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Abstract

In this paper, we study mean-field stochastic differential equations with jumps.
By Malliavin calculus for Wiener—Poisson functionals, sharp gradient estimates are
derived. Based on the gradient estimates, exponential convergence to the unique invari-
ant measure in total variation distance is also obtained under a dissipative condition.
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1 Introduction

Let {W;};>0 be a d-dimensional Brownian motion and {L;};>0 be a d-dimensional
Lévy process on a complete probability space (2, %, P). Denote by N(dz, dr) the
jump measure of L;. According to Lévy—Khintchine formula, the Lévy process L; has
the representation:

t t
L, = // zN(dz,ds) + // zN (dz, ds),
0 J[0<]z|<1] 0 J[|z|>1]

where ﬁ(dz, ds) := N(dz,ds) — v(dz)ds is the martingale measure and v is the
characteristic measure of N under P satisfying fw\{o}(ld2 A Dv(dz) < oo. In this
paper, we further assume f[\z|>1] |z|Pv(dz) < ooforall p > 1.Let P, be the collection

of all probability measures with finite second moments on R?. Define the Wasserstein
distance
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2
Wi, o) = inf ( / |x—y|2n<dx,dy)> ,
me€(uy,i42) R4 xRd

where €(u1, (2) is the class of all couplings of 111 and 7. Then (P2, W») is a Polish
space.
For measurable maps

b:RIxP, - RY, o:RIxPp - RIQRY,
and
f:P,— RIQRY,
we consider the following mean-field stochastic differential equations (SDEs):
dX; = b(X;, Px,)dt + o(X;, Px,)dW, + f(Px,)dL,, (1.

where Py, denotes the distribution of X; under P.

1.1 Background and Notations

Mean-field SDEs, also known as Mckean—Vlasov equations, were first studied by Kac
[15] in the framework of his study of the Boltzman equation for the particle density
in diluted monatomic gases, as well as in that of the stochastic toy model for the
Vlasov kinetic equation of plasma. In [19], McKean studied the propagation of chaos
in physical systems of N-interacting particles related to Boltzmann’s model for the
statistical mechanics of rarefied gases. The limit of N-particle systems with weak
interaction, formed by N equations forced by independent Brownian motions, can be
described as the solution of a nonlinear deterministic evolution equation known as the
McKean—Vlasov equations. These processes are nonlinear Markov processes. Their
transition functions may not only depend on the current state of the processes, but also
on the current distribution. Henceforth, many people paid their attention to the study of
the equations: [2,10-12,17] and references therein for the study of chaos propagation
and the limit equations; [5,13] for the regularity of the value function and associated
PDEs; [26] for gradient estimates and Harnack inequality in the diffusion case; [14]
for kinds of continuity and Harnack inequality for functional type of distribution
dependent SDEs. For more fruitful results, we refer to [16].

For distribution-independent SDEs driven by jump processes, gradient estimates
were obtained in [22,25,27,28] and references therein. For Eq. (1.1), when f = 0
and o does not depend on distribution, Wang [26] investigated gradient estimates
by using coupling method. It seems that there is no corresponding results for the
general type of equations like (1.1). Hence, in this manuscript we shall use Malliavin
calculus for Wiener—Poisson functionals as a technical tool to derive gradient estimates
for Eq. (1.1). The two main procedures and novelties are: (1) adopt the notion of
derivatives with respect to probability measures first introduced by Lions [18] to study
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the Jacobian which involves the distribution term; (2) for different non-degenerate
conditions, construct corresponding modified Malliavin matrixes which have close
relation to the integration by part formula and help us to establish derivative formulas,
then to obtain sharp estimates.

The second objective of present paper is to study the exponential ergodicity of
Eq. (1.1). In diffusion case (i.e., f = 0), the existence of the invariant measure was
derived by Benachour et al. [2], Veretennikov [29] and so on; and exponential conver-
gence in the Wasserstein metric was established by Cattiaux et al. [7], Wang [26] and
references therein. When f = 0 and o (x, ) = I, the exponential convergence to an
invariant measure in total variation distance was investigated by Butkovsky [6] under
the Veretennikov—Khasminskii condition. Based on the derivative estimates obtained
in Theorem 1.2 and under a dissipative condition, we will prove the exponential con-
vergence to the unique invariant measure in total variation metric of Eq. (1.1).

We will use the following notations frequently:

e Denote by ZA(R?) the o-algebra generated by all open sets of R? and by
By (R?) the class of all bounded and Z(R?)-measurable functions with the norm
I flloo := supyera | f(x)]. CL(R?) is the collection of all bounded and differen-
tiable functions with bounded and continuous derivatives. S? stands for the unit
sphere of R?. RY denotes R \ {0}.

e The Hilbert—Schmidt norm of a matrix A is denoted by ||A| s, which is defined

— / 2
by |Allas == Zi,j aj-
e The letter C with or without indices will denote an unimportant constant, whose
values may change from one appearance to another.

1.2 Assumptions and Main Results
Assume there is a sub-o-field % satisfying: % is independent of {W;},»¢ and
{L;}/>0, and % is “rich enough” such that P, = {P¢ : £ € L*(Q2, %), P)}. Let
{Z:}:>0 be the filtration generated by {W; },;>0 and {L, },; >0, completed and augmented
by %; that is,

Ft =00 {Wy, Lyt s <}V Fo Vv A, tel0,1], (1.2)

where ./ is the collection of all P-null sets.

Definition 1.1 1. For any s > 0, a cadlag .%, -adapted process {X;};>s on RY is
called a strong solution of Eq. (1.1) from time s, if

t
/ E (160X, Bx,)P + o (X, Px)llys + | f (Bx,)P ) dr < o0, 1> 5,
N

and P-a.s.,

t t t
Xo=Xot [ b0t P dr+ [o 06 B, + [ L 1>
N s N
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2.

A triple (X, W, L) is called a weak solution to Eq. (1.1) from time s, if Wis a
d-dimensional Brownian motion with respect to a complete filtrated probability
space (Q, {Z}i>0, ]f”), and Lisa Lévy process with characteristic measure v under
I@, such that X ¢ solves

t

t t
X, =X, +/b(X,,IP>)~(r)dr+/0(Xr,}P’)~(r)dW,,+/ f@g)dL,, 1>,
N S s

. Equation (1.1) is said to have weak uniqueness in P, if for any s > 0, any two

weak solution from time s with common initial distribution in P, are equal in
law. To be precise, if s > 0 and (X ;, Wy, L), ¢ with respect to (2, {Z;}: >0, P)
and (X, ;, Wy, L;);>s withrespect to (€2, {-%;},>0. P) are weak solutions of (1.1),

then Py, =Py yieldsPyx, =P

Xs,.v f{v :

Let By be the unit open ball without origin. For the Lévy measure v(dz), we have

the following assumption:

(Hy) v|p, is absolutely continuous with respect to the Lebesgue measure dz;
that is, there is a function « : Bg — (0, +00) such that

v(dz)|p, = k(z)dz. (1.3)

Moreover, we assume the following regularity and order conditions:

e for some ¢y > 0,
k € C'(By; (0, 00)), [Vlogk(2)] < colzl™', Vz e By. (1.4)

e forsome c; > Oand o € (0, 2),

1ime“—2/ 1z)?v(dz) = ¢1. (1.5)
€0 [zI<e]

Let us list assumptions on the coefficients.

(H1) b and o are twice differentiable with respect to the first variable x and the
partial derivatives are bounded. b, o and f, as well as their partial derivatives
with respect to x, are Lipschitz continuous with respect to u; that is, there exists
a constant C > 0 such that

[D(x, 1) = b(x, )| + llo(x, 1) — o (x, p2)llas + 1/ (1) — f ()| < CWa(py, n2),
and
[0xD(x, 1) — 0xb(x, u2)| + |0x0 (x, 1) — dxo (x, w2)| < CWa(uy, ),

forall x € R? and puy, na € Pa.
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(H2) For each x € R?, each of the components of b(x, -), o (x, -) and f(-) isin
Cbl’l(Pz) (see Definition 2.2 below) with SUPycRd ey, yeRe [0,D(x, W)(y)| <
+00 and SUPyeRd, ey, yeRY [0,0 (x, w)(y)| < +oo. Moreover, 9,b(-, u)(y)
and 9,0 (-, u)(y) are differentiable with bounded derivatives; that is,

1050600 := sup [0x 9D (x, w)(¥)| < 400,
xeR4, ueP;,yeR4

and

10x0,0 oo = sup [0x3p0 (x, W)(y)| < +o0.
xeR4, pueP,,yeRd

For x € RY, let {X{}:>0 be the solution to Eq. (1.1) with initial value x.

