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Abstract

In this paper, we prove the existence of strong solutions to an stochastic differential
equation with a generalized drift driven by a multidimensional fractional Brownian
motion for small Hurst parameters H < % Here, the generalized drift is given as the
local time of the unknown solution process, which can be considered an extension of
the concept of a skew Brownian motion to the case of fractional Brownian motion.
Our approach for the construction of strong solutions is new and relies on techniques

from Malliavin calculus combined with a “local time variational calculus” argument.
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1 Introduction
Consider the d-dimensional stochastic differential equation (SDE)
Xf=x4aL(X)-14+B?, 0<1<T,xeR (1.1)

where the driving noise BY of this equation is a d-dimensional fractional Brown-
ian motion, whose components are given by one-dimensional independent fractional
Brownian motions with a Hurst parameter H € (0, 1/2), and where ¢« € R is a
constant and 1 is the vector in R? with entries given by 1. Further, L,(X*) is the
(existing) local time at zero of X, which can be formally written as

t
Li(X") = / S0 (X5)ds,
0

where &y denotes the Dirac delta function in 0.
We also assume that B is defined on a complete probability space (2, A, P).
We recall here for d = 1 and Hurst parameter H € (0, 1) that B Ho<t<Tisa
centered Gaussian process with covariance structure Ry (¢, s) given by

1
Ry(t,s) = E[BEBI] = E(SZH 4+ 20— — 5,

For H = %, the fractional Brownian motion B coincides with the Brownian motion.
Moreover, B has a version with (H — ¢)-Holder continuous paths for all & € (0, H)
and is the only stationary Gaussian process having the self-similarity property, that is

(B }i=0 = (v B/"}i=0

in law for all y > 0. Finally, we mention that for H # % the fractional Brownian
motion is neither a Markov process nor a (weak) semimartingale. The latter proper-
ties, however, complicate the study of SDE’s driven by B and in fact call for the
development of new construction techniques of solutions of such equations beyond the
classical Markovian framework. For further information about the fractional Brownian
motion, the reader may consult, e.g., [35] and the references therein.

In this paper, we want to analyze for small Hurst parameters H € (0, 1/2) strong
solutions X to the SDE (1.1), that is solutions to (1.1), which are adapted to a P-
augmented filtration F = {F;}o</<r generated by BH . Let us mention here that
solutions to (1.1) can be considered a generalization of the concept of a skew Brownian
motion to the case of a fractional Brownian motion. The skew Brownian motion,
which was first studied in the 1970s in [23,43] and which has applications to, e.g.,
astrophysics, geophysics or more recently to the simulation of diffusion processes
with discontinuous coefficients (see, e.g., [18,26,48]) , is the a solution to the SDE

X, =x+Qp—-DL(X)+ B, 0<t<T,xeR, (1.2)
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where B. is a one-dimensional Brownian motion, L,(X") the local time at zero of X~
and p a parameter, which stands for the probability of positive excursions of X*.

It was shown in [22] that the SDE (1.2) has a unique strong solution if and only if p €
[0, 1]. The approach used by the latter authors relies on a one-to-one transformation
of (1.2) into an SDE without drift and the symmetric [t6—Tanaka formula. Moreover,
based on Skorohod’s problem the authors show for 2p — 1 = 1 or —1 that the skew
Brownian motion coincides with the reflected Brownian motion—a result, which we
think, does not hold true in the case of solutions to (1.1). An extension of the latter
results to SDE’s of the type

dX; = o(X,)dB, + / v(dx)dL (X) (1.3)
R

was given in the work [25] under fairly general conditions on the coefficient o and
the measure v, where the author also proves that strong solutions to (1.3) can be
obtained through a limit of sequences of solutions to classical Ito-SDE’s by using the
comparison theorem.

We remark here that the Walsh Brownian motion [43] also provides a natural
extension of the skew Brownian motion, which is a diffusion process on rays in R?
originating in zero and which exhibits the behavior of a Brownian motion on each
of those rays. A further generalization of the latter process is the spider martingale,
which has been used in the literature for the study of Brownian filtrations [47].

Other important generalizations of the skew Brownian motion to the multidi-
mensional case in connection with weak solutions were studied in [10,40]: Using
PDE techniques, Portenko in [40] gives a construction of a unique solution process
associated with an infinitesimal generator with a singular drift coefficient, which is
concentrated on some smooth hypersurface.

On the other hand, Bass and Chen [10] analyze (unique) weak solutions of equations
of the form

dX; =dA, +dBy, 1.4)

where B. is a d-dimensional Brownian motion and A; a process , which is obtained
from limits of the form

t

lim bp(Xs)ds
0

n—oo

in the sense of probability uniformly over time ¢ for functions b, : R? — R¢. Here,
the ith components of A, are bounded variation processes, which correspond to signed
measures in the Kato class K;_1. The method of the authors for the construction of
unique weak solutions of such equations is based on the construction of a certain
resolvent family on the space Cj,(R?) in connection with the properties of the Kato
class K;_1.

In this context, we also mention the paper [20] on SDE’s with distributional drift
coefficients. As for a general overview of various construction techniques with respect
to the skew Brownian motion and related processes based, e.g., on the theory of
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Dirichlet forms or martingale problems, the reader is referred to [27]. See also the
book [38].

The objective of this paper is the construction of strong solutions to the multidimen-
sional SDE (1.1) with fractional Brownian noise initial data for small Hurst parameters
H < % where the generalized drift is given by the local time of the unknown process.
Note that in contrast to [22] in the case of a skew Brownian motion, we obtain in this
article the existence of strong solutions to (1.1) for all parameters o € R.

Since the fractional Brownian motion is neither a Markov process nor a semimartin-
gale, if H # %, the methods of the above-mentioned authors cannot be (directly)
used for the construction of strong solutions in our setting. In fact, our construction
technique considerably differs from those in the literature in the Wiener case. More
specifically, we approximate the Dirac delta function in zero by means of functions
@e for e N\ 0 given by

_d _1 d
pe(x) =e Zp(e"2x), x€eR

where ¢ is, e.g., the d-dimensional standard Gaussian density. Then, we prove that
the sequence of strong solutions X} to the SDE’s

t
X7 :x+/ a@i/n(X?) - 14ds + B}
0

converges in L2(2), strongly to a solution to (1.1) for n —> oco. In showing this,
we employ a compactness criterion for sets in L*($2) based on Malliavin calculus
combined with a “local time variational calculus” argument. See [9] for the existence
of strong solutions of SDE’s driven by BH H < %, when, e.g., the drift coefficients
b belong to LY (RY) N L®(RY) or see [33] in the Wiener case. We also refer to a series
of other papers in the Wiener and Lévy process case and in the Hilbert space setting
based on that approach: [7,8,19,32,34].

Although we can show strong uniqueness (see Proposition 5.2) with respect to
(1.1) under some restrictive conditions, we remark that in contrast to, e.g., [9], our
construction technique—as it is applied in this paper—does not allow for establishing
this property under more general conditions. Since the fractional Brownian motion
is not a semimartingale for H # %, we cannot pursue the same or similar proof
strategy as, e.g., in [22] for the verification of strong uniqueness of solutions by using,
e.g., the [to—Tanaka formula. However, it is conceivable that our arguments combined
with those in [4] which are based on results in [42] and a certain type of supremum
concentration inequality in [44] will enable the construction of unique strong solutions
to (1.1)—possibly even in the sense of Davie [15].

Here, we also want to point out a recent work of Catellier, Gubinelli [11], which
came to our attention, after having finalized our article. In their striking paper, which
extends the results of Davie [15] to the case of a fractional Brownian noise, the authors
study the problem, which fractional Brownian paths actually regularize solutions to
SDE’s of the form
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dXF =b(X )dt +dBl, X§=xeR?

for all H € (0, 1). The (unique) solutions constructed in [11] are path by path with
respect to time-dependent vector fields b in the Besov—H &lder space BS, ,, @ € Rand
in the case of distributional vector fields solutions to the SDE’s, where the drift term is
given by a nonlinear Young type of integral based on an averaging operator. In proving
existence and uniqueness results, the authors use the Leray—Schauder—Tychonoff fixed
point theorem and a comparison principle in connection with an average translation
operator. Further, Lipschitz regularity of the flow (x —— X7) under certain conditions
is shown.

We remark that our techniques are very different from those developed by Catellier
and Gubinelli [11], which seem not to work in the case of vector fields b belonging
to, e.g., LY (RY) N L®RY) (private communication with one of the authors in [11]).
Further, their methods do not yield Malliavin differentiability of strong solutions.

Another interesting paper in the direction of path-by-path analysis of differential
equations, we wish to comment on, is that of Aida [1] (see also [2]), where the author
studies the existence (not uniqueness) of solutions of reflected differential equations
(with a Young integral term) for certain domains by using an Euler approximation
scheme and Skorohod’s equation. As in the Wiener case (ford = l ando = 1 or —1),
we believe that our constructed solutions to (1.1) do not coincide with those in [1].

Finally, we mention that the construction technique in this article may be also used
for showing strong solutions of SDE’s with respect to generalized drifts in the sense
of (1.4) based on Kato classes. The existence of strong solutions of such equations in
the Wiener case is to the best of our knowledge still an open problem. See the work
of Bass, Chen [10].

Our paper is organized as follows: In Sect. 2, we introduce the framework of our
paper and recall in this context some basic facts from fractional calculus and Malliavin
calculus for (fractional) Brownian noise. Further, in Sect. 3 we discuss an integration
by parts formula based on a local time on a simplex, which we want to employ in
connection with a compactness criterion from Malliavin calculus in Sect. 5. Section 4
is devoted to the study of the local time of the fractional Brownian motion and its
properties. Finally, in Sect. 5 we prove the existence of a strong solution to (1.1) by
using the results of the previous sections.

2 Framework

In this section, we pass in review some theory on fractional calculus, basic facts on
fractional Brownian noise, occupation measures and some other results which will be
progressively used throughout the article in combination with methods from Malliavin
calculus. The reader may consult [30,31] or [17] for a general theory on Malliavin
calculus for Brownian motion and [35, Chapter 5] for fractional Brownian motion. As
for the theory of occupation measures, we refer to [21] or [24].
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2.1 Fractional Calculus

We start up here with some basic definitions and properties of fractional derivatives
and integrals. For more information, see [29,41].

Leta,b € Rwitha < b. Let f € LP([a, b]) with p > 1 and o > 0. Introduce the
left- and right-sided Riemann—Liouville fractional integrals by

1 X
1% f(x) = m/ (x —»* ' f(y)dy

and

1 b
Bf0 = 5 / (v = 0% f(n)dy

for almost all x € [a, b] where I' is the Gamma function.

Further, for a given integer p > 1, let /] < (LP) (resp. I “ (LP)) be the image of
LP([a, D]) of the operator I7, (resp. 1, ). If f el (Lp) (resp. f € I," (L))
and 0 < «a < 1, then define the /left- and right-sided Rlemann—Llouwlle fractlonal
derivatives by

. L d Mt fO)
Dy f @) = r‘t —ew)ydx J, (x—y)*~
and
o f(y)
D100 =14 —cx) dx/ S

The left- and right-sided derivatives of f defined as above can be represented as
follows by

. 1 f(x) S = FO)
Da+f(x) - INCEE)) <(x —a)® / y)Dt-‘rl )

and

o _ 1 fx) Pfe) = fO)
Pl =r1—w ((b—x)d +°‘/x o — et dy)’

Finally, we see by construction that the following relations are valid
18D ) = f
forall f € I, (L?) and
DL )= f
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forall f € L”([a, b]) and similarly for I;* and D, .

2.2 Shuffles

Let m and n be integers. We denote by S(m, n) the set of shuffle permutations, i.e., the
setof permutationso : {1,...,m+n} — {1l,...,m+n}suchthato (1) < --- < o(m)
ando(m+1) <--- <o(m+n).

