‖Z p

λ,T

)
. (4.7)
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By (4.5) and (4.7), we have that, for any R > 0 and γ > 0, there exists θ > 0 such
that

max|t−s|+|x−y|≤θ,
0≤t,s≤T ;−R≤x,y≤R

|ugn (t, x) − ugn (s, y)| ≤ γ.

Combining this with the initial value ugn (0, ·) ≡ 1, we know that {ugn }n≥1 is relatively
compact on the space (C([0, T ] ×R), dC) by the Arzelà–Ascoli theorem. Thus, there
exists a subsequence of {ugn }n≥1 (still denoted by {ugn }n≥1) and u ∈ C([0, T ] × R)

such that ugn → u as n → ∞. By Lemma 3.3 (i) and (4.2), we have that, for any
p ≥ 2,

‖u‖Z p
λ,T

< ∞. (4.8)

Step 2 In this step, we prove that u = ug . Denote that

D1(t) =
∫

R

|ugn (t, x) − ug(t, x)|2λ(x)dx,

and

D2(t) =
∫

R2

∣∣ugn (t, x) − ug(t, x) − ugn (t, x + h) + ug(t, x + h)
∣∣2 ·

|h|2H−2λ(x)dhdx .

According to (3.2), (3.3) and (3.69), we know that sup
t∈[0,T ]

D1(t) < ∞ and

sup
t∈[0,T ]

D2(t) < ∞. Recall Dt (x, h) defined in (3.8) and denote that

�n(t, x, y) := σ(t, x, ugn (t, y)) − σ(t, x, ug(t, y)).

By (2.28) and (4.1), we have

D1(t) + D2(t)

≤ 2
∫

R

∣∣∣
∣

∫ t

0
〈pt−s(x − ·)�n(s, ·, ·), gn(s, ·)〉Hds

∣∣∣
∣

2

λ(x)dx

+ 2
∫

R

∣∣
∣∣

∫ t

0
〈pt−s(x − ·)σ (s, ·, ug(s, ·)), gn(s, ·) − g(s, ·)〉Hds

∣∣
∣∣

2

λ(x)dx

+ 2
∫

R

∣
∣∣∣

∫ t

0
〈Dt−s(x − ·, h)�n(s, ·, ·), gn(s, ·)〉Hds

∣
∣∣∣

2

|h|2H−2λ(x)dhdx

+ 2
∫

R

∣∣∣∣

∫ t

0
〈Dt−s(x − ·)σ (s, ·, ug(s, ·)), gn(s, ·) − g(s, ·)〉Hds

∣∣∣∣

2

|h|2H−2λ(x)dhdx
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=: 2 (E1(t) + E2(t) + E3(t) + E4(t)) . (4.9)

By the similar technique as that in the uniqueness of the proof of Proposition 3.1, we
have

E1(t) + E3(t) �
∫ t

0

(
(t − s)H−1 + (t − s)2H− 3

2

)
· [D1(s) + D2(s)] ds.

(4.10)

On the other hand, denote that

Gn(t, x) :=
∣∣∣∣

∫ t

0
〈pt−s(x − ·)σ (s, ·, ug(s, ·)), gn(s, ·) − g(s, ·)〉Hds

∣∣∣∣

2

.

By Lemma 3.3 (ii), we know that for almost all x ∈ R,

∫ t

0

∥∥pt−s(x − ·)σ (s, ·, ug(s, ·))∥∥2H ds < ∞. (4.11)

This, together with the weak convergence of gn to g, implies that almost all x ∈ R,

Gn(t, x) → 0, as n → ∞. (4.12)

Since gn, g ∈ SN , by using the Cauchy–Schwarz inequality, (2.6), and a change of
variable, we have that, for any p ≥ 2,

∫

R

Gn(t, x)
p
2 λ(x)dx

�
∫

R

(∫ t

0

∥∥pt−s(x − ·)σ (s, ·, ug(s, ·))∥∥2H ds

) p
2

λ(x)dx



∫

R

(∫ t

0

∫

R2

∣∣∣pt−s(x − y − h)σ (s, y + h, ug(s, y + h))

− pt−s(x − y)σ (s, y, ug(s, y))
∣∣
∣
2 · |h|2H−2dhdyds

) p
2

λ(x)dx . (4.13)

By the similar technique as that in Step 2 in the proof of Proposition 3.1, we have

sup
n≥1

∫

R

Gn(t, x)
p
2 λ(x)dx � ‖ug‖p

Z p
λ,T

< ∞.

It follows from [8, p. 105, Exercise 8] that {Gn(t, x)}n≥1 is L1-uniformly integrable
in (R, λ(x)dx), namely

lim
M→∞ sup

n≥1

∫

Gn(t,x)>M
Gn(t, x)λ(x)dx = 0. (4.14)

123



Journal of Theoretical Probability (2024) 37:251–306 291

By (4.12) and the dominated convergence theorem, we have

lim
n→∞

∫

Gn(t,x)≤M
Gn(t, x)λ(x)dx = 0. (4.15)

By (4.14) and (4.15), we have

lim
n→∞ E2(t) = 0. (4.16)

Using the same technique as that in the proof of (4.16), we can prove that

lim
n→∞ E4(t) = 0. (4.17)

Since D1(t) and D2(t) are uniformly bounded on [0, T ], they are integrable on [0, T ].
Putting (4.9), (4.10), (4.16) and (4.17) together, by the fractional Grönwall lemma
([15, Lemma 7.1.1]), we have

lim
n→∞ [D1(t) + D2(t)] = 0, for all t ∈ [0, T ].