Theorem 1.2 Assume (H,), (H1) and (H2). The following statements hold:

1. If||a_1 loo := SUPyeRd e, |0_1(y, )| < oo, then there exists C > 0 such that
foreacht € (0,1, x,y e R and g € Cbl(Rd),

1
[EVe(X)| < Cliglloo(1 + |xt72, (1.6)
and
_1
IVyEg(XP)| < Clliglloo(1 + [xD)]ylt™2. (L.7)

2. I f Moo = SUp,ep, | £~ ()| < oo, then there exists C > 0 such that for each
te (0,11, x,y e R and g € C}(RY)

1
[EVg(X)| < Cliglloo(1 + XDt~ (1.8)
and
1
IVyEg(X)| < Cliglloo(1 + [xD]ylt™a. (1.9)

Remark 1.3 1. If ||oc ~!|s < 00 holds, the process L can be any Lévy process which
is independent of W and has finite p-th moment for all p > 2. In this case, the
condition (H,) can be removed.

2. If || f Yoo < 00 holds, for any o € (0, 2) the order é in the gradient estimates
is sharp in short-time when L is a truncated «-stable process with characteristic

measure kﬁﬁlwﬂzldldz for some C, > 0.

As an immediate result of Theorem 1.2, we have

Corollary 1.4 Assume (H,), (H1) and (H2).
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1. If |lo Yoo < 00 holds, then there exists C > 0 such that for eacht € (0, 1] and
X1,X3 € R4,

1
[Rd [P (x1,y) — pr(x2, Y)Idy < C(1 + |x1| + |x2D)]x1 — X272,

where p,(x1, y) and p;(x2, y) denote the density functions of X;' and X;*, respec-
tively.

2. If | f Yoo < 00 holds, then there exists C > 0 such that for each t € (0, 1] and
X1, X2 € R4,

1
/dlpt(xl,y) pe(x2, Y)|dy < C(L+ [x1] + [x2D)fx1 — xaft e,
R

where p,(x1,y) and p;(x2, y) denote the density functions of X;' and X;* respec-
tively.

The proofs of Theorem 1.2 and the Corollary will be shown in Sect. 3.

It is well known that under the Lipschitz condition, Eq. (1.1) has a unique strong
solution (see Theorem 3.1 below). Hence, the solution is a Markov process. Precisely
speaking, letting {Xf’,}@s denote the solution of Eq. (1.1) from time s with % -
measurable and square-integrable initial value X ?Y = £, the existence and uniqueness
imply

XSZ_X” . t>r>530.

Due to this property, we may define a nonlinear semigroup { P, };>s on P, by letting
PY M= IP’Xs for Pe = pu € P,. For simplicity, we will use P* to denote P* For
more detalled discussion about this kind of nonlinear semigroup, we refer to [26 p-
598].

A probability measure [ is said to be an invariant measure of P if P*L = [
for all + > 0. The solution is called to be exponentially ergodic if for any u € Pa,
P converges to (i exponentially in the sense of total variation distance. In order
to investigate the exponential ergodicity of P, we give the following dissipative
condition.

(H?3) There exist constants C; and Cp with C, > C; > 0 such that for each
X1, X2 € Rd and,ul,,uz € 7)2,

2(b(x1, 1) — b(x2, w2, x1 — x2) + o (x1, f11) — 0 (x2, u2) Iy
+ [Pl Gun = £GP < GG, pa)? = Cabrr = xal?
R()
Define the total variation distance on P, as

lwr — pallry := sup  |ui(A) — u2(A)l, @1, n2 € Pa.
AcBRA)
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We have the following exponentially ergodic property.

Theorem 1.5 Let (H,) and (H1)—(H3) hold. Assume |6 " ||oo < 00 0r | f oo <
0o. Then there is a unique invariant measure ji for P} such that for any . € P,

1
7 2| 1
1P —aOlry < C [1 + </Rd lezu(dx)) } e 1(C2=Ct

where C is a constant independent of u and t.

The rest of this manuscript is organized as follows. In Sect. 2, we introduce some
preliminaries : Lions’ definition of the derivative of functions defined on P, and
Malliavin calculus for Wiener—Poisson functionals. In Sect. 3, we give the proofs of
the main results. An example is shown in Sect. 4.

2 Preliminaries

In this section, we introduce some basic elements of differentiability of functions on
P, and Malliavin calculus for Wiener—Poisson functionals.

2.1 Derivative in the Wasserstein Space

Now we introduce the notion of differentiability of functions on P, which was first
introduced by Lions [18] and revised in the notes by Cardaliaguet [8].

Let (Q2,.%,P) be a complete probability space. Denote by L%($2; RY) the Hilbert
space consisting of all square integrable random variables valued on R?, equipped
with the inner product defined as

1,6 =B - &), V&, & e LR,
Assume . is rich enough so that for each u € P, there exists a random variable

£ e L2(§z; ]Rd) such that ]f"g = W, i.e., u is the distribution of & under P.
Let f : P» — R be a function. Define its lifted function over L%($2; RY),

@) = f@), Vée LR,
Definition 2.1 A function f : P, — Ris sald to be differentiable at g € P, if there

is a random variable &y € L2(S2 R4 ) with Péo 1o such that the lifted function f is
Fréchet differentiable at &g

If f is differentiable at po, there exists a linear continuous mapping D f o) :
L2($2:; RY) — R such that

fE+n) — f&) = DfE)®) +o(nl2), neL*(RY,
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as [n| 2 — 0. By Riesz’ representation theorem, there is a (IP-a.s.) unique random
variable ¢ € L2(2; R?) such that

D f (&) () = (n,¢) 2,

for all n € L2(§2; R4 ). According to Theorem 6.2 and Theorem 6.5 in [8], there is a
Borel function Ao : RY — R4 such that ¢ = ho(&), P—a.s. and the function /¢ only
depends on the law 1, not on & itself. Taking into account the definition of f , this
allows to write for any & € L2(f2; Rd),

f(Bs) — f(Bgy) = Elho(0) - (¢ — &)1 + 0(1€ — &ol2). 2.0

We call 9, f(uo)(-) := ho(-) the derivative of f at ug. Note that d,, f (1) is only
wo-a.e. uniquely determined, and it allows us to express D f(£y) as a function of any
random variable &y with distribution g, irrespective of where this random variable
is defined. In particular, the differentiation formula (2.1) is somehow invariant by
modification of the probability space (€2, Z ,P) and of the variables & and £ used for
the representation of f, in the sense that D f (60) always reads as 9, f (110), whatever
the choice of & is.

Since we will consider functions f : P> — R which are differentiable at all
elements of P>, we suppose that f L?*(Q; R) — R is Fréchet differentiable over
the whole space L2(Q; RY). In this case, we have the derivative ouf (Pg) defined
]f”g -a.e. for all & € LZ(Q; Rd). Due to Lemma 3.2 in [9], if the Fréchet derivative
D f cL2(Q; RY) — L(L%(S; RY)) is Lipschitz continuous with a Lipschitz constant
K € (0, +00), then there is for all &€ € L2($2:; RY) a ]f”g-version of 8Mf(1§’§) ‘R
R? such that

19, f Pe) (1) — 8, f(Pe)(32)| < Klyi — yal, Yy, y2 € RY.

Definition 2.2 A function f : P, — R is said to be continuously differentiable with
Lipschitz-continuous and bounded derivatives, if there exists for all § € L% RY) a
P¢-modification of 9, f (]P’g)( ), alsodenoted by 9, f (]P’g)( ),suchthatd, f : Pr(RY) x
R? — R is bounded and Lipschitz continuous, that is, there is some constant C > 0
such that:

(i) 18, f (W ()| < C, forall u € Py and y € RY;

(1) [0y f (L) (Y1) =0 f (12) (y2)| < C (Walp1, w2) + [y1 — y2l), forall i, po €
P, and y;, yo € R?. In this case, the function 0, f is considered as the derivative of

f and the collection of all such function f is denoted by C,*' (P»).

Remark 2.3 It is known that (cf. [5, Remark 2.1]) if f belongs to C,"' (P2), then the
version of 9, f (P¢)(-) indicated in Definition 2.2 is unique.

