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Abstract
In this article, we study the large time asymptotic behavior of the stochastic heat
equation.
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1 Introduction and Main Results

Suppose that W = {W(t, x),t > 0, x € R} is a two-parameter Wiener process. That
is, W is a zero-mean Gaussian process with covariance function given by

EW @, x)W(s, y)) = (s AD(x| AlyDLy>0)-
Consider the stochastic heat equation

du _ 1o%u (W(t. x)) PW R0 (1.1)
— =< X)) T——/—, X , I = U, .
ot 20x2 7 dtox
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where ¢ : R — R is a given Borel measurable function such that for each + > 0 and
x € R,

t
/0 /1;2 Pi(x — V@ (2) psy| (2)dydzds < cc. (1.2)

Along the paper, p;(x) denotes the one-dimensional heat kernel, that is, p;(x) =
(27”)_1/26_"2/2’ for t > 0 and x € R. The mild solution to Eq. (1.1) with initial
condition u(0, x) = 0 is given by

t
u(t, x) :/o /sz—s(x —Ve(W(s,y)W(ds.dy),

where the stochastic integral is well defined in view of condition (1.2).

We are interested in the asymptotic behavior as + — 0o of u(z, x) for x € R fixed.
Notice first that in the particular case where ¢(x) = c, then, u(¢, x) is a centered
Gaussian random variable with variance

t t 2
E(u(t, x)?) = ¢ /0 4 P2 — y)dyds = & fo Pai—sy (O)ds = %\/?.

Therefore, t_%u(t, x) has the law N (0, ¢?//7). In the general case, using the change
of variables s — ts and y — /7y, we can write

1
u(t,X)=/0 /Rpt(l_s)(x—y)so(W(ts,y))W(tds,dy)

1 ! xX—y
= E/o /Rpl_s (—\/; )(p(W(ts,y))W(tds,dy)
1 1 X
= ﬁ/o /RPH (ﬁ - y) (W (ts, V1y)W(tds, Vtdy). (1.3)

By the scaling properties of the two-parameter Wiener process, it follows that u (¢, x)
has the same law as

1
i, x) = r”“f / Pios (i - y) e W (s, y) W (ds, dy). (1.4)
0 R \/;

The asymptotic behavior of u (¢, x) will depend on the properties of the function ¢. We
will consider three classes of functions for which different behaviors appear. We are
going to use the following notion of convergence, which is stronger than convergence
in distribution (see, for instance, [6, Chapter VIII]).

Definition 1.1 Let {F,} be a sequence of X-valued random variables defined on a
probability space (€2, F, P), X being a complete separable metric space. Let F be an
X-valued random variable defined on some extended probability space (', F', P').

bl
We say that F,, converges stably to F, written F), Y F , if for every bounded F-
measurable random variable G, (G, F;) converges in law to (G, F).
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bly
When X =R, F, Y Fis equivalent to saying that

lim E[Ge* | =E/[Ge* |, (1.5)
n—od
for every A € R and every bounded F—measurable random variable G.

The first theorem deals with the case where ¢ is an homogeneous-type function.

Theorem 1.2 Suppose that ¢ : R — R is a measurable and bounded on compacts
function such thar! limy_, £ |x|"%@(x) = c4 for some constants c, c— and o > 0.
Then, ast — 00,

+1 stabl

3a
T u(t,x) — c—/ fpl s, I Y7 (5.3 <0) W(ds dy)
Jchr/0 /Rpl_s(y)lw(s,y)l"l{w(s,y)>o}W(ds,dy) = X.

Here, W is a two-parameter Wiener process independent of W.

Note that in the case that c; = c_ and o = 0; then, the limit is Gaussian. Note

that one may also consider the case 2 limy— 400 |X| "**@(x) = c4 for some constants
. . . _Begva)tl
Ct,C—, a4, a— > 0. In this case, the renormalization factor is ¢ 7 and the

limit will only have contributions from the largest « = o4 V .

In the second theorem, we consider the case where ¢ satisfies some integrability
properties with respect to the Lebesgue measure on R. The limit involves a weighted
local time of the two-parameter Wiener process, and the proof has been inspired by
the work of Nualart and Xu [7] on the central limit theorem for an additive functional
of the fractional Brownian motion.