The m-dimensional simplex is defined as

o =AGm...,51) €0, T]" 1 0 <5 <--- <51 <t}
The product of two simplices then is given by the following union

A% X Ag,z
= U {(Wpgns .., w1) €[0, T : 0 < Wo(mtn) <+ < We(1) < [}UN,

oeS(m,n)

where the set A has null Lebesgue measure. Thus, if f; : [0, T] — R,i =1,...,m+n
are integrable functions, we obtain that

" m—+n
/ 1_[ fi(sj)dsy ...ds / l_[ £iG)dSman - st
Agr =1 ALy w1
m+n
- Z /m+n l—[ Jo(h(wj)dwp 4y - - - dwy. 2.1
oeS(m,n) Ae,t j=I1

We hereby give a slight generalization of the above lemma, whose proof can be
also found in [9]. This lemma will be used in Sect. 5. The reader may skip this lemma
at first reading.

Lemma 2.1 Let n, p and k be integers, k < n. Assume we have integrable functions

fi:[0,T] - R, j=1,....,nand g; : [0,T] - R, i =1,..., p. We may then
write

/A" Sils) - fiCsi) /A” g1(r) ...gp(rp)drp ... dry fer1(Skg1) .. fu(sp)dsy, ... dsy
0.t 0,5k

= Z An+1, h({(wl)'"hg—‘,-p(wl’l-‘rp)dwn-{—p...dwl,

0€Anp 0.t
where hi € {fj,gi:1 < j <n,1 <i < p}. Here, A, is a subset of permutations
of {1,...,n + p} such that #A, , < C"*P for a constant C > 1, and we use the

definition sy = 0.
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Proof The proof of the result is given by induction on n. For n = 1 and k = 0, the
result is trivial. For k = 1, we have

t
/ S1(s1) gl(r1)...gp(rp)drp...drldsl
0 Agﬂ

= /p“ Siwpgi(wa) ... gp(wpt)dwpy ... dwy,
A

0,t

where we have put wy =51, w2 =71, ..., Wy =T7p.

Assume the result holds for n and let us show that this implies that the result is true
forn+1.Eitherk =0, 1 0or2 <k <n+ 1. Fork = 0, the result is trivial. Fork = 1,
we have

/ B f1(s1) ) g1(r1) ... gplrp)dry ... dry fo(s2) ... fur1(Sn+1)dspr1 ... dsy
apt ALy,

/fl(sl) (/ f g1(r) ...gp(rp)dry ... dry fa(s2) ..

0s1

Jn+r1(Snr1)dsy41 ... dso) dsy.

The result follows from (2.1) coupled with #S(n, p) = ("nT:,)' < crtr < ¢t Dtp,
For k > 2, we have from the induction hypothesis

/ fl(Sl)-~-fk(Sk)/ g1(r) ...gplrp)dry ...dry feg1(skv) - ..
At AL,
fn+l(sn+l)d5n+l .dsg

/f1(S1)/ fa(s2) .. fk(sk)/ g1(r1)...gp(rp)dr, ..

ésk

X fre1 (k1) - - fn+1(5n+1)dsn+1 .dsadsy

3 /ﬁ(sl) / BT 1) <o B (W )iy . dundsy

o€A,p

S [ B,
&eAnJrl,p 0.t

where A, 41, is the set of permutations ¢ of {1,...,n 4 1 4+ p} such that5(1) =1
ando(j+1)=0(j),j=1,...,n+ pforsomeo € A, ) . O

Remark 2.2 We remark that the set A, , in the above lemma also depends on k but we
shall not make use of this fact.
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2.3 Fractional Brownian motion

Denote by B = {B}!,t € [0, T1} a d-dimensional fractional Brownian motion with
Hurst parameter H € (0, 1/2). So B is a centered Gaussian process with covariance
structure

H.G) ,H.(j 1 ..
(Rpg (e, )5 = BB OB D) = 50 (42— —sPH) =1,

where §;; is one, if i = j, or zero else. Observe that E[|BIH — BSH|2] =d|t —s|*H
and hence B! has stationary increments and Holder continuous trajectories of index
H — ¢ for all ¢ € (0, H). Observe that the increments of B, H € (0, 1/2) are not
independent. As a matter of fact, this process does not satisfy the Markov property,
either. Another obstacle one is faced with is that B¥ is not a semimartingale, see, e.g.,
[35, Proposition 5.1.1].

We give an abridged survey on how to construct fractional Brownian motion via an
isometry. We will do it in one dimension inasmuch as we will treat the multidimensional
case componentwise. See [35] for further details.

Let £ be the set of step functions on [0, T'], and let H be the Hilbert space given by
the closure of £ with respect to the inner product

(Ito,1, Ljo,s))H = Ru (2, 5).
The mapping 1jo,;] = B; has an extension to an isometry between H and the Gaussian
subspace of L2(£2) associated with B¥ . We denote the isometry by ¢ > B (¢). Let
us recall the following result (see [35, Proposition 5.1.3] ) which gives an integral

representation of Ry (¢, s) when H < 1/2:

Proposition 2.3 Let H < 1/2. The kernel

H-1 t
! : H-1 1 g H-3 H-1
Ky(t,s) =cy - (t—s)""2 4 E_H s2 u” 72w —s)""2du |,
s s

where cy = \/(1—2H)ﬁ(12—1§H,H+1/2) being B the Beta function satisfies

INS
Ry(t,s) =f Ky(t,u)Kg(s, u)du. 2.2)
0

The kernel K i also has the following representation by means of fractional deriva-
tives

1 1_ g %—H H—1
Ky(t,s) =cyll H+§ s2 Dr— u’"2)(s).
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Consider now the linear operator K7, : £ — LZ([O, T1) defined by

oKy
t,s)dt
ar ()

T
(K30)(s) = K (T, $)o(s) + f (1) — 9(s))

forevery ¢ € £. Weseethat (K}, 1{0,1)(s) = Ky (t, s)1j0,](s), and then, from this fact
and (2.2) one can conclude that K}, is an isometry between £ and L?([0, T']) which
extends to the Hilbert space H. See, e.g., [16] and [3] and the references therein.

For a given ¢ € H, one proves that Kj,can be represented in terms of fractional
derivatives in the following ways

(Kj9)(s) = cuT (H + %) shoH (1)} Hu”%m) (5)
and

* 1 5—H
(Kp9)(s) =cul (H + 5) (D% w(@) (5)

1 T H_3 t H_%
+cy <§—H>/ )t —s)" "2 1—(;) dr.

1_
One finds that H = IT2_ H(Lz) (see [16] and [3, Proposition 6]).
Using the fact that K7, is an isometry from H into L2([0, T]), the d-dimensional
process W = {W;, t € [0, T]} defined by

W, := BH (K}~ (1j0.7)) (2.3)

is a Wiener process and the process B can be represented as follows

t
5! = [ Kut.opaw. 2.4)
0

see [3].
We also need to introduce the concept of fractional Brownian motion associated
with a filtration.

Definition 2.4 Let G = {G;},c0.7) be a right-continuous increasing family of o-
algebras on (2, F, P) such that Gy contains the null sets. A fractional Brownian
motion B is called a G-fractional Brownian motion if the process W defined by (2.3)
is a G-Brownian motion.

In what follows, we will denote by W a standard Wiener process on a given prob-

ability space (€2, 2, P) equipped with the natural filtration ' = {F;};c[0,77 Which
is generated by W and augmented by all P-null sets, we shall denote by B := B
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the fractional Brownian motion with Hurst parameter H € (0, 1/2) given by the
representation (2.4).

In this paper, we want to make use of a version of Girsanov’s theorem for fractional
Brownian motion which is due to [16, Theorem 4.9]. Here, we recall the version given
in [36, Theorem 2]. However, we first need the definition of an isomorphism K g

1
from L2([0, T]) onto Iolj_+2 (L?) associated with the kernel K (¢, s) in terms of the
fractional integrals as follows, see [16, Theorem 2.1]

g 1-H g_1
(Kug)(s) = Igf's2> 115" s" 29, ¢ € L*(0, T]).

It follows from this and the properties of the Riemann—Liouville fractional integrals
and derivatives that the inverse of Kz takes the form

-H g 1 +

_ 1_ L H+1
(Ki'o)s) =s27 DL " s" 1D p(s), ¢ e I, (LY.

The latter implies that if ¢ is absolutely continuous, see [36], one has

1
(Ki'o)s) = 573157551/ (5), 2.5)
Theorem 2.5 (Girsanov’s theorem for fBm) Letu = {u;, t € [0, T} be an F-adapted
process with integrable trajectories and set BtH = BZH + fot usds, t €0, T].Assume

that

() f;upds € 1072 (20, T)), P-as.
(i) E[é7] =1 where

T . 1 T . 2
Er == exp :—/ K; (/ u,dr) (s)dwg — —/ K;Il (/ urdr) (s)ds} .
0 0 2 Jo 0

Then, the shifted process BH isan F -fractional Brownian motion with Hurst param-
eter H under the new probability P defined by 3—ﬁ = £&7.

Remark 2.6 As for the multidimensional case, define
(Kr9)(s) = (Kug)(s). ... (Kng' D))", ¢ € L2(0, T RY,
where * denotes transposition and similarly for K ;11 and K7;.
In this paper, we will also employ a crucial property of the fractional Brownian
motion which was shown by [39] for general Gaussian vector fields. The latter property

will be a helpful substitute for the lack of independent increments of the underlying
noise.
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Letm e NandO=:19 <t; <--- <t, < T.Then, forall &, ..., &, € R there
exists a positive finite constant C > 0 (depending on m) such that

m

m
Var | Y (&, B, — By,_)ga | = C Y _[&*Var[B,, — B,,_,].  (2.6)
j=1 j=1

The above property is referred to the literature as local non-determinism property
of the fractional Brownian motion. The reader may consult [39] or [46] for more
information on this property. A stronger version of local non-determinism is also
satisfied by the fractional Brownian motion. There exists a constant K > 0, depending
only on H and 7T, such that forany r € [0,T],0 <r <tandfori =1,...,d,

Var[BtH’i|{BSH’i:|t—s| zr}] > K2 2.7

3 An Integration by Parts Formula

In this section, we recall an integration by parts formula, which is essentially based on
the local time of the Gaussian process B . The whole content as well as the proofs
can be found in [9].

Let m be an integer, and let f : [0, T]" x (R9)" — R be a function of the form

Fe=T] 620 s=6rosm) €l0.TI", 2= (1. ....2m) € R,

Jj=1
3.1
where f; : [0, T] x RY - R, j = 1,...,m are smooth functions with compact
support. Further, let 5 : [0, T]" — R be a function of the form
m
x(s) =[] 56, selo.T]", (32)
j=1
where 5; : [0, T] — R, j =1, ..., m are integrable functions.

Next, denote by «; a multiindex and D%/ its corresponding differential operator.
Foro = («y, ..., o) considered an element ongX’" sothat || := ZT:] Z;l:l aj.l),
we write

m
D f(s,2) = [ [ D¥ fi(sj. )
j=1
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In this section, we aim at deriving an integration by parts formula of the form

/ D“f(s,Bs)dS=/ AL 0.1, 2)dz, (3.3)
A d)m

0.1 ®

for a suitable random field Ag , Where Ag’t is the m-dimensional simplex as defined
in Sect. 2.2 and By = (By,, .. 5, ) on that simplex. More specifically, we have that

m

o= [ [ T] i eiity, By - <)
0.t j=1

(3.4)

Let us start by defining A(f (0,1, z) as above and show that it is a well-defined
element of LZ().