In particular, ugn (t, ·) → ug(t, ·) as n → ∞ in the space L2
λ(R) for all t ∈ [0, T ].

Since ugn also converges to u as n → ∞ in the space (C([0, T ] × R), dC), the unique-
ness of the limit of ugn implies that u = ug .

The proof is complete. ��

5 Verification of Condition 2.2 (b)

For any ε > 0, define the solution functional 	ε : C([0, T ];R∞) → C([0, T ] × R)

by

	ε (W (·)) := uε, (5.1)

where uε stands for the solution of Eq. (1.1) and W can be regarded as a cylindrical
Brownian motion onH by (2.7).

Let {gε}ε>0 ⊂ UN be a given family of stochastic processes. By the Girsanov

theorem, it is easily to see that ũε := 	ε
(
W (·) + 1√

ε

∫ ·
0 g

ε(s)ds
)
is the unique solution

of the equation

∂ ũε(t, x)

∂t
= ∂2ũε(t, x)

∂x2
+ √

εσ (t, x, ũε(t, x))Ẇ (t, x)

+ 〈
σ(t, ·, ũε(t, ·)), gε(t, ·)〉H , t > 0, x ∈ R

(5.2)

with the initial value ũε(0, ·) ≡ 1.
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Recall the map 	0 defined by (2.29). Then ūε := 	0
(∫ ·

0 g
ε(s)ds

)
solves the equa-

tion

∂ ūε(t, x)

∂t
= ∂2ūε(t, x)

∂x2
+ 〈

σ(t, ·, ūε(t, ·)), gε(t, ·)〉H , t > 0, x ∈ R (5.3)

with the initial value ūε(0, ·) ≡ 1.
Equivalently, we have

ũε(t, x) = 1 + √
ε

∫ t

0

∫

R

pt−s(x − y)σ (s, y, ũε(s, y))W (ds, dy)

+
∫ t

0

〈
pt−s(x − ·)σ (s, ·, ũε(s, ·)), gε(s, ·)〉H ds,

(5.4)

and

ūε(t, x) = 1 +
∫ t

0

〈
pt−s(x − ·)σ (s, ·, ūε(s, ·)), gε(s, ·)〉H ds. (5.5)

Proposition 5.1 Assume that σ satisfies the hypothesis (H) for some constant p0 >
6

4H−1 . For every N < +∞ and {gε}ε>0 ⊂ UN , it holds that for any δ > 0,

lim
ε→0

P
(
dC(ũε, ūε) > δ

) = 0.

Before proving Proposition 5.1, we give the following lemmas.

Lemma 5.1 Assume that σ satisfies the hypothesis (H) for some constant p0 > 6
4H−1 .

Then, it holds that for any p > p0,

sup
0<ε<1

‖ũε‖Z p
λ,T

< ∞, sup
0<ε<1

‖ūε‖Z p
λ,T

< ∞. (5.6)

Proof We give the details of the proof for ũε, while the proof for ūε is similar but
simpler which is omitted. Here, the proof is inspired by the proof of [22, Lemma 4.5].

Step 1 As in (4.38) of [22], let

∂

∂x
Wη(t, x) :=

∫

R

pη(x − y)W (t, dy), for any η > 0.

Consider

ũε
η(t, x) = 1 + √

ε

∫ t

0

∫

R

pt−s(x − y)σ (s, y, ũε
η(s, y))Wη(ds, dy)

+
∫ t

0

〈
pt−s(x − ·)σ (s, ·, ũε

η(s, ·)), gε(s, ·)
〉

Hη

ds

=: 1 + √
ε�ε

1,η(t, x) + �ε
2,η(t, x).

(5.7)
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Let

ũε,0
η (t, x) = 1,

and recursively for n = 0, 1, 2, . . . ,

ũε,n+1
η (t, x) = 1 + √

ε

∫ t

0

∫

R

pt−s(x − y)σ (s, y, ũε,n
η (s, y))Wη(ds, dy)

+
∫ t

0

〈
pt−s(x − ·)σ (s, ·, ũε,n

η (s, ·)), gε(s, ·)
〉

Hη

ds

=:1 + √
ε�

ε,n
1,η(t, x) + �

ε,n
2,η(t, x).

