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Abstract For arbitrary Borel probability measures with compact support on the real
line, characterizations are established of the best finitely supported approximations,
relative to three familiar probability metrics (Lévy, Kantorovich, and Kolmogorov),
given any number of atoms, and allowing for additional constraints regarding weights
or positions of atoms. As an application, best (constrained or unconstrained) approx-
imations are identified for Benford’s Law (logarithmic distribution of significands)
and other familiar distributions. The results complement and extend known facts in
the literature; they also provide new rigorous benchmarks against which to evaluate
empirical observations regarding Benford’s law.
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1 Introduction

Given real numbers b > 1 and x # 0, denote by S, (x) the unique number in [1, b[
such that |x| = Sp (x)bF for some (necessarily unique) integer k; for convenience, let
Sp(0) = 0. The number Sp(x) often is referred to as the base-b significand of x, a
terminology particularly well-established in the case of b being an integer. (Unlike
in much of the literature [2,4,18,28], the case of integer b does not carry special
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significance in this article.) A Borel probability measure u on R is Benford base b, or
b-Benford for short, if

1
pllr € RSy =1) = o

Vs € [1, b[; (1.1

here and throughout, log denotes the natural logarithm. Benford probabilities (or ran-
dom variables) exhibit many interesting properties and have been studied extensively
[1,6,14,20,25,29]. They provide one major pathway into the study of Benford’s law,
an intriguing, multi-faceted phenomenon that attracts interest from a wide range of
disciplines; see, e.g., [4] for an introduction, and [21] for a panorama of recent devel-
opments. Specifically, denoting by f; the Borel probability measure with

B[l s]) = ioﬁ Vs € [1, b1,
ogb

note that p is b-Benford if and only if i o S, - Bp.

Historically, the case of decimal (i.e., base-10) significands has been the most
prominent, with early empirical studies on the distribution of decimal significands (or
significant digits) going back to Newcomb [23] and Benford [2]. If u is 10-Benford,
note that in particular

-1
e+ D7) yp_1,...0.
log 10

(1.2)
For theoretical as well as practical reasons, mathematical objects such as random
variables or sequences, but also concrete, finite numerical data sets that conform, at
least approximately, to (1.1) or (1.2) have attracted much interest [10,20,28,29]. Time
and again, Benford’s law has emerged as a perplexingly prevalent phenomenon. One
popular approach to understand this prevalence seeks to establish (mild) conditions on
a probability measure that make (1.1) or (1.2) hold with good accuracy, perhaps even
exactly [7,12-14,25]. Itis the goal of the present article to provide precise quantitative
information for this approach.

Concretely, notice that while a finitely supported probability measure, such as, e.g.,
the empirical measure associated with a finite data set [5], may conform to the first-
digit law (1.2), it cannot possibly satisfy (1.1) exactly. For such measures, therefore, it
is natural to quantify, as accurately as possible, the failure of equality in (1.1), that is,
the discrepancy between o S, "and Bp. Utilizing three different familiar metrics d
on probabilities (Lévy, Kantorovich, and Kolmogorov metrics; see Sect. 2 for details),
the article does this in a systematic way: For every n € N, the value of min,, d,(8p, V)
is identified, where v is assumed to be supported on no more than n atoms (and may
be subject to further restrictions such as, e.g., having only atoms of equal weight, as
in the case of empirical measures); the minimizers of d. (8, v) are also characterized
explicitly.

The scope of the results presented herein, however, extends far beyond Benford
probabilities. In fact, a general theory of best (constrained or unconstrained) d-

/L({x € R : leading decimal digit of x = D}) =

@ Springer



J Theor Probab (2019) 32:1525-1553 1527

approximations is developed. As far as the authors can tell, no such theories exist
for the Lévy and Kolmogorov metrics—unlike in the case of the Kantorovich metric
where it (mostly) suffices to rephrase pertinent known facts [16,30]. Once the gen-
eral results are established, the desired quantitative insights for Benford probabilities
are but straightforward corollaries. (Even in the context of Kantorovich distance, the
study of B yields a rare new, explicit example of an optimal quantizer [16].) In par-
ticular, it turns out that, under all the various constraints considered here, the limit
Q. = lim,_, o n min, d.(Bp, v) always exists, is finite and positive, and can be com-
puted more or less explicitly. This greatly extends earlier results, notably of [5], and
also suggests that n~ ! Q, may be an appropriate quantity against which to evaluate
the many heuristic claims of closeness to Benford’s law for empirical data sets found
in the literature [3,21,22].

The main results in this article, then, are existence proofs and characterizations for
the minimizers of d,(u, v) for arbitrary (compactly supported) probability measures
W, as provided by Theorems 3.5, 3.6, 4.1, 5.1, and 5.4 (where additional constraints
are imposed on the sizes or locations of the atoms of v), as well as by Theorems
3.9 and 5.6 (where such constraints are absent). As suggested by the title, this work
aims primarily at a precise analysis of conformance to Benford’s law (or the lack
thereof). Correspondingly, much attention is paid to the special case of © = fp,
leading to explicit descriptions of best (constrained or unconstrained) approximations
of the latter (Corollaries 3.10, 4.3, and 5.8) and the exact asymptotics of d(Bp, v). As
indicated earlier, however, the main results are much more general. To emphasize this
fact, two other simple but illustrative examples of u are repeatedly considered as well
(though in less detail than ), namely the familiar Beta(2, 1) distribution and the
(perhaps less familiar) inverse Cantor distribution. It turns out that while the former is
absolutely continuous (w.r.t. Lebesgue measure) and its best approximations behave
like those of B, in most respects (Examples 1, 3, 5, and 7), the latter is discrete and the
behavior of its best approximations is more delicate (Examples 2, 4, 6, and 8). Even
with only a few details mentioned, these examples will help the reader appreciate the
versatility of the main results.

The organization of this article is as follows: Sect. 2 reviews relevant basic prop-
erties of one-dimensional probabilities and the three main probability metrics used
throughout. Each of Sects. 3 to 5 then is devoted specifically to one single metric. In
each section, the problem of best (constrained or unconstrained) approximation by
finitely supported probability measures is first addressed in complete generality, and
then the results are specialized to 8, as well as other concrete examples. Section 6
summarizes and discusses the quantitative results obtained, and also mentions a few
natural questions for subsequent studies.

2 Probability Metrics

Throughout, let I C R be a compact interval with Lebesgue measure A(I) > 0, and
‘P the set of all Borel probability measures on [. Associate with every u € P its
distribution function F,, : R — R, given by
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Fyx)=p({yel:y<x}) VxeR,
as well as its (upper) quantile function F, I [0, 1[— R, given by

min I if 0 <x < u({minT}),

supfy e I: Fu(y) <x} if u({minl}) <x < 1. .1

il = {

Note that F, and F, " I'both are non-decreasing, right-continuous, and bounded. The
support of w, denoted supp i, is the smallest closed subset of I with p-measure 1.
Endowed with the weak topology, the space P is compact and metrizable.