Example 2.4 Given two twice continuously differentiable functions 4 : R? — R and
g : R — R with bounded derivatives, we consider

f(Pe) := g(Eh(£)), & e L*(Q,RY).
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Then, given any & € L>(Q, RY),

&) = f(Ps) = g[En(©))

is Fréchet differentiable in &g, and

~ ~ 1 ~ ~
Fleo+m — F&o) = /0 ¢ (Eh(Eo + sm)E (I (€ + smym) ds
= g'ErE)E (' Eo)n) + o (Inll2) -

Thus,
Df ) = E (¢ @) Vhon), ne L2 RY:;
that is,

3, f (Pey)(v) = &' (Bh(%0)VA(y), VyeR%

Moreover, we see that
3ydu f (Pey) (v) = &' (Bh(&)V2h(y), Vy e R
2.2 Malliavin Calculus

In this section, we recall some basic facts about Bismut’s approach to Malliavin cal-
culus for jump processes (cf. [3,4,24] etc.).
Let I' ¢ R? be an open set containing the origin. Let us define

To:=T\{0}, o(z) :=1vd(z T, (2.2)
where d(z, I'§) is the distance of z to the complement of T'g. Let € be the canonical

space of all points w = (w, u), where

e w:[0,1] = RY is a continuous function with w(0) = 0;
e . is an integer-valued measure on [0, 1] x ['g with u(A) < +oo for any compact
set A C [0, 1] x Tp.

Define the canonical process on €2 as follows: for w = (w, ),
Wi(w) := w(t), N(w;dt,dz) := u(w;dt,dz) := n(dt, dz).

Let (.%)se(0,1] be the smallest right-continuous filtration on Q such that W and N are
optional. In the following, we write .% := .%#], and endow (2, .%) with the unique
probability measure P such that
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e W is a standard d-dimensional Brownian motion;
e N is a Poisson random measure with intensity v(dz)d¢, where v(dz) = «(z)dz
with

K € CI(FO; (0, 00)), / (IA |Z|2)K(Z)dZ < 400, |Vlogk(z)] < Co(2),
To
2.3)

where o(z) is defined by (2.2);
e W and N are independent.

In the following, we write
N(dz, ds) := N(dz, ds) — v(dz)ds.

2.3 Function Spaces

Let p > 1 and k be an integer. We introduce the following spaces for later use.

e LP(L2): The space of all .#-measurable random variables with finite norm:
1
IFllp == [EIF|P]7.

° L;,: The space of all predictable processes: & :  x [0, 1] x ['g — R¥ with finite
norm:

1

1 p % 1 7
15lLs == |:E (// € (s, Z)|V(dz)ds> :| + [E// & (s, Z)lpV(dZ)dS] < 0.
r 0JTy 0JT)

2.4)

° IL%,: The space of all predictable processes: & :  x [0, 1] x 'y — R¥ with finite
norm:

1 570 1 B
€12 = |:E (/ & Cs, z)|2V(dZ)dS> :| + [E/ 1€, Z)|pv(d2)d5] < 0.
4 0JIy 0JTy

o [,: The space of all measurable adapted processes 2 : 2 x [0, 1] — R? with

finite norm:
1
1 2|7
Ilm, = | E (/ |h(s)|2ds> < 4o00. (2.5)
0
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e V,: The space of all predictable processes v :  x [0, 1] x T'g — R with finite
norm:

IVllv, = IVzvliLy + lIvellpy < oo, (2.6)

where o(z) is defined by (2.2). Below we shall write
Hy = ﬂp>1Hp, Vool = ﬂp>1Vp.

e Hiy: The space of all bounded measurable adapted processes & :  x [0, 1] — R,

e V: The space of all predictable processes v : 2 x [0, 1] x 'y — R4 with the
following properties: (i) v and V,v are bounded; (ii) there exists a compact subset
U C I'g such that

v(t,z) =0, Vz¢U.

e Forany? € (0, 1], ]L;7 (¢),H,(¢) and V ,(¢) are the corresponding spaces as defined
in (2.4), (2.5) and (2.6) when the integral interval [0, 1] is changed into [0, ¢].

Let m be an integer and Cgo (R™) be the class of all smooth functions on R” which
together with all the derivatives has at most polynomial growth. Let F Cgo be the class
of all Wiener—Poisson functionals on 2 with the following form:

F=fWoh),..., Wlhn), N1, ... N(8my)),

where f € Cgo(Rm'*mz), hi,....hm, € Hoand g1, ..., gn, € Vo are non-random
and real-valued, and

1 1
W (hi) 3=/ (hi(s), dWs)pa, N(g;) 5=f/ gj(s, 2)N(ds, dz).
0 0JIy

Forany p > 1and ® = (h,v) € H, x V,, let us define
my 1
DoF = @A) [ ). his))ads
0

i=1

my 1
+ D @ NE) /0 fr (V(s,2), Vogj (s, D))paN(ds,d2), (2.7
j=1 0

where “(-)” stands for W(h1), ..., W(hp,), N(g1), ..., N(gm,).

Definition 2.5 For p > 1and © = (h, v) € H, xV,, we define the first order Sobolev
space ]D)gp being the completion of F Cgo in L?(€2) with respect to the norm:

IFlle:1.p == IFllLr + Do FliLr.
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We have the following integration by parts formula (cf. [24, Theorem 2.9]).

Theorem 2.6 Given ® = (h,v) € Hoo— X Voo_ and p > 1, forany F € ]D)l’p, we
have

EDeoF = E(F§(0®)), (2.8)

where

5(0) _/ (h(s), dW;) /f dvGevV)(s.2) 542 ds).
o K(Z)

and div(kv) 1= Z,d: 1 0z; (k'v;) stands for the divergence.

The following Burkholder—Davis—Gundy inequality (c.f. [20, Theorem 48] and [24,
Lemma 2.3]) will be used frequently.

Lemma2.7 1. Forany p > 1, there is a constant Cp, > 0 such that for any cadlag
martingale M,

E (sup |MS|1’> < C E[M, M]E. (2.9)
s<t

2. Forany p > 1, there is a constant C, > 0 such that for any { € L,

E( sup
1€[0,1]

3 Proofs of Main Results

t
/ ¢(s, z)N(dz, ds)
By

p
) < Cp”g-”]ill)' (2.10)

Let’s first show the existence and uniqueness of the solution to Eq. (1.1).

Theorem 3.1 Assume that there is a constant C > 0 such that

bGxr, ) = b, u) > + llo(xr, ) — 0 (e o)1 s + 1 () — f(u2) P
<C (= xP + Waur 12?), x1.x2 €RY ppzePr (D)
Then Eq. (1.1) admits a unique strong/weak solution. Moreover, foranys > 0, T > s

andp 2 2) ]E|Xs,5|p < lmplles

E( sup |Xs,t|p> <G (1 +E|Xs,s|p)v (3.2)
tels,T1

where Cy T is a constant depending on s and T.
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Proof For the existence and uniqueness of the strong solution, we refer to [ 13, Theorem
3.1]. And for (3.2), it can be easily derived by Lemma 2.7 and Gronwall’s inequality, so
we omit the proof We only prove the uniqueness of the weak solution. Let (X;, W;, L;)
and (X t Wt, ) with respect to (R, %, P)and (Q Jt, IF’) respectlvely be two weak
solutions with Py, = IP . Then X; solves Eq. (1.1) while X, solves

dX; = b(X;, Py )dr + o (X;, Py )dW; + f Py )dL,. (3.3)

To prove Py = ]f”f(_, let

bi(x) = b(x,Py,), o,(x) =0(x,Px,), f,=f(Px,).

Due to (3.1) and (3.2), it is easy to verify that b and & are Lipschitz continuous and f
is bounded on [0, 1]. Therefore, the SDE

dX, = b;(X)dt +5(X,)dW, + f,dL;, Xo = Xo (3.4)
has a unique strong solution. Due to Yamada—Watanabe theorem for nonhomogeneous
SDEs with jumps (see [1]), it also has the uniqueness of the weak solution. Noting

that

dX; = b(X)dt + 5 (X)dW, + F,dL,, Py, =Py,

we have I@’y = Px . Therefore, (3.4) can be written as

dyt =b (YI, I@Y,) dt +o <Y¢, IEP’JY,) dW; + f <~Yt> dL;.