Theorem 1.3 Suppose that ¢ € L>(R) N L?(R) for some p < 2. Then, as t — oo,

1

stably 1 2 ~ 2
u(,x) = Z Pi—s MW (s, y)dyds ) el 2m),
0 JR

where W is a two-parameter Wiener process, Z is a N (0, 1) random variable and W,
and W and Z are independent.

In Theorem 1.3, Lo.1 := [y fw P}, ()80(W(s, y))dyds is a weighted local time
of the random field W that can be defined (see Lemma 2.1) as the limit in L2(2) of

1
Ly, = /O /R Pl () pe(W(s, y)dyds,

as ¢ tends to zero.

I From here onward, we use this notation to indicate that limy— 400 |X|"%@(x) = c4 and
limy— o0 [X|"%p(x) = c—.

2 Here, this means limy— 400 [X| 7% @(x) = c4 and limy— — o |X| "% @(x) = c—.
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The present study originates from a nonlinear stochastic heat equation which is
described in Sect. 4. Although we have not been able to obtain explicit results in this
general situation, the results presented here provide a range of techniques and results
related to this problem.

The paper is organized as follows. Section 2 contains the proofs of the above
theorems, and in Sect. 3, we discuss an extension of these results in the case where we
consider also space averages on an interval [— R, R] and both R and ¢ tend to infinity.
A brief discussion of the case of nonlinear equations is provided in Sect. 4.

2 Proofs
Proof of Theorem 1.2 We know that t’% u(t, x) has the same law as

3a 1
v(t, x) = f‘f/ /pH (i—y) o34 W (s, )W (ds. dy).
0 R \/;

We divide the study of v into two parts according to the boundedness on compacts
property for ¢. In fact, for any compact K consider ¢g (x) = ¢(x)1,cx. Then, we
will prove that vk (x) — 0 in L2(2) where

s [ * 3/4
vk (t,x) =1 4/0 /Rpl_s <$—y>¢1<(t W(s, y)W(ds,dy).

In fact, as ¢k is bounded by a constant, say M, we have

1 1
E[v2(, MZ—‘L“/ 7f L
[vg, X)) <Mt 2 T Rm.

The above quantity clearly converges to zero as t — oo, if one considers separately
the cases @ > 0 and o = 0.
Given the above result, we can assume without loss of generality that ¢(x) =
f(x)]x]|* with a bounded measurable function f such that lim,_, 1o f(x) = c4+.
For this, we fix 75 > 0 and compute the conditional characteristic function of

(% - y> P@/4W (s, y) € K)dsdy.

3a+1 . .
174 u(t, x) given Fy,, where t > 1o and {F;, ¢ > 0} denotes the natural filtration of
the two-parameter Wiener process W used in the definition of u> . For any A € R, we
have

3a+1
T p =) p(W(s.y) W (ds.dy)

E ei}\,t 341u(l,x)|¢-t ei)»t
i\ 31| ! x—=y)o(W(s W(ds,d
% IE AT j;of]Rpt A‘( )) ( ( ,y)) ( ) y)|7_—t

=: ™ x B,.

3 That is, Ft is generated by W (s, x),s <t,x € R.
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It is easy to show that lim;_, o, A; = 0in L?(2) as — oo. In fact, using the rescaling
properties we obtain that as r — oo

1 1
TR [/OO/RPH(x — M 2p(W (s, y))zdsdy}

to/t x 2
< IfILE [ f f i <— - y) W s, y)|2“dsdy} ~o.
o Jr NG

Now, we continue with the term B, for which we will use the decomposition

W(S’ y) = W(S, }’) - W(to’ y) + W(t()v }’),
= W(s — 10, y) + W(t0. y).

Then, we can write

—~ a+ 1 t=to o~ o~
B, =E [eXP (ikf3 T /0 /}éptftofs(x = VeW(s,y) + W, y))W(ds, dy))] ,

where E denotes the mathematical expectation with respect to the two-parameter
Wiener process W. By the same renormalization arguments as in (1.3) leading to
(1.4), this gives

3a+1
P ft—1\ * [! x .
B; = E[exp (M < ; ) /0 /Rpl,s (H — y) F(t,s, y)yW(ds, dy)>].

Here,

F(t,s.y) = f((t — t0)/*(W(s. y) + (t — 10) "3 W(to, VT — 10y)))
S \W (s, y) + (¢ — 10) "3 W(to, /T — t0y)[*.