Three important different metrics on P are discussed in detail in this article; for a
panorama of other metrics, the reader is referred, e.g., to [15,27] and the references
therein. Given probabilities u, v € P, their Lévy distance is

di(p,v) =winf{y >0: F,(- —y) =y < Fy < Fu(- +y) +y}, 22

withw = max{1, L(I)}/A(I); their L"-Kantorovich (or transport) distance, withr > 1,
is

1 , 1/r
dr(u. v) = 2D (/0 F o) = F )| dy) =2 DE = F
(2.3)
and their Kolmogorov (or uniform) distance is

dx (i, v) = sup |F(x) — Fy(0)| = | Fy — Fy llso-

xeR

Henceforth, the symbol d, summarily refers to any of d| , d,, and dk. The (unusual)
normalizing factors in (2.2) and (2.3) guarantee that all three metrics are comparable
numerically in that SUp,, ,ep d(u, v) = 1 in either case. Note that

aiuv) =207 [ |Fu) = | dx v e,
I

by virtue of Fubini’s theorem. The metrics d|_ and d, are equivalent: They both metrize
the weak topology on P, and hence are separable and complete. By contrast, the
complete metric dx induces a finer topology and is non-separable. However, when
restricted to Pets := {w € P : u({x}) =0 V x € I}, a dense Gs-set in P, the metric
dy does metrize the weak topology on Pgts and is separable. The values of d| , d, and
dk are not completely unrelated since, as is easily checked,

14+
d1<+—()

= do, dr <ds (ifr <s), dy <dg, d.=<wdk, 2.4
wi(l)

and all bounds in (2.4) are best possible. Beyond (2.4), however, no relative bounds
exist between d| , d,, and dk in general: If % #£ 1, % £ o, and (x, o) ¢ {(L, K), (r, s)}
with r < s then
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d*(l‘l/v U)
sup  ——— =
wveEP: Y do(pt, v)

Each metric d,, therefore, captures a different aspect of P and deserves to be stud-
ied independently. To illustrate this further, let T = [0,1], u = & € P, and
wr = (1 — k~Hs + k_15k—2 for k € N; here and throughout, §, denotes the Dirac
(probability) measure concentrated at @ € R. Then limg_, oo dx (1, ) = 0, but the
rate of convergence differs between metrics:

di(u, ) =k, dp(uy ) = k2770 de(uy ) =k VikeN.

The goal of this article is first to identify, for each metric d, introduced earlier, the
best finitely supported d,-approximation(s) of any given p € P. The general results
are then applied to Benford’s law, as well as other concrete examples. Specifically,
if w = B for some b > 1 then it is automatically assumed that I = [1, b]. The
following unified notation and terminology is used throughout: for every n € N, let
Ep={xel":x; < - <xu},II,={peR":p; >0, Z?:ﬂ’,j = 1}, and for
each x € &, and p € I1, define st = Z';Zl p,jaxyj. For convenience, x o := — 00
and x ,41 1= 4+ oo forevery x € &,, aswellas P; = Zij=1 p,jfori =0,...,nand
p € I,; note that Py = 0 and P, = 1. Henceforth, usage of the symbol §7 tacitly
assumes that x € =, and p € I1,, for some n € N either specified explicitly or else
clear from the context. Call 8¢ a best d,-approximation of u € P, given x € 5, if

Similarly, call 87 a best d.-approximation of u, given p € IT, if
d*(lh&[c])id*(uﬁg) Vye€ &,

Denote by 63 and 8% any best d,-approximation of 1, given x and p, respectively. Best
dy-approximations, given p = u, = (n_l, e, n_l) are referred to as best uniform
dy-approximations, and denoted sun. Finally, 8)'; is a best d-approximation of u € P,
denoted 63", if

dy (. 8Y) < ds (m.8Y) Yy € Epq el

Notice that usage of the symbols §3, 8%, and 82" always refers to a specific metric d,
and probability measure & € P, both usually clear from the context.

Information theory sometimes refers to d, (i, 8§3°"*) as the n-th quantization error,
and to lim,_, o nd,(u, 83"), if it exists, as the quantization coefficient of u; see,
e.g., [16]. By analogy, d (i, 8s") and lim, .o, nds (i, 83"), if it exists, may be
called the n-th uniform quantization error and the uniform quantization coefficient,
respectively.

@ Springer



1530 J Theor Probab (2019) 32:1525-1553

3 Lévy Approximations

This section identifies best finitely supported d| -approximations (constrained or
unconstrained) of a given ;1 € P. To do this in a transparent way, it is helpful to
first consider more generally a few elementary properties of non-decreasing func-
tions. These properties are subsequently specialized to either F), or F~ L

Throughout, let f : R — R be non-decreasing, and define f(£oo) =
limy 100 f(x) € R, where R = RU {— 00, + 00} denotes the extended real line
with the usual order and topology. Associate with f two non-decreasing functions
fr R —> R, defined as S+ (x) = limg o f(x & &). Clearly, f_ is left-continuous,
whereas f; is right-continuous, with fi(—o00) = f(—00), fu(+00) = f(+ 00),
aswell as f_ < f < fy,and fi(x) < f_(y) whenever x < y; in particular,
f-(x) = fy(x) if and only if f is continuous at x. The (upper) inverse function
f~1:R — Ris given by

F'@) =suplx eR: f(x) <t} VieR;

by convention, sup & := — oo (and inf & := + o0). Note that (2.1) is consistent with
this notation. For what follows, it is useful to recall a few basic properties of inverse
functions; see, e.g., [30, Sect. 3] for details.

Proposition 3.1 Let f : R — R be non-decreasing. Then = is non-decreasing and
right-continuous. Also, (f+)™' = f=1, and (f =)~ = f,.

Given two non-decreasing functions f, g : R — R, by a slight abuse of notation, and
inspired by (2.2), let

d(f,g)=inf{y>0: f(- —y)—y<g=f(-+y)+y}€l0,+o0l

For instance, d_ (i, v) = wd| (F, F,) for all i, v € P. Itis readily checked that di_
is symmetric, satisfies the triangle inequality, and d| (f, g) > O unless f_ = g_, or
equivalently, f1 = g4. Crucially, the quantity d| is invariant under inversion.

Proposition 3.2 Let f,g : R — R be non-decreasing. Then dy(f~',g7") =
di(f, 8)-

Thus, for instance, d| (i, v) = a)dL(Fﬂ_l, Fv_l) for all 4, v € P. In general, the value
of d| (f, g) may equal + co. However, if the set {f # g} :={x e R: f(x) # g(x)}
is bounded then d| (f, g) < + oo. Specifically, notice that {F, # F,} C I and
{F, ! # F; '} C [0, 1] both are bounded for all , v € P.

Given a non-decreasing function f : R — R, let I C R be any interval with the
property that
J=(supl), — f+(inf I) < 4 oo, 3.1

and define an auxiliary function £7; : R — R as
Lr(x) =inf{y >0: f_(sup/ —y) —y <x < fy(inf [ +y) + y}.

@ Springer



J Theor Probab (2019) 32:1525-1553 1531

Note that for each x € R, the set on the right equals [a, +oo[ with the appropriate
a > 0, and hence simply £ ;(x) = a. Clearly, £7; < £y whenever J C I. Also,
for every a € R, the function £ f,(4) is non-increasing on | — 0o, f_(a)], vanishes on
[f-(a), f+(a)], and is non-decreasing on [ f (a), + oo[. A few elementary properties
of £ r,; are straightforward to check; they are used below to establish the main results
of this section.

Proposition 3.3 Let f : R — R be non-decreasing, and I C R an interval satisfying
(3.1). Then £,y is Lipschitz continuous, and

0<tp;(x) <|x|+max{0, f_(supl), —f+(inf 1)} Vx eR.
Moreover, £ y,; attains a minimal value

Gy = min £¢,;(x) = min{y > 0: f_(sup/ —y) —y
< f+@Gnf/+y)+y} =0

which is positive unless f_(supl) < fi(inf I).
For o € P, note that (3.1) automatically holds if f = Fj, orif f = F I and
I C [0, 1]. In these cases, therefore, £ r,; has the properties stated in Proposition 3.3,
and E? ; < %

When formulating the main results, the following quantities are useful: Given u €
P,neN,andx € &, let

L) = max { £, 1-o0.x 11000, €, oot =+ ot ronals CEntrnctoc(D ] 5

similarly, given p € I1,, let

— n k
Lep) = maxj_y Epmr oy
To illustrate these quantities for a concrete example, consider © = S, where
Folejox 1] 1 the unique solution of
p2 — Xj+1—¢ ji=1 n—1
x’j + E b 9 9
whereas LF, [—00.x,1(0) and LF, 1x p 400l (1) solve bt = x.1 —4£and bt = b/(xn+10),

respectively. (Recall that 1 < x| < --- < x, < b.) Similarly, £* _, is the
’ ’ F//, ,[P,j—l»P,j]

unique solution of
20 =pPit —pPim*t =1, ... n;

in particular, j > £*

is increasing, and hence L, (u,,) is the unique
Fi' [G=1)/n.j/n] g (tn) q

solution of
2L =p'~L — pltL=l/n, (3.2)
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By using functions of the form £y,;, the value of d| (u, v) can easily be computed
whenever v has finite support.