To this end, we need the following notation: Given (s, z) = (S1, ..., Sm, 21 - -+, Zm) €
[0, TT" x (RY)™ and a shuffle ¢ € S(m, m), we write

2m

fo(s,2) =[] fiwin(sj 2o

j=1
and

2m

Hy(8) = 1_[ Ho(H1(55)s

j=1

where [j]lisequalto jif | < j<mand j—mifm+1<j <2m.
For integers k > 0, let us define the expressions

v/ 0,1,2)
d 1

=[Iyele®hr / | £ (5. z)ll_[ sy ... s
=1 oeS(m,m) |s] —Sj_ 1|H(d+221:1a[0(j)])

, respectively,

wEO,1)
d 1
=[[yele®h > / |55 ()] ]_[ dsy ... dsoy.
I=1 oeSmmm) Ao j=1lsj —sj_1 |H(d+2271:1"‘[(clr)<j>])
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Theorem 3.1 Suppose that W) (6,1, 2), W76, 1) < oc. Then, defining AL (6,1, z)
as in (3.4) gives a random variable in LZ(Q) and there exists a universal constant
C =C(T,H,d) > 0 such that

ENALG6, 1, )1 < c"Helw] 6,1, 2). 3.5)

Moreover, we have

'E [/ AL, 1, z)dz}
Ry

Proof For notational convenience, we consider 8 = 0 and set A({ (t,z2) = Ag 0,1, 2).
For an integrable function g : (RY9y" — C, we can write

m
= PTG N s oo oy (V€'

(3.6)

2

/d gy, ... up)duy ... duy
(R )m

=/d g(ul,...,um)dul...dum/d &Wme1y s u2m)Aupgy ... duopy,
(Ra)ym (Rdym

=/ g, ... um)duy ... iy, (—1)4M
(]Rd)m

/ g(—Um1, .., —uzm)dityyy ... dugy,
Ry
where we used the change of variables (u;,+1, .. ., Uom) —> (U1, ..., —U2py) IN
the third equality.
This gives

2
AL©.1.2)|

= Q)2 (—1ydm f T 6z e 1B, | a,

(Rd)Zm o j=1

2m
o —iluj By —zy;
X / 1_[ f[j](S.j, Z[j])(—l'uj)a[f]e l<uj’ o zm>dsm+1 codsydug .. dugy,
O j=m+1

(Rd )2m

m
— (27_[)—2dl’H(_1)dm Z 1_[ e—i(Zj,Mj+Llj+m>
j=1

oeS(m,m)
2m 2m
Ao (j
X /2 fo(s,2) 1_[ ug[(j(;)] exp § — Z(ug(j), st> dsy...dsy,duy ... .dus,,
Al j=1 j=1

where we used (2.1) in the last step.
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Taking the expectation on both sides yields

2 A
E[)Ag(@, t, Z)‘ ] — (Zﬂ)_zdm(_l)dm Z /-R . e—l (Zj,Lt_/+Mj+m>
(RE)=m

oeS(m,m) j=1
2m
€ Z)l_[ug(”]()”]
1 2m
xp —EVar Z(“G(j)’ Bg) | t dsi...dsy,dug ... duyy,
j=1
m
= @m)2m (i Y / He_i(zj,uj+uj+m>
sesmm)? B\ iZ)
2m 2m
< [ e [Tl e =5 ZVar >ouliyn!
0,1 j=1

x dsp .. .dszmduil) ... dugr)l ... du(ld) ... dug,l,f

m
(zn)—de( l)dm Z / 1_[ e_i (Zj’u./+uj+m>
)2m ‘:

oeS(m,m)

2m
) /Az fals: 2 [T ugly” HGXP {__((“a<;))1<1<2m) Q((“a<j>)1</<2’”)}
0,

)] (d) (d)
x dsp .. .dS2mduU(1) d“g(zm) .du Ug(l) - .du Uy (2m)» 3.7)

Q = 0(s) := (E[B{"B{"D1<i,j<om-

Further, we see that

2m d oz(l) d
[o (/)]
/2 |fg(S,Z)|fd2 HH u l_[exp
m
At RO™ G112 =1

1
{ —5 (gt =jzom) " Qg < jgzm)}

(D (1) (d) )
duU(l) duU(Zm) .du (1) dug(zm)dsl ... dsoy,

_ 0] [o(m 0 @ O
_/Az 1o, z)|/ HH l_[exp{ 5 (0 >}

=11=1
dugl) . dug?i . dugd) o dué‘f’zdsl ...dsoy,

0
a(j)

@ Springer



Journal of Theoretical Probability (2022) 35:714-771 729

d 2m @
_ IR
—/A%’?Ifa(s,z)llll/ﬂw [T} e
'y = ]_
1
{—5 (0u®. u<”>} du® . dul ds; ... sy, (3.8)
where
I
ul) = (”;))151‘52141-
We have that

2m

b (1w

2m
- W/ﬂw (]i[1 (0172 e))

J

MO |
lo ()] nod O] O]
g exp{—E<Qu(),u()>}dul cooduy

NN !
lo()] 1 1 ) @)
/ exp{—5<u(),u(>>}dul oduy

where ¢;,i =1, ..., 2m is the standard ONB of R2m,
We also get that

2m o
i 1
Lo Tl a0 exp {3 a0, ).t
Jj=l1
2m NoR
= (27T)mE|: 1_[ ‘<Q_1/ZZ, ej> lo ()] i|’

j=1
where
Z ~ N(O» Dysom)-

We know from Lemma [28], which is a type of Brascamp-Lieb inequality that

)
Yo ()]

2m
EIT] ‘(Q*‘/zz, ej>
j=1

2|

= ,/perm (Z>= Z l_[ Aiz (i)

nESZ'a([)| i=1
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where perm(} ) is the permanent of the covariance matrix ) = (g;;) of the Gaussian
random vector

(<Q_I/ZZ, €1> 3o ey <Q_1/ZZ, e]>a <Q_I/ZZ, €2> R <Q_I/ZZ’ 62)’ Tt
a[(ff)(l)] times "‘[(Q(z)] times

(02 ). ... (07, ).

‘1[(?(2;11)] times
‘oz(l )| = Z;’Ll ay) and where S, stands for the permutation group of size 7.

In addition, using an upper bound for the permanent of positive semidefinite matri-
ces (see [5]) or direct computations we get that

2o 2|
perm (Z) = Z 1_[ Aix(i) = 2 ‘Ol(l)‘)! 1_[ aij. 3.9)
ﬂESz|a(1)| i=1 i=1

Let now i € [Zf;ll a[((lr)(r)] + 1, Zle oa[(clr)(r)]] for some arbitrary fixed j €
{1,...,2m}. Then,

ai = EI(0712Z, ¢;)(07122, ¢ )1
Further using substitution, we also have that

E[<Q‘1/2Z, e,-> <Q‘1/ZZ, e.,')]

= (det Q)1/2L / (u, ej)2 exp <—% (Qu, u)) duy ...dusy,

Q)" Jgom

1 1
= (det Q)l/zmﬁQz u? exp <—§(Qu,u)> duy ...dusy

We now want to use Lemma A.7.
Then, we get that

1
/ u?exp (——(Qu,u)) duy...du,,
R2m 2

Qm)@m=b/z 1, 1
ZW/U exp _EU dv?
R .
J

e 1
"~ (det Q)12 aj?’
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where 0 Var[BH BH ... BH without BY
S1 2m Sj

We now want to use strong local non-determinism of the form (see (2.7)): For all
tel0, T],0<r<t:
Var[BF|BE |t —s| = r] = Kr?H.

The latter implies that

(det Q(s)'/2 = K@=V 15117 155 — 5117 . 5o — s2m—1 |7

as well as
2 . 2H 2H
o; = Kmm{|sj —sj,1| , |sj+1 —sj|

Thus,

2m ¢ 1

am —2[a®
1_[01 <K |1_[ oD o)
j=1 j=tmin{|s; —s;j_ 1| Aol sl+1—s,| "U)]}

0 1
< ¢l l_[ HaD

j=1|sj —sj- 1|4 o ()]

for a constant C only depending on H and T .
Hence, it follows from (3.9) that

2|a(l)|

perm () = @Dt [T au

i=1
Q)™ 1 oD
27)" (det 0)'/2 52 0]

2m
< D! [ Teet @072

j=1

, 2m
< i T]

j=1 |Sj —Sj— 1|

[ Mo 2. > }m

j=1|sj = sj-1]

1

4Hay) ;)

So

J(])]
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Therefore, we obtain from (3.7) and (3.8) that

E[‘Agf(@, 1, z)‘z]

m Ol
<C ng Ifg(sz)ll_[/ ‘

1
{_5 <Qu(1), u(1)>} duﬁl) e dugridsl ..dsoy

1 d
’ (det O(s)i72 Oycle®]
<M A5?|fa<s,z>| (detQ(s))dﬂE ladic

lo (])
exp

2m

1
I1 —dsi ... dsom
2Hot
j=1sj = sjog |0
=Mmc'“‘]"[\/<2|a<l>|)!/ fals. 2)
N
=1 0.1
S1...dso,
(1
j=1 |Sj —Sj-1 |H(d+221 1 %0(jy))

for a constant M depending on d.
Finally, we show estimate (3.6). Using the inequality (3.5), we find that

‘E |:/ INZACH z)dz]
Rym

< / ENAZS 0.1, 2dz < Cmi>Hel/2 / W (0.1, 2)) Pz,
(Rd )m (Rd )m

Taking the supremum over [0, T'] for each function f;, i.e.,

., 2m

| fio(in(8) 210 ()| < S‘[JOPT] | fio(n1(sj,

S;€

one obtains that
‘E[/ A;ff(e,z,z)dz]
(Rd)'"
172
< Cm+|a| / d
= o Fommy Jegaym l_[ | fioanCs 2o [ oo,y | 2

<n\/m ) f 5 9)

oeS(m,m)
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2m , 172
1_[ dsy .. .ds2m>
YT
j=1|sj — sj_1|H(d+ZZI=1“[a(j)])
2m 1/2
:CM'HOH max / .2z ~ dz - \Tfgd e,t 1/2
oeStmm) Jayn E | fiownCs 2o | 0.7 (¥ ®. 1)

m
_ ool /(Rd)m [T 2D oy 92 - (W@, 0)'/2
j=1

m
= " TG 2pl Lo o.ryy - (W@ 0072,
j=1

O

The next result is a key estimate which shows why fractional Brownian motion
regularizes (1.1). Itrests in fact on the earlier integration by parts formula. This estimate
is given in more explicit terms when the function s¢ is chosen to be

2j(s) = (Kpu(s,0) — Ku(s,0)%, 0 <s <t
and
xj(s) = (Ku(s,0)%, 6 <s<t

forevery j = 1,...,m with (g1, ..., &,) € {0, 1}". It will be made clear why these
choices are important in the forthcoming section.

Proposition3.2 Let B, H € (0,1/2) be a standard d-dimensional fractional
Brownian motion and functions f and s as in (3.1), respectively, as in (3.2). Let
0,0/,t €[0,T],0/ <0 < tand

x2j(s) = (Kp(s,0) — Ky (s,00)%, 0 <s<t

forevery j = 1,...,mwith (e1,...,&y) € {0, 1} for 6,07 € [0, T] with 67 < 6.
Leta € (Ng)’” be a multi-index. If

I—vy

H < y ;
(a-1+250 af)

forall j, where y € (0, H) is sufficiently small, then there exists a universal constant
C (depending on H, T and d, but independent of m, { fi}i—1....m and ) such that for
any 0,t € [0, T]with 0 < t we have

.....

m

E/A ]_[D“ffj(sj,B;’)zj(sj) ds

m
0,1 j=1
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m mn ;
0 —6r\" Li=1¢i | m
et . . (H—5—-y) X" &)
<" “f/('»ZJ)”LI(Rd;LOC([o,T]))( 007 ) o =
Jj=1

1/4
(H?’AZ |a”>|>!) (1 — )O3y Ky

T(—HQmd +4lal) +2(H - 3 —y) S ej 4 2m)/?