Ast — oo and limy_, + |¥| %@ (x) = c4, then B, converges almost surely to

o~ 1 ~ ~
E [EXP (ikfo /Rm—s(y)Fa(W(s, y))W(ds,dy))} ,

where Fy(x) = c+1,50 + c—1,-0. Then, the above formula is the characteristic
function of X. As a consequence, for every bounded F;, measurable random variable
G, we obtain

L, —datl .
lim E [Ge’“ ¢ ”W)} = E[G]E[*X].

—0o0

This can be extended to any bounded random variable G measurable with respect to
the two-parameter Wiener process W, and this provides the desired stable convergence
in the sense of Definition 1.1. O
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For the proof of Theorem 1.3, we need the following lemma on the existence of the
weighted local time Lo ;.

Lemma 2.1 Foranyr € [0, 1], the limit in Lz(Q), as ¢ tends to zero, of
: 2
Ly, = fo me,s(y)ps(W(s, y)dyds,

exists and the limit random variable will be denoted by Lo , := for fR p%_x (»)3o(W (s,
y)dyds.

Proof Using the inverse Fourier transform formula for a Gaussian law, we have

1 r . &2 2
e _ 2 EWG =T gedvds.
0,r 2ﬂ/(; \/Rzp]—_y(y)e S yas

Note that in order to prove the statement in the lemma is enough to prove that
E(LS rLS /) converges as &, &’ — 0. Therefore, consider

r r
E(L§,L§,) = 2m)~? / f / P Mpi_y ()

0 0 R4

x E (a‘SW(s,y)—fé”—fé’wwﬂy’)—fé’z) dedydg'dy’ ds'ds

_ T 2.0 2n
=(n)~? / / / P pt_ (e 75 TE

0o Jo JR*

x ¢~ EEWE)-EWE D gedyde'dy’ ds'ds.

As ¢ and ¢’ tend to zero, we obtain the limit

1 1
Ii= / / f P P ) (s y.s's y)dydy' ds'ds,
0 0 R2

where f (s, y, s’, y) is the density at (0, 0) of the random vector (W (s, y), W(s', y')).
We claim that / < 0o. Indeed, first notice that f (s, y, s’, y) is bounded by

_1
Qo) (s YT = (s AUV A Y D yy=0)) 2

= Qm) 7 s ASHAVIALYD (v sHAPIV YD = (s AsyI A |y/|)1{yy’>0})]7% .

To show that I < oo, it suffices to consider the integral over the set {yy’ > 0}, because
the integral over {yy’ < 0} is clearly finite. By symmetry, we only need to show that
the integral

2 2

7= / / (=971 =) sy = sy) 72T T dydy dsds’
O<s<s'<1 JO<y<y' <oo
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is finite. With the change of variables sy = z and sy’ = 7/, we obtain

2 2

/= / / [(1—$)(1 = s)ss'1 (22 — 2)) "2 P09 20 dzdZ dsds’ .
O<s<s'<1 JO<z<z/ <00

2

. 2 \0 -
Fix § > O and let Ks = sup;¢(o.17.:>0 (m) e s°0-9_ Then,

7 <K5/ / (1 = 5)~ (1 — g/y~1g=142 (g =1,=3=25 (7 _ ;=3
O<s<s’'<1 JO0<z<z' <00

/2
X e S’2<1—S’szdz’dsds’.

Integrating first in z and later in Z/, it is easy to show that the above integral is finite if
8 < %. This allows us to conclude the proof of the lemma. O

Proof of Theorem 1.3 Consider the random variable (¢, x) defined in (1.4). We can
~ 3
putu(t,x) =t 8M;(1, x), where forr € R,

3 rnal X
M, (r, x) :=t8/ / Pios (— —~ )w(r3/4W(s,y)>W(ds,dy> + Zeut)-1»
o Jr NG

where {Z;,t > 0} is a standard Brownian motion independent of W, defined, if
necessary, on an enlarged probability space. Then, {M;(-, x),t > 0} is a family of
continuous martingales in the time interval [0, 00). We note that the important part of
the definition of M, (r, x) correspondstor € [0, 1]. For this reason, we will concentrate
on this interval leaving the calculations and corresponding modifications for r €
[1, c0) to the reader.