(5.8)

By using [19, Lemma 4.15] and the similar argument as that in Step 1 in the proof
of Lemma 3.1, we know that for any fixed t ∈ [0, T ] and η > 0, when n goes to
infinity, ũε,n

η (t, ·) converges to ũε
η(t, ·) in L p

λ (� × R).
By using the same method as that in the proof of Lemma 3.1, we obtain that

‖�ε,n+1
2,η (t, ·)‖2

L p
λ (�×R)

+
[
N ∗

1
2−H , p

�
ε,n+1
2,η (t)

]2

� 1 +
∫ t

0

(
(t − s)2H− 3

2 + (t − s)H−1 + (t − s)−
1
2

)
· ‖ũε,n

η (s, ·)‖2
L p

λ (�×R)
ds

+
∫ t

0

(
(t − s)H−1 + (t − s)−

1
2

)
·
[
N ∗

1
2−H , p

ũε,n
η (s)

]2
ds. (5.9)

Next, we will give some estimates for ‖�ε,n
1,η(t, ·)‖L p

λ (�×R) and N ∗
1
2−H , p

�
ε,n
1,η(t).

Step 2 In this step, we estimate ‖�ε,n
1,η(t, ·)‖L p

λ (�×R). By the Burkholder–Davis–
Gundy inequality, we have that

E

[
|�ε,n+1

1,η (t, x)|p
]

� E

(∫ t

0

∫

R2

∣
∣pt−s(x − y − h)σ (s, y + h, ũε,n

η (s, y + h))

−pt−s(x − y)σ (s, y, ũε,n
η (s, y))

∣∣2 · |h|2H−2dhdyds

) p
2

� E

(∫ t

0

∫

R2
p2t−s(x − y − h)

∣∣σ(s, y + h, ũε,n
η (s, y + h))

−σ(s, y, ũε,n
η (s, y + h))

∣
∣2 · |h|2H−2dhdyds

) p
2
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+E

(∫ t

0

∫

R2
p2t−s(x − y − h)

∣∣σ(s, y, ũε,n
η (s, y + h)) − σ(s, y, ũε,n

η (s, y))
∣∣2

·|h|2H−2dhdyds

) p
2

+E

(∫ t

0

∫

R2
|Dt−s(x − y, h)|2 ·

∣∣∣σ(s, y, ũε,n
η (s, y))

∣∣∣
2 · |h|2H−2dhdyds

) p
2

=: L1(t, x) + L2(t, x) + L3(t, x), (5.10)

where Dt−s(x − y, h) is defined by (3.8).
By using the same arguments as to that in Step 3 of the proof of Lemma 3.1, we

have
(∫

R

L1(t, x)λ(x)dx

) 2
p

�
∫ t

0

∫

R

p2t−s(y)

(∫

R

(
1 + ‖ũε,n

η (s, x + y)‖p
L p(�)

)
λ(x)dx

) 2
p

dyds

�
∫ t

0
(t − s)−

1
2 ·
(∫

R2
p t−s

2
(y)

(
1 + ‖ũε,n

η (s, x)‖p
L p(�)

)
λ(x − y)dxdy

) 2
p

ds

�
∫ t

0
(t − s)−

1
2 ·
(
1 + ‖ũε,n

η (s, ·)‖2
L p

λ (�×R)

)
ds, (5.11)

(∫

R

L2(t, x)λ(x)dx

) 2
p

�
∫ t

0

∫

R2
p2t−s(y)

(∫

R

‖ũε,n
η (s, x + y + h) − ũε,n

η (s, x + y)‖p
L p(�)λ(x)dx

) 2
p ·

|h|2H−2dhdyds

�
∫ t

0

∫

R

(t − s)−
1
2 ·
(∫

R2
p t−s

2
(y)‖ũε,n

η (s, x + h) − ũε,n
η (s, x)‖p

L p(�)

λ(x − y)dxdy

) 2
p

· |h|2H−2dhds

�
∫ t

0
(t − s)−

1
2 ·
[
N ∗

1
2−H , p

ũε,n
η (s)

]2
ds, (5.12)

and
(∫

R

L3(t, x)λ(x)dx

) 2
p

�
∫ t

0

∫

R2
|Dt−s(y, h)|2 ·

(∫

R

(
1 + ‖ũε,n

η (s, x + y)‖p
L p(�)

)
λ(x)dx

) 2
p · |h|2H−2dhdyds
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�
∫ t

0
(t − s)H−1 ·

(∫

R3
(t − s)1−H · |Dt−s(y, h)|2 ·

(
1 + ‖ũε,n

η (s, x)‖p
L p(�)

)
λ(x − y)

· |h|2H−2dhdxdy

) 2
p

ds

�
∫ t

0
(t − s)H−1 ·

(
1 + ‖ũε,n

η (s, ·)‖2
L p

λ (�×R)

)
ds. (5.13)

Therefore, by (5.10), (5.11), (5.12) and (5.13), we have

‖�ε,n+1
1,η (t, ·)‖2

L p
λ (�×R)

=
(∫

R

E

[∣∣∣�ε,n+1
1,η (t, x)

∣∣∣
p]

λ(x)dx

) 2
p

� 1 +
∫ t

0

(
(t − s)−

1
2 + (t − s)H−1

)
· ‖ũε,n

η (s, ·)‖2
L p

λ (�×R)
ds

+
∫ t

0
(t − s)−

1
2 ·
[
N ∗

1
2−H , p

ũε,n
η (s)

