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Abstract

The law of an appropriately scaled sum of p-adic-valued, independent, identically and
rotation-symmetrically distributed random variables weakly converges to a semi-stable
law, if the tail probabilities of the variables satisfy some assumption. If we consider a
scaled sum of such random variables with a sufficiently much higher scaling order, it
accumulates to the origin, and the mass of any set not including the origin gets small.
The purpose of this article is to investigate the asymptotic order of the logarithm of the
mass of such sets off the origin. The order is explicitly given under some assumptions
on the tail probabilities of the random variables and the scaling order of their sum.
It is also proved that the large deviation principle follows with a rate function being
constant except at the origin, and the rate function is good only for the case its value
is infinity off the origin.
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1 Introduction and Results

The p-adic field Q,, is identified with the set of formal series x = Y 7o @ p! with
integersmando; =0, 1, ..., p—1, equipped with the p-adic norm iz;oi—m aipi |p =
p"ifa_, #0,and |0], = 0. For a p-adic number a and an integer /, let B (a, p’) =

{x €Qp | Ix —al, < p'} be the ball of radius p' centered at a. Let B; := B (0, p')
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denote the ball centered at the origin, and H; := B; \ B;_j the sphere. By the ultra-
metric property |x + y|, < max{|x]|p, |y|p}, all balls and spheres are compact and
open. For the p-adic field and related fundamental subjects, we can refer to [4].

The p-adic field is a separable and complete metric space where a lot of standard
methods of stochastic analysis are available. On the other hand, the ultra-metric prop-
erty brings some unique phenomena different from the case of Euclidean spaces. The
behavior of sums of p-adic-valued random variables is one of the interesting topics
which has been studied since 1990s. Analysis based on p-adic-valued measures has
been developed with reference to mathematical physics, and sums of random variables
are discussed in this framework [2,3]. On the other hand, limit theorems on p-adic
numbers in the context of real-valued measures have been established. A p-adic ana-
log of the law of large numbers is covered in [11]. The p-adic central limit theorem
is concerned in [5,9], and [8] gives estimates of convergence. As refinements of the
central limit theorem, [10] derives a p-adic analog of the law of iterated logarithms,
and this article proceeds to estimates for large deviations. Besides, related works on
abstract probabilities are also remarkable [7].

Let &G = 1,2,...) be independent identically distributed (I.I.D.) random vari-
ables on the p-adic field. We suppose its law is invariant by rotations around the origin;
namely, u&; has the same law as ; for any p-adic number u satisfying |u|, = 1. We
also suppose its tail probabilities satisfy

Ti(m) := P (|&lp = p™) = p~*"L(m),

for a constant positive number « and a function L on Z such that lim,,, _, Lg’(q;)l) =1.

Define a sequence N (n) := p;zgl’fi)Tl (m)"Yforn = 1,2,..., and let [N(n)] be
N(Il)] Sz

its integer part. Under these assumptions, the law of the scaled sum p" ) .~
converges to a rotation-symmetric «-semi-stable law as n — oo [9].
Letc,(n =1,2,...)beasequence of nonnegative integers. Concerning the growth

rate of the scaled sum, lim sup,,_, o, | p" Z[N (")] = 01if ¢, diverges faster than
&, = [al?fg"p], and = +oo if ¢, is slower than ¢,. At the critical order ¢,, = ¢,, the
result differs by the rate of convergence of Lg’z +)1) to 1 [10].

In this article, we deal with general sequences c,(n = 1,2,...) satisfying
lim,,_, o ¢, = +00 and give estimates for large deviations of the law of the scaled sum.
Let P, be the law of the scaled sum p"*¢» Zl[g")] & and put _ := liminf, , o -,

Cn

04 = limsup,_, , *.