We will find the limit as # — oo of the quadratic variation of these martingales.
We have for r € [0, 1]

(M, (-, x))r 1/ /pl s <7—Y)¢ (t4W(s y)dsdy.

The proof of the theorem will be done in several steps.

w

Step 1 In this step, we prove that (M, (-, x)), converges in L!() to the weighted
local time Lg_,, for r € [0, 1]. First, we claim that

. 3
Tim E(‘(Mz( ) — / / P e W, y))dsdy’) 0. @
This follows from the fact that

E (323 W (s, ) = 9l3g @sly) 72 2.2)
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and for fixed r € [0, 1]

2 dyds = 0.
1( ) Pi- ‘”‘m vas

Note that the bound in (2.2) also shows that the martingale M, (-, x) is square integrable.
On the other hand, for any fixed ¢, we have

lim J.; =0, 2.3)
e—0
where

Toy = E

(I [ [ s (Fiwes. ) dsay
- /0 /R PE ) /R P ©p 3 (W) —17i¢) dedsdy ).

To show (2.3), notice first that

/ /p%_s(y)/ &P (W(s,y)—f%s) dedsdy

=1 / / PO / P ©)pe (17 W(s,y) — &) dedsdy

%/ /m SOV * pe) (t4W(s y))dsdy

Therefore,

=2 [ [ 006 = o po (A ) asay )
/ /pl (OE (10? = ¢ 5 po) (W (s, 1)) 1) dsdy

<le*—¢ *Pe“Ll(R)/O /RP1fs(y)(27TS|Y|)_7dde,

which converges to zero as ¢ tends to zero because for fR plzfs (y)(271s|y|)_%dyds <
oo and ¢ € L*(R).
We also claim that
lim sup I, ; =0, 2.4)

t—0o0 >0
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where

to=8(| [ [ i@,y (W - i) deayas

r 2
- |I¢|Iiz(R)/0 /Rp%_s(y)pst—m(W(s,y))dde‘ )

To show (2.4), we write

)

r . 2,3 L3
Ins = @m)E (' /0 /R ) fR W= (e“” 45—1>dnd$dyds
— n)? / / PP PO E)
[0,r12 JR*
X/ o VEAW s, 0) =0 W' y)P) = 5 ()
RZ

. -3 g -3 ’
x (€M FE 1) (e ¢ _ \)dndn'dedE' dydy'dsds’,

which leads to the estimate

supl,, < (2m) 72 f[o . /R \ P Pt (e*E)e*E)

e>0

x / e TEMW ) -1 WGP (mgn/gqﬂz—%ﬂ A 4) dndy'd&dg'dydy'dsds’,
R2

for any 8 € [0, 1]. Then, by the dominated convergence theorem, the limit (2.4)
follows from

1 ’ /oy
[, Lot [ e e D iy dyay'asas' < oo
[0,r]2 JR4 R2

which follows from the fact that (27) 2 [, e~ 2EIMW =1 WSO g’ i the
density at (0, 0) of the random vector (W (s, y), W(s’, y')) (see the proof of Lemma
2.1).

By Lemma 2.1, for fR p%_s () ps(W (s, y))dyds converges in L2(Q)ast — ooto
the weighted local time Lg .. As a consequence, from (2.1), (2.3), (2.4) and Lemma 2.1,
we deduce that (M, (-, x)), converges as t — oo in L!(£) to the weighted local time
Lo, = fy Jo PRy 0)80(W(s, y))dyds.

Step 2 Fix an orthonormal basis {e;, i > 1} of L?(R) formed by bounded functions
and consider the martingales for r € R

M (r) = /O /H; ei()W(ds, dy).
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We claim that the total variation of the joint quadratic variation (M, (-, x), M'), con-
verges to zero in L'(2) as t — oo. Indeed,

3 ral X
(M, (-, x), M") §/ /m —s (7—y) ei () (t4W(s y)) dyds.