By the uniqueness of (3.3), we obtain X = X. Therefore, I@’X =Pyx. O

For any x € R¢, denote by X 7 the solution to Eq. (1.1) with initial value x. Assume
(H1) holds. Let {J;};¢[0,1] satisfy the following linear matrix-valued equation:

t d t
Ji =1+/ 8Xb(X§,IP’X§)JSds+Z/ 3 0% (Xg,ng)Jdef, t €10, 1],
0 0
(3.5)

where oy, denotes the k-th column of o and W¥ is the k-th element of W. Then by Ito’s
formula, we can easily obtain that the inverse matrix of J; denoted by K; satisfies:
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t d_ pt
K; :1—/ K0:b(X7, Pxr)ds +Z/ K (900 (X3, Pxy))* ds
0 k=170

d

t
—Z/ Kydcor (X2, Pxy)dWE (3.6)
0

k=1
forall ¢ € [0, 1].

Lemma 3.2 Assume (H1) holds. For any p > 2, we have

E( sup IJZIP) < 00, E( sup |Kl|”> < 00. (3.7)

te[0,1] te[0,1]

These can be easily derived by (2.9) and Gronwall’s inequality, so we omit the proof.

3.1 Malliavin Derivatives and Their Estimates

Proposition 3.3 Assume (H,)and (H1). Forany p > 2, ® := (h,v) € Hyo— X Vo
andt € [0, 1], X} isin ]D)é_)’p and

t t
D(-)XfZ[) axb(Xf’PX_{)D@)X?dS"F/O 3xO‘(X§,PX§)D(~)deWS
t t
+/ a(XjF,IP’X§)h(s)ds+// f(Pxz)v(s, 2)N(dz,ds).  (3.8)
0 0J By

Moreover, there exists C, > 0 such that

E <sup|D@x§|p> < Cp(1 + |x|P) <||h||ﬁ2p(t) + ||v||£}7(t)>, Vi €[0,1]. (3.9)

s<t

Proof Define the following Picard iteration: for all ¢ € [0, 1], Xf’o = x and
1 t
Xf’"“ =x +/ b(Xf’",IP’Xf,n)ds —i—/ G(X;C’n,PX.;‘,n)dWs
0 ’ 0 ’
t
+ / f(Pxrn)dLs, n > 0.
0

Then from the proof of Theorem 3.1 in [13] we have for any p > 2,

lim E| sup |X;" —X/|”|=0. (3.10)
n—=00 1€[0,1]
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Now let’s prove the following statement: for any n > 1,

X;" e Dgp, vt € [0, 1] and]E( sup |D@Xf’"|1’) <oo, VYp=2. (3.1D
tel0,1]

Due to (2.7), (2.9) and (2.10), it is clear that (3.11) holds for n = 1. Suppose that
(3.11) holds for some n. Then, by(H 1) and the chain rule [23, Lemma 2.4], we have
o(X3", Pyen) € Dg” and

Do (X", Pyxn) = 8,0 (X3, Pyrn) Do X" (3.12)

Also by (2.7), we have

t t
D@/ f(IF’Xf.n)dLssz S (Pxrn)v(s, 2)N(dz, ds).
0 0 J By

Using the chain rule and Lemma 2.3 in [23], one can show that fé b(X{, ng,n)ds €
]D)gp and

t t
D@/ b(Xj"",IP’X);,n)ds=/ dcb(X", Pysn) Do X" ds.
0 ‘ 0 ‘
x,n+1 1,p
Therefore, X; € Dg" and

1 t
D®X;C’n+l :/(; axb(X;C’n,PX?‘.n)D@X;r’ndS+/0 axO'(X;C'n,PX;“")D@X;C’ndWY

t t
+f a(Xf*”,IF’X.;,n)h(s)ds+// S (Pyra)v(s, 2)N(dz, ds).
0 0JTI
' (3.13)

By (2.9) and (B1), we can easily have E (suptelo’ 1 |D@Xf’”'H |P) < 00. So we have

proved (3.11).

Due to (H1), (3.2) and the condition (k, v) € Hy— X Vo, the linear Eq. (3.8)
has a unique solution denoted by {Y;};¢[0,1]. For any p > 2, by (2.9) and (2.10) one
can arrive at

t
E (Sup|Ys|p> < Cp/(; E|8xb(X§»]P)X§‘)Ys|pds

s<t

P
! 2
+ C,E (/ 1y (X7, ng)ysﬁds)
A A
t P
+ C,E (/ lo (X7, ng)h(s)|ds>
A A
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t 14
+ CyE (// |f(]P’XJx;)V(s,Z)|N(dZ,dS)>
0 J By

t 2
<c,,/ E(sup|Ys|? | dr +C, |E( sup |X11?7 +1
0 S<r 1€[0,1]
p P
(14100 + 1912, )

Gronwall’s inequality, together with (3.2), implies

E (sup |Ys|"> <Cp (1+1x17) (nhnﬁzp(,) + VI, (,)) :
s<t 4

It follows from (3.8) and (3.13) that

E| sup [DoXxy"t! —y,|7
tel0,1]

1
< Cp/ E|8xb(X§’n, ]P’X-St,n)D(-)X;C’n — 3xb(X;C, ng)YsV}ds
0
1
+ C,,/ Eldxo (X3, Pyra) Do X3 " — dy0 (X5, Pxr)Ys|Pds
0
1 p
+ C,E (/ o (X", Pyan) — o (X, ]P’xf)||h(s)|ds)
0
1 p
+CpE ( /0 / |f(Pyrn) = f(Px)IIV(s, 2)IN(dz, ds))
To
1
< Cp/o E[0xb(X3", Pyrn) — 0:b(X7, Pxx)|P|Ys|Pds
1
‘e, / El,0 (X, Pysn) — 0,0 (XT, Pys)P|¥,17ds
0

1
+ C,,/ E|Do X" — Y,|Pds
0

P

1 1 2
+ C,E U | X5 — X2 +W2(]P’X,;,n,}}”x§)2ds/ |h(s)|2ds]
0 0

+Cp sup Wo(Pyrn, Pxo)P|vI7,
5€(0,1] ?

1

< Cp/ E (sup |DeX*" — ml’) dr
0 s<t

1 1

2 2
+Cp (E sup X7 — X{|PP E sup [V, | +Iklg, +IVIE,
t€[0,1] t€l0,1] P p
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Gronwall’s inequality implies

1
2
limsupE< sup |DeX " — Y[|”) < Cp limsup (E sup | X" — Xf|2”> =0.

n—o0 tel0,1] n— o0 t€(0,1]

Combining this with (3.10) and the fact Wa(Pyxn, Pxy)? < E|X7" — X{|7, and
letting n — oo in (3.13), we obtain X} € ]D)gp and De X} satisfies Eq. (3.8). O

Lemma 3.4 Assume (H,) and (H1). For any ® : (h,Vv) € Hy— X Voo, we have
K, € Dgz. Moreover, there exists a constant C > 0 such that

E (sup|D@Ks|2> <C (||h||%ﬂm + 1y + ”V”im)’ Vi €[0,1]. (3.14)

s<t

Proof Define the following Picard’s iteration: for each z € [0, 1], Kt(o) = [ and for
n=0,

t d ot
KD =1 — / KM ob(XY, Pxy)ds +y / K™ (9c0x (XY, Pxx))’ ds
0 ) 0 ’
k=1
d ot
—Z/ KM dcor (XT, Px:)dWE, 1 €0, 1].
0
k=1

Then for any p > 2, it is routine to prove that

lim E| sup K™ — K,|7 | = 0. (3.15)
=00 \relo,1]
By induction, Proposition 1.3.2 and 1.2.4 in [21], and Proposition 3.3 we have K,(”H)

is Malliavin differentiable along ®. Moreover,

Dok ™D = _/
0

d t )
+ZA D@KS(") (3x0'k(vaCv ]P’X?)) ds
k=1

t t
Do K\ :b(X¥, Pxx)ds — / k" a2b(X¥, Pyx) Do X ds
A :

d o
+2Z/ K" dxop (X3, Pyx)a2ox (X}, Pxs) Do X ds
A » .
k=1

@ Springer



218 Journal of Theoretical Probability (2020) 33:201-238

d .t d .t

—Z/ Do K\ dyor (X}, Pyy)dWk —Z/ k820 (XY Px:) Do XFdWr
k=170 k=170
d .t

- /0 K" dcox (X5, Py )i (5)ds,

k=1

where hj denotes the k-th component of 4. Let {¥;}:¢[0,1] solve the following linear
equation:

t t
Y, = —/ Ys0cb(XY, Pxr)ds —/ K d2b(XY, Pxx) Do X ds
0 0
d_ ot d_ ot
"f‘Z/O Ys (8XO']<(X§, ]ng))z ds + 22‘/0 KsaxO'k(X;C, IP’sz)aﬁok(Xj, PX?)D@X;CdS
k=1 k=1
d ot d_ nt
—Z/ Ysdcox (X7, Pxr)dWE —Z/ K201 (X, Pxr) Do XEdWE
k=170 k=170 A

d ot
—2/ Kdyox (X7, Pxx )i (s)ds. (3.16)
k=170

Then by Holder’s inequality and (2.9), we can arrive at

E( sup [DoK"V — ¥,
1e[0,1]