Lemma 3.4 Let u € Pandn € N. Forevery x € 5, and p € I1,,
dy (1, 8%) = wmax’_o€F, [x;x11(Pj) = @omax_ EF,Z',[P,,»_l,P‘,»](xJ)' (3.3)
Proof Label x € &), uniquely as

Xjobl = - =Xy <Xjipl = =X <X jpp =

<= ‘x»jm—l < x;jm—1+1 =...= xsjm’

with integers i < j; <nforl <i <m,and jo =0, j, = n, and define y € 5,
andg € [l asy; =x j,andg; = P, — P j,_,, respectively, fori =1, ..., m. For
convenience, let /; = [x j,x ji1]for j =0,...,n,and J; = [y;,y,iv1] = I}, for
i =0,...,m. With this, §] =87, and

o~ ldy (1, 87) =dL(Fy, Fyg)
=inf{t >0: F_(yiy1 —1) —1t
<Qi<Fu,(yi+t)+tVi=0,...,m}
=max;_oLr, ;;(Q.;)

n .
Smaszo ZFM,Ij(P,])~

To prove the reverse inequality, pickany j =0, ..., n.Ifx ; < x jyithenl; = J; and
P;= Q,i,withtheappropriatei,andhenceﬁpwlj(P,j) = EFM,Ji(Q,,-).Ifx,j =X 1
then I; = {y;} for some i. In this case either P ; < F,_(y;)and Q ;1 < P ;, and
hence

Cr 1, (Pj) =LE, (yy(Pj) < Llp, (y)(Qi-1) < LF, 5, (Qi-1);

or Fy_(yi) < Pj < Fu(y.i), and hence £, 1,(P ;) = €F, (y,(Pj) =0;0r Pj >
F,(y;)and Q; > P ;, and hence

Cr 1 (Pj) =LF, (y(Pj) = LF, (y(Q,i) < LF, 5, (Qi).

In all three cases, therefore, w‘ldL(u, 5Py > max’}:0 V4 Fu (P, j), which establishes
the first equality in (3.3). The second equality, a consequence of Proposition 3.2, is
proved analogously. O

Utilizing Lemma 3.4, it is straightforward to characterize the best finitely supported
d| -approximations of u € P with prescribed locations.

Theorem 3.5 Let © € P and n € N. For every x € E,, there exists a best d| -
approximation of i, given x. Moreover, dy (v, 8¥) = d (u, 8y) if and only if, for
every j =0,...,n,
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Xj<Xj41 = Lp, x;x01(Pj) < L), (3.4

and in this case d (u, 8¥) = wL®(x).

Proof Fix u € P,n € N, and x € E,. As in the proof of Lemma 3.4, write /; =
[x j, x j+1] for convenience. By (3.3), for every p € IT,,

dy (u,8%) = wmax’;_o Lr,,1;(P ;)

> wmax{Cr, 1,0, Lx g g, g, LR (D) = 0l ().
As seen in the proof of Lemma 3.4, validity of (3.4) implies {5, [x ; x ;,,1(P,j) < L®(x)
forall j =0, ..., n.Thus 87 is a best d|_-approximation of /., given x, whenever (3.4)
holds, i.e., the latter is sufficient for optimality. On the other hand, consider g € IT,
with

1
0. = 5 (Fum(xju1 = L*0) + Fulw; + L)) Vi=1.....n—1.

2
Note that g is well-defined, since j — Q ; is non-decreasing, and 0 < Q ; < 1 for
all j =1,...,n — 1. Moreover, by the definition of L®(x),

EFI’-*’_/ (QJ) <L*(x) Vj=0,...,n,

and hence di_ (87, 1) = wL*(x). This shows that best d| -approximations of 4, given
x, do exist, and (3.4) also is necessary for optimality. O

Best finitely supported d| -approximations of any u € P with prescribed weights
can be characterized in a similar manner. By virtue of (3.3), the proof of the following
is completely analogous to the proof of Theorem 3.5.

Proposition 3.6 Let i € P and n € N. For every p € II,, there exists a best d| -
approximation of |, given p. Moreover, d(w, 8Y) = di(w, 8%) if and only if. for
every j=1,...,n,

Pjoi<Pj = Cpp p ) = Lo, 3.5)

and in this case d ([L, 85) = wlLq(p).

Remark 1 (i) With f, I as in Proposition 3.3, for every a € R the set {{;; < a}
is a (possibly empty or one-point) interval. Thus, conditions (3.4) and (3.5) are
very similar in spirit to the requirements of [30, Thm. 5.1 and 5.5], restated in
Proposition 4.1, though the latter may be quite a bit easier to work with in concrete
calculations.

(i1) Note that if n = 1 then (3.4) holds automatically, whereas (3.5) shows that
di (i, 84) s minimal precisely if the function ¢ Fol0.1] attains its minimal value

ata.
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As a corollary, Proposition 3.6 identifies all best uniform d| -approximations of S
max{b, 2} — 1 o
with b > 1. Recall that I = [1, b], and hence w = % =: wp, in this case.

Corollary 3.7 Letbh > 1 and n € N. Then 8%" is a best uniform di_-approximation of
By if and only if

pInE L <x;<bUTVIML L wi=1,.. 0,

Un
.

where L is the unique solution of (3.2); in particular, #supp 8," = n. Moreover,

. (Bp, 81:”) = wpL, and

max{b, 2} — 1 blogb
2b—2 1+blogh

Jlim ndy (By. 8,") =

Example 1 Consider the Beta(2, 1) distribution on I = [0, 1], i.e., let F, (x) = x2
for all x € I. Given n € N, it is straightforward to check that, analogously to (3.2),
Le(uy,) is the unique solution of

12 1
L/=—4L2= — — L, (3.6)
n 2n

and 8;" with x € &, is a best uniform d|_ -approximation of y if and only if

. '_1
[ b —L<x;< /.= 4L+L Vi=1.....n
n n

Moreover, di_(i, 8s") = L, and (3.6) yields that lim,_, oo ndy (1, 8a") = % Unlike in
the case of By, it is possible to have #supp S¥n < n whenever n > 10.

Example 2 Letagainl = [0, 1] and consider u € P with u({i27"}) = 37" for every
m € Nand every odd 1 <i < 2™. Thus pu is a discrete measure with supp u = I. In
fact, pu simply is the inverse Cantor distribution, in the sense that F~ L(x) = F,(x) for
all x € I, where v is the log 2/ log 3-dimensional Hausdorff measure on the classical
Cantor middle-thirds set. Given n € N, Proposition 3.6 guarantees the existence of a
best uniform d|_ -approximation of p, though the explicit value of Lq (1) is somewhat
cumbersome to determine. Still, utilizing the self-similarity of F/ ~1 one finds that

% < liminf nd_ (,u, 8?”) < lim sup nd|_ (,u, 8?”) = % 3.7

1
n—00 -3 s

Thus (n~1) is the precise rate of decay of (d|_ (w, 8?”)), just as in the case of B, and
Beta(2, 1), but unlike for the latter, lim,_ o, nd|_ (1, 84" ) does not exist.

By combining Theorem 3.5 and Proposition 3.6, it is possible to characterize the
best d| -approximations of ;1 € P as well, that is, to identify the minimizers of v
di (u, v) subject only to the requirement that #suppv < n. To this end, associate
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with every non-decreasing function f : R — R and every number ¢ > 0 a map
Tfq : R — R, according to

Tra(x) = fr(f'(x +a)+2a)+a YxeR.

For every n € N, denote by T][p”a] the n-fold composition of T, with itself. The
following properties of T, are readily verified.

Proposition 3.8 Let f : R — R be non-decreasing, a > 0, and n € N. Then T][c";
is non-decreasing and right-continuous. Also, a T][c"j (x) is increasing and right-
continuous for every x € R, and if x < a 4+ f(400) then the sequence (Tf[kg (x)) is
non-decreasing.

