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Abstract

We consider the existence and Holder continuity conditions for the k-th-order deriva-
tives of self-intersection local time for d-dimensional fractional Brownian motion,
where k = (ki, ko, ..., kg). Moreover, we show a limit theorem for the critical case
with H = % and d = 1, which was conjectured by Jung and Markowsky [7].
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1 Introduction

Fractional Brownian motion (fBm) on R? with Hurst parameter H € (0, 1) is a d-
dimensional centered Gaussian process B = (B!, t > 0} with component processes
being independent copies of a 1-dimensional centered Gaussian process B+, i =
1,2, ..., d and the covariance function given by

E[BH pHi| = [tzH +s52H —s|2H].

| =

1
Note that B/ is a classical standard Brownian motion. Let D = {(r,s) : 0 <r < s <
t}. The self-intersection local time (SLT) of fBm was first investigated in Rosen [11]
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and formally defined as:
o (y) =/ 8(BI — BH — y)drds,
D

where B is a fBm and § is the Dirac delta function. It was further investigated in
Hu [3], Hu and Nualart [4]. In particular, Hu and Nualart [4] showed its existence
whenever Hd < 1. Moreover, «;(y) is Holder continuous in time of any order strictly
less than 1 — H with d = 1, which can be derived from Xiao [14].

The derivative of self-intersection local time (DSLT) for fBm was first considered
in the works by Yan et al. [15] [16], where the ideas were based on Rosen [12]. The
DSLT for fBm has two versions: One is extended by the Tanaka formula (see in Jung
and Markowsky [7]):

() =~H / 8B = B —y)(s =)~ drds,
D
The other is from the occupation-time formula (see Jung and Markowsky [8]):
@ (y) = _/ 8'(BE — BH — y)drds.
D

Motivated by the first-order DSLT for fBm in Jung and Markowsky [8] and the
k-th-order derivative of intersection local time (ILT) for fBm in Guo et al. [1], we will
consider the following k-th-order DSLT for fBm in this paper

k
~(k) H H
o ' (y) = —/ 8(By" — B,” —y)drds
t ay{q“.aysd D ) r
= (—1)”"[ S(k)(BfI — BrH — y)drds,
D
where k = (ky, ..., kg) is a multi-index with all k; being nonnegative integers and

|k| = ki + ko + - -+ + kg, 8 is the Dirac delta function of d variables and §% (y) =
ﬁ(% y) is the k-th-order partial derivative of §.

1 d

Set

1 2 1 . _pl
felx) = e % = ¢! P¥e=e 2 dp,
Qre)? Qm)? Jpa

d d
where (p, x) =3 5_; pjx; and Ip|? = 2= p?.
Since the Dirac delta function § can be approximated by f.(x), we approximate

5® anda® (y) by

i k| )

! 1 1]

fg(k) x)= o )d / pllfl . psd€l<p’x)€7€p7dp
J R4
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and
a® () = (- 1)\k|/ OB — BH _ yydrds, (1

respectively.
If (’x\,(’kg (y) converges to a random variable in L” as ¢ — 0, we denote the limit by
@™ (y) and call it the k-th DSLT of BY.

Theorem1 For 0 < H < 1 and &,(ks)(y) defined in (1), let # := #{k; is odd, i =

2, ...d} denotes the odd number ofki,fori =12,...,d. If H < min{zlklﬁ,

m, 71 for k| = Z 1 kj, then @, Olt (0) exists in L.

Theorem2 If H(lk| +d) < 1, then a( )(0) exists in L?, for all p € (0, 00).

Note that if d = 1 and |k| = 1, the condition for the existence of '07[( )(y) in
Theorems 1 and 2 is consistent with that in Jung and Markowsky [8]. If d = 2 and
|k] = 1 in Theorems 1, we can see H < % is the best possible, since a limit theorem

for threshold H = % studied in Markowsky [9].

Theorem 3 Assume that H(|k|+d) < landt,f € [0, T]. Then, (x( )(y) is Holder con-
tinuous in y of any order strictly less than min(1, %) and Hélder continuous
in t of any order strictly less than 1 — H k| —

B[(@° @ -aPm)']| = o -y, 6)

where % < min(1, =HEHIE g

E[@E 0 -aPm)]| = i -, &)

where B < 1 — H|k| —

Note thatif d = 1 and k = 1. The results of (2) and (3) in Theorem 3 are consistent
with the results in Jung and Markowsky [8]. Whend = 1 and k = 0, the corresponding
Holder continuous in time of any order less than 1 — H , is the condition obtained in Xiao
[14]. Moreover, we believe that our methodology also works well for k-th-order DSLT
of solution of stochastic differential equation (SDE) driven by fBm, if the solution of
SDE driven by fBm satisfies the property of local nondeterminism. For example, the
special linear SDE, the solution is fractional Ornstein—Uhlenbeck processes.

