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Abstract

In this paper we study the drifted Brownian meander that is a Brownian motion starting
from u and subject to the condition that ming<;<; B(z) > v with u > v. The limiting
process for u | v is analysed, and the sufficient conditions for its construction are
given. We also study the distribution of the maximum of the meander with drift and
the related first-passage times. The representation of the meander endowed with a
drift is provided and extends the well-known result of the driftless case. The last part
concerns the drifted excursion process the distribution of which coincides with the
driftless case.

Keywords Tightness - Weak convergence - First-passage times - Absorbing drifted
Brownian motion - Drifted Brownian excursion
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1 Introduction

The Brownian meander is a Brownian motion {B(¢), t > 0} evolving under the
condition that ming<s<; B(s) > 0. If the additional condition that B(t) = ¢ > 0, then
we have the Brownian excursion which is the bridge of the Brownian meander.

Early results in this field emerged in the study of the behaviour of random walks
conditioned to stay positive where the Brownian meander was obtained as the weak
limit of such conditional processes [2,12]. In the same spirit the distribution of the
maximum of the Brownian meander and excursion has been derived in [15]. Further
investigations about such distributions can be found in [7]. Some important results
can also be found in the classical book by It6 and McKean [13]. The notion of
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Brownian meander as a conditional Brownian motion and problems concerning weak
convergence to such processes have been treated in [11]. More recently analogous
results have been obtained in the general setting of Lévy processes (see, for exam-
ple, [6]).

Brownian meanders emerge in path decompositions of the Brownian motion. In
particular Denisov [8] shows that a Brownian motion around a maximum point can be
represented (in law) by means of a two-sided Brownian meander, which is constructed
by gluing together two meanders.

These processes also arise in several scientific fields. Possible applications range
from SPDE’s with reflection [4] to enumeration of random graphs (see [14] for a
survey of the results in this field).

In this paper we study the meandering process of the drifted Brownian motion
B*(t) and in particular we start by analysing the joint n—fold distributions

n
P BH (s, d<‘ in BM , BH(0) = 1.1
{Q( (sj) € dyj)) Juin B*(z) > v, B*(0) u} (1.1)
forv<y;,0<s;<t,j=1,...nandu > v.

In order to examine the interesting case where the starting point coincides with
the barrier level v we use the tools of weak convergence of probability measures. In
Sect. 2 we briefly recall the needed results, and in Sect. 3 we show that the required
conditions hold.

We will study some sample path properties of the Brownian meander regarding the
maximal oscillation around the starting point

lim lim P( max |B"(z)—B"(0)| <n‘ min B"(z) > v, B“(O):u):l Vo =0
0<z<6 0<z<t

§—>0u—v

(1.2)
and the maximal oscillation of the sample paths at an arbitrary point s
lim limP{ max  |B*(2)| < n’ min B"(z) > v, B*(0) = u}
§—>0ulv s—8<z<s+¢ 0<z=<t
—P {B“(s) < n‘ inf B“(z) > v, BY(0) = v} . (1.3)
O<z<t

In the limit for # — v we obtain a stochastic process with marginal distributions
equal to

P{B“(s) edy

inf B*(z) > v, B*(0) = v}
O<z<t

3 0—v?
N2 (y—v)e - ®©/ wew)? @i et
— dy — 5 e 2(t—s) —e 2(t—s) e — dw
N fOOO we—%—i—uw dw 70 2 (t—5)

(1.4)

s < t, y > v.In particular, for s = ¢, (1.4) reduces to
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P{B“(t) edy

0inf B*(z) > v, B*(0) = v}

'v )
(v —ve 7 e‘”

dy, y > v. (1.5)
f (w—v)e = el‘“’ dw

which for 4 = 0 coincides with the truncated Rayleigh distribution. We obtain the
distribution of the maximum of the Brownian meander which, in the simplest case,
has the form

P{ max B"(z) < x‘ inf BY(2) > 0, B(0) = 0}

0<z<t

o D" /,LI‘X7T_’_ o *T p=nl¥ Jd
Ep PGS ’ “f ‘e v (1.6)

14 /Lfo eifeﬂy dy

and for u = 0 yields the well-known distribution

> 2,2
P{ max B(z) < x| inf B(z) >0, B(0) = O} = E (=D)e 2. (1.7)
0<z<t O<z<t e

A related result concerns the first-passage time of the drifted meander. The ran-
dom variable Ty = inf{s < t' : B*(s) = x}, ' > t, under the condition that
ming<;<; B*(z) > v has distribution P(7, > s|minp<;<; B*(2) > v, B*(0) = u)
with a substantially different structure for s < r and t < s < t’. The effect of the
conditioning event in the case s > ¢ corresponds to assuming a Rayleigh-distributed
starting point at time 7.

The fifth section of the paper is devoted to the extension to the drifted Brownian
meander of the relationship

BT +sa—Top|
N

where Ty = sup{s < ¢ : B(s) = 0} (see Pitman [17]). We are able to show that

_M(s) O0<s <1 (1.8)

(B# (To“ ts(r— To“))’

i
Ji—T;

P {M“m(s) c dy}] (1.9)

P

cdyl = %E [P {M‘“m(s) c dy}

0 < s < 1, where MEHV! -Ty is the Brownian meander starting at zero with a
time-varying drift 4,/t — 73" and T}' = sup{s < : B*(s) = 0}.
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Result (1.9) can also be written as

BTy + 5 = T
Jt=T

where X is a r.v. taking values =+ 1 with equal probability, independent from M and
T0“ . In the last section we give the distribution of the Brownian excursion and show
that

A prXNVET () 0 <5 < 1 (1.10)

P{B“(s) c dy‘ Jinf BY() > 0. B(0) = B"(1) = 0}
<z<t

2 2 t % R
=,/ =Yy e Ziody y>0,s<t

T s(t —s)
:P{B(s) edy)oinftB(z) >0,B(0)=B(t)=0} (1.11)

which therefore does not depend on the drift .