Proof By definition of AY y (3.4), it immediately follows that the integral in our
proposition can be expressed as

m
/ l_IDajfj(sj,BsH)%j(Sj) ds=f AZT®,1,2)dz.
Aglt J Rdm

j=1

Taking expectation and using Theorem 3.1, we obtain

E/A HD"‘ffj(sj,Bg)%j(sj) ds

m
0.\ j=1

m
< cmlal 1_[ ” fiC, Z,/)||L1(Rd;LOC([O,T])) (P, t))1/2,
j=1

where in this situation

WE@O, 1)

2m

d
= H\/m Z me H(Ky(sj,e) — Kp(sj, 0)ce0)
I=1

oeS(m,m) 0 j=1
1
d 1
BT e

dSl . dSQm.
|5j = ;1]

We want to apply Lemma A.8. For this, we need that —H (d 4-2 Zle oz[(;)(j)]) +(H —

% —V)éo(jy) > —1forall j =1,...,2m. The worst case is when &[5 (;)) = 1 for all
1

j.So H < +(1) for all j. Hence, we have
(=142 3 ¥ )

2m
¥ 2551 Elo (i)

— 0/ J 1 2i
0 6) gH=2-M X% e

vEO.n < Y (99/

oeS(m,m)

d
X 1_[ /(2 |Ol(l) |)'l'ly(2m)(t _ 9)_H(2’”d+4‘0‘|)+(H—%—)’) Z?il 5[q(j)]+2m’
=1
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where IT,, (m) is defined as in Lemma A.8. The latter can be bounded above as follows

l'[?’"l r ( (d +2y 10‘(3(1)]))

I, (2m) <
—HQ2md +4|a|) + (H — -—V)Z, 1 €lo ()] +2m)

Observe that 23’2 1 €lo()) = 2 2} &;. Therefore, we have that

(W@, m'?

Y g
~cm (9 —0/) j=1¢j 9(H7%7y)z?=1€j
- 06/

1/4
(MLelapt) - e>—H<md+2'a*>+<H-%—V> Ziyerim

T(—=HQ2md +4al) +2(H — 53 —y) Y i  &j +2m)!1/2

where we used H?Zl 'l—Hd+2 Zldzl a(;)(])]) < C™ for a large enough constant

C > 0and \Ja; +---+an < Jai + - Ja, for arbitrary nonnegative numbers

aly ..., . O

Proposition 3.3 Let B | H € (0, 1/2) be a standard d-dimensional fractional Brow-
nian motion and functions f and s asin (3.1), respectively, asin (3.2). Let0,t € [0, T]
with 6 < t and

() = (Ku(s,0)%, 0 <s<t

orevery j =1,...,mwith (e1,...,&p) € {0, 1}". Leta € (Nd)m be a multi-index.
0
If
I-v
d )
d—1+23 ;")

H <

forall j, where y € (0, H) is sufficiently small, then there exists a universal constant
C (depending on H, T and d, but independent of m, { f;}i=1....m and ) such that for
any 0,t € [0, T]with 0 < t we have

.....

m
E/m [1D% fitsj. BID3<js)) | ds
0,1

J=1

m

_lyym o

< TG epl pggospsqory 077 =51
j=1
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1/4 m
(I @Ia®pt) " @ — ) o4 2eDs g Xyt

X

1/2°
r (—H(2md +ala)+2(H—3—y) Y0 6+ 2’”)

Proof The proof is similar to the previous proposition. O

Remark 3.4 We mention that

d
[1e ‘a(l)‘)! < Qap'C

=1

for a constant C depending on d. Later on in the paper, when we deal with the existence
of strong solutions, we will consider the case

ol €{0.1} forall j,I
with

|| = m.

4 Local Times of a Fractional Brownian Motion and Properties

One can define, heuristically, the local time L} (BH ) of B at x ¢ R4 by

Ly (") = /Ot 5, (BH)ds.

It is known that L} (BH ) exists and is jointly continuous in (¢, x) as long as Hd < 1.
See, e.g., [39] and the references therein. Moreover, by the self-similarity property of

H
the fBm one has that Ly (BH) law tl_HdL)f/t (Bf) and, in particular
L) (B7) ' ALY (B,

The rigorous construction of L} (BH ) involves approximating the Dirac delta function
by an approximate unity. It is convenient to consider the Gaussian approximation of
unity

Qe (x) = 87%§0 (87%)6) , €>0,

for every x € R? where ¢ is the d-dimensional standard Gaussian density. Then, we
can define the smoothed local times

t
Lf(B”,e)z/ @e(BY — x)ds
0
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and construct L} (B as the limit when ¢ tends to zero in L2(2). Note that, using the
Fourier transform, one can write ¢, (x) as follows

1 . €1
e (x) = Wﬁl‘&d exp (z (E,x)pa — & ]Rd) dé.

The previous expression allows us to write

11 () = g ] o (o - o

and

j=1

m '2
X exp Z( g]’ Rd+%> déds, “4.1)

Jj=1

where & = (&1,....&x) = (E,.... & ... &l &) € R™ and s =
(51, ..., 8m) € T,(0,1) ={0 <51 < s < --- <5 < t}. Next, note that

E | exp ii<§j,Bg>Rd = exp ——Var ZZ&"BC”"

j=1 j=1k=1

k=1 j=1

= exp (—% i(s 0()¢") )

k=1
where £ = (E{‘,...,S,’fl) and Q(s) is the covariance matrix of the vector
(Bg ’1, ey BS,Hn ’1). Rearranging the terms in the second exponential in Eq. (4.1),

we can write
E [L;C (BH, s)m]
_om! (. . e [£42,
- (zn)md ~[Z;n(0,t) /;{md exp <_§ Z <<%— , 0(s)& >Rm + T

k=1

m
X exp ’Z £j.x), | d&ds,
j=1
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2 d
m! 1 1 | e |€:1|Rm |
= (zn)md f];n(o,t) (f " exp (‘5(5 , Q(s)§ >Rm T dé ds
m! _l 1 . ) 1)(1
< Q)" /Tm(o,z) (/Rm exp< 2<§ , Q)& > de') ds

|
= (zm)'dm /T . )(detQ(s))—% ds 2 .
) 2 m (0,1

Hence, by dominated convergence, we can conclude that E [Lf (BH , s)m] converges

when ¢ tends to zero as long as «,, < 0o. If @y < o0, then one can similarly show
that

lim E [L;‘ (BH, 81> LY (BH,Sz)]

£1,60—>0+

exists, which yields the convergence in L? (Q) of L} (BH,¢). If o, < oo for all
m > 1, one can deduce the convergence in L” (€2), p > 2 of L} (BH, 8).
The following well-known result can be found in Anderson [6, p. 42].

Lemma4.1 Let (X1, ..., X;;) be a mean-zero Gaussian random vector. Then,
det (Cov[X1i,..., X)) = Var[X ] Var [X»|X]--- Var [Xm|Xm_1, . Xl] .

Another useful elementary result is:

Lemma4.2 Let X be a square integrable random variable and G| C G be two o -
algebras. Then,

Var [X|G1] > Var [X|G].

Combining Lemmas 4.1, 4.2 and (2.7), we get that

det Q(s) = Var [BXIII,I] Var [Bg,lwg,l] .. Var [BSIZ’”B;I,’_IV . B;“]

- 5 Var [B1 ] v [ B,

-1 2H 2H 2H
> K" S (52 —s)™" - (Sm — Sm—1)

and, therefore,

)—Hd

/ )(detQ(s))_% ds < K 3(1-m) sy H (s — s 7HE - (s — st ds
(0,1

T (0.1)

m
— g50-m (]—[ B((—Hd,1— Hd)) (m=Hd) _
j=1
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if Hd < 1. Finally, we have proved the bound

E[L; (87)"] = m_gdaem ﬁB(j(l—Hd),l—Hd) pr(1=HaD

— dm
(2m) 2 j=1

4.2)

Remark 4.3 We just have checked that if Hd < 1, then L} (B) exists and has
moments of all orders. By checking that ), - | %% < oo, one can deduce that Ly (B)
has exponential moments or all orders. Furthermore, one can also show the existence of

. 2 S .
exponential moments of L} (BH ) by doing similar computations as before. However,
one may also use Theorem 4.4 to show that the exponential moments are finite.

Chen et al. [12] proved the following result on large deviations for local times
of fractional Brownian motion, which we will not use in our paper but which is of
independent interest:

Theorem 4.4 Let B be a standard fractional Brownian motion with Hurst index H
such that Hd < 1. Then, the limit

lim a~# log P (L?(BH) > a) — _0(H,d),

a— o0

exists and 0 (H , d) satisfies the following bounds

1

2\ 27
(7%) Oo(Hd) < 0(H.d) < (2)27 fo(Hd),

where cy is given by and

(1 _ A)l—k)UA

Boh) =4 ( T -2

5 Existence of Strong Solutions

As outlined in the introduction, the object of study is a generalized SDE with additive
d-dimensional fractional Brownian noise B with Hurst parameter H € (0, 1/2),i.e.,

Xf=x4al,(X*)-1;+ B, 0<t<T, xeR?, (5.1

where L,;(X"), t € [0, T] is a stochastic process of bounded variation which arises
from taking the limit

t
Li(X") = ;i{I(l)fO e (X)ds,
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in probability, where ¢, are probability densities approximating 8o, denoting ¢ the
Dirac delta generalized function with total mass at 0. We will consider

Ye(x) = sf%w (eiéx) , £€>0, 5.2)
where ¢ is the d-dimensional standard Gaussian density function.
Hereunder, we establish the main result of this section for H < m (see [11]).

Theorem5.1 If H < 1/(2(2 + d)), d > 1, there exists a continuous strong solution
X*={X;,tel0,T],xe R%} of Eq. (5.1) for all a. Moreover, for every t € [0, T,
X; is Malliavin differentiable in the direction of the Brownian motion W in (2.3).

Proposition 5.2 Retain the conditions of Theorem 5.1. Let Y be another solution to
the SDE (5.1). Suppose that the Doleans—Dade exponentials

T . *
5(/ -k (/ %(Y;‘)lddu> (s)dWS>, e>0
0 0

converge in LP(Q) for e —> 0 for all p > 1, where @, is the approximation of the
Dirac delta &g in (5.2) and * denotes transposition. Then, strong uniqueness holds for
such solutions.

In particular, this is the case, if, e.g., uniqueness in law is satisfied.

The proof of Theorem 5.1 essentially consists of four steps:

(1) In the first step, we construct a weak solution X to (5.1) by using the version
of Girsanov’s theorem for the fractional Brownian motion, that is we consider a
probability space (€2, 2, P) on which a fractional Brownian motion B and a
process X* are defined such that (5.1) holds. However, a priori the solution is not a
measurable functional of the driving noise, that is X* is not adapted to the filtration
F = {Ft}ie[0,1] generated by B,

(2) In the next step, we approximate the generalized drift coefficient §p by the Gaus-
sian kernels ¢,. Using classical Picard iteration, we know that for each smooth
coefficient ¢, ¢ > 0, there exists unique strong solution X? to the SDE

dX¢ = ag.(X) - 14dr +dBI, 0<r<T, X§j=xeR (5.3)

Then, we prove that for each ¢ € [0, T], the family {X[}..o converges weakly as
& \\ 0 to the conditional expectation E[X,|F;] in the space L2(Q; Fi) of square
integrable, F;-measurable random variables.

