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Abstract In this paper, we consider a large class of subordinate random walks X on
the integer lattice Z¢ via subordinators with Laplace exponents which are complete
Bernstein functions satisfying some mild scaling conditions at zero. We establish esti-
mates for one-step transition probabilities, the Green function and the Green function
of a ball, and prove the Harnack inequality for nonnegative harmonic functions.
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1 Introduction

Let (Yi)i>1 be a sequence of independent, identically distributed random variables
defined on a probability space (2, F, IP), taking values in the integer lattice Z¢, with
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distribution P(Yy = ¢;) = P(Yy = —e;) = 1/2d,i = 1,2,...,d, where ¢; is the
i-th vector of the standard basis for R?. A simple symmetric random walk in Z4
(d > 1) starting at x € 74 is a stochastic process Z = (Zy)n>0, With Zg = x and
Zn=x+Y1+---+Y,.

Let Z = (Z,)n>0 be a simple symmetric random walk in 74 starting at the origin.
Further, let

d() ::/ (1 —e™) pu(dn)
(0,00)

be a Bernstein function satisfying ¢ (1) = 1. Here p is a measure on (0, 00) satisfying
f (0.00) (1 At)p(dt) < oo called the Lévy measure. For m € N denote

¢ tm
c :=/ —e Tu(dt) (1.1)
©

,00) m!

and notice that

Z = / ¢ — e pu(dt) = / (1 —e Hpu(dn) = (1) = 1.
bt ©, oo)

(0,00)

Hence, we can define a random variable R with P(R = m) = cﬁ,, m € N. Now we

define the random walk 7 = (7},),>0 on Zy by T,, := Y ;_; Rk, where (Ri)i>1
is a sequence of independent, identically distributed random variables with the same
distribution as R and independent of the process Z. Subordinate random walk is a
stochastic process X = (X,)n,>0 which is defined by X,, := Zr,, n > 0. It is
straightforward to see that the subordinate random walk is indeed a random walk.
Hence, there exists a sequence of independent, identically distributed random variables
(&x)k>1 with the same distribution as X such that

Xo £33 & n>0. (12)

We can easily find the explicit expression for the distribution of the random variable
X1:

P(X1=x)=P(Zy, =x)=P(Zg, =x) = X:IP’(ZR1 =x| Ry :m)cf;,

m=1

= Z/ —e "W@DOP(Zy = x), x € Z°. (1.3)
0,

oo)m

We denote the transition matrix of the subordinate random walk X with P, i.e., P =
(p(x.y) : x,y € Z7), where p(x, y) = P(x + X1 = y).

We will impose some additional constraints on the Laplace exponent ¢. First, ¢ will
be a complete Bernstein function [13, Definition 6.1.] and it will satisfy the following
lower scaling condition: there exist 0 < y; < 1 and a; > 0 such that
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R Y1
a1<—) , VO<r<R<KI. (1.4)

¢(R) >
¢(r)

r

Additionally, ¢ will satisfy upper scaling condition of the following shape: there
exist y1 < y» < 1 and ap > 0 such that

Y.
¢(R)<a2<5>2, VO<r<R<I (1.5)

$(r) r

However, it is well known that, if ¢ is a Bernstein function, then ¢ (At) < A (¥)
forall A > 1, ¢ > 0, implying ¢ (v)/v < ¢ (u)/u, 0 < u < v. Using these two facts,
proof of the next lemma is straightforward.

Lemma 1.1 [f ¢ is a Bernstein function, then forall A, t > 0, 1 AL < d(Mt) /P (2) <
1vA

Using Lemma 1.1 we get

P (R) gﬁ, VO<r<R<I1,

¢y
and this looks like upper scaling condition with ay = y» = 1. We will need (1.5) in
dimensions d < 2, but in dimensions d > 3 Lemma 1.1 will sometimes suffice so we
won’t need to additionally assume (1.5).

The main result of this paper is a scale-invariant Harnack inequality for subordinate
random walks. The proof will be given in the last section. Before we state the result,
we define the notion of harmonic function with respect to subordinate random walk
X.

Definition 1.2 We say that a function f : Z¢ — [0, co) is harmonic in B C Z¢, with
respect to X, if

[ =Pf@) =) px,Nf(), VxeB

yezd

This definition is equivalent to the mean-value property in terms of the exit from
a finite subset of Z4: If B c Z? is finite then f 74 — [0, 00) is harmonic in
B, with respect to X, if and only if f(x) = E,[f(X;)] for every x € B, where
tg:=inf{n > 1: X, ¢ B}.