]2
ds. (5.14)

Step 3 In this step, we deal withN ∗
1
2−H , p

�
ε,n
1,η(t). By the Burkholder–Davis–Gundy

inequality and the hypothesis (H), the similar calculation as that in Step 2 of the proof
of Lemma 3.1 implies that

E
[ ∣∣∣�ε,n+1

1,η (t, x) − �
ε,n+1
1,η (t, x + h)

∣
∣∣
p ]


E

(∫ t

0

∫

R2

∣
∣Dt−s(x − y − z, h)σ (s, y + z, ũε,n

η (s, y + z))

− Dt−s(x − z, h)σ (s, z, ũε,n
η (s, z))

∣∣2 · |y|2H−2dzdyds

) p
2

�E

(∫ t

0

∫

R

|Dt−s(x − z, h)|2 ·
(
1 + |ũε,n

η (s, z)|2
)
dzds

) p
2

+ E

(∫ t

0

∫

R2
|Dt−s(x − y − z, h)|2 ·

∣∣∣ũε,n
η (s, y + z) − ũε,n

η (s, z)
∣∣∣
2 ·

|y|2H−2dzdyds

) p
2

+ E

(∫ t

0

∫

R2
|�t−s(x − z, y, h)|2 ·

(
1 + |ũε,n

η (s, z)|2
)

· |y|2H−2dzdyds

) p
2

=:M1(t, x, h) + M2(t, x, h) + M3(t, x, h),

where �t−s(x − z, y, h) is defined by (3.9).
By (2.15) and (3.3), we have

[
N ∗

1
2−H , p

�
ε,n+1
1,η (t)

]2
�

3∑

i=1

∫

R

(∫

R

Mi (t, x, h)λ(x)dx

) 2
p · |h|2H−2dh. (5.15)
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Applying a change of variable, Minkowski’s inequality, Jensen’s inequality and
Lemma 6.5, we have

∫

R

(∫

R

M1(t, x, h)λ(x)dx

) 2
p |h|2H−2dh

�
∫ t

0
(t − s)H−1 ·

(
1 + ‖ũε,n

η (s, ·)‖2
L p

λ (�×R)

)
ds; (5.16)

∫

R

(∫

R

M2(t, x, h)λ(x)dx

) 2
p |h|2H−2dh

�
∫ t

0
(t − s)H−1 ·

[
N ∗

1
2−H , p

ũε,n
η (s)

]2
ds; (5.17)

∫

R

∣
∣∣∣

∫

R

M3(t, x, h)λ(x)dx

∣
∣∣∣

2
p · |h|2H−2dh

�
∫ t

0
(t − s)2H− 3

2

(
(t − s)

3
2−2H

∫

R4

∣∣�t−s(z, y, h)
∣∣2 · |y|2H−2 · |h|2H−2

·
(
1 + E

[∣∣∣ũε,n
η (s, x)

∣∣∣
p])

λ(x − z)dxdydhdz

) 2
p

ds

�
∫ t

0
(t − s)2H− 3

2 ·
(
1 + ‖ũε,n

η (s, ·)‖2
L p

λ (�×R)

)
ds. (5.18)

Therefore, by (5.15), (5.16), (5.17) and (5.18), we have

[
N ∗

1
2−H , p

�
ε,n+1
1,η (t)

]2

� 1 +
∫ t

0

(
(t − s)H−1 + (t − s)2H− 3

2

)
· ‖ũε,n

η (s, ·)‖2
L p

λ (�×R)
ds

+
∫ t

0
(t − s)H−1 ·

[
N ∗

1
2−H , p

ũε,n
η (s)

]2
ds.

(5.19)

Step 4 By (5.14) and (5.19), we obtain that

‖�ε,n+1
1,η (t, ·)‖2

L p
λ (�×R)

+
[
N ∗

1
2−H , p

�
ε,n+1
1,η (t)

]2

� 1 +
∫ t

0

(
(t − s)H−1 + (t − s)−

1
2

)
· ‖ũε,n

η (s, ·)‖2
L p

λ (�×R)
ds

+
∫ t

0

(
(t − s)H−1 + (t − s)−

1
2

)
·
[
N ∗

1
2−H , p

ũε,n
η (s)

]2
ds.

(5.20)

For any t ≥ 0, let

�̃ε,n
η (t) := ‖ũε,n

η (t, ·)‖2
L p

λ (�×R)
+
[
N ∗

1
2−H , p

ũε,n
η (t)

]2
.
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By (5.8), (5.9) and (5.20), there exists a constant CT ,p,H ,N > 0 such that

�̃ε,n+1
η (t) ≤ CT ,p,H ,N

(
1 +

∫ t

0
(t − s)2H− 3

2 · �̃ε,n
η (s)ds

)
.