Jung and Markowsky [7] proved that oz(k) (0) exists in L2 ford = 1 and k = 1 with
0 < H < 2/3, and conjectured that for the case H > 2/3, ¢ ”(H)at,a(O) converges in
law to a Gaussian distribution for some suitable constant y (H) > 0, and at the critical
point H = %, the variable log(%)"’&;) +(0) converges in law to a Gaussian distribution
for some y > 0. Later, Jaramillo and Nualart [5] proved the case of H > 2/3 as

law

1o (0) B N©, D), & 0.

t\—

3_
£2
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By the proof of Lemma 1 in Sect. 2, we can see the multinomial terms (p; — %)ki
fori = 1,2, ...,d, are taken into account. But we are not sure if k; is odd or even,

there are many difficulties in the integral of [(p;j — %)ki ety pi1; thus, we only
consider the limit theorem in case d = 1 and k = 1 below.

Inspired by the results conjectured in [7] and the functional limit theorem for SLT
of fBm givgn in Jaramillo and Nualart [6]. We will show a limit theorem of the critical
case H = 3.

Theorem 4 For (’it(’kg (y) defined in (1) with y = 0. Suppose that H = %, d =1and
k=1, then as ¢ — 0, we have

—1
(log (é)) @ .(0)Y N, oY),

4
where 0 = %B(Z 1/3) and B(-, -) is a Beta function.

The study of DSLT for fBm has a strong degree of heat, see in [5-8,17] and refer-
ences therein. However, the corresponding results for higher-order derivative have not
been studied, except for the higher-order derivative of ILT for two independent fBms
and some general Gaussian processes in [1] and [2]. As we all know, SLT and ILT
have different integral structures in form. In particular, the independence of two fBms
is required for ILT. So that the nondeterminism property which used for higher-order
derivative of ILT cannot be used directly here.

To obtain the main results, we would use the methods of sample configuration
given in Jung and Markowsky [8] and chaos decomposition provided in Jaramillo
and Nualart [5]. Chaos decomposition is more and more mature for the asymptotic
properties of SLT (see in Hu [4], Jaramillo and Nualart [5] and the references therein).
The sample configuration method gives a way to apply nondeterminism property,
and it is very powerful to prove the Holder regularity. But the corresponding results
of higher-order DSLT for d-dimensional fBm still have certain difficulty. The main
difficulty lies in the computational complexity of multiple integrals. Moreover, the
related results can be extended to the general cases. By the Theorem 4.1 in Jaramillo
and Nualart [5] and Theorem 4 here, two limit theorems of the case H > m and

critical case H = ﬁ, with general k = (kq, ..., kg) are left open. Extending these
limit theorems to general cases will be worked in the future.

The paper has the following structure. We present some preliminary properties of
d-dimensional fBm and some basic lemmas in Sect. 2. Section 3 is to prove the main
results. To be exact, we will split this section into four subsections to prove the four
theorems given in Sect. 1. Throughout this paper, if not mentioned otherwise, the
letter C, with or without a subscript, denotes a generic positive finite constant and
may change from line to line.
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2 Preliminaries

In this section, we first give some properties of d-dimensional fBm B, It is well
known that d-dimensional fBm has self-similarity, stationary increments and Holder
continuity. When Hurst parameter H > 1/2, B exhibits long memory. When H <
1/2, it has short memory. But in this paper, we need the following nondeterminism
property.

By Nualart and Xu [10] (see also in Song, Xu and Yu [13]), we can see that for any
n € N, there exists two constants ky and Sy depending only on n and H, such that
forany 0 =59 < 51 < --+ < s, | <i <n, we have

w3 i (sl—s171>2H<Var(le B~ B )

i=1 i=1

n
2 2H
<Bu Y lxil i —si)*.

i=1
Next, we present two basic lemmas, which will be used in Sect. 3.

Lemma1 Forany A, u, p € Rwithi >0, p > 0and rp — u> > 0. Fork € Z,
there exists a constant C only depending on k, such that

(i) ifk is odd,

‘ f xkyke—%(}»x2+py2+2uxy)dxdy
R2

C k . 2
[l , ’f)\ % S > 1, 4)
< ] G-tz pr
= 2
Cll;l&“’ l-.fkpliﬂz <1,
(Ap—p?)2

(ii) if k is even,

‘ / xkyke—E(Ax2+py2+2uxy)dxdy
R2

C k . 2
[l o M s> 1, 3)
)\_ —_
< ] G-tz P
= c ol
o ooz <L
(p—u?) 2 oI

Proof First, we consider the integral with respect to y,

2.2

ES UX \2
/y gy = o' /y e 20 ay
R

- /(y— B e5vay,
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If k is odd, since
(v ——)k ZC,i (- ’”)
i=0
we have

22
_P _032
/y"e gy = o' /Aodde 2 dy
R R

122 (px)k w2t (ux)t

=: Avdd,

where C1, C3, ..., Ci are all positive constants and

k k—2
X X X

For the dx integral,

142 ~
/ xKe™ 2 (Apua)dx
R
k—2

k
<C ® -+ ® -4+ #}( ,
Op — D2 (p — pu2)k2 (o — p2)2 ™!

where the right-hand side is the sum of equal ratio series with the common ratio
Apliu2 > 0. Then, we get (4).
If k is even,

/ye § gy = o' /(y— B ykem87ay
R

2.2
< Ceuzﬂ [/ yke—zy dy_i_/(ﬁ)ke—%yzdy]
R R P

=: B; + B>.