2 Preliminaries

Let {B(?),t € [0, T']} be a Brownian motion adapted to the natural filtration on some
measurable space (2, F) and let {P,, u € R} be a family of probability measures
such that, under each P,, B is a Brownian motion and P (B(0) = u) = 1. We consider
a drifted Brownian motion {B*(¢),0 <t < T} defined as B*(¢t) = B(t) + ut,0 <
t < T, with u € R. The space C[0, T'] of its sample paths, sometimes indicated as
o = w(t), is endowed with the Borel o -algebra 6 generated by the open sets induced
by the supremum metric.
For a given probability space (€2, F, P) we define the random function

Y (RQ,F) — (C[0,T],86). 2.1
We take a probability measure p on (C[0, T], €) defined as
w(A) = PY~'(A) Acs. 2.2)

For aset A € 6 such that (A) > 0 we consider the space (A, 6, (- |A)) which
is the trace of (C[0, T'], €, ) on the set A, where the conditional probability measure
w(-|A): AN [0, 1] is defined in the usual sense as

_ (AN A)
w(AIA) = i Ace. 2.3)
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We then construct the space (Y71 (A), F N Y~1(A), P(-1Y~1(A))) where

P(ANY 1 (A))

(o7 -1
POTTAY) for Ae FNY L(A). (2.4)

PAlY H(A) =

Definition 2.1 Given a random function Y asin (2.1) and a set A € 6 the conditional
process Y| A is defined as the restriction of Y to the set A:

YIA: (YA, FnY (A, PCIYTH(A)) > (A, G, (- |A)) (2.5)

The following lemma provides the conditions for a conditional process to be Markov
(see [11]).

Lemma 2.1 Let Y be a Markov process on C[0, T'] and let A € € such that u(A) > 0.
Let mjg,1) and 1(; 11 be the projection maps on C[0, T] onto C[0, t] and C|[t, 1], respec-
tively. If for all t € [0, T] there exist sets Ay € B(CIO, t]) and B; € B(C[t, 1]) such
that A = H[B!II]AI N JT[ZII]BI, then Y| A is Markov, where 9B denotes the Borel sigma-
algebra.

In the following (- ) denotes the Wiener measure on (C[0, T'], 8). For a Brownian
motion starting at u we usually write P (- |B(0) = u) to denote P, ( - ) to underline the
dependence on the starting point. The drifted Brownian meander can be represented
as a conditional process B*|A, , where the conditioning event A, , is of the form

sz{m%BW@>qum=u}

0<z<

Analogously the Brownian excursion is a conditional process B*|A, , . with
Ayye= { min B*(z) > v, B*(0) = u, B*(t) = c} u,c>v.
0<z=<t

We remark that the conditional processes introduced above are Markovian in light
of Lemma 2.1.

For some fixed v > 0 we need to study the weak convergence of the measures
Muv = (- |Ay ) asu | v. See Billingsley [3] for a treatise of the general theory of
weak convergence. We here recall the main concepts we will make use of.

Definition 2.2 Given a metric space (S, p) and a family IT of probability measures on
(S, B(S)), B(S) being the Borel o —field on S, we say that IT is tight if

Vn >0 Jcompact K C S st Vuell wK)>1-—n.
The tightness property is equivalent to relative compactness if (S, p) is separable
and complete, as established in a well-known theorem due to Prohorov, and it is thus

relevant to prove the weak convergence of measures. In fact the following theorem
holds (see [3], Theorem 7.1, or [16], Theorem 4.15).
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Theorem 2.1 Let {X ™}, and X be stochastic processes on some probability space
(2, F, P) onto (C([0,T]), B) and let {iu,}n and u, respectively, the induced mea-
sures. If for every m and for every 0 < t| < tp < ---t,, < t, the finite-dimensional
distributions of (X,(IH), e, X,(Z)) converge to those of (X, ..., X;,) and the family
{mn} is tight then u, = u.

In the following section we will compute the limit of the finite-dimensional dis-
tributions. As far as the tightness is concerned we will make use of the following
theorem ([3], Theorem 7.3) which characterizes the tightness of a family of measures
induced by a process with a.s. continuous paths in terms of its modulus of continuity
mg,(8) = SUp 1e(o, 7 jr—s|<s [0 (8) — @(@)].

Theorem 2.2 A sequence of probability measures { P, },, on (C[0, T, Q) is tight if and
only if

(i) Yn > 0 3a and N such that P,(w : |w(0)| > a) <n, Yn > N, and
(ii) Vn >0 %iil(}lim sup P {w : mg((S) >n} =0.

n—oo

Condition (i7) is difficult to prove directly so we use the Kolmogorov—Centsov
theorem theorem which necessitates bounds on the expectation of the increments. We
first recall the Kolmogorov—Centsov theorem ([16], Th. 2.8).

Theorem 2.3 Suppose that a process X = {X(t),0 <t < T} on a probability space
(2, F, P) satisfies the condition

EIX(t) — X($)|* <Clt—s""P, 0<s,6<T (2.6)

for some positive constants o, f and C. Then there exists a continuous modification
X of X which is locally Holder continuous with exponent y € (0, B/a), i.e.

)N(a),t —)N( w, s
Pw:supl()()ls
5,1€[0,T] [t —s]¥
|[t—s|<h(w)

st=1 2.7)

where h is an a.s. positive random variable and § > 0 is an appropriate constant.

The Kolmogorov—Centsov theorem can be exploited to prove the tightness property
of a family of measures as stated in the following result ([16], Problem 4.11)

Proposition 2.1 Let (X m > 1} be a sequence of stochastic processes X™ =
(X" (1),0 <t <T}on (Q,F, P), satisfying the following conditions

(i) Sup,> E|X(()m)|” < 00,
(ii) sup,-; EIX™ () — XM ()[* < Crlt —s|'TF | 0<s,t<T

for some positive constants o, B, v and Ct (depending on T ). Then the probability
measures P, = P(X ,,_11) ,m > 1 induced by these processes form a tight sequence.
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It is easily seen that conditions (i) and (ii) of Proposition 2.1 imply the corresponding
conditions of Theorem 2.2.

Returning to our main task, once proved that the collection of measures {1ty v}y
satisfies the conditions of Theorems 2.1 and 2.2, by exploiting Proposition 2.1, we are
able to assess the existence of some process whose finite-dimensional distributions
coincide with those of the weak limit pu, of u, , when u | v. This measure will
coincide with that induced by B*|A, where

Ay = |w L inf o) > 0,00 = v}.