By the extension of Grönwall’s lemma [11, Lemma 15], we have

sup
n≥1

sup
t∈[0,T ]

�̃ε,n
η (t) ≤ C,

where C is a constant independent of η ∈ (0,∞) and ε ∈ (0, 1).
By using the same argument as that in Step 3 of the proof of [22, Lemma 4.5] (or

Step 4 in the proof of Lemma 3.1), we have

sup
η>0

‖ũε
η‖Z p

λ,T
≤ C for any p ≥ p0, (5.21)

where C is a constant independent of ε ∈ (0, 1).
By using the same methods as that in the proof of [22, Lemma 4.7 (ii), (iii)] and

Lemma 3.2 (ii), (iii), we have that, for any R > 0 and γ > 0, there exists θ > 0 such
that for each i = 1, 2,

lim
θ↓0 P

({
�ε

i,η ∈ C([0, T ] × R) : mT ,R
(
�ε

i,η, θ
)

> γ
})

= 0,

where

mT ,R
(
�ε

i,η, θ
)

:= max|t−s|+|x−y|≤θ,
0≤t,s≤T ,−R≤x,y≤R

|�ε
i,η(t, x) − �ε

i,η(s, y)|.

By Lemma 6.7, the family {ũε
η}η>0 is tight on the space C([0, T ] × R). Thus,

ũε
η → ũε almost surely in the space (C([0, T ] × R), dC) as η → 0. By the same

method as that in the proofs of [22, Theorem 1.5] and proposition 3.1, we know that
ũε is the solution of Eq.(5.4). By (5.21) and [22, Lemma 4.6], we have

sup
ε∈(0,1)

‖ũε‖Z p
λ,T

< ∞, for any p ≥ p0.

The proof is complete. ��
For any u ∈ Z p

λ,T and g ∈ UN , let

Y (t, x) :=
∫ t

0
〈pt−s(x − ·)σ (s, ·, u(s, ·)), g(s, ·)〉H ds. (5.22)

By using Lemma 3.2 and Minkowski’s inequality, we have the following results.
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Lemma 5.2 Assume that σ satisfies the hypothesis (H) for some constant p0 > 6
4H−1 .

Then we have the following results:

(i) For any p > p0, there exists a constant CT ,p,H ,N > 0 such that

∥∥∥∥∥
sup

t∈[0,T ], x∈R
λ

1
p (x)N 1

2−HY (t, x)

∥∥∥∥∥
L p(�)

≤ CT ,p,H ,N

(
1 + ‖u‖Z p

λ,T

)
; (5.23)

(ii) If p > 3
H and 0 < γ < H

2 − 3
2p , then there exists a positive constant CT ,p,H ,N ,γ

such that
∥∥∥∥
∥∥∥

sup
t, t+h∈[0,T ],

x∈R
λ

1
p (x)

[
Y (t + h, x) − Y (t, x)

]

∥∥∥∥
∥∥∥
L p(�)

≤ CT ,p,H ,N ,γ |h|γ ·
(
1 + ‖u‖Z p

λ,T

)
;

(5.24)

(iii) If p > 3
H and 0 < γ < H − 3

p , then there exists a positive constant CT ,p,H ,N ,γ

such that
∥∥∥∥∥
∥∥

sup
t∈[0,T ],
x,y∈R

Y (t, x) − Y (t, y)

λ
− 1

p (x) + λ
− 1

p (y)

∥∥∥∥∥
∥∥
L p(�)

≤ CT ,p,H ,N ,γ |x − y|γ ·
(
1 + ‖u‖Z p

λ,T

)
.

(5.25)

Recall ũε and ūε defined by (5.4) and (5.5), respectively. For any k ≥ 1 and any
p ≥ p0, where p0 is defined by (2.22), define the stopping time

τk := inf

{
r ≥ 0 : sup

0≤s≤r , x∈R
λ

1
p (x)N 1

2−H ũ
ε(s, x) ≥ k,

or sup
0≤s≤r , x∈R

λ
1
p (x)N 1

2−H ū
ε(s, x) ≥ k

}
.

(5.26)

By [22, Lemma 4.7], Lemmas 5.1 and 5.2, we know that

sup
ε∈(0,1)

∥
∥∥∥∥

sup
t∈[0,T ], x∈R

λ
1
p (x)N 1

2−H ũ
ε(t, x)

∥
∥∥∥∥
L p(�)

< ∞,

sup
ε∈(0,1)

∥∥∥∥∥
sup

t∈[0,T ], x∈R
λ

1
p (x)N 1

2−H ū
ε(t, x)

∥∥∥∥∥
L p(�)

< ∞.

Those, together with Chebychev’s inequality, imply that

τk ↑ ∞, a.s., as k → ∞. (5.27)
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For any t ∈ [0, T ], let

ũε
k(t, ·) := ũε(t ∧ τk, ·), ūε

k(t, ·) := ūε(t ∧ τk, ·). (5.28)

Obviously, when τk > T , ũε
k(t, ·) = ũε(t, ·) and ūε

k(t, ·) = ūε(t, ·) for any t ∈ [0, T ].

Lemma 5.3 Assume that σ satisfies the hypothesis (H) for some constant p0 > 6
4H−1 .