It is easy to see that
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and

2 2
By < Ce' % (un)kp~

For the integral with respect to x,

2 +k
klﬂ /xke_ﬁ()‘p_"z)dx< — / k,o ,u) dx
Pz R p 2z
C
S —
(Ap — u)
and
k 2 k 2 2 L2k
= i /xzke_ﬁw’_“z)dxiC " i /xzke_'T(—Ap s ) * dx
pFt2 Jr pFt2 Jr Iy
k
SR —
Op — p2)kt2
This gives (5). O

The next lemma gives the bounds on the quantity of Ap — w2, which could be
obtained from the Appendix B in [7] or the Lemma 3.1 in [3].

Lemma?2 Let
k=|s—r|2H, p=|s/_r/|2H’

and
1
§(|s/ r|2H Is r/|2H s’ s|2H Ir r/|2H).

Case (i) Suppose that D1 = {(r,r',s,5") € [0, 11* |r <7 <5 <5}, letr'—r = a,
s —r' ' =b,s’ —s = c. Then, there exists a constant K1 such that

Ao — ,u2 > K ((a + b)ZHCZH + azH(b + c)zH)
and
=(a+b+c) 4?1 —g?H 2,

Case (ii) Suppose that Dy = {(r,r',s,5") € [0,t]* | r < 1’ < s < s}, let
r'"—r=a, s’ —r =b,s —s' = c. Then, there exists a constant K, such that

)Lp_uz > K, p*H (a2H+CZH)
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and
2= (a+b)2" + b+ - -2,

Case (iii) Suppose that D3 = {(r,r',s,s') € [0,1]1* | r < s < 1 < 5§}, let
s—r=a,r —s=>b,s —r' =c. Then, there exists a constant K5 such that

a0 — n? > Ki(ac)*?
and

2u=(a+b+c)* +b* — (a+ )" — (c+ )",

3 Proof of the Main Results

In this section, the proof of Theorems 1, 2, 3 and 4 is taken into account. We will
divide this section into four parts and give the proof of the corresponding theorem in
each part.

3.1 Proof of Theorem 1

By (1) and the proof of Lemma 1,

E[a 0@ o]

2
1 / / k Kk —(elpy > +ulpp %) i(p;, BT —BH)
= — pipse P E[ e TR T ]dpldpgdrldrgdsldsz
2m)2 Jp2 Jroa 172 jlj[l

d d

. . 1

— C\/lv)z Ami l_Iplki 1_[p{,‘ée_fqpl|2(A+8)+|P2|2(P+ﬂ)+2([)1,pz)u)dpldp2dr/drds/ds
i=1 i=1

1 2 2
_ C/2 [fz pllﬂlp/&e—f(p”(A+s)+p12(p+n)+2mmmt)dplldplz]
p2 LJr

1 2 2
X eee X [Lz p(’% p%e—z(pd](A+s)+pd2(p+n)+2pd1pdzu)dpdldpdz]d’,/drds/ds

d
::C/ HEkidr/drds’ds,
D2
i=1

s —V|2H, p = |s/_r/|2H

wherek——|
1 4 2H /2H ! 2H /12H
/L—_—z |s—r| +|s—r| —|S —S| —|V—V| )
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and
Cy, ki Coouki=2
L P + =2k o1 st Cin T if k; is odd,
5, = | @@ Gre o) (G+e)(prm—p2) 2
' Cy i Cry—anhi™? o o
[ + 1ttt T if k; is even,
() o+ =) T2 (e (p+m—p) i T2 (Ote) (o) -2y 33

fori =1,2,...,d.
Note that for any €1, & > 0,

B[ @%, 0 -

-
D2

&%,0)]

2

j=1

I1 (ef%w,-\z _
R2d -

&
772|p,~|2>

. B/
X plpzlE[ 1_[ e pj.B Y "i"|dp1dp;|dridrads ds;
e 2 e d
1 . _ 821,12 ~
<C 1‘[ max e 2 WilE — o= FIniM T | &y, | dr'drds'ds,
D?; ,
i=1
where
Cp. ki Cp_ouki=2 ) )
,uk - : Mk - -+¢, if k; is odd,
5, = Q=)' p—p?)iT2 Op—p2) T H!
Sk = C. ki Cr.—2 ki—2 . .
,uk. : : Mk. -+ %, if k; is even.
=2 Gp—p)'iT2 (p—pu?) T2

Consequently, if

d
/ 1_[ |§ki|dr/drds’ds < 00,
Dy

then (’)Zt(ke) (0) converges in L? as & — 0.

By Lemma 1, we can see that [},

1%, |Ek | dr'drds'ds is less than

#
[l dr'drds’ds,

| |¥!
C/ +
02| (p — T — 2y

where # =
1,2,...

#lki is odd, i = 1,2,...
,d,and# € {0,1,2,...,d}.