Then, using the fact that ¢ € L?(R) for some p < 2, we can write for r € [0, 1]

B0 010 =08 [ i (2= ) laoe (o (dwe,) ) avas

2

1 z
Di-s (* y) Iei(y)I/ l9(z)| ————=exp (—) dzdyds
f / R’ \/2nt%s|y| 2’%5|)’|

3_3
3 ||e,||oo||¢||Lp(R>f fpl s<7—y> (sly)) ™% dyds,

where % + % = 1. Then, the claim follows because % — 4, <O0for p € (1,2) and

r X _1
l—s | —= =y ) (sly])” ?rdyds < cc.
[) A;p s (\/; )’) y y

Step 3 Given asequence t,, 1 00, set My, = M, (r,x)and M} = Mi(r)fori > 1.
These martingales possess Dambis-Dubins-Schwarz Brownian motions ', such that

g

n __ pn
My, = ﬂo,wg),
and

M =g, i>1
We have proved in Step 2 that sup,.cr, [(M]', Mg)|, — 0O in probability as n — oo.
Moreover, it is clear that forany 1 <i < j, (M]', M 7), = 0. Then, by the asymptotic
Ray-Knight theorem (see Theorem 5.1 in Appendix), we conclude that the Brownian
motions {,Bi’f vy > 0},7 > 0, converge in law to a family of independent Brownian
motions {B; y, y > 0}, i > 0. As a consequence, we deduce in particular, the stable
convergence in the sense of Definition 1.1, of the sequence of Brownian motions S
to a Brownian motion By with F being the o -field generated by the white noise W on
R4+ x R which is independent of By.

We are going to show using Step 1 that M, (1, x) converges stably to S, Lollel?,
L2(R)
as n — 00, where ﬂo is independent of W. Indeed, for any A € R, €, K > 0, with

the notation ¢ = ||¢||? 12R) and for any W-measurable random variable G such that
|G| < 1, we can write
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‘E (G(el’)LMtn(l,X) _ eiA'BO-CLO,l ))‘ (G(e 0 N e“‘ﬁ(’)l,cLO,l )) '
+ ‘E (G(el‘)\'ﬂg'CLO,l _ eiA'BO'CLO,I ))‘

< P({My)1 — cLo,1| > €) + P(cLo,1 > K)

+E ( sup o — ¢MPos I) + )IE (G(e“\ﬁ(y’l*“(l1 — e*MocLo ))’

|t—s|<e,t<K

=A, + AR+ A L+ A

By Step 1, lim,_, o A,ll,6 = 0 and the stable convergence of B to By implies
lim,,—s oo Aﬁ = 0. Finally, for fixed K, Az K does not depend on n and con-

verges to zero as € — 0 and, ﬁnally, A2 tends to zero as K 1 oo. Thus, we

stably
have proved the stable convergence t8 ut, x)) — ,60 Lol </’||22 as t — 00, where
L=(R)

Lo = fo Iz P ()8(W (s, y))dyds and By is independent of W.

Step4 Fix A € Rand #y > 0. To complete the proof, we follow a similar argument as
in the proof of Theorem 1.2 based on the method of characteristic functions. In fact,
we can write

1 1
E [eiktgu(t,X)b__ :| — M3 I J Pr—s = )@(W (s, 7)) W (ds,dy)
]
R _
< E [ews iy Jr Pi=s =) (W s, Wds.d), ]_-to}
M B,

As in the proof of Theorem 1.2, it is easy to show that lim;_,oc A; = 0 in LZ(Q). On
the other hand, with the decomposition

W(Sv y) = W(Sv }7) - W(t()at) + W(t()s y)9

for the term B;, we can write
—~ 1 1=ty _~ —~
B =E [eXp (i/\ts f / Pi—tg—s(x = Y)W (s, y) + W, y))W(ds, dy))} ,
0 R

where E denotes s the mathematical expectation with respect to the two-parameter
Wiener process W defined by W(s,y) = W(s + t9,y) — W(t, y). By the same
arguments as before, this leads to

o~ 1 1 1 X
BI=E[exp ((ikrs(r—rowf /pH (——y)
0 JR r—1

X @((t — 1) W(s. y) + ;) W(ds, dy))}.
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. _3
Here, we have used the notation ®; , = (t — 19)” # W(t9, </t — toy). Rather than
considering the limit of the above expression, we would like to consider instead the

limit of
1
BV .= E| exp (ikt%(t—to)%/ /p] =y
r o el V=10

x @((t — 10)3 W (s, y) W(ds. dy))]

In order to be able to do this, consider the residual term
R M%(t t)i/q/ ( * )
= — 1o Pl—s | —F/———)
' 0 JR S Vi —1o
3~ 3~ ~
X (p((t —10)* W (s, y) + Pry) —@((t —10)* W (s, y))W(ds, dy).