(3) Further, it is well known, see, e.g., [35], that for each ¢ € [0, T'] the strong solution
X7, e > 0, is Malliavin differentiable, and that the Malliavin derivative Dy X7,
0 <s <t, withrespect to W in (2.3) solves the equation

t
DX = Ky (t,s)ly +f agl(XE) - 14D X du, (5.4)
s
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where ¢, denotes the Jacobian of ¢.. Using a compactness criterion based on
Malliavin calculus (see “Appendix A”), we then show that for every ¢ € [0, T'] the
set of random variables {X[}¢~¢ is relatively compact in L?(€2), which enables
us to conclude that X7 converges strongly as ¢ Y\ 0 in LQ(Q; Fp) to E[X,|F].
As a consequence of the compactness criterion, we also observe that E[X;|F;] is
Malliavin differentiable.

(4) Finally, we prove that E[X;|F;] = X;, which entails that X; is F;-measurable
and thus a strong solution on our specific probability space, on which we assumed
our weak solution.

We assume without loss of generality that « = 1. Let us first have a look at
step 1 of our program, that is we want to construct weak solutions of (5.1) by using
Girsanov’s theorem. Let (€2, 2, F) be some given probability space which carries a
d-dimensional fractional Brownian motion B with Hurst parameter H € (0, 1/2)

and set X} = x + E,H, t€[0,T], x € RY. Set 6, := (K;l (fo 80(Xf)dr1d)) )
and consider the Doléans—Dade exponential

t l t
£ = exp{/ GSTdWS—Ef efexds}, t €0, Tl
0 0

formally.
If we were allowed to implement Girsanov’s theorem in this setting, we would
arrive at the conclusion that the process

t
BH .= Xx¥ —x —/ 8x(XF)ds1y
0
t
= Bl — / So(BMds1, (5.5)
0

is a fractional Brownian motion on (€2, 2, P) with Hurst parameter H € (0, 1/2),
where Z—g = £7. Hence, because of (5.5), the couple (X*, BH) will be a weak solution
of 5.1 on (2,%, P).

Therefore, in what follows we show that the requirements of Theorem 2.5 are
accomplished.

Lemma5.3 Lerx € RO IfFH < 5tz then

T . 2
su%E |:exp <M/o (Ky' </O gox,g(BLf’)du)(r)) dt):| < o0

forall u € R, where

2
1 BH_X d
o (B) = + eXp 1B = g :
QQme)? 2e
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Proof In order to prove Lemma 5.3, we can write

Ky' ( / ¢x.(B] )dr) (1) = tH=4 hn ( / '%,S(BrH)dr) )
0

t
H= foy_, 14— (1 102 (B )du,

N\—

=1

where
Vaptou) = (t —u)* ub.

Using the self-similarity of the fBm, we can write

1
_ 1 5=
K 1( f e (B] )dr) (t) & 2~ A+ /O Vorom o (L@ o (B )du,

where £(7) := et~2# | and hence

K_l <f >2m law 2m( H(l+d))
Px, 8(B )dr @ =1t

1 2m
( fo Vorog g (L@ o (B )du)

2 l711(1+d)
:tm<2 (2 )‘f 1_[ _7 Hl H(l uj)(pxt_ E(l)(B )du
Tom (0, 1)

where 7,(0,s) = {0 <u; <uy <--- <u, <s}and

1 €1
Pt o) (By)) = W/Rd exp (i <§,BZ —xt > e(r) Rd) dé.

Then,

T . 2 m
E[( / (K;l ( / gox,g(B:’)du) (r)) dt) }
0 0
T . 2m
< T'"—lf E|:K;,1 (/ (pX,S(Bf’)dr) (t):| dr
0 0

T 2m
:Tmflf ﬂm(%*H(ler))(Zm)!/ H)Li, Ly | E
0 7—2m(0,1) j:l ’2
2m
H
Hgoxt*H,g(t)(Buj) dudz.
Jj=1
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Moreover,

2m

H
H Pxr—H o) (By)
j=1

1 2m . . ’E | d
= jli[l/Rde"p<l<5f’BZ—xf ”)R — o) =" )dg,-

[

m

: H
N W A{de exp | i <é§j7 B"j>Rd

j=1

xexp | —i Z<§px¢ H>Rd

j=1

X eXp 8(0Z|§J|Rd dé;...d&y,.

Next, note that

2m . o d
i . pH _ 1 i
B o {2 {e B || = ow | 5V [ 6
/=] j=1k=I
1 d 2m ] d
= — k pH.k . 1
=exXp| 75 Z Var Zéj B, = exp < > Z <$ Q)& >R2m> ,
= i=l k=1
where
Q) = Cov(Bt, ... BT
Hence,

2m
H
l_[ Par—H ety (By)

j=1
1 2m d k
= W /ﬂ;de xp __Var Z Zé dél e dEZm
Jj=1k=1
~& LS Y Vg ...a
B W AZ(JW eXp _z I; <é ’ Q(u)g )Rzm El e fzm
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d
= —(zn;wm ( /R L exp (—% Z(sl, Q(u)Sl>R2m> d$1>

k=1
1

< gy (det Q)%

d

Using the last estimate, we get that

T . 2 m
E[( / (K, ( / sox,s(Bf)du)(t)) dr) }
0 0

7t an(3-Ha+d)

<
- (27‘[)‘1’”
2m J
><(2m)!/ Yoi_pgi_yg(Luj)| (detQ(u))”2du
Tom (0,1) /Ul i !
- 71 sz(%fmwd))
- (zn)dm

X Cz d(m|)2H(1+d) s

where the last bound is due to Lemma A.5 for a constant Cy 4 only depending on H
and d. So the result follows. O

Proposition 5.4 Let x € R? and H <
that

m. Then, there exists a {t € LP(2) such

T . *
5( / Ky' ( / m,un(Bf)lddu) (s)dWs) — ¢ in LP(Q)
0 0 n—-o0

forall p > 1. Furthermore,
Bf —Lf(BM1,0<t<T

is a fractional Brownian motion with Hurst parameter H under the change of measure
with respect to the Radon—Nikodym derivative (.

Proof Without loss of generality, let p = 1. Then, using |¢¥ —e”| < |x — y| ety
Holder’s inequality, the supermartingale property of Doleans—Dade exponentials we
get in connection with the previous lemma that

T . *
EHE (/ Ky' (/ <ﬂx‘1/n(B,fI)lddu) (s)dWS>
0 0
T . *
—£ ( / Ky ( / gox,l/r(35>1ddu) (s)dwx>
0 0

<C(h +Dh)E,

|
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where

T
11 = E|:[
0
_Kﬁl (/0.¢1/r(35)lddu) (s)
T . *
L= E[(/ Kf_ll </ (ﬂl/n(BuH)lddu> (s)
0 0
T : 2 2412
_/ KEI (/ §01/r(Bf)1ddu> (s) ds) }
0 0

t . * 2
E := Elexp{ui /0 Ky' ( /0 wl/n(Bf)lddu) ()

ds}]1/4
t . *
.E[exp{ug/o Ky' </O ¢1/,(Bf)1ddu) (s)

2 1/4
for constants C, i, up > 0.
Now, let us have a look at the proof of the previous lemma and adopt the notation
therein. In the sequel, we omit 15. Then, we obtain for m = 1 by using the self-
similarity of the fBm in a similar way (but under expectation) that

. * 2 . * 2
E['K;,l (/0 %435’)@) 0] ‘K;,l ( /0 %Z(Bf’)du) 0] }

2m

2
2m(s-H(+a) /‘ H
—g| ("2 m)! Vi o1 o(Lude. u . (BE)du
|:< sz(O,l)jl:[] _E_H*E_H J7¥xt= 1 e (1) \Puj

Ky' ( / ¢1/n<35>lddu> (s)
0

2 1/2

ds:| ,

2

2m
X J/_,_ ! (Luj)o,,—u (B )du
/7—2”1(0 1) H H,>—H J7¥xt=H er (1) \Puj

where &; (1) = it 2, i =1,2. Using shuffling (see Sect. 2.2), we get that

. * 2 . * 2
EUK; </O (pgl(Bf)du> 0| |Ky' </O (pgz(Bf)du> (1) }

_ |:<t2m(;—H(l+d)) (2m)!>2

/ 1_[ fd(])(uj)du s
Tam (0, 1)

oeS(2m,2m)
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where fj(s) = yf%fH%fH(l,s)wx,fﬁ,gl(t)(BsH), if j = 1,...,2m and
y_%_H,%_H(I,s)gz)xlfy’gz(,)(BsH), if j =2m+1, ..., 4m. Without loss of generality,

consider the case

4m 2m
H
[T/m@n=TTros m a0 B
j=1 j=1
dm
1_[ V,%,H,%,H(Luj)wx,fﬁ,gz(,)(B,Z)-
Jj=2m+1

Then,

E <2m( —H(1+d)) )2 (Zm( —H(1+d)) )2
t 2m)! / Hfg(n(u])du = (s (2m)!
7:‘»))1( )

2m
/ ]_[ voiog o (L) ]_[ voiomyop(Loug)
Tin©.1) ; j=2m+1
2m 4m
H H
x E nfﬂer,sl(z)(Buj) l_[ (pxt’H,SZ(t)(Buj) du
j=1 j=2m+1

2 (§-H(+d)) > / 1

(t 2m)! ﬂm(m]—[ —1-H, —g(Luj)

X E[H[I‘W exp (i <§,~,B,Z — Xt~ > — &1 (t)|$]|Rd)dé§j
l_[ / exp( &, B —xt™ > 8([)|§]|Rd)d§j]du

j=2m+1

_ (m(b-H0+a) ) /
=t 2m)! 1
( e ﬂmml)n ~te g )

1 4m
.  pH
x (27‘[)4dm /ﬂ;4dm E|exp|1i Zl(gl’ Buj >Rd
]:

i P PSP (3 SN
X exp —i2<éj,xf”>Rd exp | === D lEilze = = D[k
Jj=1 j=1 j=1
dé; . .. dégmdu.
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So
2m(4-H(+d) ? o
E <z : (2m)!> [ T1 et
Tan O.1)
2m(4-H+a) o
m(5— 2! 1
(z ( )) /ﬂm(o 1>Hy{_H1 nth )
1 1 .
(27.[)4dm /Ié“d ( 2;(5 , Q)& ) )
S N2 D e
X exp —zZéE/,xt — Z|$j|Rd—TZ|§j RA
j= 1 j=1 J=1
dé; ... d&g,du.

Hence, using dominated convergence in connection with Lemma A.5, we see that

T
/ E <z2m< H(1+d>)(2 )v) / Hfgm(u,)du dt
0 Tam 0,
wm(3-H+d) ,) / - Ly
—>/0 (t (2m)! o l_[ _H. 7H( JUj)

1 1 &
W,/RM (_ Z(Ek’Q(u)ék>R4m>

k=1

2
exp | —i Z Ej,xt™ ) ... d&gy,dud?

for e1, &2 \y 0. For other o € S(2m, 2m), we obtain similar limit values. In summary,
we find (by also considering the case &1 = ¢;) that

) 2

ds) — 0

T . .
E ( / Ky ( / %I(B:’)du) () — Kp' ( / %Z(Bf’)du) (s)
0 0 0

for e1, &2 \( 0. Thus,

L =0Ln,ry— 0 for n,r — oo.
Similarly, we have that

I =L(n,r)— 0 for n,r — oo.
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Since E = E(n, r) is uniformly bounded with respect to n, r because of Lemma 5.3,
we obtain the convergence of the Radon—-Nikodym derivatives to a ¢7 in L?(Q2) for
p = 1. The second statement of the lemma follows by using characteristic functions
combined with dominated convergence. O

Henceforth, we confine ourselves to the probability space (€2, 2, P), which carries
a weak solution (X*, Bf) of (5.1) constructed from a fractional Brownian motion

—=H . . = .
B, ,0 <t < T with respect to a probability measure P by Girsanov’s theorem.
We now turn to the second step of our procedure.