To utilize Proposition 3.8 for the d| -approximation problem, let f = F), with
u € P. Then (Tl[pi]ﬂ(O)) is non-decreasing; in fact, limy_, TIE-I;],G (0) =a+1.0nthe

other hand, given n € N, clearly TI[VZ] 4,0 > 1foralla > 1, and hence
L®" :— min {a >0:7",0) 1} < +oo.
Note that L3" only depends on p and n. The sequence (L:*”) is non-increasing, and

nLy" < % for every n. Also, L3 = 0 if and only if #supp u < n.
For a concrete example, consider u = g, witha < %(b — 1), where

a ifx <—a,
Tr,.a(x) = { a+log,(0* ™ +2a) if —a <x < —a+log,(b—2a),
a—+1 ifx > —a +log, (b — 2a),

from which it is easily deduced that L" is the unique solution of

2L + b(bEt — b1

ban —
2L + bl — L

(3.8)

As the following result shows, the quantity L2 always plays a central role in identi-
fying best (unconstrained) d| -approximations of a given y € P.

Theorem 3.9 Let ;v € P and n € N. There exists a best d|_-approximation of u, and
dL(p, §3") = wby". Moreover, for every x € E, and p € Iy, the following are
equivalent:

(i) di(p, 8%) = dy (1, 52™);
(i) all implications in (3.4) are valid with L®*(x) replaced by L3";
(iii) all implications in (3.5) are valid with L (p) replaced by L3".

Proof To see that best d| -approximations of u do exist, simply note that the set
{v € P : #suppv < n}is compact, and the function v — d| (i, v) is continuous,
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hence attains a minimal value for some v = 8¢ with x € 5, and p € IT,. Clearly,
any such 87 also is a best approximation of u, given p. By Proposition 3.6, therefore,
d (i, 87) = wle(p), as well as

F I (Pj—Lup) —L(p) <x; < F,'(Pj1 + La(p) + La(p)

whenever P ;_; < P, and indeed for every j = 1 ,n. It follows that P; <

TF, L. p)(P j—1) forall j, and hence 1 = P, TF L (p)(O) that is, L3 < L, (p)

This shows that d| (u, 82y > wlLg™. To establish the reverse inequality, let
.. [i]
- >1:T mo>4.
m = min [1 > oLy ) >
Clearly, | <m <n, and Ly = LJ". Define ¢ € I1,, via
@:ﬂhmnszmm—L

Note that i — @ ; is non-decreasing, and 0 < Q; < 1, so ¢ is well-defined. Also,
consider y € E,, with

1 - o.m - e,m /
wzﬂ@jg_gq+@%QH+gw)W=L”Jn

By the definitions of L™, ¢, and y,

¢ Yy<LS™ Vi=1,....m,

Fil 10100

and hence

dL (/L, 5)1;) <d_ (/,L, 83) = wmax_; £ ) <owly™ = ol

Fit 101,010

This shows that indeed d| (ut, sPy = wlLy"™ and also proves (i) = (iii). The implica-
tion (i) = (ii) follows by a similar argument. That, conversely, either of (ii) and (iii)
implies (i) is evident from (3.3), together with the fact that, as seen in the proof of
Lemma 3.4, validity of (3.4) and (3.5) implies max?zo eF;Lv[x,j,x,j+1](P,j) < L°(x)
and maxj léF [P ,j,l,P,j](x’J') < L¢(p), respectively. O

Remark 2 (i) The proof of Theorem 3.9 shows that in fact

Ly" = min L*(x) = min Le(p).
pell,

xXe&,

(i1) Theorem 3.9 is similar to classical one-dimensional quantization results as pre-
sented, e.g., in [16, Sect. 5.2]. What makes the theorem (and its analogue,
Theorem 5.6 in Sect. 5) particularly appealing is that its conditions (ii) and (iii)
not only are necessary for optimality, but also sufficient. By contrast, it is well
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14 b=10,n=3
=1
/// U;) 1 —
= Fﬁxﬂ 1 //,/
2 Z L ==
21 — = = -

AN
~dL(810,043) = Le(uz) = 1.566 - 101

dL(B10,60%) = Le® =1.439. 107!

W=
N\
A\
A\
\)

=
e

1 10
Fig.1 Thebestd| -approximation (solid red line) of B1( is unique, whereas best uniform | -approximations
(broken red lines) are not; see Corollaries 3.10 and 3.7, respectively (Color figure online)

known that sufficient conditions for best d,-approximations may be hard to come
by in general; see, e.g., [16, Sect. 4.1], and also Proposition 4.1(iii), regarding the
case of x = 1.

When specialized to © = B, Theorem 3.9 yields the best finitely supported d| -
approximations of Benford’s law; see also Fig. 1.

Corollary 3.10 Let b > 1 and n € N. Then the best dy-approximation of By is 8%,
with

. p2iL _
x,j=b®"DL 4 U — L= pPi—t L,

+L,

. bt —1 log(x,; + L)
2j-DL _ JJ
10g<b1 +2L—b2L_1>+L_—

P;=
77 logh log b

forall j =1, ..., n,where L is the unique solution of (3.8); in particular, #supp 63" =
n. Moreover, d_(Bp, 63™) = wpL, and

max{b,2} —1 log(l+ blogh) —log(l 4 logbh)
2b—2 log b '

lim ndy (By. 83") =

To compare this to Corollary 3.7, note that P ; # j/n whenever n > 2, and then
the n-th quantization error d| (8p, 63°") is smaller than the n-th uniform quantization
error di_(Bp, 83"). The d| -quantization coefficient of B, also is smaller than its uniform
counterpart, since

log(1 4 blogb) — log(1 + logb) blogh

< Vb>l1.
log b 1+blogh

Example 3 For u = Beta(2, 1), Theorem 3.9 yields a unique best d| -approximation.
Although the equation determining LJ>" is less transparent than (3.8), it can be shown
that lim,, o0 nd (1, 83") = 3(2 —log3) < 1.
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Example 4 For the inverse Cantor distribution, a best d| -approximation exists by
Theorem 3.9, and utilizing the self-similarity of F!, it is possible to derive estimates

such as 1
56 = n'o83/1082g, (11 83" <3 Wn e N, (3.9)

which shows that (dy (1, 8,")) decays like (n~1°¢3/1°22) ‘and hence faster than in the
case of B, and Beta(2, 1).

4 Kantorovich Approximations

This section studies best finitely supported d,-approximations of Benford’s law.
Mostly, the results are special cases of more general facts taken from the authors’
comprehensive study on d,-approximations [30].

4.1 d;-Approximations

With d| replaced by d;, the main results of the previous section have the following
analogues, stated here for the reader’s convenience; see [30, Sect. 5] for details.

Proposition 4.1 Let u € P andn € N.

(1) Forevery x € &y, there exists a best dy-approximation of i, given x. Moreover,
di(, 87) = di(u, 8y) if and only if, for every j =0, ..., n,

Xj<xjpt = Fuo (3005 +x40)) < Pj < Fu (3005 +x,50) . (4.1

(ii) Forevery p € I1,, there exists a best d-approximation of i, given p. Moreover,
di (e, (Sf) =d(, 50y if and only if, for every j = 1,...,n,

Pj1<Pj = Fl(3(Pj-1+Pp)<x;<F, (3(Pj-1+P)).
4.2)
(iii) There exists a best dy-approximation of p, and if dy(u, 8¥) = dy(u, 83™) then
(4.1) and (4.2) are valid for every j = 1, ..., n.

Remark 3 Though the phrasing of Proposition 4.1 emphasizes its analogy to Theo-
rem 3.5 (and also to Theorem 5.1), there nevertheless is a subtle difference: While in
(3.4) and (5.1) it can equivalently be stipulated that, respectively, £ Fulx % 11 (Pj) <
L*(x)and F,,—(x j41) —K*(x) < P < F,(x j)+K*(x) forall j =0, ..., n,simple
examples show that the “only if”” part of Proposition 4.1(i) may fail, should (4.1) be
replaced by

Fue (3 j+xj40)) < Pj < Fu (3(xj+xj41)) Yji=0,....n.