,d} denotes the odd number of k;, for i =
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Thus, to prove the finiteness of |’ D2 ]_[;i=1 | Eki | dr'drds'ds, we only need to prove

—'MlQ dr'drds'd 6
k|+d+
DZ()Lp_lﬂ)Herrs s < 00 (6)

with Q = |k| and Q = #.
By Lemma 2, we can see D? is the union of the sets D, Do, Ds.
When (r, ¥, s,s’) € Dy, then the left-hand side of (6) is less than

dadbdc

q?HQ 4 p2HQ 4 2HQ
c
/[O,t]3 (a + b) T KH+d+0) (j 4 ¢) 5 (K+d+0) (4¢) 5 (kI+d+0)

aZHQ
< C/ i i T dadbdc
0.7 g ZUKH+0) p EURHEH0) () FKIH+O)

bZHQ
+ C/ = = 7 dadbdc
(0, b2 Ikl+d+Q) 3 (kI+d+0) (40 7 (kl+d+0Q)

2HO
+ Cf - - - dadbdc
[0.11° b7(\k\+d+Q)C7(|k|+d+Q)(ac)7(|k|+d+Q)

1
<
= /[0,,]3 K H(k+d—0) T (kI+d+0)  § (kI+d+0Q)

dxdydz < oo.

When (r, 7/, s, s’) € D,. Note that for the condition H < min{ﬁ, m, 011},
only in the case d = 1, H can get the value bigger than %, while these the case have

been studied in [4] and [7], respectively. So, we only need to consider the case H < %

Thus, the left-hand side of (6) is less than

dadbdc

C/ [(a +b)2H + (b _I_C)ZH _a2H _ CZH]Q
0,73 pH(kI+d+0) (q¢) 7 (KI+d+0)

p2H _ 2H10
<C / lat+b)7 —a] adbdc
[

0.3 pHKI+d+0) (q¢) % (Kl+d+0)

adbdc

N c/ [(b+c)?H — 22
0.7 HH(KI+d+0) (qc) 5 (KI+d+0)

b 2H _ ,2H10
- 2C/ [(a+ D) . a“’"]
[0,7]2 bH(|k|+d+Q)a7(|k|+d+Q)

Since H < % then

[(a+b)*H —a?1@ < p?10.
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Thus,

/ [(a +b)2H _ a2H]Q
(0, pH(kI+d+0) g5 (kl+d+0Q)

bZHQ
<c / _ dadb
[0,7]2 bH(|k|+d+Q)a7(|k|+d+Q)

<C

1
st / 7 dadb < oo.
[0,2 pH(k|+d—0Q) 7 (kI+d+0)

When (r,r',s,s’) € D3. For a, B > 0 with @ + B = 1, there exists a positive
constant K such that

1
| = 5‘(a+b+c)2H + b — (a+b)*H — (b+c)2H‘

1 1
= ‘H(ZH — 1)ac/ / (b+au +cv)2H—2dudv)
0 JO

Lol 2H-2
< ac/ f I:ba (au + cv)ﬁ] dudv
0 JO

L el 2H-2
<ac / / [b“(au)g(cv)g] dudv
0 0

< K(ac)ﬁ(H—l)+lb2a(H—l).

Thus, the left-hand side of (6) is less than

dadbdc

c [(ac)ﬂ(H—l)—i-lea(H—l)]Q
(0.7 (ac) HK+d+0)

1
= C/[O e b2aQ(1—H)(ac)ﬁ(Q—HQ)+H|k|+Hd+HQ—Qdadbdc'

Note that |k| > 1 (where |k| = 0 with H < % could deduced from [4]) and H < %
When Q = 0 (all derivatives were of even order), the result of (6) is obvious by

H < |klﬁ.When QO > 1,wehave 2Q(1 — H) > 1. So, we first choose g9 > 0, such
that
H (k| +d) 1+€°( 2 H) <1
-t = - < 1.
2 2\|k|l+d+ 0

Then, we can choose

1 — g0y — H) 1
oc ( |k|4+d+Q )

20(1 — H) 20(1 - H)
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Thus,

B(Q—HQ)+ Hlk|+ Hd+HQ — Q
=(1-a)(Q-HQ)+Hlkl+Hd+HQ - Q

1 €0 2
Hkl+d) — -+ 2(—=  _§),
< H{kl +d) 2+2(|k|+d+Q )

which is less than one. This gives (6).

3.2 Proof of Theorem 2

By (1), we have

n

n
i(pj.BE—BH)
sCf / [TipkE] [T %" apdras.
pr SR 5 L

j=1

=@ )]

where k = (ki,..., k), |p’;| = TIL,1pijl% for j = 1,...n, drds =
dry---drydsy - --ds, and

dp =dpi---dp, =dpudpia---dpin -+ -dpardpas - - - dpan.