Proposition 1 For any compact open set K in Q, including the origin,

1 .
lim inf — log P, (K€) = —a6 log p,

n—-oo n

1
lim sup — log P, (K€) = —af_log p,

n—oo N

where K€ is the complement of K.
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Proposition 2
i. For any closed set B in Q) not including the origin,
o]
liminf — log P,(B) < —ab4 log p,
n—-oo n

1
lim sup — log P,(B) < —af_1log p.

n—od
ii. For any open set A in Q, including the origin,

lim log P,(A) = 0.
n—o0

In order to determine the asymptotics of P, (B) for sets B off the origin, we require
an additional assumption to the rate of convergence L(L”(’r:)l) — 1. Define §, :=

1— L(m+1)
L(m)

SUPy>n

’forn > 1.

Theorem 1 Assume that either of the following two conditions is satisfied :

< alog p.

i. 0_ =64 = +o00,
g 143,
ii. limsup,_, ¢, log 155

n

Then for any a € Qp, a # 0, and any integer | such that 0 ¢ B (a, pl),

1
lim inf - log P, (B (a, p’>) — —ab, log p,

n—oo n

1
lim sup — log P, (B (a, p1)> = —af_logp.

n—oo N

By this result, we can discuss the large deviation principle of the sequence of
probability measures P,. For a general theory of the large deviation principle for a
sequence of random variables or probability measures on a metric space, we can refer
to [1].

Corollary 1 Under the assumption of Theorem 1, the distributions P,(n = 1,2, ...)

satisfy the large deviation principle if and only if the limit 0 = lim,,_, oo ‘7” € [0, +o0]
exists. If that is the case, the rate function is given by

0, x =0,

[x) = {a@logp, x #0,

and I is good only for the case 6 = +o0.
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2 Tail Probabilities of the Sum of L.I.D.

Forn > 1 and integers m, let T,,(m) := P (‘Zl"zl & |p > p’”) be the tail probabilities
of the sum of &;. As a preparation for a formula for 7}, (m), we shall derive an inductive
relation of U,,(m) := P (|Zf:1 & |p = p’") =T,(m) — T,(m +1).

Lemma 1

Un(m) = Ur(m)(1 = T,—1(m)) + Up—1(m)(1 — T1(m))

-2 °
Ui + Y P U U ).
p k=m+1

Proof By the ultra-metric property, p-adic numbers x and y satisfy |x 4+ y|, = p™ if
and only if one of the following exclusive events happens :

i. |x|p < pm9 |y|p = pm’
i |x|p = p™, |ylp < p™,
iii. [x]p =|ylp = P, lx +ylp = "

Putting x = Z;’;ll & and y = &,, by the independence of &; we have

n—1 n—1
Usm) =P | D &| <p" alp=p" | +P|]D & =0p". &l <"
i=1 P i=1 P
n—1 n
+P D& =&, = p" D & =p"
i=1 p i=1 p
m—1 m—1
=Ui(m) Y Up1(k) + Upi(m) Y Ui(k)
k=—o00 k=—o0
00 n—1 n
+Y P D & =l =" D oa] =" )
=0 i=1 p i=1 p

For the case / = 0 in the last sum, the sphere H,, consists of p — 1 disjoint balls
B (a,mp’m, pm’l) (@_pm =1,2,..., p—1)ofradius p”~'. We can see that the event
|x|, = |ylp = |x + y|, = p™ happens if and only if x € B (a_mp_’”, p’”_l) and
—y € B(al,p™™, p" ") forsomea_,, # o, Sincetheballs B (¢_, p~™, p" ")
are mapped to each other by rotations around the origin, and the law of &; is invariant
by the rotations,

P (S&- €B (a_mpfm’ pml)) _ Un(m)

i=1 p—1
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and

P (—én €B (a’,mp_'”, pm_l)> = %ml)

hold for all _,, and o’ ,,,. Therefore,

n—1

Y&
i=1

m

=pr
P

= |‘§n|p:

p

-2 % r(Sacn(enro)

Um o, oy

P (—E,, €B (o/_mp_m, pm_l))

U, U
=(p—D(p- m—J%Q‘f?
p—2
= —— U 1(m)Uy(m).
p—1

As for ! > 1, the sphere H,,; consists of p!(p — 1) disjoint balls B (Zl o lalp ,