1 1 1 2
< c/ E (sup Do K™ — YS\2> ds + C/ E|K™ — K,|?|Do X¥|*ds + CE (/ KM — lelh(s)\ds)
0 s<t 0 0

1 1
1 2 2
<C/E<supu)@1<§")—m2) ds+c[1E< sup \K,“”—Kfr‘)} [(IE sup |D®Xf|“> +|h|ﬁ4]
0 st tef0,1]

tel0,1]

Gronwall’s inequality, together with (3.9), yields

1
2
lim E( sup Dok —v,>] < lim C|E( sup |k — K,
n—o0 t€[0,1] n—>00 t€[0,1]

1

2

(E sup ID@XfI“) + Ikl | =0.
t€l0,1]

Combining this with (3.15), we obtain K; € ]D)(l_)’2 and DgK; = Y, forall r € [0, 1]
a.s.. Moreover, by (3.9), (3.7) and (3.16) we have
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E | sup|DoK,|*
s<t

t t t 2
< c/ E (sup |D(.)Ks|2> dr + cf E|K,|*| Do X*|*ds + CE (/ |K_Y||h(s)|ds>
0 s<r 0 0

1 1
t 2 2
<Cf E (sup|DoK,|*> |dr +C|E| sup |K|* E [ sup |De X |*
0 s<r s€[0,1] s<t

+||h||§h(t)}

t
< c/o E (sgp |D@Ks|2) dr +C(1 + 1x) (Il + 15l + V12, )
S

Hence,

E (sup |D@Ks|2> < C+ |x%) (||h||ﬁ8(,) + 1l o) + ”V”im) :
s<t

where C is a constant independent of 7. O

3.2 Directional Derivative with Respect to Initial Value

Recall that for given x, y € R?, the directional derivative of X 7 along the direction y
is defined as

1
VyXF = L* — lim ~ (Xf*” - Xf) . Vrelo,11.
e—0 €

Denote by (W,L)a copy of (W, L) on some complete probability space (Q, Z.P),
and by {Xx}t>o the copy of the solution to the SDE (1.1), but driven by Brownian
motion W and Lévy process L Obviously, (W, L, X*) is an independent copy of
(W, L, X*), defined over (Q, . IP’) And forall 7 € [0, 1], V, Xf is the directional
derivative of X 7 along the direction y.

Proposition 3.5 Assume (H1) and (H2). Then for any t € [0, 1] and x,y € R?, we
have

13 t
vyxf=y+/0 axb(Xf,IPX§)Vydes+/() IE<8Mb(X§,PX§)(X§)VyX;‘)ds
t

t
+/ 8xa(Xf,PX§)V},X§‘dWS+/ E
0

(80 (X5, P ) (RV, X ) dW,
0

t
+/ E(aﬂf(Pxf)(X;f)va;‘)dLs. (3.17)
0
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Moreover, for any p > 2 there exists C,, > 0 such that

E| sup [V,X[17) < Cplyl?, (3.18)
te[0,1]

where C), is a constant independent of x, y and t.

Proof For the sake of convenience, we assume b = 0. For € > 0, let

' '
X =x ey /0 o (X5 Pyrear ) AW, + /0 f (Pyrer)dLy, 110,11
Then for any p > 2, by the Lipschitz continuity of o and f and Gronwall’s inequality

it is easy to prove

E( sup [X;[7 = XJ|P) < CplylPeP. (3.19)
te[0,1]

Observe that
O'(X;(Jrey, IPX;chey) - O’(X;C, ]P’X;C)
1
= / o (a(xjf + XY — X, IPXW,)) da
O s

1
+ / aA (U (X?, PX"+}»(XX+€'V7XX))) di
0 s s s

§(X;c+€y )-I—]E(,B ( grtey Xx))

= «
where
1
o :=/ 0y U(XX—i—A( xrrey X;(),Pxx+e)')d)x
0 s
and
! X+€ v
€ .__ X y X
B ._/0 9,0 (x P(x XX>) (X +A( XS>) da.

Moreover, for any p > 2 by the Lipschitz continuity of 0,0 and d,,0 we have

IE( sup |a$ —8XU(X§,PX5)|”)

s€[0,1]

glE(sup / 0,0 (XF+ (X579 - x¥), P r+€y)—axa(xg‘,19>x5)|f’dx>
s€[0,1]
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< C,,IE( sup |xytey —X;I”+ sup WS(PXx+ey,IP’X§))

s€l0,1] s€[0,1]
< CyE ( sup |X; T — X;‘V’) < CplylPe?, (3.20)
s€l0,1]

and

E ( sup |85 — Buo(Xf,]P’xSx)(f(;‘)l”>

s€[0,1]

< Cpr( sup |~;C+ey _ f(;‘|1’ + sup sup Wz(PX%‘—}—)\(XerE’V—X’,‘)’PX?)[))

s€[0,1] s€[0,1] A€[0,1]
< c,iE( sup | X - f(;.‘V’) < CplylPer. (3.21)
s€l0,1]

By the similar argument as above, we have

F(Pyrer) = £(Px:) = B (v (179 - %))

s

for some process y € with

fE( sup 175 — auf(Ing)o?jf)V’) < CplylPe?. (3:22)
s€[0,1]

Consider the following equation:

t

t - ~ ~
Y () =y+ /0 90 (X3, Pxy) Y ()dWs + /0 E[aﬂa(x;‘,Px;)(X;‘)XS%y)]dws
t ~ ~ ~
+ /0 B [9.0 (Px:)(X0)7X 0] dLs. (3.23)

By classical Picard’s iteration, it is not difficult to prove that there is a unique solution
and an independent copy Y of Y, defined on (2, .%, P). Then

XY XF —evF(y) = /Ot 920 (X5, Py ) (X370 — XF — €Y () dWs
+ [VB (o (2 P (1) (57 = K2 — B2 ) o
+ [ e = oo (5 P (X7 = X,
+ [R5 - o (02 B (R (557 = %) aw,
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+ [ B (s ) (B (R = 5 - 7)) o,
+ B[ - (R (E - %] ar

Hence, it follows from Lemma 2.7 that

E ( sup |X; Y — xF — eY,X(y)|2>
t€[0,1]

s<t

1
< c/ E (sup XY — x¥ — eY;C(y)|2> dr
0

s<t

1
+C/ 8 (Supp}f“'v - X3 —fo(y)|2> dr
0
! x+e
+C/(; E<|Xv y _ ch|2|0lf _ axO'(X;c,PX;c)F) ds
1
+CE/0 E(|X§+€y — X§|2|’8s€ _ aMO’(X?,]P)X?)(X?)F) ds
1
+ CE/ fd]E <|X§+ey — X yE - B,Lf(IP’xg)(X;‘)F) 12 Pv(dz)ds
0 JRG

1
< C/ E(sup|X§+€y - X7 —er(y)|2> de
0

s<t
1

_ 1 1
2 2
+C|E( sup X357 — x7* E( sup |af —dco (XY, Pxy)l*
L s€[0,1] s€[0,1]

— 1 1
2 2
+C E( sup |X;C+fy—x;‘|4)} [E( sup |ﬂ§—8ﬂo(Xf,IP’X§)(f(f)|4):|

s€[0,1] s€[0,1]
7 . 2
+C|E( sup [XITY - xxp4 E( sup lyf —a.f(Pxx) (X)) | -
| \selo.1] s€l0,1] ‘

Gronwall’s inequality, together with (3.19), (3.20), (3.21) and (3.22), yields
E| sup [X;77 =X} — ey () < Clyl'e".
t€l0,1]
Thus,

2
lim E | sup ‘G_I(X;H_Ey - X7) - Y;‘(y)‘ =0.
€0 \te[0,1]
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For (3.18), it is due to Lemma 2.7 and Grondwall’s inequality. O

Lemma 3.6 Assume (H,), (H1) and (H2). For any x,y € R? and ® = (h,V) €
Hoo— X Voo, we have V, X7 € ]D)é)’2 and

E (sup |D@vyx;f|2> <CU +[xP)lyP (||h||ﬁ4<,) + 10y + 191400
s<t

+ IV + V130 ) (3.24)

where C is a constant independent of x, y and t.