For x € Z¢ and r > 0 we define B(x,r) := {y eZ¢: |y —x| < r}. We use
shorthand notation B, for B(0, r).

Theorem 1.3 (Harnack inequality) Let X = (X,,),>0 be a subordinate random walk
inZ% d > 1, with ¢ a complete Bernstein function satisfying (1.4) and (1.5). For each
a < 1, there exists a constant ¢, < oo such that if f : 74 — [0, 00) is harmonic on
B(x, n), with respect to X, for x € Z¢ and n € N, then

fx1) <caf(x2), Yxi,x2 € B(x,an).
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Notice that the constant ¢, is uniform for all n € N. That is why we call this result
scale-invariant Harnack inequality.

Some authors have already dealt with this problem and Harnack inequality was
proved for symmetric simple random walk in Z¢ [9, Theorem 1.7.2] and random
walks with steps of infinite range, but with some assumptions on the Green function
and some restrictions such as finite second moment of the step [2,10].

Notion of discrete subordination was developed in [6] and it was discussed in details
in [4], but under different assumptions on ¢ than the ones we have. Using discrete
subordination, we can obtain random walks with steps of infinite second moment
(see Remark 3.3). Harnack inequality for specific random walks with steps of infinite
second moment was proved in [3] and the random walk considered there can also be
obtained using discrete subordination.

In Sect. 2 we state an important result about gamma function that we use later, we
discuss under which conditions subordinate random walk is transient and we introduce
functions g and j and examine their properties. The estimates of one-step transition
probabilities of subordinate random walk are given in Sect. 3. In Sect. 4 we derive
estimates for the Green function. This is very valuable result which gives the answer
to the question related to the one posed in [5, Remark 1]. Using estimates developed
in Sect. 3 and 4 and following [11, Sect. 4], in Sect. 5 we find estimates for the Green
function of a ball. In Sect. 6 we introduce Poisson kernel and prove Harnack inequality.

Throughout this paper,d > 1 andthe constantsay, a2, y1, y2andC;,i = 1,2,...,9
will be fixed. We use c1, 3, ... to denote generic constants, whose exact values are
not important and can change from one appearance to another. The labeling of the
constants c1, ¢z, . . . starts anew in the statement of each result. The dependence of the
constant ¢ on the dimension d will not be mentioned explicitly. We will use “:=" to
denote a definition, which is read as “is defined to be”. We will use dx to denote the
Lebesgue measure in RY. We denote the Euclidean distance between x and y in R? by
|x —y|.Fora, b € R,aAb := min{a, b} and a v b := max{a, b}. For any two positive
functions f and g, we use the notation f < g, which is read as *“ f is comparable to
g7, to denote that there exist some constants c¢;,c2 > Osuchthatc1f < g < oo f
on their common domain of definition. We also use notation f ~ g to denote that

limy s 00 f(x)/g(x) =L

2 Preliminaries

In this section, we first state an important result about the ratio of gamma functions
that is needed later. Secondly, we discuss under which conditions subordinate random
walk is transient. At the end of this section, we define functions g and j that we use
later and we prove some of their properties.
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2.1 Ratio of Gamma Functions
Lemma 2.1 LetT'(x,a) = f:o t*~Le=tdt. Then

Fx+1, 1
m LeFLD 1 .1
x—oo ['(x 4+ 1) 2

Proof Using a well-known Stirling’s formula
F'x+1) ~2axx%e™, x— o0 2.2)

and [1, Formula 6.5.35] that states

Fx+1,x)~vV2-laxx‘e™, x— o0

we get

F(x+1,x) . N2 lgx x¥e™ 1

im = lim = .
x>0 [(x +1) x—=00 /27X x¥e X 2

2.2 Transience of Subordinate Random Walks

Our considerations only make sense if the random walk that we defined is transient.
In the case of a recurrent random walk, the Green function takes value 4-oo for every
argument x. We will use Chung—Fuchs theorem to show under which condition sub-
ordinate random walk is transient. Denote with ¢, the characteristic function of one
step of a subordinate random walk. We want to prove that there exists § > 0 such that

1
/ Re <—> df < +o0.
(—5,8)¢ 1 —ox,(0)

The law of variable X is given with (1.3). We denote one step of the simple symmetric
random walk (Z,), >0 with Y} and the characteristic function of that random variable
with ¢. Assuming |0| < 1 we have

o, ©) =E[7X1] = 37 o0 Z/ e AP (Zyy = )

m!
xeZd m=1 Y (0;+00)

= Z/O+ )Je " (dr) Z elex]P)(Zm =x)

xezd

—Z / e uane)”
(0,4+00) M
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- / (e"/’“’) - 1) e~ u(dr)
(0,400)
=¢() —d(l —9@) =1—9¢( —¢©)).