Similar observations pertain to Proposition 4.1(ii) vis-a-vis Proposition 3.6 and The-
orem 5.4.

Proposition 4.1 immediately yields the existence of unique best uniform dj-
approximations of fj; see also [5, Cor. 2.10].

@ Springer



J Theor Probab (2019) 32:1525-1553 1539

Corollary 4.2 Let b > 1 and n € N. Then the best uniform di-approximation of Bp

is 83", with X = bRI=DIC forall j = 1,...,n, and #supp 82" = n. Moreover,
1 (B 84) = Lt oh (22 i tim, oo nds (8. 827) = 1
’ gb 4n ’ n—oo , O 7

Proof By Proposition 4.1(ii), x,j = b*/=1D/C" forall j = 1,...,n, and

_ pj-n/jem

ndy (B, 83"

dy

b—1 Jj=1 1)/”

1/ —1/4
n (b4 —b /( ")) S peimb/en
b —1)logh j=1

n logh\ n—oo 1
tanh — —.
logb 4n 4

m}

Best (unconstrained) dj-approximations of B, exist and are unique, too, by virtue of
Proposition 4.1 and a direct calculation.

Corollary 4.3 Letb > 1 andn € N. Then the best dy-approximation of By, is 8¢, with

= (1+ Lo - )) (1+1 (b7 - 1)) ,
n
2 J (i
Pi=—1log(1 (b/—l),
7 logh 0g< e n
for all j = 1,...,n; in particular, #supp 3" = n. Moreover, di(Bp, 83") =

1 1
tanh ogb .
nlogb 4

Proof Let 8¢ be a best d)-approximation. Then, by Proposition 4.1(iii),

pPi = X Xt Vi=1,...,n—1,
2
but also x ; = pPi=1+P)/2 for all j =1,...,n, and hence 2bPil2 = pPi-1/2 4
bFi+1/2 Since Py =0, P, = 1, it follows that pPil2 =1 + j(bl/2 — l)n_1 for all
Jj =0, ..., n. This yields the asserted unique 8,‘? , and

1 n Pj b—x,—(x1—1
on\ __ Y _x = : :
di (ﬂb,3. ) =3-1 Zj:l '/;)‘jl |b x jldy = (b—1)logh

1 1
tanh ib ,
nlogb 4

via a straightforward calculation; see also Fig. 2. O
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N d1(B10,0e%) = 8.232- 1072

d1(B10,59%) = 7.520 - 102

X
-
-

1 10

Fig. 2 The best (solid blue line) and best uniform (broken blue line) d;-approximations of B both are
unique; see Corollaries 4.3 and 4.2, respectively. Coincidentally, best uniform d1-approximations of fg
are best dk -approximations as well; see Corollary 5.8 (Color figure online)

Remark 4 (i) Due to the highly nonlinear nature of the optimality conditions (4.1)
and (4.2), best d-approximations are rarely given by explicit formulae such as
those in Corollary 4.3. Aside from Benford’s law, the authors know of only two
other families of continuous distributions that allow for similarly explicit formulae,
namely uniform and (one- or two-sided) exponential distributions.

(i1) A popular family of metrics on P closely related to d; are the so-called Fortet—
Mourier r-distances (1 < r < + 00), given by

dew, (. v) = /H max(L, (1}~ |Fu () — Fo(y)|dy.

Like the Lévy and Kantorovich metrics, the Fortet—-Mourier r-distance also
metrizes the weak topology on P. The reader is referred to [24,26] for details
on the mathematical background of dry, and its use for stochastic optimization.
Note that if T C [1, +oo[ then

Mdl (Monl,vqu),

drm, (s v) =
with the homeomorphism T : x +— x" of [1, 4o0o[. For instance, 8 o T-! =
Brb, and hence best (or best uniform) dry, -approximations of S, can easily be
identified using Corollary 4.3 (or 4.2).

4.2 d,-Approximations (1 < r < + 00)

Similarly to the case of r = 1, [30, Thm. 5.5] guarantees that, given any n € N, there
exists a (unique) best uniform d, -approximation 84" of ). Except for r = 2, however,
no explicit formula seems to be available for 54m Tt is desirable, therefore, to at least
identify asymptotically best uniform d,-approximations, that is, a sequence (x,) with
x, € &, forall n € N such that
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. dr (:Bba 8)1':,’1’)
lim ———— =
n—0o0 dr (ﬂba 80”)

Usage of [30, Thm. 5.15] accomplishes this and also yields the uniform d,-quantiza-
tion coefficient of B;. (Notice that, as r | 1, the latter is consistent with Corollary
4.2.)

Proposition 4.4 Let b, r > 1. Then (8}"), with x, ; = b®/=D/C" foralln € N and
Jj=1,...,n, is a sequence of asymptotically best uniform d,-approximations of Bp.
Moreover,

(logb)l—l/r b —1 1/r
lim nd, (Bp, 87) =
n—00 2(b—1) r(r+1)

The remainder of this section studies best d,--approximations of . In general, the
question of uniqueness of best d,-approximations is a difficult one, for which only
partial answers exist; see, e.g., [16, Sec.5]. Specifically, B, does not seem to satisfy
any known condition (such as, e.g., log-concavity) that would guarantee uniqueness.
However, uniqueness can be established via a direct calculation.

Theorem 4.5 Let b,r > 1 and n € N. There exists a unique best d.-approximation
83" of Bp, and #supp 63" = n.

Proof Existence follows as in Theorem 3.9; alternatively, see [16, Sect. 4.1] or
[30, Prop. 5.22]. To avoid trivialities, henceforth assume n > 2. If d, (B, 6¢) =
dr (Bp, 82™), then by [30, Thm. 5.23],

Xj+Xj+1
2

bt = Vi=1,....,n—1,

but also

lOgbx'j r—1 P r—1
/ (x,j—by) dy:f (by—x,j) dy Vj=1,...,n. (4.3)

P logy, x ;

Eliminating P and substituting z = b” /x_j in (4.3) yields n equations forx 1, ..., X ,,
namely

*1 dz X

/ @— 1= =27 (—2) :
1 Z X1
X, j X j+1 .
gr< ])=g0< H), Vi=2,...,n—1, “4.4)
x,j_] x,j

< X ) <2b—x,,,>
8r =8 |\— )
X n—1 X.n
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where the smooth, increasing function g,, with a € R, is given by

X r—1
(z—=1D
— - d , > 1.
8a(X) L G+ Z, X

Assume that X € &, also solves (4.4). If X1 > x| then X j41/X; > X j41/x;
and hence ;,j+l > x j41 forall j =0,...,n — 1, but by the last equation in (4.4)
also 2b/X, > 2b/x,, an obvious contradiction. Similarly, X; < x; leads to a
contradiction. Thus, X | = x,1, and consequently X = x. (If n = 1 then (4.4) reduces

to
o1 dz _ 2b —x
/ (z — 1)" = =2! g()(—’l),
1 X1

which also has a unique solution since, as x ; increases from 1 to b, the left side
increases from 0, whereas the right side decreases to 0.) In summary, therefore, x € &,
and p € I, are uniquely determined by d, (,Bb, st ) =d, (,Bb, 8:’”). O

As in the case of best uniform d,-approximations of B, no explicit formula is
available for §J°", not even when r = 2. Still, it is possible to identify asymptotically
best d,-approximations, that is, a sequence (8)1;:) with x, € &, and p, € I, for all
n € N such that

Pn
im & (Beds)

w5 d, (B, 02"

In addition, the d,--quantization coefficient of 8, can be computed explicitly; for details
see [30, Prop. 5.26] and the references given there. Notice that, as r | 1, the result is
consistent with Corollary 4.3.