Lemma 5.5 Suppose that H < m and let {@¢}e~0 be defined as

_d _1
Pe(¥) = @ex(y) =¢ 29 (8 2(y —x)) , £€>0,
where ¢ is the d-dimensional standard normal density. Denote by X*¢ = {X;*°,t €

[0, T']} the corresponding solutions of (5.1), if we replace §x by @¢ x(y), € > 0. Then,
for every t € [0, T and bounded continuous function 1 : RY —s R we have that

X —0 X
n(X%) 5T E(xy) | 7]

weakly in LZ(Q, Fi, P).
Proof Without loss of generality, let x = 0. We mention that

k
j=1

is a total subset of LZ(Q, F:, P). Denote Xf’g by X} for ¢ = 1/n and define

. k
u' =K' (/ (pl/n(XZ)lddu> (s).
0

By the classical Girsanov theorem, the process
- t
w} :=Wt+/ uyds, 0<s<T
0
is a Wiener process under }N’n with Radon—-Nikodym density
T
& (/ (—ug')*dWs) .
0
Therefore, it follows from the definition of K Ifll that
t ~
X,”:x+/ Ky, s)dW!, 0<s<T (5.6)
0
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is a fractional Brownian motion with Hurst parameter H under P,. Then, using Gir-
sanov’s theorem, we find that

E | n(X;)exp Z<aj, ,] 1)
j=1

= E | n(X;)exp

Ix
.71 -
] ‘s

Jj—1

k
k 7
= Ep | n(X})exp Z ,-71_/‘ ©1/n(X{)1gds
— 1

P1/n (X;l)ldds>

Jj—1

( ( (pl/n(X )lddu> (s)dW;
* 2
/ </ o1/ (X, )lddu> (s) dS]

k i
=E§n n(X;l)exp Z<0{j,X" thj 1—/ ¢1/n(Xg)ldds>

j=1 Lj—-1

T . *
£ (/ K (/ <p1/n(x;})1ddu) (s)dﬁ/;’)]
0 0

K 1
= Ep | n(B/")exp Z<aj,B,H Btlj . —/ </)1/n(BSH)1ddS>
ti—

j=1 it
t .

£ ( / K / wl/n(Bf)lddms)dWs)],
0 0

where we used in the last equality relation (5.6), conditioning and the fact that X', 0 <
t < T under P has the same law as BTH ,0 <t < T under P in connection with
measurable functionals (E,, expectation with respect to ).

On the other hand, denoting by {7 the Radon—-Nikodym density associated with
B,H, 0 <t < T in Proposition 5.4, we obtain by |e* — e¥| < |x — y| e~y Holder’s
inequality, the supermartingale property of Doleans—Dade exponentials and the proof
of Proposition 5.4 that

exp

k tj
E | n(BH)exp Z<o¢ B, 1—/ ¢l/n(BA{I)1dds>
t

J:] Jj—1

t . *
£ (/ Ky (/ ¢1/n(Bf)1ddu> (s)dW5>
0 0
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k i
—ﬂ(BzH) exp Z<ozj, B,I],{ — BII;I_I —/ BO(BSH)dsld> LT
: : '

j=1 Jj—1

<Ch+hLh+L)E,

where
1/2
K Ij Lj ?
I '=E Z Oljs/ 5O(BSH)dS1d_/ @1/n(B)1,ds )
j:l tj—l [j—l
t . *
L= lim E[/ Ky' (f <p1/n(Bf)1ddu) (s)
r—> 00 0 0
. * 2 1/2
—Ky' ( /0 sol/rwf)lddu) (s) ds} :

2
ds

K ( /O ' sol/n(Bf’)lddu) ()

) ,1/2
ds)

k '
E :=supE | exp 82<aj,B,€I—B,71 —/
t

t
I3 .= lim E|:</
r—00 0
t . *
-~ f Ky ( / wl/rwf)lddu) (s)
0 0

and
1/8

J
@10 (BH >1dds>
1

r>1 j=1 i—
- . t 1/8
J
-E | exp 82<aj,Bt7—B,71—f ao(Bf)ds1d>
j=1 ' it
- . ) . 2 1/8
 E [ explu /0 K ( fo wl/n(Bfnddu) (s) ds}}
- , ) N 2 1/16
- E exp{pLQ/O K;l (/0 (pl/,(Bf)dslddu) (s) ds}:|

for constants C, g, uz > 0.
By inspecting the proof of Proposition 5.4 once again, we know that

I3 = I3(n) — 0 for n — oo.

and

L =05Ln)— 0 for n — oo.
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Since Ly (BH | ¢) converges to Ly (BH) in LP(2) forall p > 1, we also conclude that
I =IL(n) — 0 for n — oo.
On the other hand, we obtain from (4.2), Theorem 4.4 and Lemma 5.3 that
E=E(n) <K

for all n, Wher_e K is a constant. -
Denote by ¢ 7 the Radon—Nikodym density associated with the P-fractional Brow-

nian motion B, ,0 <1 < T. By assumption, X; = x + B, is our weak solution to
(5.1) under P with ‘“D = {T Let Wt, 0 <t < T be the P-Wiener process in the

stochastic integral representatlon of B , »0 <t =< T. Since measurable functionals of
W;:,0 <t < T under P coincide in law with those of W;,0 < ¢t < T under P, we
see that

=~

]
E r;(BtH)exp Z<a,,BH tj 1_/ SO(Bf)ldds> ’r
1j-1

k ‘
—H —H —H i
= Ep | n(B, )exp E <ozj, B,j — Bt./__l _/z

J=1

ao(Ef')ldds> s

k .
—H —H —H I —H
= Ep | n(B,)exp Z<aj,B,j - B, —f 50(B! )ldds>
' ' 1j-1

]:
k
= Ep | n(X;)exp Z(aijf—Bt?—l>

k
=Ep | Ep[n(X,)|Fi]exp Z<“ijt7_BtI;1—1>

.
I

So we see that

k

E | n(X7)exp Z< ,,BH t] 1>

k 7
— F n(B,H)exp Z<a,, t, l_f
tj—

50(35)1dd3> LT
Jj=1 i1

k
=E | E[n(X;) |F]exp Z(a/, ; t, 1>
j=1
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for n — oo, which completes the proof. O
Remark 5.6 In fact, we can also show that Lemma 5.5 holds true for n = Id. To see

this, let us adopt the notation of the proof of Lemma 5.5 and let 77,,, : RY — R, m > 1
be a sequence of bounded continuous functions such that

E[(nm(B") — B/ — 0

Then, using Girsanov’s theorem we find (without loss of generality for x = 0) that

E | (X)) = Xpyexp { 3 (o B = BI1)

tji—1

j=1
_ ) .
=E | ma(X}) — X)) exp aj, X{ = X —/ o1/n(X{)1ads
L i=1 .
1
= E | (m(B)) = Bf) exp Z<a,-, B/ - B/l - / gol/n<Bf>1dds>
L j=1 lj-1

t .
£ (/ K,;l(/ (pl/n(Bf)lddu)*(s)dWs>].
0 0

Hence, Holder’s inequality and the supermartingale property of Doleans—Dade expo-
nentials yield

k
E | (XD = XPexp { 3 (o, B~ B
j=I

< El(nm(BF) — BI)?1'% A, As,

where

1/4

lj
@1/n(BsH)1ddS>

and

Ay = Ax(n)

(o] o))"

K ( | o )lddu) *)
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for a constant i > 0. Then, as in the proof of Lemma 5.5 (i.e., with respect to the
upper bound for E = E(n)) we can apply (4.2), Theorem 4.4 and Lemma 5.3 and
observe that

supA;(n) <oo,i =1,2.

n>1
k
ny _ yn
rsllgl)E (mm (X7) — X7') exp Z<O‘J’ B/l 1) = 0.

j=1

Using Proposition 5.4, we can similarly show for a weak solution (X~ BH) of (5.1)
that

k
E| (X)) — XF)exp Z<aj, ,/ |> — 0.

m-—00
Jj=1

So it follows from Lemma 5.5 that
x5 S0 ELxT |7

weakly in L2(2, F;, P).

We continue with the third step of our scheme. This is the most challenging part.
For notational convenience, let us from now on assume that « = 1 in (5.1) and that
¢, stands for the Jacobian of ¢.1,. The following result is based on a compactness
criterion for subsets of L?(£2) which is summarized in Appendix.

Lemma 5.7 Assume H < ﬁ and let {pc}e=0 the family of Gaussian kernels
approximating Dirac’s delta function & in the sense of (5.6). Fixt € [0, T] and denote
by X7 the corresponding solutions of (5.1) if we replace L(X*) by fé ©e(X5)ds,
& > 0. Then, there exists a § € (0, 1/2) such that

E[|D XS Dy X£|1?
Sup/ / [|| o o X7 |l ]de’d9<oo
>0 9|1+2B

and

Sllp ”D X ”LZ(QX[O T],Rdxd) < OQ. (57)

>0

Proof Fix t € [0, T] and take 6,0’ > O such that 0 < 6’ < 6 < t. Using the chain
rule for the Malliavin derivative, see [35, Proposition 1.2.3], we have

t
DoX{ = K (t.0)14 + / o (X" Dy X“ds
6
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P-as. forall 0 < 0 < r where ¢,(z) = (;’Tgog)(z)) denotes the Jacobian
J

i,j=1,...d
matrix of ¢, and I, the identity matrix in R¢*¢. Thus, we have

Dy Xt — DgX¢ = Ky (1,6 )1y — K (t,0)1y

t t
+/ wé(Xﬁ)De'XidS—/ @ (X)) Dy X5ds
6’ 0

=Kut,0);— Ky (t,0)ly

0 t
+/ ¢;(X§)D9/X§ds+/ oL (X1) (D' XS — DpXE)ds
6’ 0

=Ky (t,001g — Ku(1,0)14+ Dy Xy — Ky (0,014
13
+/ oL (XE) (Do X5 — DgX5)ds.
0
Using Picard iteration applied to the above equation, we may write
Dy X; — DpX; = Kp (1,014 — Ku(1,0)14

o m
+y /A [10hXE) (Kn(sm. 0 1a = Kbt (s, 0)1a) sy -+ - dsy
m=1 0.t j=1

(0.¢] m
+ |+ Z/A [T XE)dsn - dsi | (Do X — Ku(0,6")14) .
m=1 0.t j=1

On the other hand, observe that one may again write

oo m
DyrXg — K1 (0.6")1a = Z/ [TweXE) (K (s, 0)1a) s - - - dsi.
Am
m=1

0.0 j=1
Altogether, we can write
Dy X! — DoX! = 1(0',0) + 15(0',0) + I(0',0),
where
L©,0):=Kyt,0);— Ky, 0)Iy

E@©'.0):

o m
Zf [T0:XE) (Kb (sm, 00 1a = K (s, 0)1a) sy -+ dsy
Am

m=1 0.t j=1

o0 m
L6,0):=|1s+ Z/ H gog(ij)dsm coedsy
Am
m=1

0.t j=1
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ZA”‘ l_[(pe(x )(KH(Sm’Q/)Id)dsm"'dsl,

00 j=1

It follows from Lemma A.4 that

! II11(9 07, LKy, 0) — Kg(t, 0)2
(Q) r_ H\l, H\l, /
/ / ooz 0 /0 0 o —pps 040 =
(5.8)

for a suitably small 8 € (0, 1/2).
Let us continue with the term I7 (0',0). Then, Girsanov’s theorem, Cauchy—
Schwarz inequality and Lemma 5.3 imply

E[II5©',0))1%]
47 1/2

& (x + By )(KH(Sm 0 )1 — Kp(sm. 0)1g) dsp ... . ds

m

91‘]1

where C > 0 is an upper bound from Lemma 5.3.
Let | - || denote the matrix norm in R4*< such that || A|| = Z?j:l |a; ;| for a matrix
A ={ajj}i j=1,...a, then taking this matrix norm and expectation, we have