<<
This means that the continuous mapping theorem holds, i.e. 14,y og~! L2y og™!
for any bounded uniformly continuous g. Using this fact we can derive the distribution
of the maximum of max B*|A, as the weak limit of max B*|A, ,. This was done in
the driftless case by Durrett and Iglehart [10].

3 Weak Convergence to the Brownian Meander with Drift

The drifted Brownian meander can be viewed as a Brownian motion B* with
drift restricted on the subsets of continuous functions A, , = {w € C[0,T] :
ming< <7 ®(z) > v, B4(0) = u}, with u > v. The probability measure we con-
sider here is applied to the events A = { ﬂ?zl {B"(s;) e dy j}} under the condition
{minp<.<7 B*(z) > v, B*(0) = u}. For different values of v and of the starting point
u we have sequences of processes for which we study the distributional structure.

In order to write down explicitly the conditional probability of the event A we need
the distribution of an absorbing Brownian motion travelling on the set (v, 00) starting
at point # > v and with an absorbing barrier placed at v that is

P {B”“(s) €dy, min B*(z) > U‘B"(O) = u} =
0<z<s

_ mu—us)? _ Gtu=2v—ps)?

e 2s _ _N€ 2s
— — e 2u(u—v) dy

2ms 2ms
2 2 2

_G-uw _ Qu—y-w) _uss L dy

= (e T — e 35 )e 7 RO ”)2— y>uv,u>vs>0 (3.1
s

For ;© > 0 the probability of the Brownian motion of never being captured by the
absorbing barrier is equal to

lim P[ min B*(z) > U‘B“(O) —u) =1 — ¢ 2V

§—>00 0<z<s

and increases as the starting point goes further from the barrier.
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Theorem 3.1 In view of (3.1) we have the following joint distributions

|
— e 2nyj-1—v) ¢

=1 ,/27T(Sj—Sj_1) ,/27T(Sj—Sj_1)

P{ min B*(z) > v ’B“(Sn) = yn}

.

(B (s) € dy;) ‘ min B“(z) > v, B(0) = u} -
j=1 0<z<t

bk B R R e U S Vi
2651 2Asj=sj—1)

=

Sp=z=t
X
P{ min BA(z) > U)B“(O) =u]
0<z=<t
Oy »? Qu—yj—yj— D2
2(r i=Sji— 1) 67 2(? sj— 1)
11 > = dyj
j=1 v ”(SJ sj—1) \/ m(sj —Sj-1)
o 2(—m )) _ <2v2—(w—y;1 )2
e t—sp) — e t—=sp
/ ( 2 —s2) )ew a
w(t —s
x 2L 1 (3.2)
_ (wfu)2 _ (2ufw7u)2
o0 e 2t —e 2t w
e" dw
v 2t
withy, >v,i=1,...,n,y0=u0=s5) <s§1 <...<$§; <...<s, <t, u>v.

Proof

P{ () (B"(s)) € dy;) ‘OTint B*(z) > v, B*(0) = u}
j=1 ==

=z=t

n -1
_ K. ) ; % ; %
_PM{ Q(B (s7) EdyJ’Sj,ﬁrE?gsjB (2) >v> }PM{Omln B"(z) > v}
J:

(3.3)

Considering the numerator of (3.3) we have that

n
K. ) ; I3
PM{ ﬂ <B (sj) € dy/,sjirlrglgj B¥(z) > v) }

n

— M. . 3 1% (74
=FE PM{ ﬂ <B (sj) € dy/’sj,IlIE?gs,«B (z) > v) ‘anl}

j=1
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n—1
_ K. . ; I
_E{PM{ ﬂ <B (sj) € dy”s,-fE?gs,-B (z) > v> }

j=1
X PM{B“(sn) edy,, min B*(2) > v|%F,_, ” (3.4)
Sp—1<Z=Sp
Markovianity and result (3.1) applied successively yield (3.2). O

Corollary 3.1 For n = 1 we obtain from (3.2) the one-dimensional distribution

P{B“(s) c dy‘ min B(z) > v, B*(0) = u}
0<z<t

_ Gu—ps? _ Gumdvops)? P{ in B ‘Bu B }
= e ol _e*Z/L(ufv)e e . sl%lzlgt = W= dy
27s 27s P{ 0min B'(z)>v ‘B“(O)ZM]
<z<t
(3.5)

fory >v, u> .
We now study the weak convergence of B*|A, , as u — v.

Lemma 3.1 For the sequence of conditional processes { B*|A,, .y, u > v} it holds that
limE |:|B“(t) — B*(s)|*| min B*(z) > v, B*(0) = ui|
ulv 0<z<T
<Clt—s"? 0<s=<rt<T. (3.6)

Proof Having in mind the expression of the joint distribution given in Theorem 3.1,
the expectation in (3.6) can be written down as

E [IB“(O — B*(s)|"

/OO /OO | @ ( _Geow? _@eerw?) dx
= xX—y e 2s — e 2s
v v N2ms

B dy
X e 2(t—s) — e 2(t—s) - - @
27t — 9)

min B*(z) > v, B*(0) = u:|
0=<z=<T

00 _ (wfy)2 _ (21)711)7)))2
e 2I'-n —e 2(T—1)
/ < e dw
L V21T — 1)
_ (w—u)2 _ (217—w—u)2 '
2T 2T

x® (e —e w
e dw
v v 2nT
By taking the limit for # — v and, by a dominated convergence argument, pushing
the limit under the integral sign we have that
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=u]

aX — v _Gav? L)Z dx _o-0? _ @u—y—x)? dy
|x — ¥l e 2W—s) — e 20
27s V2r(t —s)

00 _ (w—y)? _ Qu—w—y)?
e 20T-n —¢ 2(T—1)
/ M dw
v V27(T — 1)
dw

limE [|B”(t) -

X

/'Oow—v _w-n? el
e 2T

v T 2nT

— ,LL,T X — y —e 25 e t—s —e t—s e —
o Jo s N2ms 21 (t —5)

(w—y)? _ (wty)%

X ST 2AT-1) — ¢ 20T-0)
xf ( )e“w dw
0 2m (T — 1)
, 0 oo g 2 dx g0 dy
<, =y e ey
“Jo Jo s 27s V27 (t — )

, 00 [0 eX 2 dx _g-w? dy
<C,r lx =y —e > 6’ 29
wr J

o0 s V21 V21 (t —5)

=C/ T/OO fg |y| e T 20— r)d—y
5 Jo s \/Zns V2 (t — )
< Cj plt — s/ (3.7)

O

Remark 3.1 This result shows that, as a consequence of the Kolmogorov—Centsov the-
orem, the drifted Brownian meander, i.e. the weak limit of the sequence { B*| A, , u >
v}, is a.s. locally Holder continuous of parameter y € (0, 1/2). The Brownian mean-
der thus inherits the same Holder exponent as the underlying unconditional Brownian
motion, as could be expected.