Then for any p ≥ p0,

lim
ε→0

∥∥ũε
k − ūε

k

∥∥Z p
λ,T

= 0. (5.29)

Proof Let

�ε
1(t, x) :=

∫ t

0

∫

R

pt−s(x − y)σ (s, y, ũε
k(s, y))W (ds, dy), (5.30)

and

�ε
2(t, x) :=

∫ t

0

〈
pt−s(x − ·)�(s, ·, ·).gε(s, ·)〉H ds, (5.31)

where �(t, x, y) := σ(t, x, ũε
k(t, y))−σ(t, x, ūε

k(t, y)). Then, by (5.4) and (5.5), we
have

∥∥ũε
k − ūε

k

∥∥Z p
λ,T

≤ √
ε
∥∥�ε

1

∥∥Z p
λ,T

+ ∥∥�ε
2

∥∥Z p
λ,T

. (5.32)

According to Lemmas 4.5 and 4.6 in [22], we have
∥∥�ε

1

∥∥Z p
λ,T

< ∞ for any p ≥ p0.

Now, it remains to give an estimate for
∥∥�ε

2

∥∥Z p
λ,T

.

By using the same technique as that in the proof of (5.14), we have

∥
∥�ε

2(t, ·)
∥
∥2
L p

λ (�×R)

�
∫ t

0

(
(t − s)H−1 + (t − s)−

1
2

)
· ∥∥ũε

k(s, ·) − ūε
k(s, ·)

∥∥2
L p

λ (�×R)
ds

+
∫ t

0
(t − s)−

1
2 ·
[
N ∗

1
2−H , p

(
ũε
k(s) − ūε

k(s)
)]2

ds.

(5.33)

Next,wedealwith the termN ∗
1
2−H ,p

�ε
2(t). Since g

ε ∈ UN , by theCauchy–Schwarz

inequality and (2.6), we have

E
[∣∣�ε

2(t, x) − �ε
2(t, x + h)

∣∣p]

=E

[∣∣∣
∫ t

0

〈
Dt−s(x − ·, h)�(s, ·, ·), gε(s, ·)〉Hds

∣∣∣
p
]
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�E

[∫ t

0

∥∥Dt−s(x − ·, h)�(s, ·, ·)∥∥2Hds

] p
2


E

[ ∫ t

0

∫

R2

∣∣Dt−s(x − y − l, h)�(s, y + l, y + l)

− Dt−s(x − y, h)�(s, y, y)
∣∣2 · |l|2H−2dldyds

] p
2

�Rε
1(t, x, h) + Rε

2(t, x, h) + Rε
3(t, x, h), (5.34)

where

Rε
1(t, x, h) :=E

[ ∫ t

0

∫

R2

∣∣Dt−s(x − y − l, h)
∣∣2

· ∣∣�(s, y + l, y + l) − �(s, y + l, y)
∣∣2 · |l|2H−2dldyds

] p
2

;

Rε
2(t, x, h) :=E

[ ∫ t

0

∫

R2

∣
∣�t−s(x − y,−l, h)

∣
∣2 · ∣∣�(s, y + l, y)

∣
∣2·

|l|2H−2dldyds

] p
2

;

Rε
3(t, x, h) :=E

[ ∫ t

0

∫

R2

∣
∣Dt−s(x − y, h)

∣
∣2 · ∣∣�(s, y + l, y) − �(s, y, y)

∣
∣2·

|l|2H−2dldyds

] p
2

.

By a change of variable, we have

Rε
1(t, x, h)

� E

[ ∫ t

0

∫

R2

∣
∣Dt−s(x − y, h)

∣
∣2

· ∣∣ũε
k(s, y + l) − ūε

k(s, y + l) − ũε
k(s, y) + ūε

k(s, y)
∣∣2 · |l|2H−2dldyds

] p
2

+ E

[ ∫ t

0

∫

R

∣∣Dt−s(x − y, h)
∣∣2 · ∣∣ũε

k(s, y) − ūε
k(s, y)

∣∣2

·
(∫

R

λ
2
p0 (y)

∣∣ũε
k(s, y + l) − ũε

k(s, y)
∣∣2 · |l|2H−2dl

)
dyds

] p
2

+ E

[ ∫ t

0

∫

R

∣∣Dt−s(x − y, h)
∣∣2 · ∣∣ũε

k(s, y) − ūε
k(s, y)

∣∣2
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·
(∫

R

λ
2
p0 (y)

∣∣ūε
k(s, y + l) − ūε

k(s, y)
∣∣2 · |l|2H−2dl

)
dyds

] p
2

=:Rε
11(t, x, h) + Rε

12(t, x, h) + Rε
13(t, x, h),

where p0 is the constant given by (2.22).
By using a change of variable, the Minkowski inequality, Jensen’s inequality and

Lemma 6.5, we have

∫

R

(∫

R

Rε
11(t, x, h)λ(x)dx

) 2
p · |h|2H−2dh

�
∫ t

0

∫

R

(t − s)H−1 ·
[ ∫

R3
(t − s)1−H

∣∣Dt−s(y, h)
∣∣2 · |h|2H−2

· E
[∣
∣ũε

k(s, x + l) − ūε
k(s, x + l) − ũε

k(s, x) + ūε
k(s, x)