ENNE©,0))*]

m=11i,j=111,..., lp—1=1

0 : 0
oD+ By U 4 gHy ...
/AZ"I axll% ot Sl)axlzwg (x+ By)
2
L4(Q,R)>

a 8 l"l*
736", 6) :=/ — D+ B "V x + B
Am ax X1 axl

(Kt (sms 0") — Kp (s, ) ds. (5.9)

Ln—
0"V B (Kbt (sms 6)) — Kt (s, 6)) sy - - - sy

Now, we concentrate on the expression

Then, shuffling J5 (6’, 9) as shown in (2.1), one can write J35 ', 9))2 as a sum of at
most 22" summands of length 2m of the form

/ gi (B g5, (B Ydsyy - dsy, (5.10)
A
where foreach/ =1, ..., 2m,
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d ; J ;
g (BM) e {—wé’)(x + BH), gwé”(x + B (K (0 — Ky (,0), i, j=1,..., d} .
J

0x;

Repeating this argument once again, we find that J3 (6, 0)* can be expressed as a
sum of, at most, 28" summands of length 4m of the form

/4 gi (B - g5, (Bl Ydsyp -+ dsy, (5.11)
Am

0.t

where foreach/ =1, ..., 4m,

0 . 9 .
g (B e {a—wé”oc + By, — oD (x + BT)(Ky (-, 0)
x.,' 8xj

_KH(,H)), l»]: l,,d}

It is important to note that the function (K u(, 0N —Ky(, 0)) appears only once
in term (5.9) and hence only four times in term (5.11). So there are indices ji, ..., ja €
{1, ..., 4m} such that we can write (5.11) as

/4
AT

(Kp(sj;,0) — Kn(sj;, 0)) dsap - - dsy,

4m 4
=1

g5(B{H
1

j= i

where

9 .
g (B e {—<p§’>(x+3,”), i,j= 1,...,d}, I=1,..., 4m.

ij

The latter enables us to use the estimate from Proposition 3.2 with Z?Zl gj =

4, Zle a[(?(j)] = 1forall j, |¢| = 4m and Remark 3.4. Thus, we obtain that

4
s’ Nt 0 -6 y94(H—%—V) 4m dm AV CH dlf—0
E(Jy(0,0))" < 007 CN@ellf gayAm (H, d, |t — 6])

whenever H < ﬁ and y € (0, H), where

((8m)) /4 (t — )~ HEm(d+2)—4(H=5—y)+4m

AL (H,d, |t —0)) := .
" T(—H(d+2)8m +8(H — 5 —y) +8m)!/2

Note that ||<pe||L1(Rd) =1.
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Altogether, we see that
E[15e@. 01

2
0—o 2y o(H—1_ oo
5( 00 ) 2174 Yo A" el gy Al (H L ITD )

m=1

So we can find a constant C > 0 such that

0—0\* a(nm_1_
sup E [I1150", 0)|1*] = € g21=37)
e>0 00’

for y € (0, H) provided that H < m. It is easy to see that we can choose
y € (0, H) such that there is a suitably small 8 € (0,1/2),0 < 8 <y < H < 1/2
so that it follows from the proof of Lemma A.4 that

t 1
Iy

forevery ¢t € (0, T1.

‘We now turn to the term 138 (6’, ). Observe that term 138 (©’, 0) is the product of two

terms, where the first one will simply be bounded uniformly in 6, ¢ € [0, T'] under

expectation. This can be shown by following meticulously the same steps as we did

for I5(6', 0) and observing that in virtue of Proposition 3.3 with &; = 0 for all j the
singularity in 6 vanishes.

Again Girsanov’s theorem, Cauchy—Schwarz inequality several times and Lemma
5.3 lead to

0 —6

7 oplo-t)
o | 1 2719 — 617172 dp'do < oo, (5.12)

2
o0 m
ENEE . OIPT<Clla+Y | []eix+BDdsy---dsi
m=1788 j=1 L3(Q.Rixd)
o0 m 2
x Z/ [Tt + B K sm. 0)dsn -~ dsi :
m=1 Zl/,e j=1 L4(Q,Rd><d)

where C > 0 denotes an upper bound obtained from Lemma 5.3.
Again, we have

[ ) d
E[56',6)1%] < C(l DIDIDY

m=1i,j=11,..., Im—1=1

2
LS(Q,R))

0 .
[ e
A

m 8){
o Ot

d
"V (x + BH)ds,, - - dsy
ax]' m
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d

9 .
/ —oPx+ B
Ay g 01,

2
L4(Q,R))

Using exactly the same reasoning as for I3 (6, 6), we see that the first factor can
be bounded by some finite constant C depending on H,d, T, i.e.,

E[I£©.0)]2] < C(Z Z Z

=11, lp1=1

d
: 8—<p§"’*"<x + BTYK (s, 0')dsyy -+ - dsy
X mn

9
[ Seus ..

m=1i,j=11j,... _y I ey, 93
2
"V (x + BIYK gy (510, 0))dsy - - - sy ) :
0x; L4(Q,R)
As before, we pay attention to
a
J50,6) = / W(p,;>( x+ Bl 5""*1)@ + BIYK gy (5, 0)dsi - - - dsi.
m ll

(5.13)

We can express (J5 (0, 6))* as a sum of, at most, 28" summands of length 4m of
the form

/ o 8TBS) - 84y, (B Ydsam - dsi. (5.14)
AU?
/.0
where foreach/ =1, ..., 4m,
e nH d (i) H 0 (i) H AN
gl(B)e T Pe (-x+B )7_§05 (.X+B )KH(',@),l,]:l,...,d 5
3Xj ax]'

where the factor Ky (-, 0') is repeated four times in the integrand of (5.14). Now,
we can simply apply Proposition 3.3 with Zjﬁl gj = 4, Zle oz[(?( iy = 1 forall
J, || = 4m and Remark 3.4 in order to get

E[(J5(©', 00" < g~ )c“mnws AV (H,d, |0 —0)),

”Ll ]Rd)
whenever H <
y =0.

As a result,

m where A?n(H, d, |0 — 0'|) is defined as in (5) by inserting

2
2
E[||1§(9C9)||2]§9< (de“cmn%nL.Rd) (H,d,|9—9/|)1/4>.

m=1
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Since the exponent of |6 — 6’| appearing in A?n(H ,d, |60 — 0)) is strictly positive
by assumption, we can find a small enough 6 > 0 and a constant C := Cp 47 > 0
such that

_1
sup EL115 0/, 0)1°) < cloP(t=4)j _grp
E>

provided H < #ﬂ,). Then again, it is easy to see that we can choose 8 € (0, 1/2)
small enough so that it follows from the proof of Lemma A .4 that

t t 1
[ / |9|2<H 2)|9 —0'1°7172P00'do < oo, (5.15)
0 JO

forevery t € [0, T].
Altogether, taking a suitable 8 so that (5.8), (5.12) and (5.15) are finite, we have

" [T E[|DgX{ — Do X£1?]
S do’de < oo.
“p/o /0 0" — 1728 =

>0

Similar computations show that

sup ”D'X[E”LZ(QX[O,T],RdXd) < Q.
e>0

]

Corollary 5.8 Let { X} }¢~0 the family of approximating solutions of (5.1) in the sense
of (5.6). Then, for everyt € [0, T] and bounded continuous function h : R¢ — R we
have

n—oo

h(X}) —— h(E[X:|F:])

strongly in L*(Q; F). In addition, E [X;|F,] is Malliavin differentiable for every
tel0,T]

Proof This is an immediate consequence of the relative compactness from Lemma 5.7
and by Lemma 5.5 in connection with Remark 5.6, we can identify the limit of X7 as
being E[X;|F;] and then the convergence holds for any bounded continuous functions
as well. The Malliavin differentiability of E[X,|F;] is shown by taking h = Id and
estimate (5.7) together with [35, Proposition 1.2.3]. O

Finally, in the fourth step we can prove main result of this section.

Proof of Theorem 5.1 It remains to prove that X; is F;-measurable forevery ¢ € [0, T].
It follows that there exists a strong solution in the usual sense that is Malliavin differ-
entiable. Indeed, let /2 be a globally Lipschitz continuous function, then by Corollary
5.8 we have that

h(X:l) — h(E[X[|]:;]), P —a.s.
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asn — 0o.
On the other hand, by Lemma 5.5 we also have

h(X}) — E[h(X/)|F]
weakly in L2(2; F;) asn — oo. By the uniqueness of the limit, we immediately have
h (E[X:|F]) = E[h(Xy)|F:], P —as.
which implies that X; is F;-measurable for every ¢ € [0, T'].
Let us finally show that our strong solution has a continuous modification. We

observe that

E[|X; — X7["]

< Cuaom (E [(/tao(xi,f)du) } vE|
<Cim <E [(/ISO(X;)du> } +r —s|'"H> .

On the other hand, we have that

t m ¢ om1/2
E[(/ ao(x;‘)du> i|§E|:</ So(BH —|—x)du> ] E[X?]'/?,

where X is the Radon—-Nikodym derivative as constructed in Proposition 5.4. Further,
we know from (4.2) for a similar estimate that

t 2m /2
E |:</ 80(B,f' —i—x)du) ] < Cymnult _S|%(1—Hd)
N

BH — BH

m]>

So
Ef|x; = X3 |"1 < €t = s20HD 4 jp — sy s < t,m > 1,

which entails by Kolmogorov’s lemma the existence of a continuous modification of
Xx, O

Remark 5.9 In Theorem 5.1, we have constructed strong solutions with respect to
probability measures P with % = {7, where ¢ 7 is the Radon—Nikodym derivative
associated with a P-fractional Brownian motion B, ,0 < ¢ < T in Proposition 5.4
(see also Lemma 5.5). In order to obtain strong solutions with respect to arbitrary
measures P, we can proceed as follows (without loss of generality for « = 1): Since

X", n > 1 (approximating sequence) and X. are strong solutions with respect to P,
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there exist progressively measurable functionals &, (¢, ), n > 1 and ®(¢, -) (on the
space of continuous functions) such that

X} =@, B, n>1X,=o@ B").
For a P-fractional Brownian motion E,, 0 <t < T, define the processes

X"=d,t, B¥) . n>1,X, =01, B¥),0<r<T.

2}

. , ) .

Ej ‘%(r, Bﬂ)—x—f o1 (B (s, BY))1gds — BY }
0

| |
|

Then, we see that

/|

t
Xm—x — f P1/n(XM14ds — B
0

Il
&

t
(1, BH) — x — /0 o1 n(®n(s, B 1ads — BY

»

'
X;l :x—i—/ gol/n(X?)lddS—i-BtH, n>1.
0

E

t
X' —x— / @1/n(XMH14ds — BY
0

forall z. So

We also know from our construction of X. under P that

t
f oUn(X)lads —> LX)y = X, —x — B
0 n——soQo

in probability. Since

t
Ep |:min <1, / P1/n(X)1ads — (X, —x — BF)
0

=F |:min (1,

)

t
/ @1/ (Xs)1ads — (X, —x — B/T)
0

)] =0

So
t ~ ~ ~ ~
/ o1 (X)lgds — L, (X)1y =X, —x — BF
0 n—-0o0
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in probability with respect to P. Therefore, one finds that X. is a strong solution to
X, =x+L(X)15+ B
under P.

Proof of Proposition 5.2 Denote by Y the L”-limit of the Doleans—Dade exponentials.
Using characteristic functions combined with Novikov’s condition, we see that

H
Y —x =B+ LYy
is a fractional Brownian motion under a change of measure with respect to the density

Y. The latter enables us to proceed similarly to arguments in the proof of Lemma 5.5
and to verify that

k k
H H H H
E|Y"exp Z(aj,B,j —B,H> —E| X exp Z<a,-,B,j —B,H>
j=1 j=1
for all {oej}';=1 c R0 = tp < -+ < try = t,k > 1, where X* denotes the
constructed strong solution of our main theorem. This allows us conclude that both
solutions must coincide a.e. O
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Appendix A: Technical results

The following result which is due to [14, Theorem 1] provides a compactness criterion
for subsets of L?(£2) using Malliavin calculus.