We are now able to prove the tightness of the family of measures induced by the
drifted Brownian meander.

Theorem 3.2 The family of measures {ji, v }u on (C[0, T], B) indexed by u, given by
L w(A) = P(B“ c A( min B(z) > v, B4(0) = u) A€B, u>v
0=<z<T

is tight.

Proof The result follows as an application of Proposition 2.1. The proof that the
sequence of measures {u,.y},>y satisfies condition (i7) is given in Lemma 3.1. Con-
dition (i) clearly holds since P(B*(0) = u) = 1 foru > v. O

Lemma 3.2 The finite-dimensional distributions of B"|Ay., converge to those of
B*|Ay = B*|{info-, -7 B*(2) > v, B*(0) = v} asu | v.
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Proof As a consequence of Markovianity the terms for j = 2, 3, ...n in the product
in formula (3.2) do not depend on the starting point u. Thus, it suffices to compute the
following limit

P{B“(s) edy

inf B*(z) > v, B*(0) = v}
O<z<t

= limP{B“(s) € dy‘ min B*(z) > v, B*(0) = u}
0=<z=<t

uv
I e i
N P{ mins<.<; B4(z) > U‘BV'(S) = y]
- (w—y)? P dy
foo w—ve 2t eiﬂTt+M(w7U) dw
v t 2mt
' 2 * 2 2 pw
\2 —v)e _ (w=(y—v)  (wt—w) ¢
—dy (_) 0= ve / ( o o ) e
Ve S =

(3.8)

Consequently the finite-dimensional distributions of the limiting process can be
written down explicitly as

n

P{ ﬂ (B*(sj) € dyj) ‘Oinle“(z) > v, B¥(0) = v}
j=1 =

; 1—? _Omyin? _Cvyioy?
1\ (i—ve £ e 2D e 7D

Z:dyl - — dy-
YZ . . . . ]

81 s we ™5 Y dypy s V2r(sj—sj—1)  /2m(sj—sj—1)

0/ (w—(m—v)? _ (wtGn-v)? etV
X e 2(t—sn) — e 2(t—sn) B —————— du)
0 27 (t = sp)

withy; >v,i=1,...,n,0<s; <---<§; <--- <8, <. O

Theorem 3.3 The following weak limit holds:

B“H min B* > v, BX(0) =u] — B“H inf B > v, BH(0) = v] (3.9)

0<z<t ulv O<z<t

Proof In view of Lemma 3.2 and Theorem 3.2 result (3.9) is an application of Theo-
rem 2.1. o

We now check that the maximum variation around the starting point for the drifted
meander tends to zero, in a sense which is made precise in the following corollary.

Corollary 3.2 The following limit holds

lim lim P( max |B*(z) — BX(0)] < 5| min B*(z) > v, B*(0) = u) -1
§—>0u—>v 0<z=<$ 0<z=<t
(3.10)
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foralln > 0.

Proof The probability appearing in (3.10) can be developed as

F(,v,u,n;t)
min BA(2) > v ‘B"(a) - y}

7|
/”+’7 S<z<t
u

- Pl min B(2) > v ‘B”(O) - u}

=z=<

X P(u —1n < min B*(z) < max B*(z) <u+n,
0<z<é 0<z<é

min B4(2) > v, BX(8) € dy ‘B“(O) - u) 3.11)

0<z<6

For u decreasing to v we have that ¥ — n < v and this implies that
(miH05z55 B(z) > v) C (minoszsg B(iz) >u— n) and (3.11) simplifies as

u+n
F,u,v,n;t) = / P {v< min B*(z) < max B"(z) <u+n, B*(S) € dy|B“(O)=u}
v 0<z<$ 0<z<$

P {minaszg BA(z) > U‘B“(S) - y}
X

P {minoizs, BX(z) > v‘B“(O) = u}

+o0

/u+n dy _ (,v—z¢—2k(rz+u—1)))2 _ (2L'—y—u+2k(rz+u—V))2
= E e 28 —e 25
v A/ 218

k=—00

/125 2%
x ¢~z TH—u=2k(ut+n—v))

P {minafzfz Bl (z) > v‘B“(S) = y} (3.12)

X

P {minofzst BX(z) > U‘B”‘(O) = u}'

Since the probability

P{min B () > v’B“(O) :u} :/ P{min B (2)> v, B(1) edy B“(O):u}

0<z<t O<z<t

_ (y—u)2 _ (_v-f-u—ZU)2
2t —e 2t

o0 2
— / € e*“T’Jru(yfu)dy
v 2t

converges to zero as u — v, we can apply De I’Hdpital rule to (3.12) for the limit
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lim F (8, v, u,n;t)
ulv

_ y—v=2kn?
25

2
v+ —v=2kn) ,— B2 4y (y—v—2k : _
f I € 75 Y2 u(y—v=2kn) p {mmt;gzg, B*(z) > v’B“((S) = y} dy

[~ gy
(3.13)
We treat separately the cases k = 0 and k # 0. The functions
o= v 2kn)2
v —2k
g(vov+ 2n, 8) = 27 )€ (3.14)
3 278

for 6 — 0 converge to the Dirac delta functions with poles at y = v + 2kn which are
outside the integration interval for all £ # 0.
We now consider the term k = 0.

2

- 2 ( ) o — =y _ (wty—2v)? s
— O (y — v) e 2= —e 2079 B2U=9) Ly
e~ e~z THWTY gy
/u 283 V2w (t = 6)
(v—ms)Z o — (w—v—y)z _ (wtvty—20)2 ,
2(t—6 — 2(t—5 _
_ / ye @ e M e Y D uw-y) gy
0 2783 V2 (t —6)
(—pd)? o - % (;u(+v8>)2 ,
ye B e =) —e 20 — B0 L (w—y)
= e~ 2 Y dw
[) 2783 V2 (t — 5)
(w—y)2 (w+y)2

'L 00 L, T8 — o 20— 2.
=/ ye % e_TJrM dy/ e 203 e 2G5 e_u (; 5 4 (w—y) dw
0 2783 0 27 (t —6)

2 w—y? _(wty)?