Proposition 4.6 Let b, r > 1. Then (8%"), with

1+1/r 1 Xn i 4 Xn it
— (1 <br/(r+l) 1) P, = | n,j n,j+ ’
)Cn,/ ( + — n + 1 n,j logb og )

1+1/r
foralln e Nand j =1,...,n—1, andxnn_<1+(b’/(’+l) l)m> ,isa

sequence of asymptotically best d,.-approximations of Bp. Moreover,

rl (b’/(’“) - 1)1“/’

lim nd,(By., 83™) =
nl)ngon r(.Bb (] ) 2(b—1)(10gb)1/r

r

Example 5 For n = Beta(2, 1), given any n € N, a unique best uniform d,-
approximation exists for each r > 1. The best uniform d;-approximations 8", where
2] 1

X = for j = 1,...,n, also constitute a sequence of asymptotically best
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uniform d,-approximations for 1 < r < 2, with

. gl-2r 1/r
nli)ﬂgondr(ﬂv(s. ) = <m) , 4.5)

in analogy to Proposition 4.4. For r > 2, however, this analogy breaks down, as

n 1
lim dr(u, 8%y = ——,
A, Togn 2(1, 84™) e

and lim,,_, o nl/2+1/ "d.(u, 84" is finite and positive whenever r > 2.

Since u is log-concave, or by an argument similar to the one proving Theorem 4.5,
there exists a unique best d,--approximation of ©. While the authors do not know of an
explicit formula for §3-", simple asymptotically best d,-approximations in the spirit
of Proposition 4.6 exist, and

. eny _ olyr—1_ 1 .
ngngondr(u, 8" =2 T Vr>1; (4.6)

see [30, Ex. 5.28]. Note that (4.6) is smaller than (4.5) forevery 1 <r < 2.

Example 6 For the inverse Cantor distribution, for every r > 1 leta, = r~! + (1 —
r_l) log2/log3, and note that log2/log3 < «, < 1. With this, 3%7d,(u, 83 =
dy (i, 84" for all n € N, and it is readily deduced that

22/r=4373/r < por g, (, 8tny < 2V vn e N.

Thus (n”‘" dr(u, 83" )) is bounded below and above by positive constants. (The authors
suspect that this sequence is divergent for every r > 1.)

Best d--approximations also exist, and in a similar spirit it can be shown that
(n&’d, (m, 8:’”)) is bounded below and above by positive constants (and again, pre-
sumably, divergent), where &, = «, log 3/log 2. Note that 1 < @, < log3/log2, and
hence (d, (11, 83)) decays faster than (n~!) for every r > 1.

5 Kolmogorov Approximations

This section discusses best finitely supported dk-approximations. Though ultimately
the results are true analogues of their counterparts in Sects. 3 and 4, the underlying
arguments are subtly different, which may be seen as a reflection of the fact that dyk
metrizes a topology finer than the weak topology of P. (Recall, however, that dx does
metrize the weak topology on Pcts.)

Given u € Pandn € N, forevery x € &, let

1
K®(x) = max {F,L(x,l), 5max’}.;} (Fu—(xjp1) = Fu(x ), 1 = F,L(x,n)} :
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Note that K*(x) = di(, 57™) with IT(x),; = L(Fu(x,j) + Fu(x,j+1)) for all
j = 1,...,n — 1. Existence and characterization of best dk-approximations with
prescribed locations are analogous to Theorem 3.5.

Theorem 5.1 Assume that u € P, and n € N. For every x € &, there exists a best
dg-approximation of |, given x. Moreover; dk (/L, 8,’:) =dk (,u, 8;) if and only if, for
every j =0,...,n,

X <Xjp1 = Fu_(xj41) —K(x) < Pj < Fy(x;)+K (5.1)

and in this case dg (M 8;) = K*(x).

Proof Given x € &, and p € II,,let y € &5, and q € I, as in the proof of
Lemma 3.4. Then

di (1, 87) =maxiy sup |Fu.(t) — Q.

telyiyivil
1 _
> max {Fu()’,l), 3 max" " (Fu—(yis1) — Fu(y.)) . 1 — Fu(y,m)}

1 _
= max {Fﬂ(x,l), 5 max;f:} (Fuf(X,jH) - Fu(x,j)) ,1— Fﬂ(x,n)}

=K*(x).

This shows that Sf(x) is a best dk-approximation, given x, and dk (u, 6;) = K*(x).
Moreover, dgk (/L, 8P ) = K*(x) if and only if

max {[Fue i) = Q| [Fu) = Qi) <K°) Vi=1,...,m—1,
that is,
FM*(.V,I*F]) - K.(x) S Q,l S F,(L(y,l) + K.(x) Vl = 07 "'am5

which in turn is equivalent to the validity (5.1) for every j. O

To address the approximation problem with prescribed weights, an auxiliary func-
tion analogous to £ 7,7 in Sect. 3 is useful. Specifically, given a non-decreasing function
f:R— R,let/ C Rbe any bounded, non-empty interval, and define k7,7 : R — R
as

Kk f1(x) = max {|f_ (x) —inf I

| fr @) —sup 1]}
A few basic properties of « 7,; are easily established.

Proposition 5.2 Let f : R — R be non-decreasing, and @ # I C R a bounded
interval. Then, with s :== 1 (%(inf I + sup I)), the function k y,; is non-increasing
on ] — o0, s[, and non-decreasing on |s, +00[. Moreover, k s 1 attains a minimal value
whenever inf I < %(f_(s) + f+(s)) <supl.
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It is worth noting that « 7 ; may in general not attain its infimum, as the example of
f = 15F,, with u = {1 |j0,5) + 385, and I = [6, 8] shows, for which s = 5, and
kp1(5=)=3,k71(5) =7, k7;(5+) = 9; correspondingly, %(f,(S) + f+(5)) ¢ 1.

By using functions of the form «,;, the value of dk (u, v) can easily be bounded
above whenever v has finite support. For convenience, for every n € N let £, =
{x€&,: x1 <... <x,}. The proof of the following analogue of Lemma 3.4 is
straightforward.

Proposition 5.3 Let u € P andn € N. Forevery x € &, and p € I1,,
dy (1, 87) < max’;_y KF, (PPl }), (5.2)

and equality holds in (5.2) whenever x € .

Consider for instance y = %A |[0,2] + %81, and x = (1, 1). Then, forevery p € I1>,
clearly dg (/L, 55) = %, whereas rnax%z1 KF, [Py, P1(x,j) = % + ‘p,] — %| > %
Thus the inequality (5.2) may be strict if x ¢ Z,7. This, together with the fact that
a function k7 may not attain its infimum, suggests that dk-approximations with
prescribed weights are potentially somewhat fickle. Still, best approximations do exist
and can be characterized in a spirit similar to Sects. 3 and 4. To this end, given u € P
and n € N, for every p € I, let

. (1 .
Ke(p) = dk (u,sg’(m) with s(p),j:FM1 <E (P’,-_1+P,,»)> Vi=1,...,n.

7N)ote that Ko (p) < %max;’.zl p.j» and in fact K, (p) = %max;@zl p,j whenever . €
cts-

Theorem 5.4 Assume that u € P, and n € N. For every p € I1,, there exists a best
dg-approximation of |, given p. Moreover, dg (u,, 85) = dg ([L, Sf) if and only if,
forevery j=1,...,n,

Pj1<Pj = F ' (P;—Kip) <x; <F, ' (Pj_1 +K(p)). (53)

and in this case dg (M, Sf) =K.(p).

Proof Note first that deleting all zero entries of p does not change the value of K, (p),
and hence does not affect (5.3), nor of course the asserted existence of a best dk-
approximation, given p. Thus assume min’;: | p.j > 0 throughout. For convenience,
write £(p) simply as &, and for every x € =, write F, s» as G. To prove the existence
of a best d-approximation of 4, given p, as well as dk (u, 82) = Ke(p), clearly it
suffices to show that

di (1, 87) > d (M 5§) Vxes, (5.4)
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Similarly to the proof of Lemma 3.4, label £ uniquely as

§1=-=&; <éjr1==&j; <Ejp1=-

<= Svjmfl < Eajmfl'f‘l == é-vjm’

with integers i < j; <m for1 <i <m,and jyo =0, j,, = n, and define n € &, and
g€Myasn; = andq; = P, — P j,_,, respectively. With this, 85 = &1, and by
Proposition 5.3,

Ke(p) = dk (M 5?,) =maxL, kg, [0.,_1.0,] (i)
Pick i such thatkp, [0, | 0] (n.i) = Ke(p), that is,

max {|Fy— (n.) = Qi1

Fu(ni) — Q.i]} =Ka(p).