Proof By the similar argument as discussed in the proof of Lemma 3.4, using Picard’s
iteration we can prove that V, X7 is Malliavin differentiable. And by (3.17), we have

1 t
D@vyx;“=/ afb(Xj,Px§)D@XnyX§ds+/ db(Xy, Pxx) Do VyX;ds
0

t

+ [ E(0:0ub (X2, Py ) (X2) Do X1V, X5 ) ds

t

+ | 3o (XI, Pxr)Do XV, XidW,

~

+ | 8o (Xy,Pxr) DoV, X;dW;

~

+

o\ac\c\c\‘c\o\ao

axO'(Xic, ng)va;C/’l(S)dS
+ E(aﬂa (X¥, Pxr) (x;‘)vy)?;)h(s)ds

+ 00,0 (X3, Py ) (XE) Do X2V, X5 ) dW,

+[/ I~E<8Mf(]P’X§)()~(§)Vy)~(§)v(s,z)N(dz,ds).
0 J By

Then by Lemma 2.7 and Holder’s inequality one can obtain

t t
E (sup|D@va§|2> < c/ E|De XX *|Vy X¥*ds +C/ E|DeVy X7 |*ds
s<t 0 0

t

t 2
+ C/ E|De X*|?E|V, X *ds + CE (/ |vyx§||h(s)|ds)
0 0

t 2 t
~|—CIE</ E|vy;2;||h(s)|ds) +CE <// E|vy)2;||v(s,z)|v(dz)ds>
0 0J By

t
+CE <// E|vy5(§|2|v(s,z)|2u(dz)ds>
0J By

2
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1

t 2
< C/ E (sup |D@Vyx;‘|2) dr +C |:E ( sup mxﬂ‘*ﬂ 170, )
0 s<r t€[0,1]
1 1
2 2
+C|E{ sup |V, Xx| E sup|D@X;‘|4
1€[0,1] s<t

1
2
~|—CIE< sup |vyxf|2) VI3, + C |:E( sup |V, X7| )} VI, o)
s€[0,1] €[0,1]

Gronwall’s inequality, together with (3.9) and (3.18), gives

E (sup |DeVy X} |2> <C+ xP)yl (||h||%ﬂ4(t> Al + IVIE
s<t

+ IV + 1913, ) -
where C is a constant independent of x, y and 7. O

3.3 Prooof of Theorem 1.2

The following lemma, which was introduced in [24, Lemma 5.2] and [27, Lemma
2.5,2.6], is very useful to derive the gradient estimates.

Lemma 3.7 Under (1.5), we have the following statements:

1. for any p = 2, there exist constants €y, Co, C1 > 0 such that for all € € (0, €p),
CoeP™™ K / |z|Pv(dz) < CreP™“. (3.25)
lzI<e€l

2. for any p > 2, there exists a constant C, > 0 such that for each t, € € (0, 1),

' \ -p e 3
E // |z|° N (dz, ds) <Cp ((te NP+ ) . (3.26)
0 J[0<z|<e]

Forany ® = (h, V) € Hy— X Voo, by (3.5),(3.6), (3.8) and applying [t6’s formula
to K; Dg X}, one can easily have

t t
Do Xy =J; </ Kso (X7, Pxx)h(s)ds + // K, f(Pxx)v(s, 2)N(dz, ds)) ,
0 0JTo ‘
vr € [0, 1]. (3.27)

@ Springer



Journal of Theoretical Probability (2020) 33:201-238 225

For each fixed ¢ € (0, 1), let {;(z) be a smooth, nonnegative and real-valued function
such that

-

t

S

v and &(z) =0, if 2] >

. 1
&(2) = |z, if Jz] < Z

with |V.£ ()| < Clz|? and |, (z)| < C|z|?, where C is a constant independent of 7.
In what follows, we choose some specific (&, v) € Hyo— X Vo in the following
two cases.

1 If o Yoo = SUPyeRd P,y lo =1 (x, u)| < oo, for any fixed ¢+ € (0, 1] and
1< j<d,weset

1
hj(s) = 7(;*1()(;‘, Px:)(Jy).j, Vs €[0,7] and v=0, (3.28)

where (J;).; stands for the j-th column of J;.
2.1 | fMloo == sup,,ep, [f 1 (w)] < oo, for any fixed 7 € (0, 1] and 1 < j < d,

set
h=0 and v, j(s.2) = f'(Px:)(Jy);¢(2), Vse[0,t],z€To. (3.29)
Define
5. ) = /0’/30 div(/c(zlzzzz,)j(s, Z))ﬁ(dz, ds).
and

‘
Guj ::// (V:8:(2), vy, (s, 2)) N(dz, ds).
0 J By

We have the following estimates.
Lemma3.8 1. Assume |0~ '||oo < 00. For any p > 2, we have

1

e il < Cpt ™2, 1< j <d, (3.30)

where Cp is a constant independent of t.
2. Assume ||f_1 loo < 00. For any p > 2, we have

3 2 .
||Vt,j||]L[1)(t) < Cpte, ||Vt,j||Vp(t) < Cpte, 1< j<d, (3.31)
and
2 5p
EI8;(v; )P < Cpte, E|G,j|P < Cptw, 1< j<d. (3.32)

where C), is a constant independent of t.
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Proof 1. By (3.7), we have

N 2 £ ’
s jllm,q = | E |—o 7 (X}, Pxy)(Jy) j17ds
r t
0

1
Lo Y 1
< ;||0 loo [E| sup |Jsl 12 < Cpt2,
1€[0.1]

where C), is a constant independent of .
2. Forany p >2and j =1,...,d, by (2.10) and (3.25) we can obtain

t t p
||Vz,j||£},(t) < CpE/O /1;0 [ve,j (s, 2)|Pv(dz)ds + CpE (/(; /BO [vz, (s, Z)IV(dZ)dS>

t t p
< Cp]E/ / 151718 (2)|Pv(dz)ds + C,E (/ / |Js||§z(Z)|V(dZ)dS)
0 J/ By 0J By

t
<CPIE// : 15171212 v(dz)ds
0 J[0<|z|<t @]

' p
+C,E (// 1 IJs||z|3V(dz)dS>
0 J[0<[z|<t ]

3—a

<Cpt T+ Cpt? (z “) <oyt
Observe that
—1 2
V¥, 1 = 1~ ) Ui Ve @1 < P

Then we have

%0505,y < ColVeve sy ) + CollovijIf)

1
gc,,Eff . 1IP1zI*Pv(dz)ds
0 J[0<[z|<t#]

t P
+C,,E(ff 1 |Js||z|2v(dz)ds>
0 J[0<|z|<t ]

2p—a

P 2—a
SCpt @ t+Cpt e 1) < Cpt

=k

Since

dve@ve,j s, )| _ ‘(Vlogk(z), I Py ) ()6 (2)

K (2)
H (Pr) (), Ve @)
< Sl 1+ CllIzPT 1 < ClLlIRPT |
Szt (0<|z<r @] ! o<izigra) ~ 7 o<lzi<ra ]’
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then by (2.9) and (3.25) we have for any p > 2,

/1/ div(K(Z)Vt,j(s’ 2)) j\?(dz ds)
0 J By |

Kk(z)
t 2 2
< CHE (/f v(dz)ds)
0 J By

div(x (2)vs (s, 2))
14
4 : 2
<Gy </ , 1zl V(dz)> E| sup [J|” )22
[0<[z|<ra] s€l0,1]

Kk (z)
pd—ao) p

pé-a) p 2p
S Cpt 2 12 =Cpte.

p
I['3|5:‘(Vt,j)|p =K

It follows from (2.10), (3.7) and (3.25) that

p
E|G,;jI?P =E

t
// (V8i(2), Ve, (s, 2)) N (dz, ds)
0 J By

t
<CPE// ’(szt(Z%Vz,j(S,Z))‘pV(dz)ds
0 J By

t P
+ CpE (/ / |(Vz§z(2)7 Ve, (s, Z))‘ V(dZ)dS>
0 J By
< Cp/ 1 |z|5pv(dz)]E( sup |Js|1’)
[0<|z|<t ] s€[0,1]

P
+Cp (/ 1 |z|5v(dz)> E( sup |JS|P)
[0<|z|<te] s€l0,1]

Sp—a 3p
SCpt @ t+Cpt @ 1P <Cpte.