) (o = 1,2,...,p—Land o_py_j41,..., 00, = 0,1,...,p— 1) of
radius p™~ 1. The event x|, = 1ylp = p"H o x + ylp = pm happens if and only if
xeB (XM, joip,p" ) and—y € B (Zl_m_ml yop +al,p m,pm_1> for
some o_,y—g, ..., 0_;, and aLm # o_p,. Hence, we have

(v

O]y O aLm;ﬁa,m i=1 i=—m—I

—m—1
XP<&eB( Xjamtﬂtmﬁ”4W4)>
i=—m—I

Up—tim+D U(m+1)
pPlip—1 plp—1
= p ' Up—1(m + DU (m +1).

|€np—17

=pl(p—1-(p—1)

Consequently, (1) leads to

m—1 m—1
Un(m) = Ui(m) Y Up-1(k) + Up—1(m) Y Ui(k)
k=—o00 k=—0o0
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+Z—:?Un—1(m)U1(m) + Y p Ut (m + DU (m + 1)
=1
= Ui(m)(1 = T,—1(m)) + Up—1(m)(1 — Ty (m))

) e
+%Un_l(m>vl(m)+ > P U UK.
k=m+1

Proposition 3

00 T 0 — T k)"
Tn(m)=1—(1—p_l)2p_k<1_ 10 + k) 1Iip—11(m+ + )) '
k=0

Proof Let us put V,(m) := T,(m) — p_lTn(m + 1). Since T,,(m) = Zﬁm U,(),
Lemma 1 gives

Vi (m)

=> {Ul(l)(l = The1(D) + U1 (H(1 = T1 (1))

I=m

) e
+”—1Un_1<z>Ul<l>+ > p’kUn_l(k)Ul(m}
P k=111

—p! Z {Ul(l)(l—T,,l(l))—i-Unl(l)(l—Tl(l))

I=m+1

-2 >
+E U OUD+ Y p""Unl(k>U1(k>}
P k=l+1

-2
= Uim)(1 = Tp—1(m)) + Up—1(m)(1 — Ty (m)) + %Un—l(m)Ul (m)

+(1=p7") X WO = T @) + Uy 000 = Ty 1)
l=m+1
+Up 1 DU D)
= (Tym) = Ty0n + D)1 = Ty m))
o+ (Tya(m) = Ty (n + D)1 = Tyom)

-2
+ —Z — l(Tnf1(m) — Ty_1(m + D)) (T (m) — Ty (m + 1))

+(1=p7") 2 A@O =T+ 1) = T ()
I=m+1
+ (1) = Ty @+ D)1 = Ty ()
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+ (Ty1 () = Tyt (4 D) (D) — T (L + 1))
=Ti(m) — p~ ' Ti(m + 1) + Ty—1(m) — p~ " Ty (m + 1)

(710m) = p~" Ti0n 4+ 1)) (Tam1Om) = p~ s + 1))

1
1—p-!

= Vi(m) + Vu—1(m) — Vim)Vy—1(m). )

1—p-!

By this equation, we can derive inductively that

V n
Vam) = (1= p7") (1 - (1 -1 _l(l’f_)l) ) 3)

Indeed, this is trivial for n = 1. Provided it is true for n = ng — 1, then (2) yields

no—1
Vi(m) = Vi(m) + (1 - 17_1) (1 - (1 - 1‘/_1(;’1)1) ) <1 - 1‘/_1(;1)1>
_ 1 Vi(m) \"
_<1—p )(1—(1——1_p1> )

By (3), taking the sum of p_k Vaim + k) = p_an(m + k) — p_k_lT,, m+k+1)
fork =0,1, ..., we obtain

T,(m) = ip—k (l _ p—l> (1 _ (1 _ Vl(m——i_k))n)
k=0

l—p*1

i | n
:1_(1_1,71) pk<1_T1(erk) p Tl(m-l—k-i-l))‘

_ p—1
k=0 1 p

O

Remark 1 If we import a result of [9], Proposition 3 can be derived more concisely by
using Fourier transform. Let ¢ be the character on the p-adic field defined by

3 ’ J=1y! AN
90(2%1)’)::{?“’(2” 121:_mazp),1fmz1,

£ ifm <0,
l=—m i

then the characteristic function of a probability measure 1 on Q,, is defined by

() :=/ p(xy)pn(dx), yeQ,.