We claim that
lim R, =0 2.5)
11—

in LZ(Q). Indeed, using bounds for the density of W(s, y), we obtain

1 1 1 X
E[R?] < A%t%(r — 19)? / / p%_s( —y)
0 JR t—1o

xE Uw (=03 Wi, ) + 1)) = o (¢ = 1) WG, y))ﬂ dyds

2 ! n 2 X 1
=4 Pi—s -y
t—1o 0 JrR T \WVI—1D V2 syl
x E |:/ lo(z + ®ry) — W(Z)|2dz] dyds.
R

Taking into account that fR |<p(z + o) — go(z)|2 dz < 2||<p||i2(R), and using that

lim / oz + 1)) — 9(2)|>dz =0
11— 00 R

almost surely, for any y € R, we conclude the proof of (2.5) by the dominated
convergence theorem.
Furthermore, proceeding as in Steps 1-3, we can show that, as t — oo, B,(I)

converges to
E exp|ir ,
[ P( ﬁO,Lo,lllwlliz(R)>i|
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where Lo = [ fo P2 ())80(W (s, y))dyds and By is independent of W. As a
consequence, for every bounded and F;,-measurable random variable G, we obtain

L2(R)

lim B[G exp (i2r5u(t,x))] = E[GIE |:exp (i)L,BO’ Lorlol? )] .

This completes the proof. O

3 Large Times and Space Averages

The asymptotic behavior of the spatial averages f_RR u(t,x)dx as R — oo has been
recently studied in References [3-5]. In these articles, u(z, x) is the solution to a
stochastic partial differential equation with initial condition #(0, x) = 1 and a Lips-
chitz nonlinear coefficient function o (z). The solution process is stationary in x € R,
and the limit is Gaussian after a proper normalization of the solution process. In the
case considered here, the lack of stationarity creates different limit behaviors. In order
to achieve a limit, we will consider the case where both R and ¢ tend to infinity.
Set

R t
ug(r) = / / f Pr—s(x = )W (s, y))W(ds,dy)dx.
—-RJO JR

As before, ug () has the same law as

- (Rl x 3
uR<t>=r4f_Rfo /Rm_x <$—y>(p(t4W(s,y)> W (ds. dy)dx.

Consider first the case where ¢ is an homogeneous function.

Theorem 3.1 Suppose that (x) = |x|% for some a > 0. Suppose that tg — 00 as
R — oo. Then, if we let W be a two-parameter Wiener process independent of W,
the following stable convergences hold true:

@) If\/% — ¢, with ¢ € (0, 00),

3
—3(a+1
tR4( )u

ta c 1 . .
(1p) 22 / fO /Rpl_su — WIW (s, y)I* W (ds. dy)dax.
(i) If 7= =0,

o+l stably

1
Rl e =22 [ o)W Wds. dyas.
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(iii) If% — 00,

atl —oxl stably

1 pl
R™ 2t * u(tp) — / / [W(s, Y)|*W(ds, dy).
—-1J0

Proof We have, with the change of variable -— — x,

NG

e+l 1 [R/VIR
~ e+l 1
ug(tp) = Ir /

/ /Pl—s(x—y)|W(S,y)|aW(dS,dy)dX,
—R/ix Jo JR

and therefore, (i) follows by letting R — oo.
If JL;? — 0, with the change of variable x — Rx, we can write

~ R o
UR(tr) = Rtp* DPl—s (x\/—t_R — y) [W(s, I*W(ds,dy)dx, (3.1)

which implies (ii).
The proof of (iii) is more involved. Making the change of variable y — y\/% in
(3.1) yields

Br(in) = Rt / / fm ( (x—y))|W(s,y>|“W<ds,dy>dx

a atl
:R%IR2 / / /Pi(l_g)(x—)’)|W(S,y)|aW(dS,dy)dx-
-1Jo JR RZV

EON

Finally, the stochastic integral

1 rl
///P’L(l_s)(x_y)|W(Sa)’)|aW(dS7dy)dx
-1Jo JR &2

converges in Lz(Q) as R — ooto

1ol
/1/0 [W (s, »)|*W(ds, dy).

The stable character of the convergence can be proved by the same arguments, based
on the conditional characteristic function, as in the proof of Theorem 1.2. O

For a function which satisfies integrability conditions with respect to the Lebesgue
measure, we have the following result.