,7/ ye % q /oo e W=D — ¢ 2D o g
e ? y e w
0 V2m83 0 2w (t — 8)

(3.15)
e B = e =
25 t 1
— / e dy/ ¢ ¢ e* dw
0 278 0 V21 —9)
5 o R R
2 26 t— _ —
_¢ ye_ / ¢ ¢ M du. (3.16)
2 2783 N2 (t —0)

Note that the function

»2 _ (w=y)? _(wy?
ye~ ) O T 2D — e 209

,W; 6
sOwid =5 |, T =0

is even with respect to the variable y and this justifies (3.16).

e* dw
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An integration by parts in (3.16) yields

2 (w-y? _wtn?
e 2 T 20-8) — e 2(t—98) y=n
- / e" dw
2 «/ V2 (t — 8) y=-n
R : % ©fw— w-y2 W (wty)? et
ye 20-5) 4 —— - +y ) N e —, L Y]]
0 t—346 t—396 V2 (t — 8)

If welet§ — 0, for n > 0, by denoting with ,ufc (-) a Dirac point mass at x, we obtain

2

15
e" 2 [T C(w—y w2 w4y _wn?] e*?
5 (y)dy/ { e” 2+ e dw
2 ,/:n 0 0 t WV

t 2t
,2
12 /‘X’ w e~ 7 HHW
=e Z ——dw. (3.17)
0o I 2wt

This coincides with the denominator of (3.13) and this concludes the proof of
Lemma 3.2. ]

Corollary 3.3 It holds that

§—>0ulv s—8<z<s+

lim limP{ max |B“(z)| <n mm B“(z) > v, B*(0) = u}

—p {B“(s) < n(oinf BA(2) > v, B*(0) = v} . (3.18)
<z<t
Proof

P { max |B“(s)| < 77‘ min B"(z) > v, B*(0) = u}
0<z<t

s—8<z<s+

ff { min B“(z)>v,B“(s—6)edw‘B“(O)=u}

0<z<s—46

s—8<z<s+48 s—8<z<s+48

-

00 -1
x <f P { min B4(z) > v, B(1) € dw)Bﬂ(O) - u}) (3.19)

O0<z=r

{ min  B*(z) >v,-n < max B*(z) <n,
B(s+6) e dy‘B“(s —5) = w}

x Py min B*(z) > v,
s+8=<z<t
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We first perform the limit for # | v which involves the following two terms of
(3.19)

S P {minozecy 5 BA @) > v, B (s — 8) € dw|B(0) = u}
lim
ulv f,,oo P {minogzgl BH(z) > v, BH(¢) € dw‘BM(O) — u]

—u)? —w—u)? 2
_ (w—u) _ Qu—w—u) e (s=8)
fv” (e 6 — e 260 )efT‘Hl(w*u) dw

lim 2 —9)
—u)2 —w—)2 2
ulv /-oo (6_% _ e_(zv+”))e_%+u(w_u) dw
v 2t

(u'—v)2
_\w=r) 2( —5)
fﬂ w—v e 269 e—%'i‘ﬂ(w_v) dw
v os—38 21(s—F)
_w=y)? W2t
[owmve T =it huw) gy
v 4 2t

In order to compute the limit for § — 0 we first consider the term

n
/P{ min  B*(z) > v,—n < max 5B“(z)<77,
+
v

§—8<z<s+6 s—8<z<s

B(s +8) e dy‘B“(s —5) = w}

]
=/ P { min B*(z) > v, —n < max B"(z) <n, B*(28) € dy‘B“(O):w}
v 0<z<26

0<z<2$
n +00 2 2
/ dy _ Gmw=2k(tw—v))" _ Quoy—ut2k(ptw—uv))”
e Z e 48 — e 45
v VaArs T
2
x oM S+n(y—u=2k(w+n—v)) (3.20)

where we used the well-known joint distribution of the Brownian motion, its maximum
and its minimum (see for example [5], p. 271). When § tends to zero all the terms
in the last summation tend to Dirac’s point masses. They all have poles outside the
interval of integration except the first term for k = 0, which has a pole in y = w.
Thus, in conclusion, we have that

lim limP{ max  |B (s)| < n) min B"(z) > v, B*(0) :u}
0<z=<t

§—=0ulv §—0<z<s+8
, _w-v? 5
w—ve 2s _KSs _ .
:/ ———— ¢ 2 M@ Pp L min BH(z) > v, |B (s) = w | dw
b S 27ms s=est
00 _w—y)? 5 -
w—10ve 2t net
« f e_T_H'L(w_U) dw 3 (321)
v t V2wt
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The last expression corresponds to the univariate distribution of the drifted Brow-
nian meander, whose density is given in (3.8). O

Remark 3.2 Either from the last expression of (3.8) or directly from the first one we
get

P{B“(t) edy| inf B"(z) > v, BX(0) = v}
O<z<t

=)
(y—v)ei 2 e“y

dy . y>u. (3.22)
f (w—v)e e el“"dw

For © = 0 we retrieve from (3.22) the truncated Rayleigh distribution

) y—v _G-v?
inf B(z) >v,B0)=v{ = e 7 dy, y>wv.
O<z<t t

P{B(t) edy

4 About the Maximum of the Brownian Meander
In this section we study the distribution of the maximum of the drifted Brownian

meander and then we use the results about the maximum to derive the distribution of
the first-passage time.