Qp
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We can see the Fourier transform of the indicator function 1, of the ball B; is given
by

Flp(x) = / 15,()pGy)dy = pl15., (x),

P

(see, e.g., Chapter XIV of [6]), where [ -dy denotes the integration with respect to
Haar measure of Q,, normalized so that f 1p,(y)dy = pl . Let u be the law of &;, then
we have

1= T,(m) = / 1p,_, ()™ (dx)

P

= /Q P Flp g, (p (dx)

p

= pr! f 15 () ( / w(xy)u*”(dX)> dy
Q Q

P P

= pr-! /Q 15y (DA dy

P
oo

=p"" > / f(y)"dy.
k=m—1 |y|p=P_k

The characteristic function of u is calculated in Lemma 3 of [9] as

A =1—(p— D pTitk+1) = Ti(k +2)), iflyl, =pF,

and then Proposition 3 follows immediately.

3 Proofs

For proofs of Propositions 1, 2, and Theorem 1, the following estimate is crucial.

Lemma 2 There exist positive constants C| and C; independent of n > 1 andl € Z
such that, for every fixed integer 1,

Cr (P =8))" < P, (BY) < Ca(p~(1 4+ 8,))" ™

holds for sufficiently large n. Furthermore, the both constants C1 and C, can be taken
p*(p=1)

arbitrarily close to C .= C(a) := pa and accordingly,
P, (Bf P, (B¢
lim sup n(l)chCSliminf "(I)CH
noo (pme(l+8,) " (el = 8n)”
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holds for any integer l.

Proof Fix an integer [ and take any ¢ > 0. By Proposition 3, we have

(V)
P (Bf) =P |p" Y & = p!
i=1

= T[N(n)](n +cpn+1+1)

o0
_ —1 —k [N(n)]
_1_(1—p )kz_op (= v+ cq + 1 + k)OI,

where

-1
vim) = (1=p™")  (Tion+1) = p~' Tim +2)

_ 1\ 7! —q—1L(m +2)
—(1—19 ) (1—P m)Tl(m-l-l).

Since v(m) tends to 0 as m — 00,

1
eI (1 — v 4 ¢y + 1+ k) oradT® < =179

holds for sufficiently large n and any k£ > 0, and then

° v(n+cy+Hl4K)[N(n)]
= (=) o ()

k=0
< P, (Bf)
© v(n4cpH+K)[N ()]
-1 (1 _ p—1) Zp—k (e—(l-i-a)) ’
k=0
namely,
o0
(1 . p—l) Zp—k (1 . e—(l—e)v(n+cn+1+k)[N(n)])
k=0
< P, (Bf)
o0
- (1 _ p—1> Z pk (1 _ e—(l+s)v(n+cn+l+k)[N(n)]> _ (4)
k=0
We have
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(pfo((l _ 6n))011+l+k+]
w4k .
- Tin+ca+1+k+1) —p—a(cn+1+k+1)Ll—[ Ln+i+1)
- Ti(n) -0 L(n+1i)
< (P + 8,)) T

and

Lin+cy+1+k+2)
l—e<1-9§ < <1496 <1+e¢,
n+Cn+l — L(n+cn+l+k+1) — n+Cn+l

for all kK > 0, if n is large enough so that 8,1, +; < €. We also have
(1 —=e)N(n) <[N®n)] < N(n) (5)

for large n, since N (n) = p;:iﬁ’:i)ﬂ (n)~! — ooasn — oo. Applying these inequal-

itiestov(n + ¢, + 1+ k)[N(n)] = (l — p_l)_1 (1 — p‘“‘lw> Ti(n+

L(n+cp+l+k+1)

ch+l+k+1) [pza(p_l)Tl(n)_l], we see that

pa+l_1

-1 200 1 .
(1—2¢) (1 - p—l) (1 — el ¢ 8)) % (p‘“(l _ 5,1)) aH+k+1

<vin+cp +1+k+ DIN®m)]