Theorem A.1 Let {(2, A, P); H} be a Gaussian probability space, that is (2, A, P)
is a probability space and H a separable closed subspace of Gaussian random vari-
ables of L*>(2), which generate the o-field A. Denote by D the derivative operator
acting on elementary smooth random variables in the sense that

D(f(hi.....hw) =D 8 f(hi.....hp)hi, hi € H, f € C°(R").

i=1
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Further let D2 be the closure of the family of elementary smooth random variables
with respect to the norm

I1Fll12 = IIFll2@ + IDFllp2:m) -

Assume that C is a self-adjoint compact operator on H with dense image. Then, for
any ¢ > 0 the set

G— {G D2 Gl 2 + [

<c
L2 H) —

is relatively compact in L*(2).

In order to formulate compactness criteria useful for our purposes, we need the
following technical result which also can be found in [14].

LemmaA.2 Let vg,s > 0 be the Haar basis of L2([0, TY). For any 0 < a < 1/2,
define the operator Ay on L*([0, T1) by

Aqug =28y, if s=2F+ )
fork>0,0<j<2%and
Agl = 1.

Then, for all B with o < B < (1/2), there exists a constant c| such that

172
lAafIl < e ||f||Lz(m+(f f %dd>

A direct consequence of Theorem A.1 and Lemma A.2 is now the following com-
pactness criteria.

Corollary A.3 Let a sequence of Fr-measurable random variables X, € D2, n =
1,2..., be such that there exists a constant C > 0 with

sup E[|X,*1<C,

supE[nD,X 2oy | <€

[0, T])]

and there exists a B € (0, 1/2) such that

T E[ID Xy — Dy Xyl ]dtdt’
sup TEgIEsr: < 00

where || - || denotes any matrix norm.
Then, the sequence X,, n = 1,2. .., is relatively compact in L*(S2).
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For the use of the above result, we will need to exploit the following technical
results which are extracted from [9].

LemmaA.4 Let H € (0, 1/2) andt € [0, T be fixed. Then, there existsa B € (0, 1/2)
such that

LUK (t,0") — Ku(t, 0)12
(Ke(t.0) = Kn (@, 01" 40107 - . (A.1)
o Jo |6 — 6|1 +28

Proof Let 6,6’ € [0,1t], 8" < 0 be fixed. Write
1
Ky(t,0) — Ky (t,0") =cy [fz(é‘) — f1(0") + <§ - H) (g1(0) — gt(9/))} ,

_1 X
where £;(6) := (£)"72 (1 —=6)" =2 and g,(0) = [} L4Ddu, 6 € [0, 1],
We will proceed to estimating Kg (¢, ) — Ky (t,0"). First, observe the following
fact,

—o o

l < Cy*a*V
(x —y)Y

forevery) <y <x <ocando := (% —H)e(0,1/2)and y < %—a.This implies
/ t H-} ¢ / H-}
f1(0) = f1(0) = (50—9)) —(50—0))

H,l,), _ oY
<C (é(l _ 9)) : ,%fu

(CleoLe
< c0=0r il (t — )27
(CloaLe
@ —06"

S (T ) Lt
I CL T

Further,
t 5 0) — s 6’ 6 5 o’
21(0) — £,(0") = /9 Wd“ _ [ 1Oy,

4 u
t _ /
5/ Ju(®) fu(9)du
2] u

l H-1—
sc(e_e)yft(u_e) iy
0017 Jo u

_ . —W@H;y/“’ (=DM
= ey |

u
u
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<C—(9_9) pH —1-v
- (09
— 0"
<O gudor g — gyt
- (00

As a result, we have forevery y € (0, H),0 <0’ <0 <t < T,

2
(Kp(t,0) — Kpt,0))2 <C ©-r ye”’—Hy(z — )12y
H(Z, 1, = CHT = gony )

for some constant Cy 7 > 0 depending only on H and 7.
Thus,

do’de

P (Kp(t,0) — Ku(t,0))?
|6 —0|1+28

9 1-26+2
/ / |6 — f9|9/)2y V92H—1—2y(t_9)2H—1—2yd9/d9

0
— Cf 92H—1—4)/(t _ 9)2[‘1—1—2)/ f |9 _ 9/|—1—2ﬁ+2y(9/)—2yd0/d9
0 0

:C/IQZHI‘”’(I )2H 1— 2yr‘( 28 +2)(—2y + 1) 0-28 49
0 r=28+1

t
S C/ 92H—l—4y—2ﬁ(t _ 9)2H—1—2yd9
0

I'2H —2y)I2H — 4y —2p) (AH—6y 241
T@H — 6y —28)

< 00,

for appropriately chosen small y and B.
On the other hand, we have that

do’de

/’ " (Kpu(t,0) — Ky(t,0))?
o Jo |6 — 0|1 +28

t |9 _ 9/|7172ﬂ+2y
0 CORd

t t
< C/ 92H—l—6)/(t _ 9)2[‘[—1—2)/ / |9 _ 0/|—1—2ﬁ+2yd6/d9
0 0

t
S C/ 921‘1—1—4)/ (t _ 9)2[’1—1—2)/ dé’/d@
0

— C /t 02H—1—6y(t _ 9)2H—1—2ﬂd9
0

< Oy -6y =21,

Hence,

Lt (Ky(r,0) — Ky, 00))?
/ (Kn(t,0) H(.0") 46'd0 < oo
0 JO

|6 —0/|1+28
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O

LemmaAS5 IfH < we have that

1
2(1+d)’

2m

(2m)'/ vor gy (L)) (detCOV (BL‘Z’I Bgl)) ? du
Tom 0, 1) 22 "

9._

for some constant Cyg 4 depending only on H and d.

Proof We have that

2m _d
:(2m)!/‘7_2m(0’1)j1;[17/_%_H’%_H (I,Mj) (detC0v< Hl,-“’BIZ;nl)) 2 du

2m

—u (L ”1)“fHd 1_[ Y1 Hl-H (Louj) (uj— ”jfl)in du
j=2

< (Zm)!/ V_1_
Ton0,) 27

Uzm
< (2m)'/ / / ()/H {, uz)l_[)/ gl (1, u])( u;j —ujl)Hd)

X(/() y_i_H’%_ 1, 141)u1 (uz—ul) dul)duz-uduzm.

D=

The inner integral can be bounded by

us
—Hd —Hd
/ V_L_H,%_H(l,ul)ul (up —uy) du;y
0

2

1
3 2Hd-H e
=3 /(; Voha S —mqya) (oun) (L —uoup)=2 " qu,

3 ond-n !
= MZZ /(; V_L_H(+d), i —H(1+d) (1, uy) duy

3 o Hd— 1 3
=u M HB<E—H(1+d),§—H(1+d)>,

1 1
where we have used that (1 — uou;) 277 < (1 —u;)" 2. Hence,

1 U2m uq
I§(2m)!// /
0 JO 0
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u3s
x ( fo Volopaoma—an (1ou2) (uz —up) = duz) dus - - - dusy,
xB(——H(1+d) ——H(1+d))

The inner integral can be bounded by

u3
—Hd
/ V,%,Hyzfzydfzy (1, u2) (uz — uy) duo
0
1
3-3Hd—2H —1_H
uz / V_Hd2—2Hd—2H (1, u2) (1 —u3uz)” 27" duy

0

3-3Hd—2H
uz /o Y_1-H(+d)2-2Hd—2H (1, u2) dus

_ M3_3Hd_2HB

=ul <%—H(1+d),3—2H(1+d)),

and we get

1 Uzm us
7 < 2m)! / / /
0 JO 0

m
—Hd
Y_l-nli-H (1, ug) H Y_l-nwli-H (Louj) (uj—uj-r)
j=5

ug
X (/0 Yol b1 3H(1+d) (1, u3) (ug —uz)~ "4 du3> dug - - - duypy

xB(——H(l—i—d) ——H(l—l—d)) <%—H(l+d),3—2H(1+d)).

Iterating the previous reasoning, we have that

2m 1 . 3
I§(2m)!jli[18<§—H(l+d),J<§—H(1+d)>>

2m

(- 3_
(2m)'1_[ 21 H(+d)r ((32 H(1+d)))
FG-HU+d+j(z-HA+d))

:<r<z_m1+d>))2’" e
) FrA-HO+d)+2m(3 - HU+a))
X2ml;[1 (I+3—HU+d)+j(3 - HA+d))

TG -H0+o+iG-HA+D))

2m 3 _ |
= <r (1 —H(l—i—d))) ] rG-Ha +d)3) (2m)!
2 F(3-—HA+d) +2m(5—H(+d))
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2m—1

< [ <%—H(1+d)+j(%—H(1+d)))

j=1
_<F<——H(1+d)>>2m FG-HA+d)T @m+1)
R 2 F(—(3+HU+d)+m@—2H(1+d)+1)

2
; -1 r(—HHl o+ 2m + 1)
><<——H(1+d)) ) .
r (4(17H(1+d))>

3—2H(1+d)
Next, taking into account the following asymptotics, see Wendel [45],
T (m+ 1) ~m'T (m),
1 A m 152 A
From+1)~a2Q2m) 2 M"m2 (m)";
we get that
1 Zl w1 2
r2Cm+1)~222n) 24"m™2 (m))~,
1

r <— (§+H(l+d)> +m(3—2H(1+d))+1)
~(s+H0+0))

~m@B-2H(+d)+1)

xT(mB—2H+d)+1)

_3 —
~ Cr.aKfy g (m)~2 (ml)*= 20D

2
M tom+1
< 3 oH(+a T )

2
~@2m+ 1) DT 2m + 1)

~ C}-I,d (K;{’d)’" (m)_73—2112(1+d)_% (mg)2
which yields

C@m+ DT (= sz + 2m + 1)
F(~G+HA+d)+mB—2H1+d)+1)

_ 142H(1+d)
~ Cly g (K g)" (m)” 530D (1))

and the result follows. O
The next auxiliary result can be found in [28].

Lemma A.6 Assume that X1, ..., X, are real centered jointly Gaussian random vari-
ables, and ¥ = (E[X j Xy1)1<j k<n I the covariance matrix, then

E[1X1]...1X,[] = /perm(%),
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where perm(A) is the permanent of a matrix A = (a;j)1<i, j<n defined by

n
perm(A) = Z Ha/’”(j)

wes, j=1

for the symmetric group S,,.
The next result corresponds to Lemma 3.19 in [13]:

LemmaA.7 LetZy, ..., Z, be mean-zero Gaussian variables which are linearly inde-
pendent. Then, for any measurable function g : R — R we have that

1 n
/Rg(vl)exp —EVar Zijj dvy...dy,
j=1

(2m)n =D/ / v EAW
= — Jexp|—= ,
et Cov(Z1, ... z2 Jo 8\ 5 )P\ 727 )Y

where of := Var[Z | Za, ..., Zn].

The following lemma is Lemma A.5 in [9]:

LemmaA.8 Let H € (0,1/2),0,t € [0,T], 0 < t and (¢1,...,&n) € {0, 1}" be
fixed. Assume w; + (H — % — y) gj > —1forall j =1,...,m. Then, there exists a
finite constant C = C(H, T) > 0 such that

m
fm ]_[(KH(sj,e)—KH(sj,e/))msj—sj,]|wfds
Aé),t j:]

e m m m
<cm (9 _/9/>y2“ LA Thuer oy o gy Dt (H Ay ) S e
- 06

fory € (0, H), where

o DS w4 (H = 3= y) Do+ ) T (wp +1)

my,m) =[]

‘ . (A2)
1 .
o D(SH e (H =t =y) S e+ +1)

Observe thatifej = 0 forall j =1, ..., m, we obtain the classical formula.
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