∣
∣p
]

· λ(x − y)dxdydh

] 2
p

·

|l|2H−2dlds

�
∫ t

0
(t − s)H−1 ·

[
N ∗

1
2−H , p

(
ũε
k(s) − ūε

k(s)
)]2

ds,

(5.35)

and

∫

R

(∫

R

(Rε
12(t, x, h) + Rε

13(t, x, h)
)
λ(x)dx

) 2
p · |h|2H−2dh

� k2
∫ t

0
(t − s)H−1 ·

[ ∫

R3
(t − s)1−H · ∣∣Dt−s(y, h)

∣∣2 · |h|2H−2

· E [∣∣ũε
k(s, x) − ūε

k(s, x)
∣
∣p] · λ(x − y)dxdydh

] 2
p

ds

� k2
∫ t

0
(t − s)H−1 · ∥∥ũε

k(s, ·) − ūε
k(s, ·)

∥∥2
L p

λ (�×R)
ds. (5.36)

By (2.18), we have

Rε
2(t, x, h) � E

[∫ t

0

∫

R2

∣∣�t−s(x − y,−l, h)
∣∣2·

∣∣ũε
k(s, y) − ūε

k(s, y)
∣∣2 · |l|2H−2dldyds

] p
2

.

Hence, by a change of variable, Minkowski’s inequality, Jensen’s inequality and
Lemma 6.5, we have

∫

R

∣∣∣∣

∫

R

Rε
2(t, x, h)λ(x)dx

∣∣∣∣

2
p · |h|2H−2dh
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�
∫ t

0
(t − s)2H− 3

2 ·
(

(t − s)
3
2−2H ·

∫

R4

∣∣�t−s(y, l, h)
∣∣2 · |l|2H−2|h|2H−2

· E[∣∣ũε
k(s, x) − ūε

k(s, x)
∣∣p]λ(x − y)dxdldydh

) 2
p

ds

�
∫ t

0
(t − s)2H− 3

2 · ∥∥ũε
k(s, ·) − ūε

k(s, ·)
∥∥2
L p

λ (�×R)
ds. (5.37)

By Lemma 6.5, we have

∫

R

(∫

R

Rε
3(t, x, h)λ(x)dx

) 2
p · |h|2H−2dh

�
∫ t

0
(t − s)H−1 · ∥∥ũε

k(s, ·) − ūε
k(s, ·)

∥∥2
L p

λ (�×R)
ds.

(5.38)

Putting (5.34), (5.35), (5.36), (5.37) and (5.38) together, we have

[
N ∗

1
2−H ,p

�ε
2(t)

]2

:=
∫

R

[∫

R

E
[∣∣�ε

2(t, x) − �ε
2(t, x + h)

∣
∣p] λ(x)dx

] 2
p · |h|2H−2dh

� k2
∫ t

0

(
(t − s)H−1 + (t − s)2H− 3

2

)
· ∥∥ũε

k(s, ·) − ūε
k(s, ·)

∥
∥2
L p

λ (�×R)
ds

+
∫ t

0
(t − s)H−1 ·

[
N ∗

1
2−H , p

(
ũε
k(s) − ūε

k(s)
)]2

ds. (5.39)

It follows from Lemma 5.1 that
∥∥ũε

k − ūε
k

∥∥Z p
λ,T

is finite. By (5.32), (5.33), (5.39) and

the fractional Grönwall lemma ( [15, Lemma 7.1.1]), we have that, for any fixed k ≥ 1
and p > p0,

lim
ε→0

∥∥ũε
k − ūε

k‖Z p
λ,T

= 0.

The proof is complete. ��

We now give the proof of Proposition 5.1.

Proof of Proposition 5.1 By [22, Lemma 4.7], Lemmas 5.1, 5.2 and 6.7, we know
that the probability measures on the space (C([0, T ] × R),B(C([0, T ] × R)), dC)

corresponding to the processes {ũε − ūε}ε>0 are tight. Thus, there is a subse-
quence εn ↓ 0 such that ũεn − ūεn converges weakly to some stochastic process
Z = {Z(t, x), t ∈ [0, T ], x ∈ R} in (C([0, T ] × R),B(C([0, T ] × R)), dC).
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On the other hand, for any k ≥ 1, p ≥ p0, γ > 0,

P

(

sup
0≤t≤T

∫

R

∣∣ũε(t, x) − ūε(t, x)
∣∣p λ(x)dx > γ

)

≤P

(

sup
0≤t≤T

∫

R

∣∣ũε(t, x) − ūε(t, x)
∣∣p λ(x)dx > γ, τk > T

)

+ P (τk ≤ T )

≤P

(

sup
0≤t≤T

∫

R

∣∣ũε
k(t, x) − ūε

k(t, x)
∣∣p λ(x)dx > γ

)

+ P (τk ≤ T ) .