-1 20 _ 1 ‘
< (1 — p*1> <1 — pf"‘*l(l _ 8)) ppa.(:]) - 1) (pia(l +5n)) nHl+k+1 (6

In particular, take n large enough so that 6, < ¢ A (p®* — 1), then the assumption
cn — o0 implies that the right-hand side goes to 0 as n — oo uniformly for k > 0.
Since lim;_, ¢ 1%6_’ = 1, we have

I — e~ (ImolrtatHaDINDT > (1 — 6)%0(n + ¢, + 1+ k+ DINM)],
1 — e~ Heperta ikt DINMDT < (1 4 e\2y(n + ¢, +1 + k + D[N (®)]

for large n, and therefore, inequalities (4) lead to

o]

(1 - p_1> S p7 = 2v(+cu 1+ k+ DIN®]
k=0

< B (B)

<(1-r7") kz_jop*"(l + 8200 + o + 1+ k + DIN@)].
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Applying (6) to the above, we obtain

2a
o pelp—-1  _, cnH+1
(1— &) (1 _ el +€)) AT (p(1 = 8,)
1
X
1—p==1(1-34,)
< P (By)
> a1 pP(p-1, _, a1

<t (1-p - 0) £ (7 + 6)

1

X .
1—p=e=1(1+8,)

— (1 _ A l=p~ 40 p(p—D) _ 31=p~®~l1—e) p*(p—1)
PutCy =(1—¢) =)= T(I—g) prt—i and Cy = (1+¢) = p=a—T(I1e) prt—i , then

since §, < & we obtain

Cr (P (1 = 8))" " < P, (Bf) < C2 (p~(1 +8,))" ™

for sufficiently large n.
We can see C1 and C, both approach C as ¢ — 0; then, the second assertion is
clear. |

Now let us give proofs to Propositions 1, 2, and Theorem 1, using the estimates of
Lemma 2.

Proof (Proposition 1) Since K is assumed to be compact open and 0 € K, there exist
integers [ > I such that B, C K C By,. Then, Lemma 2 implies

Cr(p™(1=8))" < Py (KS) < Ca (p~ (1 +8,)) "

Take their logarithm and divide by n, then we have

cp+1 log C
"n L(—alog p +log(l — 8,)) + ——1
1 .
< —log P, (K)
n
cn +1 log C
< "n 2 (—alog p + log(1 + 8,)) + gnz.

Since §, — 0 as n — oo, taking lim sup and lim inf of each side, the assertion is
proved. O

@ Springer



Journal of Theoretical Probability (2020) 33:1196-1210 1207

Proof (Proposition2) (i) Since the complement B¢ is an open set including the origin,
we can take an integer [ such that B; C B¢. Apply Proposition 1 to K = By, then

1 1 .
lim inf — log P, (B) < liminf — log P, (Bf) = —af log p,
n—oo n n—oo n
and

1 1
lim sup —log P,(B) <lim sup log P, ( ) = —ab_log p.

n—o0 n—oo

(i1) We can take an integer / such that B; C A, and Lemma 2 implies

log (1 — G (pra an))""“) < log Po(By) < log P,(A) < 0.

By the assumption lim,_, o ¢;; = 400, we have C; (p_“(l + Bn))C”H — Qasn —
00, and hence, the left-hand side tends to 0. O

Proof (Theorem 1) For the case (i), our claim is trivial by Proposition 2 (i). Let us
assume (ii) and put |a|, = p*. The sphere Hj is the disjoint union of p*~'=!(p — 1)
balls of radius p'. Since each of these balls is mapped to the ball B (a, Pl ) by arotation
around the origin, and the law of &; is invariant by the rotation, it follows that