We use the method of sample configuration as in Jung and Markowsky [8]. Fix
an ordering of the set {ry, s1,72,82,...,7, S}, and letl] <l < --- < I, bea
relabeling of the set {ry, 51,72, 82, ..., 7rn, Sp}. Let uy ... uz,—1 be the proper linear
combinations of the p;’s so that

n 2n—1
. . pH_pH ; . pH _ pH
E[l |el<p”BSj B’f'>] :E[ | | P B’f'>].
j=1 j=1

A detailed description of how the u’s are chosen can be found in [8]. Then, by the
local nondeterminism of fBm,

n
‘E[ I ei<m,B§j—B€’->]‘ < O XTI P U=
Jj=1
Fix j, and let j; to be the smallest value such that u j, contains p; as a term and
then choose j, to be the smallest value strictly larger than j; such that u ;, does not

contain p; as a term. Then, p; = uj —uj 1 = uj,_1 — uj,. Similar to Jung and
Markowsky [8], we can see that with the convention that ug = uz, = 0,

k k k
|5l =IQujy —wji—)2 [ j—1 —ujp)? |
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ki kfl
- l_[ luijy — i —n|? luigy—1) — ijp| 2
i=1
d N N . .
=< Cl_[(h/tijl |2+ |u,-(jl_1)| 2 )(|Mi(j2—1)| T 4 Iuij2| %)
i=1
Thus,
d 2n
]‘[|p,| - H'(” —uj- 0 = T T0ut* + lurgl ).
i=1j=1
and
d 2n k: ks d 2n i L
TTTTuii 1 + it ®)y = D> T T [ Tmif) 27 i1y 279
i=1j=1 S el j=l :
d 2n—1 i ( )
<2 TT T auii2en,
Sy i=1 j=1
where

Sl={y,"j, m )/,'JG{O,]}, )/l-,j—i—y,-_,j:l, i=1,...,d, j=1,...,2n}
and
SQZ{OII"]': Ol,',jG{O,l,Z}, i=1,...,d, j=1,...27’l—1}.

Note that we have omitted the terms j = 0, 2n in the final expression in (7) since
ug = u, = 0. Then,

E[@0)]

_ 2n—1 2
<C/ A;d e 270 ulF Ui —1;)*H nl_[(|ulj|z + luij— 1)|2)dpdl

i=1j=1

d 2n-—1

2n—1 2 2H
< CZ —e 250 il A=) | | | | Yo dpdl
< 2 /n/]Rnde J (Jujj Ydp
2

i=1 j=1

2n—1
_x2n—1 liy1—1; kg
:CZ/ﬂAn‘le CZ/ 1 ‘MI‘ ( JjH+1— ) 1_[(|u/2m|)dpdl,
$

j=1

Ky ki
where E" = {0 < [} < -+ < by < t}, |ujz.a’| = ]_[;izl luij| 2% and dl =
dlidly ---dly,.

@ Springer



1762 Journal of Theoretical Probability (2021) 34:1749-1774

It is easy to observe that {uj,us,...,uz,—1} is contained in the span of
{p1, p2, ..., pu} and conversely, so we can let A be a subset of {I,...,2n — 1}
such that the set {u} jc 4 spans {p1, p2, ..., p,}. We let A° denote the complement
of Ain {1, ..., 2n — 1}. Note that

k
—c X jenc lujPUj—1 39
e | | (fuj D

jG.A("

_ Ny 120 —])2H ko Hlka | _ Hikejl

— ¢ ¢ Ljeac iUl 1_[ (|u;a'/|(lj+l —1j) 7 ) l_[ (i1 = 1)) 7
jeAC jeAc
_ Hlkaj|

<Cc[]Gn—-1p—,

jeAe

where |koj| = kjoyj + -+ + kqag j. Then, we perform a linear transformation

changing (p1, p2,..., py) into an integral with respect to variables {u;} ;e 4,

-1 2 w2l
—e Y 1P A=) 39
/f = MG T (™ pp
R7 =1

Hlka | . 12¢7. 7 \2H k..
<C l_[ (lj—H _lj)* 21 / de—‘ Zje.A|“/| Uj+1—15) H(|M;a'/|)dp
jeAc R jeA

Hika | . 2. g 2H ko
=ClJI [T @ —lj)*T// e ¢ Rea P =T T (2% du,
. Rnd : J
jeAc jeA
where |J| is the Jacobian determinant of changing variables (p1, pa2,..., pn) to
(uj, jeA.

Therefore, we may reduce the convergence of }E[(&\,(’kg) (0))"]| to show the finiteness

of
X jealuj P~ 59 l l *Hv;aj‘d dl =:
e [Taw;p TT @+ -1 udl =: A.
R jeA jeAe
Since
2 (1. ] \2H ki o o
/]Re_c DT g 3 duy; < Ly — 1)~ R R,
we have
Hd— 4 ka; el
AfC/ H(lj+1—lj)_ — 7 lkej l_[(lj+1—lj)_ 2 dl
E" jea jeAe
< Cn,H,t/ [T = "R T @ — 1)~ "W
E" jea jeAe
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" — Hd — HK)I" (1 — HIk|)
F(n(l — Hd — HIK|) + (n — 1)(1 — HIk|) + 1)’

=< Cn,H,t

where C,, p ; is a constant dependent on n, H and .
Thus, we can see that ‘IE[(&\,(];) (0))”]‘ is finite for all & > O under condition H (d +

|k|) < 1. Then, we need to prove {a( )(O)} ¢=0 1s a Cauchy sequence.
Notice that for any €1, & > 0,

E[@, 0 -3, 0]

£, 12
< C/ / le” \P, _e—7|Pj| |
Dn Rnd l_[
o pH_pH
<11 |P41E[ [ " |apdras.
j=1 j=1

By the dominated convergence theorem and

n n W oH
/ / | | |PI;-|E[ | | ¢ Vi B’f>]dpdrds < 00,
Dn R"d. n

Jj=1 Jj=1

we can obtain the desired result. This completes the proof.