Theorem 3.2 Suppose that ¢ EALZ(R) and that tg — o0 as R — oo. Then, with Z a
N (0, 1) random variable and W an independent two-parameter Wiener process such
that (Z, W) are independent of W, the following stable convergences hold true:
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i) If% — ¢, with ¢ € (0, 00),

1

_3 2 2
V() 8 Z(Ilwlle(R) / / ( / P s<x—y)dx> S0 (W s, y))dyds) |

(i) If——)O

1

1 % stably 2 1 2 2
R tgu(tr) — Z | 2llel72 g, ; Rpl_s(y)éo(w(s,y))dyds :
(iii) If% — 00,

1
1 1 2
R ruteg) 2 Z(2|I¢IIL2<R> f f 1 p%s(y)a()(vv(s,y))dyds)

Proof Let us prove first the case (i). We have, with the change of variable \/LTR — X,

R/.\/tr 1 3
UR(tr) = tR/ /f/o A;plfs(x—y)so (t,‘éW(s,y)> W(ds,dy)dx.
R/\/tg

Consider the family of martingales

R/ViR 3
/ /RpH(x -y (t,‘é W(s, y)) W(ds,dy)dx,

=i [0
R

€ [0, 1]. We can write

3
(MR 20}y = 1] / / f Plos(x — ) P1os (& — 1) (rRW<s y)) dydsdxdsx’.
-7 %]

Then, as in the proof of Theorem 1.3, we can show that (Mg(-, x)), converges in
L'() as R — oo to the weighted local time

r c 2
oI, fo fR ( /_ c pl_.«x—y)dx) 80(W (s, y)dyds.

This completes the proof of (i).
Ir-& 0, with the change of variable x — Rx, we can write

N

3
Ugr(tgr) = RtR/ / /pl S(x——y)ga(téW(s,y)) W(ds,dy)dx. (3.2)
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As before, the stochastic integral

3 1 1 R N
'k /_1 /o /RPH (xﬁ - y) ¢ (té Ws, y)) W (ds, dy)dx

converges in law to

1 2
Z(zuwuiz(m I P%—S(Y)fgo(W(S,y))dde) ,

which implies (ii). To show (iii), we make the change of variable y — y% in (3.2)
to get

- s (ot R 3
uR(tR)=R2/_1/O /RPH (ﬁ(x—y))w<t;$W(s,y)> W(ds, dy)dx

L1 1 1 3
t,%/ f /Pi 1_g & =V | (g W(s, y) | W(ds, dy)dx.
“1Jo Jr RO

Finally, the stochastic integral

3orbopl 3
IR /_1/0 AP%(l_S)(x—y)w (t;é W(s,y)> W(ds, dy)dx

converges in law as R — oo to

[NT]

=R

1
1 1 2

The stable character of the convergence can be proved by the same arguments, based
on the conditional characteristic function, as in the proof of Theorem 1.3. O

4 Case of a Nonlinear Coefficient o

In this section, we discuss the case of a nonlinear stochastic heat equation

du  193%u 2w
— = —_— eR,t>0, 4.1
or ~2ax2 T OWaar ¥ “.1)

with initial condition # (0, z) = 1, where o : R — R is a Lipschitz function. The mild
solution to equation (4.1) is given by

t
u(t,x) =1 +/0 /sz—s(x — Yo (uls, y)W(ds,dy).

We are interested in the asymptotic behavior of u(z, x) as ¢ tends to infinity. As before,
we consider different cases:
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Case 1. Suppose that o () = u. In this case, the solution has a Wiener chaos
expansion given by

wt, ) =1+Y / / TT oo (5 000 Wedstodn) - Wiy )

n>1 n(t) =0
=1+ Z In(ft,x,n) s
n>1
with
n—1
ft,x,n(slv e Sy Xy e e xn) = lAn(Z)(slv K] Sn) 1_[ Ps,-—s,ur] (xi - xi+1)
i=0

and A, (1) = {(s1,...,8,) : 0 <51 < --- < s, < t}. Here, I,, denotes the multiple
stochastic integral of order n with respect to the noise W. If we consider the projection
of u(t, x) on a fixed Wiener chaos, we can write with the change of variables s; — £s;

and x; — /1yi,

X
I(ft,,)=/ / Pr(1— <——Xl>
n(Jt,x,n ) Je t(1—=s1) \/;