’

Clearly, to establish (5.4) it is enough to show that

max {|Fu— (n.i) — G- (n.i)|. |Fu (ni) — G (n.)|} = Ka(p) (5.5)

and this will now be done. To this end, notice that by the definition of 1,

1 1
5 (Pjii-1+Pji ) < Fu(ni) < 3 (P + Pjii+1) (5.6)

but also | |
5 Py 4 Pji) = Fu(ni) = 5 (Pji + Plji) (5.7

with the convention that P _; =0 and P4+ = 1.
Assume first that Ke(p) = |F—(n,;) — Q,i—1|- If n; < xj,_, then G_ (n;) <
P j_,—1,and hence F,_(n,;) — G_ (n,i) = Fu— (ni) — P,j_,, but also, by (5.6),

Fu— (77,1') -G (77,1‘) > Fu- (ﬂ,i) — P - (2FM— (’7.,1') —Pj-1— Paji—l)
i — Fu— (77,1') ’

and consequently
Fue (ni) = G- (ni) = [Fu— (i) = Pji_y| = |Fue (ni) — Qi1 = Ka(p).

Ifxj_, <ni<xj_+ithenG_(n;) = Pj_, and hence
|Fue (n.i) — G- ()| = Ke(p).
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Finally,if n; > x j_,y1then G_ (i) = Pj,_,+1,andhence G (n,;) — Fu— (n.i) =
P —F, (n,,-), but also, again by (5.6),

G- (77.,1') — Fu- (77,1‘) >Pj 41— Fu- (’7J) - (P»ji—l + P +1—2F,— (’7J))
Fy— (77,1') —Pj_,,

and therefore

G- (ni) = Fu (i) = [Fu— (ni) = Pji | = Ka(p).

Thus (5.5) holds whenever Ko (p) = |Fj,— (n.i) — Q.i-1]-

Next assume that Ko (p) = |F,, (n,i) — Q ;|- Utilizing (5.7) instead of (5.6), com-
pletely analogous arguments show that |F,L (’7,:’) -G (n’,')| > Kq(p) in this case as
well, which again implies (5.5). The latter therefore holds in either case. As seen ear-
lier, this proves the existence of a best dk-approximation of w, given p, and also that
dx (i, 87) = Ke(p).

Finally, with y € &5 and p € [T, as in the proof of Lemma 3.4, observe that
dk (,u, (Sf) = K, (p) if and only if max}" | KF;L,[Q,H»Q,,'](yJ) = K,.(p), by Proposi-
tion 5.3. As seen in the proof of Theorem 5.1, this means that

Fiii (i41) —Ke(p) = Qi < Fu(y) +Ke(p) Vi=0,...,m,

or equivalently,

F Qi —Ke(p) <yi < F ' (Qici +Ka(p)) Yi=1,....m,

which in turn is equivalent to the validity of (5.3) for every j. O

Un

Corollary 5.5 Assume @ € Pgs, and n € N. Then dg (,u, Oy ) > %n_l for all
x € By, with equality holding if and only if

2j—1 2j—1
-1 J —1 J .
F,u—( n )S.X,JEF <T> V]—l,,l’l

By combining Theorems 5.1 and 5.4, it is possible to characterize best di-
approximations of u € P as well. For this, associate with every non-decreasing
function f : R — R and every number a > 0 amap Sr, : R — R, given by

S = fo (S0 + @) +a VxeR

This map is a true analogue of T, in Sect. 3, and in fact, Proposition 3.8, with Tz,
replaced by Sy 4, remains fully valid. Identical reasoning then shows that

K2 := min {a >0: 5y, = 1} < +oo;
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again, (K:”) is non-increasing, nK$" < % for every n, and K" = 0 if and only if
#supp u < n. Notice that if u € Pgts then

a ifx < —a,
Spu,a(x) =1{2a+x if —a<x<l1-a,
a—+1 ifx>1-—a,
from which it is clear that K" = %n_l.
Theorem 5.6 Let v € P and n € N. There exists a best dg-approximation of |, and
dg (,u, 8:’”) = K. Moreover, for every x € E, and p € II,, the following are
equivalent:

(i) dk (1. 8%) = dk (1. 83");
(i) all implications in (5.1) are valid with K®(x) replaced by K",
(iii) all implications in (5.3) are valid with K4 (p) replaced by KJ'".

Proof Note that once the existence of a best dik-approximation of u is established, the
proof is virtually identical to that of Theorem 3.9. Thus, only the existence is to be
proved here. To this end, let a = infycz, pem, dk (,u, sk ), and pick sequences (xi)
and (py) in &, and IT,, respectively, with the property that limy_, o dk (/L 8§kk ) =a.
By the compactness of &), assume w.o.l.g. that limy_, o xx = n € ZE),. Since a <
K®(xx) < dk (1, 8%5), it suffices to show that K*(n) < a. To see the latter, assume
that n ; < n j41 forany j = 1,...,n — 1. Then xt,; < xi, j+1 for all sufficiently
large k, and hence by Theorem 5.1, F,_ (x; j11) — F(xg ;) < 2K®(xx), which in
turn implies

Fyu—m j+1) — Fu(nj) < 1ikrg'g<1>f (Fu—(xx,j+1) — Fu(xi, ) < 2a.

Since, similarly, F), (Tl,l) <aandl-F, (r;,,) < a, it follows that K®(n) < a, as
claimed. O

Corollary 5.7 Assume | € Pets, and n € N. Then K3" = K (u,) = %n_l, and 8¢
withx € E,, p € I, is a best dg-approximation of | if and only if it is a best uniform
dg-approximation of .

Remark 5 (i) By Theorem 5.6, K" = minyeg, K®(x) = min,ef7, Ko(p).

(ii) If u has even a single atom, then K" may be smaller than K, (u,), and thus a
best uniform dk-approximation may not be a best dk-approximation. A simple
example illustrating this is © = %80 + 4—1‘)» |[0,1], where K" = %(2n — D!
whereas K (1)) = %max{n, 2}~1, and hence K" < Ke(up) for every n > 2.

For Benford’s law, the best dk-approximations are the same as the best uniform
di-approximations; see also Fig. 1.

Corollary 5.8 Assume b > 1, and n € N. Then 8}?: with x,; = pRi=D/C) for
all j = 1,...,n is the unique best (uniform) dg-approximation of Bj,. Moreover,
dx (Bp. 82") = An~L.
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* Qx Qxu
. max{b,2} — 1 log(1+ blogb) — log(1 + logb) max{b,2} — 1 blogb
2b—2 log b 2b —2 1+ blogb
1+1/7
. r41 pr/(r+1) _ 1 +1/ (1Ogb)171/'r ( b — 1 )l/r
- 2(b — 1)(log b)/" r 2(b — 1) r(r+1)
1 1
K it it
2 2

Fig. 3 The quantization (Qx) and uniform quantization (Qx ) coefficients of B, for dy; see also Fig. 4

Example 7 For u = Beta(2, 1), both F, and Fu_l are continuous. By Corollaries 5.5
and 5.7, the best (or best uniform) dk-approximation of y is 83", with X =,/ 2j-1

2n
forj=1,...,n,and dx(u, 8") = dk (i, S %n_l. With Examples 1, 3, and 5,
therefore, the sequences (nd*(u, 8:’”)) all converge to a finite, positive limit, and so
do (ndy (1, 8")), provided that r < 2 in case * = r.