N Pa(H)  Pa(B{) — Pa(Bf)
P(s(er) =g = ey @
Applying Lemma 2 to/ = k — 1 and [ = k, we obtain
Ci(p(—=80)" ™ —ca(pme1 +8))
< Py (Bi_1) — Pu (B)
<G (p 1 +80)"" =y (poa —s)" . (8)

Here let us verify the left-hand side of this inequality is positive for large n. By

the assumption lim sup, _, o, ¢x log 1=5* 149, =

sufficiently large n. Since g‘ can be arbltrarlly close to 1 and §,, — 0 as n — o0, the

ratio

Cn
< alog p, we have p* (l ?’) > 1 for

! n k_ _ N
Cq (P a(l _ 8n))c +k—1 _ Q (1 _ Sn)k 1 . (1 _ 5n>c,,
Gy (p=(148,))" ™ Co (148 1+,

is greater than 1 for sufficiently large n. Therefore, the left-hand side of (8) is positive,
and then we can estimate the logarithm of (7) as

IOg (Cl (p_a(l — (Sn))Cn-H{—l _ C2 (p—o[(l + (Sn))Cn-H()
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—(k—1—1)logp —log(p—1)

<log P, (B (a, p’))
< log (Cz (P +8))" ™ ¢ (pea - Bn))cn-i-k)
—(k —1—1)log p —log(p — 1).

Divide the each side by 7, then we proceed to

¢, +k—1
L (—alog p +log(l — 8,))

1 148,\"**
+— | log|C1 = Cop™@(1 =6,) + On
n 1-346,

—(k — 1~ 1)log p —log(p — 1))

1
—log P, (B (a, pl>)
n

c+Hk—1
< X (—alogp +log(l+6,))

L (og (€= cipt 8, (=2 o
J— O J—
n g 2 1p n 1+8n

—(k—l—l)logp—log(p—l)).

IA

Cn
Since §,, — 0 and lim sup,,_, (itgz) < p?, the second terms of the left- and the

right-hand side go to 0 as n — oo. Hence, taking lim inf and lim sup of the both sides,
our assertion follows. O

Proof (Corollary 1) If we suppose P, (n = 1,2,...) satisfy the large deviation
principle with some rate function /, then Theorem 1 requires

abylogp < inf  I(x) <ab_logp;
xeB(a,p)

therefore, 6 = 6_. Thus for the large deviation principle, it is necessary that
lim,, o0 S exists.

Conversely, suppose that 6 := lim,,_, o % exists,and let 7 (x) = a6 log p forx # 0
and 7/(0) = 0. For the large deviation principle, what we have to show are

1
liminf — log P,(A) > — inf I(x) )
xXeA

n—o0o n
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for any open set A in Q,,, and

1
lim sup — log P,(B) < — inf I(x) (10)
n X€B

n—o0

for any closed set B.
For the empty set ¢, (9) and (10) are trivial. If an open set A includes the origin,
then by Proposition 2 (ii),

1
liminf — log P,(A) = 0 = —1(0) = — inf I(x).
n—oo n XeA

Suppose next A # ¢ is an open set not including the origin. Take a € Q, and an
integer / such that B (a, pl ) C A, then by Theorem 1,

1 1
liminf — log P, (A) > lim inf — log P, (B (a, pl)) — —aflog p = — inf 1(x).
n—oo n n—-oo n X€EA
Let B be a closed set including the origin, then trivially we have

1
lim sup log P,(B) <0=—-1(0) = ingl(x).
xXe

n—o0

In case a closed set B # ¢ does not include the origin, we can take an integer / such
that B; C B¢, and then Proposition 1 implies

lim sup — log P,(B) < limsup — log P, (B,) —ablogp = ing I(x).
xXe

n— 00 n—oo N

Therefore, the large deviation principle holds with the rate function /.

In case 6§ = +o0, it holds that {x € Q) | I(x) < ¢} = {0} for any ¢ > 0, and in
case 0 < +oo, we have {x € Q,, | I(x) < ¢} = Q,, for ¢ > «af log p. Therefore, I is
good if and only if 6 = +o0. O
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