3.3 Proof of Theorem 3
Let us first prove (2). For any A € [0, 1], we have the following inequalities:
™! P — ¢RI < Clpjltle — yI*
and
il = 4+ p3p T = C(Ipyl* + -+ 1pa ).

Using the similar methods as in the proof of Theorem 2, we find that

n
E[@w-av ;)
n
cle—yt™ [ [ TTob(p -+ tpal?)
Dn Rndjzl

- i(p;j,BE—BH)
X ]E[He DS ]dpdrds
j=1

. pH_pH
<Clx - |"*Z/ / ]‘[m"“lm[]‘[ B apdras
Rnd

j=1
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= Clx — y|" Ay,

where A; = (A1, ..., Ag) with ; = A and all other A ; = 0. So |k +)~\| = |k| + A and
A is less than (with A defined as before)

H X 7 _Hy,. =
C/ H (i1 — lj)—Hd—7\aj(k+k)| l_[ (js1 =172 loej (k+21)1
Er ]EA jGAC

I'"(l—Hd—Hlk+A)I" Y1 — Hlk+ X))
F(n(l “Hd—HIk+ i)+ —1)(1 = Hk+ i) + 1)’

< Cn,H,t

which is finite if 1 — Hd — H|k + 4| > 0.
For the proof of (3),let D = {(r,s) : 0 < r < s < £} and without loss of generality,
we assume that ¢ < 7. Then,

~(k ~(k n
E[@ 0 -a"m)]]
= ‘ i(pj,BH—BH)
5C/~ / [TisbE 1€ %" |aparas
(D\D)” Rnd j:l j:l
. z i(p;j,Bf—BH)
SC/ / / [TipbE[ TTe %" |dparas
(.77 10,511 x[0.5] JRA G 3 il
- k[ T it BB
<c [ TTeatn [ TTAE[TT " apdras
b j=i1 R i =1
- " n i, pH_pH L 1-p
< Clt—tl”’s(/-~ (/ [TiAsE[ TTe %" |dp) ™ ards)
Dn Rnd i—1 il
j= j=
=: C|t — i|"P A,,

where we use the Holder’s inequality in the last inequality with 8 < 1 — H|k| — Hd.
Using the similar methods as in the proof of Theorem 2, A, is bounded by

d 1—
([ Tt =t Bt [T -y etar)
EnjE.A Ac

Since 1 — 8 > H (k| + d), there exists a constant C > 0, such that
~(k ~(k n -
B[@m-aPm)']| = cr—irt.
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3.4 Proof of Theorem 4

In this section, we mainly use the method given in Jaramillo and Nualart [5]. We first
give the chaos decomposition of the random variable b?;ks) (0) defined in (1) withd = 1

and k = 1. We write
, t s
o, (0) =/ / Qg 5 rdrds,
’ 0 Jo

where

00
Ugs,r = fg/(BgH - BrH) = ZIZq—l(qu—l,s,s,r)
g=1

with
q 1 2(]—1
472
Prg-tesr @iz = (D9 (e 4 5 =) 77 T 1)
j=1

and
1
ﬂq = 1 .
2972 (g — DI/

Then, 62;’ +(0) has the following chaos decomposition:

@0 =Y hyg1(fag-1.).

g=1

where

frg—1,e(x1, .00 x2921) = / frg-1,e5,r (X1, ..., X2g—1)drds
D

with D ={(r,s):0<r <s <t}
Forqg =1,

B[ |10

2
]:/2<fl,a,s1,r1»fl,a,sz,rz)f)drlerdsldsZa ()
D

where §) is the Hilbert space obtained by taking the completion of the step functions
endowed with the inner product

(Map)s Lic.a)) s = EI(B — BEY(BY — BM)1.
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Forg > 1, we have to describe the terms { f2g—1,¢.5;.r » f2q—1,8,52,r2)ﬁ®(2q—1), where
$H®C4=D js the (29 — 1)-th tensor product of §). For every x, u;, us > 0, we define

e ur, up) = E(BH(BE,, — BI)).

Then, from Eq. (2.19) in Jaramillo and Nualart [5],

2 ~(q)
U@qﬁmm,ﬁwumuﬁﬁMwn=ﬁ¢¥2ﬂﬂn—rh&—rﬂ,

where

1 1
-1-q -1
G‘(sq)z (w1, up) = (8 + M%H> ’ (8 + M%H) Sy, up)®l

Before we give the proof of the main result, we give some useful lemmas below. In
the sequel, we just consider the case H = %

Lemma 3

. | 2 5
lim ]EH—oa,’g(O)‘ ] — o2
(0]

e—0 1 gé

Proof From Lemma 5.1 in Jaramillo and Nualart [5], we can see

1

E[\@“ue((’)‘z] _ (log;l)z(vl (&) + Va(e) + Va(e)

and

1 :
Vi(e) = ;/ lel + 5|72 pdrdsdr'ds'

D;

where D; (i=1, 2, 3) defined in Lemma 2 and X is the covariance matrix of (BSH —
BrH, le/i — Br}f) with X1 = A, X2 = p, Y12 = p given in Lemma 2.