4.1 Maximum

As far as the maximum is concerned we have that fors < ¢, x > v, x > u,

P{ max B*(z) < x‘ mm B“(z) > v, B*(0) = u}
0<z<s 0<

X
=/ P{v < min B'(2) < max B() <x. B(s) € dy‘B“(O) - u}
v

0<z<s

P[ minsizfl B"L(Z) > U‘BM(S) = y}

X
P[ Ming<;<; BA(2) > U‘BM(O) - u}

=/UX

X

_ (y71172k(x7v))2
e 2s —e

—y— _)2 2
_ Qu—y MJZrXZk(X v)) ]e_)izYJ’_M(y_u_zk(x_v))

P{minxszst BM(Z) > U‘Bﬂ(s) = y}

—u)2 20— y—u)2 2
foo |:e(y 2;0 . ef( v %z u) :| e_ﬂTt"‘”(y_”) dy

4.1

v 2wt
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A certain simplification is obtained by letting s — ¢ and formula (4.1) becomes

P{ max B"(z) < x‘omln B*(z) > v, B*(0) = u}

0<z<t

(y—u—2k(x—v))? Qu—y—ut+2k(x—v))? w2t
fx Z+oo |:€_ % — e o i| e—T-H/.(y—u—Zk(x—v)) dz};.”

=w? Qu—y-—u)? w
foo [e‘ e h ]e Fuly—uw) _dy

v 27rt

4.2)

Formula (4.1) for u | v yields

P{ max B(z) < x‘ inf B(z) > v, BX(0) = v}
0<z<s O<z<t

(y—v—22kv(x—v))2 (y—v—2k(x —v)) e—”Tzs+u(y—v—2k(x—v))

X
/u i } s/ 2ms

P{ mins<z<; BM(Z) > U‘BM(S) = y} dy

foo *(wztv)z w—v) —*-Hi(w v g4
, € orrid w

+00

X

/X
v
w—y) (w+y—2v)

o0 T 20-s) — —s __dw
P e e
x . 4.3)

o _w-v? (w—v)
e el dyw
! ez

)—v—2k(x—v))? - - -
_W(y v — 2k(x v))e—zku(x—v)

s/ 2ms

k—foo

v

Formula (4.2) for u | v leads to

P{ max B*(z) < x’ inf B*(z) > v, B*(0) = v}
0<z=<t O<z<t
_ (y—v= 2k(x v))

SFOC e IR [ =R (y — v — 2k(x — v))eY dy

-2
[ 3 (y —v)erydy

v
(w—2k(x— U))

3D e Y [ e I (w = 2k (x — ))e dwy

= = 5 . (44
4 p fy° e 7 ety dy]

Observe that the passage to the limit fo u | v is justified by Theorem 3.3 and by the
continuous mapping theorem as observed in Sect. 2. For v = 0 result (4.4) further
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simplifies as

P{ max B"(z) < xjoinf B(2) > 0, B(0) = o}

0<z<t
+oo —2ka _ (w=2kx)~ 2k\) 2k pw d
e fo e (w — 2kx)e"™ dw
oo Yo
1+ '““fo e 2r ety dy]
T (=1 hrr S LY R s gy,

_ = r=—00J-2rx (4 5)
I+ fooo e_'Tte“y dy

Formula (4.5) can be written in a more convenient way by observing that

+00 x—2rx x+2rx x—2rx w2
Z / 2z+’“"dw—2/ 21+“wdw+2/ T dy

rz_oo*zrx o 2rx
:/ e z’g(w x)dw
0
where
g(w,x) = euw(—l)L%J

and | z] denotes the integer part of the real number z. In conclusion

0<z<t

P{ max B"(z) < x| inf B"(z) > 0, B*(0) = O}
<Z<

+oo r —1 L)&J
o 1) e Wrx— + 2 nw(—1) d
_ 2r=—c(ED'e “f i Y e

14 ,ufo etheM-V dy

Observe that

(i) For u = 0 we obtain the well-known distribution of the driftless meander

+o0o 2,2
P{ max B(z) < x| inf B(z) > 0, B(0) =0} = Z (—=D)'e 2. (4.7)
0<z<t O<z<t o

(i1) For x — oo, u # 0, we obtain that (4.6) tends to 1 as can be seen from (4.4).
(iii) In order to prove that (4.6) for x — 0,  # 0 we write

Z (_l)k —~—+ukx _ Z (— l)k _< /(;ukx o dw).
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The first term tends to zero because we can apply

RS a2 Amt < e
Z (—Dke= 2 = Ze R

X
k=—00 k=1

(see [9], eq. (3.4.9)).
(iv) Note that for ©# = 0 we have that (4.7) coincides with the distribution of the
maximum of the Brownian bridge, that is,

P{ max B(z) < x’ inf B(z) > 0, B(0) = 0}
0<z<t O<z<t

_ p{ max [B(z)| < 5‘3(0) =0, B(1) =0}.
0<z<t 2

4.2 First-Passage Times

We now study the distribution of the first-passage time of a Brownian motion evolving
under the condition that the minimum of the process is larger than v (eventually v = 0)
up to time ¢ > 0, the process being free afterwards. The first-passage time is denoted
by Ty = inf{s <t : B*(s) = x},t' > t.

For s < t we infer from (4.1) that

P {Tx > s‘ min B*(z) > v, B*(0) = u}
O0<z<t

X
:/ P { max B"(z) < x, min B*(z) > v, B*(s) € dy‘B“(O) = u}
v 0<z<s

0<z<s

P {min,<.; B1(2) > v|B(s) = v}
X

P {minoﬂf, Bi(z) > U‘B“(O) - u}

+o0

x otk oyttt 2K x—0))2 2

/ dy Z [e(y u 2S(x v)) ei< v—y u-;x (x—v)) 67M23+M(y7u72k(va))
v 2rs T

Pi minsfzft BM(Z) > U)BM(S) = y}
" : i . (4.8)
foo I:e_uu;’u) _ e_(2v—12vt—u) ] e_%_m(w—u) dw

v 2wt

for x > v.If s > t we have that
P {Tx c ds‘ min B"(z) > v, BY(0) = u} /ds
0<z=<t
X
= / P {Tx € ds‘B“(t) = y} /ds P {B”(t) € dy,omax B*(z) < x
v <7<t

min B*(z) > v, B*(0) = u}
O<z=<t
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lx—y—p(s—n)|>

N = —u—2k(x—v))? 20— y—ut+2k(x—v))?
f; (x—y)e 2(s—1) 400 |:e_ O—u Zt(r v)) _e_( v—y u-%z—t (x—v)) i|ep.(y72k(x7v)) dy