X H Pitsi—sian) (i — Xig )W (edsy, N/tdxy) -+ W (tdsy, /1dx,)

/Anm/ o ()

x 1"[ Psi—sin (i — Xig )W (tds1, Nidxy) - - W(tdsy, /tdxy).
i=l

||
I\)\§

By the scaling properties of the two-parameter Wiener process, it follows that 7, ( f; x.»)
has the same law as

~ 3n X
I(ft,,)::tT/ f Pl— (——Xl)
n x,n b Je s1 «/;

1

< [ ] Pss—sivs i = xig )W (ds1, dxy) -+ W(dsy, dxy).
i=1

As a consequence, t’%"ln (ft.x.n) converges stably to
n—1
f / [ Psimsies i = i) Widsy dxy) - - Wdsy, dxa),
a(D) IR

where W isa two-parameter Wiener process independent of W and with the convention
so = 1 and xo = 0.
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Notice that the rate of convergence depends polynomially with respect to the order
of the Wiener chaos. This property gives a hint toward a possible exponential type
behavior of u(z, x). This is consistent with the asymptotic behavior of logu(z, x),
when u(0, x) = §p(x), obtained by Amir, Corwin and Quastel in [1].

Case 2.  When o is a Lipschitz function that belongs to L>(R), the problem is much
more involved and we will give here just some ideas on how to proceed. We can write

1
u(t,x) =1+ %/0 /Rpl_s <% - y) o (u(ts, N1y)W(tds, Vtdy).
Furthermore,

ts
ults, V/ty) =1+ / f Pis—r (W1y — 2)o (u(r, 2))W(dr, dz)
0 R
P
=1+

By the scaling properties of the two-parameter Wiener process, as a function of W,
u(ts, +/ty) has the same law as

/‘ / Ps—r(y — 2o (u(tr, N12))W(tdr, v/1dz).
0 JR

v’(s,y)=1+t%f /Psfr(y_Z)U(vt(r,Z)))W(d"’dZ).
0 JR

Therefore, u (¢, x) has the same law as

1
ﬁ(t,x):1+ti/ /Pl—s (i—y>0(v’(s,y))W(ds,dy)-
0 Jr NG

Then,
1, 1 1 1 X ~
tTou(t,x) =1t"641t12 / / Pl—s (— — y) o'(s, Y)W (s, dy).
0 Jr Vi
The quadratic variation of the martingale part of the above stochastic integral is

1 1/ ) (x ) ) 1
Pi_s | —=—V)o (1+t52t(s,y))dsdy
/0 R T\VE

1
=/ /‘Plzfs <i—y>/tfz(é)éo(Z’(s,y)th‘é —é‘t‘%)dédsdy
0o Jr NG R

where Z' (s, y) satisfies

=]

t

N
Z’(s,y>=f%+rf*z/ /Rps_r(y—z)a(l+t%Z’(r,z>>>W(dr,dz>.
0

. . 1. . .
From these computations, we conjecture that #~ 6 is the right normalization and the
limit would satisfy an equation involving a weighted local time of the solution. How-
ever, proving these facts is a challenging problem not to be treated in this paper.
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5 Appendix: The Asymptotic Ray-Knight Theorem

The following version has been adapted from [2] (see also [8]). Here, H(i loc denotes
the space of locally square integrable martingales.
Theorem 5.1 For k > 2 and n > 1, define a sequence (Mfr, g,r’ ,z"r) of

k-tuples of continuous local martingales (M;l,,)rzo € H&loc such that for fixed j =
1,...,k the limit <M}’, M;’) is either infinite for all n, or finite for all n. After

o
possibly enlarging the underlying probability space, each M 7 possesses a Dambis—

Dubins—Schwarz Brownian motion /3;? and an associated time change T ;’ (y), such
that

M;"T;,(r) = ﬁ;"r 5.1
forr > 0and 1 < j <k (for a proof, see, for example, [9, Ch. V, Thm. 1.7]). If for
a>0and1 <i,j<kwithi # j

sup |[(M], M;.’),| — 0, (n — 00) 5.2)
rel0,a]
in probability, then the k-dimensional process B = (By ., B3 ..., B )r=0 con-

verges in distribution to a k-dimensional Brownian motion (By);>0.
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