Next, we will split the proof into three parts to consider Vi(e), V2(¢) and V3(g),
respectively.

For the Vi (¢) term, changing the coordinates (r, ', s,s’) by (r,a =1 —r,b =
s —r',c =5’ —s) and integrating the r variable, we get

1
Vi(e) < —/ el + 5|72 udrdadbdc
[0.11%

T
t 3

= — lel + X | 2udadbdc
T [0’1]3

=: Vi(e).
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Since
1 4 4 4 4 2 2
p=3s@+b+o)s +b5 —as —c3) s Vap=(@+b)3b+o3
and
el + 2| = (e + Z1,0)(e + o2) — 27,
5 4 4 4 4 4 4
zCF +am+bﬁ+wb+on+aup+ms+cua+mﬂ
’ 2 2 2
248+m+mwumy@+@mﬂ
> Cla+b)3(b+0)i(+ o)),

where we use the Young’s inequality in the second to last inequality.
Then, we have

3
%@gc/ m+mzw+os@+moﬁzmww
[0,113

We will estimate this integral over the regions {b < (a VvV ¢)} and {b > (a V ¢)}
separately, and we will denote these two integrals by Vl,l and Vl,z, respectively. If
b < (a Vv c), without loss of generality, we can assume a > ¢ and thus b < a. For a
given small enough constant 1 > 0,

»

g ) 7
M@ =c [ @rp oot :
[0.11% at

ﬂ@+moﬁ dadbdc

_3
2

2 2
< cl/' b—z—fufl<s-+(ac)§> dadbdc
(0.1

3
<C// l—i—(ac)?) 2dcda,

where we make the change of variable ¢ = ¢ €72 in the last inequality.
By L’Hospital’s rule, we have

Vii(e)

lim sup
e—0 lOg l

<C < o0.

If b > (a Vv ¢), we can see that

1 4 4 4 4 4
M=§((a+b+c)3 + b3 —a3 —c3) < Cb3
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and
’ 4 4 4 4 4 4
el + 5| > C[s fe(@+b)3 +b+0)3) +aic+b)s +c3(a+b)3]
> Chi(e+(aVve)l).
Then,

V
lim sup I’Z(f ) < lim sup
e—0 log Py e—0 log =

<11msup //‘(e—i—a%) 2dcda
e—0 Og

! 43
/a(s—l—m) 2da < oo.
0

_3
/ 3 b3 (e +@v c)%> 2 dadbdc
(0.1

= lim sup i
e—0 log <

So, by the above result, we can obtain

Vi(e)
im -
¢~0 (log £)?

=0. ®)

For the V(¢) term, changing the coordinates (r,r’,s,s’) by (r,a=r"—r,b =
s’ —r’,c = s —s’) and integrating the r variable, we get

t 3 ~
Vale) < — / lel + X2 pdadbde =: Va(e).
T [0,[]3

By
1 NI+ o T gt
_5((a+ )3+ (b+0)3 —a: —C~)
2b (!
=?/0 (@+b0)3 + (+bv)¥ ) dv
4 1
fgb(a+b+C)3
and
lel + %] = (¢ + Z1,)(e + Z22) — T,
> &2 e((@a+b+0)5 +b3)+Chb3(as +c3),
we have

w

2

\72(8)§C/ b(a+b+c)%(s((a+b+c)%+b%)+b%(a%‘+c%)) dadbdec.
[0,¢13
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We again estimate this integral over the regions {b < (a V ¢)} and {b > (a V ¢)}
separately, and denote these two integrals by V> 1 and V2, respectively. If b < (a V),

_3
%J@)sc/i bMVcﬁ(davd%+baavd%)2MMMk
(0,7
3

_35 4\ "2
< cl/‘ b(a v c) 2(84-bs) dadbdc
[0,113

'
c (s
0

1e 43
< C/ b(1 +b3)"2db.
0

3
%)_de

IA

&
3
1

Thus,

. Va1(e) . _3 4 |3
limsup ——— < Climsupe™2(1 + 3¢ )2 < o0. (10)
e—0 logg e—0

If b > (a Vv c), similarly, we have

V. c [ -3
lim sup 2’2(19) < lim sup 1 / b_%db/ <8 + (a VC)%) “dadc
e—0 log: e—0 log< Jo [0.112
. c ["[¢ 4.3
< lim sup i / / (e+a3) 2dcda (11
e—0 log< Jo Jo

. c [ 43
= lim sup 1 ale +a3) 2da < oo.
e—0 logg 0

So, by the above result, we can obtain

Va(e)
im ——= =
¢=0 (log 5)2

For the V3(¢) term. We first change the coordinates (r, r’,s,s’) by (r,a = s —
r,b=r"—s,c=s"—r’)and then by

1 4 4 4 4
MzzQa+b+@3+m-wb+@s—w+bw)