(5.40)

First letting ε → 0 and then letting k → ∞, by Lemma 5.3 and (5.27), we have

sup
0≤t≤T

∫

R

∣
∣ũε(t, x) − ūε(t, x)

∣
∣p λ(x)dx → 0 in probability, as ε → 0.

Thus, for any fixed t ∈ [0, T ], the processes {ũε(t, x)(ω)− ūε(t, x)(ω); (ω, x) ∈ �×
R} converges in probability in the product probability space (�⊗R,P⊗λ(x)dx). This,
together with the weak convergence of {ũεn − ūεn }n≥1 and the uniqueness of the limit
distribution of ũεn − ūεn , implies that Z(t, x) ≡ 0, t ∈ [0, T ], x ∈ R, almost surely.
Thus, as ε → 0, ũε−ūε convergesweakly to 0 in (C([0, T ]×R),B(C([0, T ]×R)), dC).
Equivalently, the sequence of real-valued random variables dC(ũε, ūε) converges to
0 in distribution as ε goes to 0. This implies that as ε → 0,

dC(ũε, ūε) −→ 0 in probability.

See, e.g., [8, p. 98, Exercise 4]. The proof is complete. ��
Acknowledgements The authors are grateful to the anonymous referees for their constructive comments
and corrections which have led to significant improvement of this paper. The research of R. Li is partially
supported by Shanghai Sailing Program Grants 21YF1415300 and NNSFC Grant 12101392. The research
of R. Wang is partially supported by NNSFC Grants 11871382 and 12071361. The research of B. Zhang is
partially supported by NNSFC Grants 11971361 and 11731012.

Author Contributions RL, RW and BZ contributed to writing—reviewing and editing.

Data Availability Data sharing is not applicable to this article as no datasets were generated or analyzed
during the current study.

Declarations

Conflict of interest The authors declare that they have no conflict of interest.

Appendix

In this section, we give some lemmas related to the heat kernel pt (x). Recall λ(x)
defined by (2.13), Dt (x, h), �t (x, y, h) defined by (3.8) and (3.9), respectively.
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Lemma 6.1 ([22, Lemma 2.5]) For any T > 0,

sup
t∈[0,T ]

sup
x∈R

1

λ(x)

∫

R

pt (x − y)λ(y)dy < ∞. (6.1)

Lemma 6.2 ([22, Lemma 2.8]) For any H ∈ ( 14 ,
1
2 ), there exists some constant CH

such that
∫

R2
|Dt (x, h)|2 · |h|2H−2dhdx = CHt

H−1, (6.2)

and
∫

R3
|�t (x, y, h)|2 · |h|2H−2 · |y|2H−2dydhdx = CHt

2H− 3
2 . (6.3)

Lemma 6.3 ([22, Lemma 2.10]) For any t > 0, there exists some constant CH such
that

∫

R

|Dt (x, h)|2 · |h|2H−2dh ≤ CH

(
t H− 3

2 ∧ |x |2H−2

√
t

)
, (6.4)

where 0 < H < 1
2 .

Lemma 6.4 ([22, Lemma 2.11]) For any t > 0, there exists some constant CH such
that

∫

R2
|�t (x, y, h)|2 · |h|2H−2 · |y|2H−2dydh ≤ CH

(
t2H−2 ∧ |x |2H−2

t1−H

)
. (6.5)

Lemma 6.5 ([22, Lemma 2.12]) For any t > 0, there exists some constant CT ,H such
that

∫

R2
|Dt (x, h)|2 · |h|2H−2λ(z − x)dxdh ≤ CT ,H t

H−1λ(z), (6.6)

and
∫

R3
|�t (x, y, h)|2 · |h|2H−2 · |y|2H−2λ(z − x)dxdydh ≤ CT ,H t

2H− 3
2 λ(z). (6.7)

Lemma 6.6 ([22, (4.29)], [22, (4.32)]) For some fixed γ ∈ (0, 1) and α ∈ (0, 1), the
following two inequalities hold:

|(t + h)α−1 − tα−1| � |t |α−1−γ hγ , (6.8)

and
|pt+h(x) − pt (x)| � hγ t−γ

[
p 2

γ
(t+h)(x) + p 2t

γ
(x)
]
. (6.9)
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Lemma 6.7 ([22, Theorem 4.4]) A sequence {Pn}∞n=1 of probability measures on
(C([0, T ] × R),B(C([0, T ] × R))) is tight if and only if the following conditions
hold:

(i). lim
λ↑∞ sup

n≥1
Pn ({ω ∈ C([0, T ] × R) : |ω(0, 0)| > λ}) = 0.

(ii). For any R > 0 and γ > 0,

lim
δ↓0 supn≥1

Pn

({
ω ∈ C([0, T ] × R) : mT ,R(ω, θ) > γ

})
= 0,

where
mT ,R(ω, θ) := max|t−s|+|x−y|≤θ,

0≤t,s≤T ;−R≤x,y≤R

|ω(t, x) − ω(s, y)|

is the modulus of continuity on [0, T ] × [−R, R].
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