Example 8 Even though the inverse Cantor distribution is discrete with infinitely many
atoms, a best uniform dy-approximation exists, by Theorem 5.4. Utilizing (2.4), a
tedious but elementary analysis of F, reveals that (3.7) is valid with dk instead of
dp. With Examples 2 and 6, therefore, (ndy(u, 8s")) is bounded below and above by
positive constants for x = L, 1, K, but tends to +oc for * = r > 1 (Fig. 2).

Very similarly, a best dk-approximation exists, by Theorem 5.6, and the estimates
(3.9) hold with d instead of dy . Thus, (n!°¢3/1°224, (41, 52")) is bounded below and
above by positive constants for * = L, 1, K, but tends to +oc0 for x = r > 1.

6 Conclusion

As the title of this article suggests, and the introduction explains, the general results
have been motivated by a quantitative analysis of Benford’s law, and the precise state-
ments regarding the latter are but simple corollaries of the former. In particular, Sects. 3
to 5 show that the quantization coefficients Q. = lim,_ o0 nds«(Bp, 83°"") and their uni-
form counterparts Qy , = lim,—, oo ndx(Bp, 84" all are finite and positive for each
metric dy considered. Clearly, Q. < Q. forallb > 1. Also, note that (ndx(Bp, 33"))
is non-increasing, possibly constant, whereas (nd* (Bb, 8?")) is non-decreasing.
Figure 3 summarizes the results obtained earlier.

The dependence of Q. and Q. , on b is illustrated in Fig. 4. On the one hand,
QL and Qr, tend to % as b | 1, but also as b — +o0, both attaining their
respective minimal value for b = 2. On the other hand, Q, and Q,, both tend to
%(r + 1)~V as b | 1, whereas limp_, 1o0(logh)!/"Q, = %(r + 1)r—+D/7 and

limp— oo (log ) /"1 Q,, = 3r=V7(r + 1)~V/" Finally, Ok = QO x = 3 for all b.
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Fig. 4 Comparing the A Q2.
quantization coefficients Q. _ -
(solid curves) and uniform 1 i QK’“ - o
quantization coefficients Q 2 QL. » - —
(broken curves) of B, for x = L \ e - =
(red), % = 1,2 (blue), and * = K < ,' oL .-
(black), respectively; see also \ 2 - w
Fig. 3 (Color figure online) -
1 QlA,u
i —— - =
Q2
Q1
b
0 t t —
1 10 100 1000

Remark 6 In the context of Benford’s law, I = [1, b], and since S, < b always, it
may seem more natural to study the approximation problem not on all of P, but rather
on the (dense) subset P := {u € P : u({b}) = 0}. Clearly, d_ and d, both metrize
the weak topology on P but are not complete. (By contrast, dk is complete but not
separable, and induces a finer topology.) Since P is a Gs-set in P, a classical theorem
[11, Thm. 2.5.4] yields, for instance,

3

_ ! o 271 (Gu = Gu)
deo=/|Gu—GA+§:l 1 1
0 k=1 fl—k*l Gu fl—k*l Gy + ‘jl—k” (Gu - G,,)

with G, = b — F " 1'G,=b— F; 1 as an equivalent complete, separable metric
on P. However, d appears to be quite unwieldy, and the authors do not know of an
equivalent complete metric on P for which explicit results similar to those in Sects. 3
and 4 could be established. ~

Also, it is readily confirmed th21~t, given any u € P, there exists a best (or best
uniform) d,-approximation §3" € P (or 84" € P), i.e., these approximation problems
always have a solution in (P, ds), notwithstanding the fact that the latter space is not
complete (if x = L, r) or not separable (if x = K).

For Benford’s law, as seen above, all best (or best uniform) approximations con-
sidered converge at the same rate, namely (n~1); the same is true for the Beta(2, 1)
distribution whenever 1 < r < 2. These are not coincidences. Rather, for many other
probability metrics n~! turns out to yield the correct order of magnitude of the n-th
quantization error as well. Specifically, consider a metric d on P for which

alllF' = F)'lh = d(p, v)

az (€I F2 = F?lloo

IA

+A=OlF = F ) YuveP, (6D
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with positive constants ai, az, s1, $2, and € € {0, 1}; see, e.g., [8,26,27] for examples
and properties of such metrics. Note that validity of (6.1) causes d to metrize a topology
at least as fine as the weak topology, and clearly (6.1) holds for any d = d,. The latter
fact, together with [16, Thm. 6.2] yields a simple observation regarding the prevalence
of the rate (n~!).

Proposition 6.1 Let d be a metric on P satisfying (6.1). Then, for every p € P,

limsup ninf,ez, pen, d(u, 8)[;) < 400,
n—oo

and if u is non-singular (w.r.t. 1) then also

liminf ninfyez, per, d(1, 87) > 0.
n—oo

Remark 7 (i) Apart from d,, examples of familiar probability metrics that satisfy
(6.1) include the discrepancy distance sup; g | (/) — v(/)| and the L"-distance
IIF, — F,ll, between distribution functions [26]. For the important Prokhorov
distance, validity of the right-hand inequality in (6.1) appears to be unknown [15],
but best approximations are suspected to converge at the rate (n’l) regardless [17,
Sec.4]. Also, (n~!) is established in [9] as the universal rate of convergence for
best approximations under Orlicz norms, which contains d, as a special case.

(i) In [27, Sec.4.2], for any a > 0, the a-Lévy distance

di,(u,v) =inf{y >0: F,(- —ay) —y < F, < F,(- +ay) + y}

is considered. Every d , satisfies (6.1), and d|, = dk, d, = w~'d| . Usage of
a-Lévy distances may enable a unified treatment of the results in Sects. 3 and 5.

(iii) Under additional assumptions on u, the value of ninf ¢ 5, d (1, 8%™) can similarly
be bounded above and below by positive constants [30, Thm. 5.15].

Finally, it is worth pointing out that, though motivated here by Benford’s law,
compactness of the interval I was assumed largely for convenience, and can easily
be dispensed with for many of the general results in this article. For instance, if I
is (closed but) unbounded then (2.2), with w = 1, still yields d| as a complete,
separable metric inducing the weak topology on P, though the latter no longer is
compact. Clearly, Theorem 3.5 is valid in this situation, as (3.1) holds for f = F,
and any interval / C R. Even though (3.1) may fail for f = F w ! when supp 1 is
unbounded, it is readily checked that nevertheless the conclusions of Proposition 3.3
remain intact for £ EoL provided that I C [0, 1] but I # {0} and I # {1}. With
oF o=k

F {0} Foo {1}
3.9. Analogously, Theorems 5.1, 5.4, and 5.6 all can be seen to be correct, with the
definition of K, (p) understood to assume that p 1 p, > 0. By contrast, the classical
L'-Kantorovich distance d; (i, v) = ||FM’] — FV’1 |I1 is defined only on the (dense)
subset P; = {pL eP: fH x| du(x) < —|—oo} where it metrizes a topology finer than
the weak topology. Still, with P replaced by P;, Proposition 4.1 also remains intact;

= 0, then, Proposition 3.6 holds verbatim, and so does Theorem
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see, e.g., [30, Sec.5]. Note that the sequence (nd* (u, 8?”)) is bounded when * = L, K
because d_ < di, whereas (nd; (i, §2")) may decay arbitrarily slowly; see [30, Thm.
5.32]. For asimple application of these results to a probability measure with unbounded
support, let 11 be the standard exponential distribution, i.e., F, (x) = max{0, 1 —e™*}.
Calculations quite similar to the ones shown earlier for Benford’s law yield

. R log2 . 1
n&rréondL (M’ 8.’11) = 2 liygondl- (,LL, 8- ) - E’

whereas

1
lim nd; (/L, 8:’”) =1 but lim Ldl(u, 3umy = —,
n— 00 n— 00 logn 4

and clearly ndk (i, 88™) = ndk(i, 8s") = % for all n. Even though pu has finite
moments of all orders, there exist probability metrics d for which (nd (u, 8:’”)) is
unbounded; see [17, Ex. 5.1(d)].
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