Now we are ready to give the proof of Theorem 1.2.

Proof For any ® = (h,v) € Hy_ X Voo, by (3.5), (3.6), (3.8) and applying Itd’s
formula to K; Dg X}, one can easily have

t t
DeX; =, </ KSU(Xf,Pxf)h(s)ds+// K, f (Pxx)v(s, 2)N(dz, ds)>,
0 0 J By
v € [0, 1]. (3.33)

1. Assume ||o || < 00. For any fixedt € (0,1]and 1 < j < d, seth; j and v as
in (3.28). Define a matrix M, by

(Mt)ij = D(hzh/.’())X;C’i, 1<i,j<d,
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where X f’i stands for the i-th element of X;. Then by (3.33) we obtain
M; = (D, 00X} - oo D, g0 X7) = i
For any g € Cg (R4), by Theorem 2.6 we have
d

EVg(X)) = EVg(X;)MK; = Y E(Dg,, 08X (K)i.)
i=1

QU

d
Z Dan, ;.0 (§(X)(Kn)i) = Y E (X)) Dn, ;.0(K)i)

t
=E |:8(Xf) Z <(Kz)i»/0 (hyi(s), dWy) — D(h,,i,O)(Kr)i.)] )
i=1

where (K;);. stands for the i-th row of K,. Moreover, it follows from Holder’s
inequality, (3.7), (3.14) and (3.30) that

QU

IEVS(X)| < Cligloo + 1xD) Y (IWeillmay + Iheillmye + 1rilmge))
i=1
1

S Cllglloo (4 |x 2,

where C is a constant independent of x and ¢.
Forany y e R and g € Cg (R%), also by Theorem 2.6 one has

VyEg(X7) = E (Ve(X/)VyX7)

d
=K (Vg(Xf)MthVyX;C) = ZE (D(ht,j,O)g(X;C)(K;VyXf)];)
j=1
d
=D EDg, ;.0 (§ XKV, X))
j=1

d
— > E(g(X))Dn, ;.0/(KiVy X)) )
j:

d t
=E g(Xf)Z<(Kt)j-VyXf/o (hy,j(s), dW;)

J=1

— Dy ;.0)(K0)j.VyXF — (K1) j.(D, ;.0)Vy X))
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Hence, by Holder’s inequality, (3.7), (3.9), (3.14), (3.18), (3.24) and (3.30) one
can arrive at

d 1

|vyIEg<x;‘>|<C||g||ooZ[(E sup 1K1*)" (& sup 19, X 1) e
j=I tel0,1] tel0

1 1
+ (E Sup|D(h’_j,o)KS|2)2<E sup |VyXf|2)2
s<t 1€[0,1]

1 1
—i—(IEJ sup |K,|2)2(IE sup |D(h[’/,0)VyXf|2>2j|
1el0,1] t€l0,1] '
d

<Cligloo (L + 1xDIYE Y (e j ey + Whe e + e lmg o))
j=1

< Cllglloo(d + Iyl 3.
2. Assume || f!|loo < 00. Forany fixed f € (0, 1]and 1 < j < d, set
h=0 and v, j(s,2) = f ' (Px:)(J).;&(2), Vs €[0,t], z € By.
Define a matrix M, by
(My)ij == Do, pX;", 1<i,j<d.
Then by (3.33) we obtain

t
M, = (D(O,v,,j)Xf, ceey D(O,v,.]-)Xf) = Jt/ L ()N (dz, ds) =: J; H;.
0 J By

For any g € Cé (R9), due to Theorem 2.6 we have

d
EVg(X) =E (Vg(X;‘)M,K,H,—1> =Y E(D, pgX)) (K H')
j=1

d d
Z D, ) (€X(KDjH ') =Y E(e(X) Do, ) ((Ko)j H'))

j=1

d
=E {g(xb > (Ko H7 '8 (Ve j) = Do, (KD i H7H + (K. H 72 Gy )
j=1

Moreover, it follows from (3.7), (3.14), (3.26), (3.31) and (3.32) that

d
IEVE(X) <Cliglo Y (||K,||L4||H,—‘ 2118 Ve DIz + 1Dy, Kill g2 I1H, 2
j=1

1Kl N H 241G 2 )
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_3 2 _3 3 _6 5
<Clglloo(l + 1) (1o + 7 5r% +17é1%)
_1
< Cllglloo(1 + x5

where C is a constant independent of x and 7.
Forany y e R% and g € C;(Rd),

VyEg(XY) = E (Vg(X))V,X¥) =E (Vg(Xf)MtK,Ht_IVyXf)

d
D E (D(o,v,,pg(X?‘)(KzHflVyXf)j')
=1

~
Il

I
M&

EDo,v, (g(Xf)(Kth_lvaf)j')

~.

||'P1a~ L

E (g(Xf)D(O,Vt,j)(Kth_lV)’Xf)j)
j=l1

d
- E[g(Xf) > ((Koj H'Vy X8 (v )
j=1

— Doy, (K0 H7'Vy XF + (K))j. H Gy jVy X
- (Kz)j~Ht_l(D(O’Vr.j)vyxf)):|'

Hence, by Holder’s inequality, (3.7), (3.14), (3.24), (3.26), (3.31) and (3.32) one
can arrive at

d

IVyEg(X) <Cliglo Y [||K,||Ls||H,—1||L4||va;‘||Ls||6t(vl, DI
j=1

1D, pKill 2 NH IV Xl s
K a1 H 221Gl s 1V Xl s

UKD H 1 Do, Vo X ||Lz]
_3.2 _3 3 _6 5 _3 2
< Cllglloo(l + [XDIy] (17515 417315 17805 +1721% )

_1
SCllglloo (I + |xDlyle e,

Let’s give the proof of Corollary 1.4.

Proof We only prove the first statement, since the second one can be obtained by the
same argument. For any x1, xo € R4, according to Lemma 2.1.1in [21] and (1.6), both
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of X;'" and X;? have density functions denoted by p; (x1, y) and p; (x2, y) respectively.
By (1.7), we have

1
d —
|E8(X;C1) — Eg(Xf2)| = ‘/0 EEg(sz—H(x‘ XZ))dr

1
< /
0

1
SClglloo (I + |x1] + [x2D]x1 — x2r72.

Vi B Oy

Hence,
/ |pe (x1, ¥) — pi(x2, y)|dy = sup |Eg(X;') —Eg(X;)|
R4 lIglloo<1,8€Bp(R)
= sup |Eg(X;") — Eg(X;?)|

lIglloo < 1.g€ChRY)

1
SCA A Pxrf + [x2Dlxp — x2fr72.

O
3.4 Proof of Theorem 1.5
Proof The proof is divided into three steps.
Step 1 We first prove that for any w1, uz € P2,
Wa (P 1. P in)* < Wa(uy, pu)?e” (700, (3.34)

Without loss of generality, we only prove the case for s = 0. Let &1 and & be two
square-integrable and .%(-measurable random variables such that

Wa (i, p2)? = El& — &2

Denote by X f' and X fz the solutions to (1.1) with initial value &; and &;, respectively.
By (H3) and It6’s formula, we have

E (|Xfl o XfZ|2e(C2—C1)t)
t
— Wao(u1, u2)? + 2/0 E((Xfl — X%, b(Xfl,PX§l> - b(Xf,z, IPX§2>>
+ o X5 P s — o (X8, P s

+ f 2Pv@s) £ P o) = [ (B el ds
RY s 5
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t

+(C2 — cl)/ E|X5 — x52|2e(C2=Cs g
0

t
< Waur, p2)* + / E(C1Wa(P e, Ps)? = ColXE = X2 P2)el @O
0 s s

1

+(Cy — cl)/ E|X§ — X522 Cs gy
0

< Wa(ur, 12). (3.35)