2 (s—1)3 k=—00
(wﬂA)2 (21!7117714)2
fvoo <e_ - —e ) et dw

4.9)
For u — v and s < ¢ the first-passage time becomes
P {T > s| min B*(z) > v, B*(0) = v} =
O0<z=<t
(**U*Zk(va)) o _ A. s
T e e S O s 5, ) dy
oo _w=v? (_y) )k
[Te = W05 gy
(4.10)
where
mt: s, y) = P{ min B (2) > U(B“(s) = y}
s<z<t
o0 w—y)2 v—w—y)? 2(—s
— / I o e—%ﬂt(uﬁy)d—w‘ 4.11)
v V2 (t — )
In the case t < s < ¢’ the limit for u | v in (4.9) yields
P {Tx c ds’oinf B (2) > v, BA(0) = v} /ds
<z<t
Jx—y—p(s—t 2 y—v—2k(x—v))?
f N TITTET YR (5 — v = 2k(x — v STTHTE 02k g
2w — v)e*(w;’) THAW doy
(4.12)

Some further simplification can be obtained in (4.10) and (4.12) for v = 0. For s < ¢
we have in particular that (4.10) further simplifies as

P {Tx > s‘ Jinf B() > 0, B"(0) = o}

/X = 0k (7 = 2k0) g
s ¢
0 = SA/2ms
(w=y)? _ (wy)? w
fooo |:€ 2t—s) — g 2a—s) :| %dw
x dy 5 . (4.13)
0w — % tuw
fo t«/zme “ dw
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5 Representation of the Brownian Meander with Drift

For the non-drifted meander M (¢), t > 0 it is well known that the following represen-
tation holds
BT+ 5 - To))| |

Jt— Ty

where Ty = sup{s < ¢ : B(s) = 0} and B(¢),t > 0 is a standard Brownian motion
(see Pitman [17]).
For the Brownian meander with drift we have instead the following result.

[l

S M) O<s<l 5.1)

Theorem 5.1

)BM(TO" ts(t— Tol‘))(

P m cdyl = % [P {M*Mm(s) c dy}
+P MV (5) € ay ] (5.2)

for0Q < s < 1, where TO“ is the last-passage time through zero before t of B* and has
distribution

2 2
_nut _uy
2 2t 2

n e

e
ma(t —a) + 2 a valy —a) dy

1
=E <mﬂw2a) O<a<t (53)

P(TOM € da)/da =

where W is a truncated exponential distribution with density

2 2
fww) = %e_%w O<w<t

2

PW=1)=e 7.

Proof We start by observing that for 0 < s < 1

B (13 + 50— 1))
<y
Jt—T

! " iz Wi " "
=/O P{T} edz}/_ymP{B (T} +s(t — T} ))edw‘To :z} (5.4)

P
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and thus
B (1 + 50 =1

= /Z P{T € dz} Vi —z[P{B*(z 4+ 5(t — 2)) € d(yV/1 — 2)IT}' =z}
+0P {B"(z+s(t —2)) e d(=yv1 = )IT§" =z} ] (5.5)

P

edy

Note that

P

P

BM(z +5(t —2)) € dy‘(TO” =N (( inf B(I) > 0) U ( sup BA() < o))}

z<l=t z<l<t

P{B"(z+s(t —2)) € dy|[(T;' =2)N(CUD)}
P{B*(z+s(t —z2)) € dy|(B*(2) =0) N C}
P(C|B"(z) = 0)

X

P(C|B"(z) = 0)) + P(D|B"(z) = 0))
+ P {B"(z+ s(t — z)) € dy|(B*(z) = 0) N D}
5 P(D|B"(z) = 0)

P(C|B"(z) = 0)) + P(D|B"(z) = 0))

(5.6)

P(D|B*(2)=0)

The ratio PCIB(=0)

can be evaluated as the following limit

P(D|B*(z) = 0) — lim P(max;<;<; B*(I) < 0|B*(z) = —u)
P(C|B*(z) =0) ul0 P(ming<<, BH#(l) > 0|B*(z) = u)
P(maxg</<;—; B*(I) < O|B*(0) = —u)
T w0 P(mingei=r—, BA() > 0]BA(0) = u)
P(Ty >t —z|B*(0) = —u)
ul0 P(Ty >t —z|BH(0) = u)
e
=lim1— o U NS ds=1
ui0 1=z e’%
1-— 0o U

Nl

where Tg = inf{s : B/ (s) = 0} is the first-passage time of a drifted Brownian motion
starting either above or below zero.

In view of formula (3.8), for v = 0, s = [ — z, t replaced by r — z we obtain by
setting [ = z + s(t — z) that

P {B"(l) e dy|B*(z) =0, inf B*(w) > o}
Z<w=<t
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1056
=P {B“(l —z)edy|B*(z) =0, inf B*(0) > 0}
O<w<t—z
v2
bl 2 - (—Z 0 wfvz w )2 nw
— (t Z>2 dy yezw ) / (e_(Z(t_'l)) — e_(z(tt}l)) )—e dw
P=2) oo e e gy 90 =D
5.7
In the same way we have that
sup B*(w) < O}
e KW
dw

P {B”(l) e dy|B*(z) =0,
Z<w=t
2
®  w-p? _wty)?
(e 20-) — ¢ 20D )—
/0 2t —1)

3 o

_ <t - Z>2 dy ye 20=9

B l—z foo —2(;”7_27)—;1.10
0 we z dw
(5.8)
By inserting (5.7) and (5.8) into (5.5) we obtain
)BM(TO“ s — TO"))( L
e dy =—/ P{Ty €dz}
2 Jo

Hw

¢ dw

Jt=T
),2
1 —ze % e (w—y =2 (wy/i—2)?
« [_3 dy yyi—ze / (e ST _ o )
A we ™ Ti-a HHY gy JO V2m(l—s)
v2
— rs o] w—y/i—2)2 w 2 —w
i dy yo/t —ze™ = / (e_<2(t3£;) B e_(2(z‘+—yﬂ) )e—dw
0 V2 (1 =)
(5.9)

+ 3 2
3 00— —pw
§2 [P we 2= Mdw

The transformation w = w’\/t — z further simplifies (5.9) as

’B“(TO“ ts(r— To“))‘ L
cdy} = 5/ P{T}' € dz}
0

P
n
Ji—T)
2

euw»,/t—z

3 _y
dy s72ye™ = /Oo
x . (
w
Jo© we T HHUVIZZ dyy SO
3 )’2
dy s72ye % ® _w-y? _wh?y emhwvVi=z
(e 2T — ¢ 209 )— dw
0 V2 (1l —s)