2 Loel 2
= —ac/ / b+ ax + cy) 3dxdy
9 Jo Jo

=:ula+b,a,c),
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and |[e] + X| = &2+ a(a% + c%) + (ac)% —ula+b,a, )2, we can find

1
V3(e) = ;/ \ Ton@a+b+c)(t —a—>b—culel + 2|_%dadbdc
[0,7]
1 3
=— 3 To,nb+e*(a+c))
T J10,te” 312%[0,1]

(t—>b— 8%(61 + c))s_%u(s%a + b, a%a, s%c)

—dbdadc,
4 4 3 3 3 2
[(1 Fahd+eh —e2u@ia+b, eia, g4c)2]

where we change the coordinates (a, b, ¢) by (8_%61, b, 8_%C) in the last equality.
By the definition of u(a + b, a, ¢), it is easy to find
2 3

3 3 3 3 3 2
u(era+b,c%a,84c) = —82616/ (b+edav) + e4cvy) 3dvidv,
[0,17%

\O

and
_3 3 303 2 2 3
€ 2u(84a+b,84a,84c)=§acb 3+ O(e%ac(a + c)).

The other part of the integrand in V3(¢) is

[SI[)

4 4 ) 3 3 320
[(1+a3)(1+c3)—8 u(s4a+b,84a,s4c)]

[STI%)

= [(1 a1+ cf%)]_ + 0(861202[(1 tah(d+ c%‘)r%).

Since

1
(log 1)2

/ . s%ac(a+c)[(1+a%)(1+c%)] dadc
[0,t6 42

3
2

(S

+ﬁf \ 8a3c3[(1+a%)(1+c%)]7 dadc (12)
og ¢ [

0,6 412

— 0,
as ¢ = 0. Then, by L’Hospital’s rule, we have

V3(e)
mm 1
e=0 (log £)?

2 [t 2
= — (t —b)b™3db
9 0

1

3

. 4 4772

X lim ——— ac| (1 +a3)(1 +c3 dadc (13
£=0 (log %)2 /[A(),ta_?t]Z [ )( )] (13)
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Together (9)—(13), we can see
e—0

4
1 i 1

lim IEH—I&”(O)) ] -3 <2, —) — o2
log - 8 3

Lemma4 For I1(f1) given in (8), then

2
=

. 1
lim EH—lh (f1.€)
log <

e—0

Proof Form (8), we can find

1 2
lmﬁgmna (V@ + v e+ vPe).

]20%52

where V" (e) = 2 [}, (fi.e.51.m+ f.e.0m) ndr1dradsidsy for i = 1,2, 3. Then, we
have

0=V < Vice), (14)

since H > % and pu can only take positive values.
Combining (14) with (9)—(11), we can see

: (1 (1)
| 1% V. =0.
Jm (log %)2( @)+, (8))

Thus, we only need to consider (logll)2 V3(l) (¢)ase — 0.
By the proof of Lemma 5.7 in Jaramillo and Nualart [5], we have

1

1 1

V3( '(e) = ;/S gyr),_r(s —r,s'=r')
3

1 : t—(a+b+c) 4 3
=;/ 3/ Ton@a+b+c)e+a3) 2
0.3 Jo

(¢ +¢3) 2 ula + b, a, ¢)dsidadbde

2 /t/ / 1 ((b+ Ta+ ))(r b—ei(a+ ))
= — 0, e4(a C — —&4a C
O Jo Jiose3p Jioap .0

4 4173 3 -
x[(1+a3)(1+c3)] ac<b+84(av1+cv2)) dvidvadadedb.

[SS1S)
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Note that

(1S

/ , (b + 8%(01)1 + cv2))_ dvidvy = bf% + 0(8%(61 + ¢))
[0,1]

and

SIN)

/[0 172 (l —b- 8%(61 —I—c)) [(1 ~|—a%)(1 + C%)]igac<b +8%(al)1 +cv2))7 dvidv

3
2

2 4 4
= —b)b*éac[(l +aHa +c§)]
3 4 4 7%
+0<84(a+c)ac[(l+a3)(l+c3)] )
Similar to (12) and (13), we can find that

1

_3
lim—l/ \ s%(a+c)ac[(1+a%)(1+c%)] 2 dade = 0
e=0 (log £)? Jio,ee~ 42

and

_3
2

ac +a~ +C~ adc .
€ (IOg;) [ 3]

0,76 412

16

Thus,

0 .
v 2 (19
m 36 ——/ (t — b)b~3db
0

620 (logH2 ~ 97 Jy 16
Vi(e)
= l1imm 1
>0 (log g)2

=O'2.

Proof of Theorem 4 By Lemmas 3—4 and

@, 0) = L(f1.e) + Y hag-1(fag—1.0)-

q=2

W€ can see

2] = 0.

. I &
lim ]EH_I ZIZq—l(qu—l,s)
log < =

e—0
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Since I1( f1,¢) is Gaussian, then we have, as ¢ — 0,

1\—1 aw
(log=) nfie) ™ N0,

Thus,

law

IN-1
(log~) @.0 ™ N0
e :
as ¢ — 0. This completes the proof.
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