Hence,
Wo(PFuy, Prun)? < E (|Xf1 - sz|2) < Wa(uy, o) (C2=Cr

Step 2 We prove the existence and uniqueness of the invariant measure. Let X ? denote
the solution with initial value 0 and € := CZZC‘ . By 1t6’s formula, (H3), (3.2) and
Young’s inequality, we have

E (|X?|26(C2_C1_260)l)

1
=E /0 <2<b<X?,Px9), X9) + llo (X9, Pyo) 11

+ / |z|2v(dz)|f(IP>X0)|2 e(C2—C1=2€0)s 4 ¢
RY s
t
+(C2—-C1 — 250)/ E|X?|26(C2*C172€0)sds
0
t
s o /o (C1 + €)Wa(Pxo, 80) = (C2 — €)EIX{ | ds
t
+ (C2 - C] — 260)/ E|X§)|2e(C2—C1—260)sds
0

< Co,

where Cy is a constant depending on €q and the values of b, o at the point (0, §p) and
f at 8p. Then we have

supE|XY? < Cosupe™ (27 C172€01 < ¢, (3.36)
>0 >0

Recalling the weak uniqueness of the solution, we have
PF(P80) = P/ (80, s,t>0.
This, together with (3.34) and (3.36), yields

W (P80, Pj80)? < e (2 CEIXY12 < Cpe™ (21,
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Then,

lim sup Wa(P;, 80, P;"80) = 0, (3.37)

t%oos>0

which means that { P;*§o},>0 is a W>-Cauchy family when  — oo. Then, there is a
unique probability measure &t € P such that

lim Wy (P 8o, t) = 0. (3.38)
11— 00
Then it follows from (3.34), (3.37) and (3.38) that
Wa (P, 1) < lirgO Wa (P, PfP}So) + lirg<> Wa (P} P8y, P} o)
5= s—
+ lim W) (P8, 1) = 0,
§—> 00

which means that  is an invariant measure for P;* indeed.

Step 3 Let & be an .%y-measurable random variable with distribution . For any ¢ > 1,
by Markov property and Theorem 1.2 we have

e - [ e = ek - [ menian)

y

R4

<.
R4

<C||g||oo/Rd ExXE | — X2 )IAWy)

Eg(X:) — Eg(X))

a(dy)

3 y
E [E (g(Xf("l) - Eg(X,X"')Ic?H)} ’ fu(dy)

1
< C”g”oo/ (Elg — y[*)? fi(dy)e=7(C2=Cn@=D
R4

1
2
< Cllglloo [1 + (/ |x|2p,(dx)) }e;wzc])q
R

Hence,

1P —pa(lry = sup
Iglloo<1.8€C)

1
2
<C [1 + (/ lezu(dx)) } e 2(C@=Cr - (339)
]Rd

where C is a constant independent of ¢ and p. It is obvious that for C large enough,
(3.39) holds for all ¢ € [0, 1]. So we finish the proof.

Bexh) - [ ey

]
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4 An Example
In this section, as an application of our main results, we study the classic McKean—

Vlasov equation. Given by : R? - R oy : RY - RIQR and fo: R? > RIQRY,
we assume:

(A1) bg and oy are twice differentiable functions with bounded derivatives; fy is a
differential function with a bounded derivative.
(A2) For some Cy > 0,
[(o0(x)E. &) > Co. Vx eRY, V& es
(A3) For some Cy > 0,
[(fo(0)&. &) > C1, Vx eR?, Ve esS?
(A4) There exists A > 0 such that

2(bo(y1) — bo(y2), y1 — y2) < —Aly1 — »al?, Vy1,y € R,

Define
b(x, p) = [Rd bo(x — y)u(dy), o(x, pu) = /Rd oo(x — y)u(dy), Vx e RY, p e P,
and
fw) = /Rd fo(yu(dy), Vu e P,

For o € (0,2), {L{};>0 is a d-dimensional truncated «-stable process with Lévy
130 (z)dz
L. Now consider the following equation:

measure while {W;};> is a d-dimensional Brownian motion independent of

t

t t
Xf=x+/ b(X;‘,]P’XSy)ds+/ G(X;‘,ng)dWS+/ f(Pxy)dLs.
0 0 0

Then we have the following results:

Theorem 4.1 1. Assume (A1) and (A2). Then there exists C > 0 such that
1 1
IEVE(XH)] < Cligloot ™2, IVyE(X))| < Cliglloot ™2, ¥g € CHRY), y e RY.
2. Assume (A1) and (A3). Then there exists C > 0 such that

_1 _1
IEVE(XH)| < Cligloot ™%, VyEg(X}) < Cliglloot "%, ¥g € C4(RY), y € R
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3. Assume (A1), (A2)(or (A3)) and (A4) hold. Let |Voollas,co = SUPjy|=1, rerd
Vvoo()lms < oo. If

A=A —1—IVholl3, — 4IVoolFs. —/ lZPv(dD) IV follZ, > 0, (4.1)
By

then there exists a unique invariant measure & such that for any o € Pa,

1
2\ _1
|Pf 10— Ellrv < C (1 + (/ |x|2uo(dx>> )e 2ho,
By

Proof We divide the proof into two steps.

Step 1 In this part, we prove the statements (1) and (2). It suffices for us to verify the
conditions required in Theorems 1.2 and 1.5. In fact, due to (A1) it is easy to see that
b and o are twice differentiable with respect to the first variable x and

10iblloo == sup  [3;b(x, w)| < o0,
xeR4, ueP;

19i0lloc := sup [dj0(x, p)| < o0, i=1,2.
xeR4 ueP,

Moreover, for all x € R4 and nwi, u2 € Pa,

1bCx, 1) — b(x, )] < fRd Ibo(x — ) — bo(x — 2l (dy, dz)
1

2
< Vbolloo (/ |y =2y, dz)) :
Rl
where 7 is an arbitrary coupling of ©; and u>. Hence,

1bCx, 1) — b(x, u2)| < [[VbollooWa (i1, p2).
By similar arguments, we can prove o, Vb and f are all Lipschitz continuous with
respect to the second variable p.
For any x € RY, due to Example 2.4 we have

dub(x, w)(y) = —Vbo(x —y), Vye R,

which is Lipschitz continuous with respect to both of y and . Sob(x, -) isin C ,i ! P2).
Furthermore,

3 dub(x, W(y) = —V2bo(x — y)

is bounded on R x P, x R?. The same argument can derive o (x, -), f(-) € C;’l (P»)
with 9,0, 9, f, and 0, 9,,0 bounded.
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By (A2) and the continuity of map (x, £) — (0p(x)&, &) we have either

(00(x)E,E) = Co, Vx eR? £ es?. (4.2)
or

(o0(x)E, &) < —Co, Vx e R & eS7. (4.3)

Without loss of generality we assume (4.2) holds, then
(o(x, )&, &) = /Rd(ao(x — YEE)u(dy) > Co. VxeR pePytes?,

which implies o (x, ) exists for all x € R? and uw € P,. Moreover, we have
||a*1 loo < oo. Similarly, by (A1) and (A3) we can obtain ||f’1 loo < 00. Now,
according to Theorem 1.2 we have proved the statements of (1) and (2).

Step 2 For any x1, x2 € R? and w1, 2 € Pa, we have
2(b(x1, 1) — b(x2, p2), x1 — x2)
= 2/Rd (bo(x1 —y) — bo(x2 — ¥), x1 — x2)pu1(dy)

+ 2/d(bo(x2 1)) = bo(s — 22), x1 — xa)7(dz1, dz2)
R

1

2
< —Alxr — x> + 2[Vhollo (/d |21 — z2*m(dzy, d22)> lx1 — x2,
R
where 7 is a coupling of 1¢1 and po. Thus,

2(b(x1, n1) — b(x2, u2), X1 — x2)
< —Alx1 = x2)% + 2| VhollaaWa (i1, 12)|x1 — 12|
< == Dlxp — 212 + Vb2 Wa (i1, 112)*. (4.4)

Meanwhile, the same arguments can derive

loGrr. 1) = o ez, 1) s +/ 2Pv (D)1 f (1) = f(u2)
By
2 2 2 2
< 201V00 I35 00111 = %21 + 201 V00 315,00 W21t 122)

+ fB Po @DV fol X Wt 2. @5)
0

By (4.1), (4.4), (4.5) and Theorem 1.5, we immediately obtain the claim (3).
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