+ = "
Jo  we™ T THUVITE dy
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_ (w—y)2 _ (w+y)2
e 2(0—s) — ¢ 2(0—s) )— dw
J2m(1 —s)

(5.10)
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We recognize inside (5.10) the distribution of a drifted Brownian meander whose drift

can be written as
nXt =T}

where X is a two-valued, symmetric r.v. independent from TO‘L which is the last-passage
time through zero, before ¢, of the Brownian motion B*. In conclusion we have that

}BM (TO" ts(r— Toﬂ))(

i
NI

P

cdyd =p [M“va—To“(s) c dy}

m}

Remark 5.1 For © = 0 result (5.2) coincides with (5.1), valid for the non-drifted
Brownian meander.

6 Excursion with Drift

We now present some results about the Brownian excursion with drift. We provide a
construction which is analogous to that of the drifted Brownian meander. We consider
the sequence of conditional processes { B*| A, y.¢ : #, ¢ > v} whose sample paths lie in
sets of the form A, » = {w € C[0, T] : ming<;<; w(2) > v, w(0) =u, w() =c},
with ¢, u > v. We study the distribution of these processes and of process B*| Ay y.»
defined as the weak limit of B*|A, , . when the starting point « and the endpoint ¢
collapse onto the barrier v.

The main tool used to carry out the needed calculation is the distribution of an
absorbing Brownian motion with distribution (3.1). With this at hand we can write

P{B“(s) c dy( min BY() > v, B(0) = u, B(1) = c} -

(yf;mfu)z (y+u72uflm)2 _ (C*H(ffx)*y)z _ (H’,V*ZU*ILO*S))Z
e —e MeTT 5 2= — T2 20—s)
27s V2 (t —s)
-1
(cfutfu)z (('+1472v7;u)2
e 2t = g_2l’me_ﬁ
X dy

N2t

—w)? )2 2
_ t (e_(yzg) e Qv 2)5 u) )e—%"‘#(}’—u)
2ws(t —5)

c=)? Qu—c=y)? 26—,
X (e_ =) — e 209 )e—%ﬂt(c—w

c—u)? v—c—u)? 2 -1
X |:<e_( e )e_%’ﬂ‘(“_”)} dy (6.1)
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It is straightforward to check that in (6.1) the resulting distribution does not depend
on the value of the drift «. This consideration holds for any finite-dimensional distri-
bution of the drifted excursion, as stated in the following theorem.

Theorem 6.1 The finite-dimensional distributions of the drifted Brownian excursion
process B*| A, y.c are given by

P{ () (B"(s)) € dy;) ‘Omin B"(z) > v, B¥(0) = u, B¥ (1) = C}
<z=t
j=1 ==

oy )2 vy 2
S i o Ve e 3 =)’ @v—c=y)?
2sj=sj—) g 25j7sj-1) e 2= — g~ 20—sn)

" e
-1 dy;
j:l J2m(s) — 5,1 Y NI

-1

_ (c—u)2 _ (2v—L‘—u)2
2t

e — e 2t

6.2
2t (62)

JorO=s0 <s1 <--- <8, <t,yo=uwithyj,u,c > v, and the following equality
in distribution holds
" law
B Auve = BlAuv,e- (6.3)

Proof By Markovianity we can write that

P{ () (B“(s)) € dy)) ‘Orgzigt B(z) > v, B*(0) = u, B (1) = c} =

Jj=1
" _(2,:,-—)'];1)? _(21;?)'1'_}']‘71))2
Sj=sj—1) _ Sj=Sj—1 2
— l_[ ¢ ¢ e~ 5 (=8 imD (Y —yj-1)

=i ,/27'[(sj'—s]'_1)

(=) Qu—c—yn)?

T 20-sn) — g 20t—sn) 2
€ . " o t=sw)Hule—ym)
V2 (t — s,)
_ (cfu)2 _ (21)7(‘714)2 ) -1
P — 21
% e e e—%t—&-u(c—u)
2t

and thus the finite-dimensional distributions of the excursion with drift coincide with
the corresponding finite-dimensional distributions of the driftless Brownian excursion.
O

Remark 6.1 We observe that in analogy with result (6.3) Beghin and Orsingher [1]
showed that the distribution

28(8—
P { max B"(s) > ﬁ‘B“(t) - n} _

0<s<t
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is independent of u for every 7.

Weak convergence to the Brownian excursion has been established in [11].

Theorem 6.2 The following weak limit holds:

B[ Ay — B“H inf B“(z) > v, BY(0) = v, B(t) = c} (6.4)

u,clv O<z<t

We give the explicit form of the finite-dimensional distributions of the right member
of (6.4) in the special case when v = 0. For u — 0 the distribution (6.2) becomes

P{ () (B"(s)) € dy;) ‘Oinf B¥(z) > 0, B*(0) = 0, B*(1) = C}
<z<t
j=1

- %P{ Q (B"(sj) € dy;) )Oggttz“(z) > 0, B*(0) = u, B*(t) = c}

—yi 1)2 ity )2
Y il Y S e L N T
e t\/_ + 2t e 26j7si-D — o 26i=5i-D | o720 — @ 20—sm)

csiar i3 V27 (s; —sj—1) V27 (1 = s5,)

The further limit for ¢ — 0 yields

n

P{ () (B"(s)) € dy;) ‘Oinf B*(z) > 0, B“(0) = 0, B*(1) = o}
<z<t
j=1

= lim P{ ﬂ (B"(sj) € dyj) ‘Omin B*(z) > 0, B*(0) = u, B"(r) = c}
j=1 <zt

u,cl0

2 _Omy? _Ojtyn? i
i A S e T e T | 2y, e e
= e

S14/51 11:[2 V27 (sj —sj—1) t— sy 27t —5p)

The one-dimensional distribution of the excursion reads

P{B“(s) c dy( Jinf B(2) > 0. B4(0) = 0. B"(1) = 0} -
<z<t

2, t 3 _
= ;y (s(t—s)) e Zi=dy y>0, s<t. (6.5)
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