From [9, Sect. 1.2, page 13] we have
1 &
9O) ==Y cosOn), 0=01,0,....0m).
m=1

That is function with real values so

/ Re (;> o = / 1
(—8,8)% 1 —ox,(0) (—5.5) ¢(1 —(9))

From Taylor’s theorem it follows that there exists a < 1 such that
1
@) =¢©) <1-I0F, 0 €BO,a). 23)

Now we take § such that (-8, 5)d C B(0, a). From (2.3), using the fact that ¢ is
increasing, we get

1 1

< , 0€B0,a).
6 —o@) = ¢ (o2 * PO

Hence,

/ 1 / 1 / P01 1
——df < ————df < de
(8,87 ¢(1 —¢(0)) 8.8 ¢ (1012/4d) Bo.w ¢ (1017/4d) $(101%)

a .d—1
< 4d VZ/ —d
@EDT | o 500D =

i) / @
0

0 =ci1(4d)”? dr

I0) P (r?)
o Q@ @ad)” /“ pd=272-14,.
¢(a) 0

and the last integral converges for d — 2y, — 1 > —1. So, subordinate random walk
is transient for y» < d/2. Notice that in the case when d > 3 we have y» < d/2
even when y» = 1. That is the reason why we sometimes do not need (1.5) in proving
results in dimensions higher than or equal to 3. We will always state whether we need
(1.5) for all dimensions or only for dimensions d < 2.
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2.3 Properties of Functions g and j

Let g : (0, +00) — (0, +00) be defined by

1
g(r) = W 2.4)

and let j : (0, +00) — (0, +00) be defined by
J)y =r"ee). (2.5)

We use these functions in numerous places in our paper. In this section, we present
some of their properties that we need later.

Lemma 2.2 Assume (1.5), ifd <2, andlet 1 <r < q. Then g(r) > az_lg(q).

Proof Using (1.5) and the fact that d > 2y, we have

) ! > L (D) 00> Lo

8\r) = — ) /_(_> 8\q) =z —8¢q).

rodg (-2 207) T ar \r ap
qdqd)(q )¢(q—2)

We prove similar assertion for the function j.

Lemma 2.3 Assume (1.4) and let 1 <r < q. Then j(r) > a1j(q).

Proof Using (1.4) we have

d =2 d+2
P a (D)™ @z aiw.

J) =g q?) >a (4
= 6@ ,
O

Using (1.4), (1.5) and Lemma 1.1, we can easily prove a lot of different results
about functions g and j. We will state only those results that we need in the remaining
part of our paper. For the first lemma, we do not need any additional assumptions on
the function ¢. For the second one we need (1.4) and for the third one we need (1.5).

Lemma 2.4 Letr > 1. If0 < a < 1 then

jlar) <a=2j(r), (2.6)

glar) = a " 2g(r). 2.7)
Ifa > 1 then

jlar) = a 72 (). 2.8)
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Lemma 2.5 Assume (1.4) and let O < a < 1 andr > 1 such that ar > 1. Then

g(r)
glar) < P (2.9)
Lemma 2.6 Assume (1.5) and letr > 1. If0 < a < 1 such that ar > 1 then
g(r)
> ——. 2.10
san) > o 2.10)
Ifa > 1then
az
glar) < s g(r). (2.11)

3 Transition Probability Estimates

In this section, we will investigate the behavior of the expression P(X| = z). We will
prove that P(X| = z) =< j(|z]), z # 0. First we have to examine the behavior of the
expression cffl.

Lemma 3.1 Assume (1.4) and (1.5) and let cfl be as in (1.1). Then

—1
cﬁxmz),meN G.1)

Proof Since ¢ is a complete Bernstein function, there exists completely monotone
density w(¢) such that

o0 tm
c;ﬁ =/ —e 'u()dt, meN.
0 m!
From [8, Proposition 2.5] we have

w@o) <=2l =i to™, >0 (3.2)

and

u(t)y = lea™h, 1> 1. (33)
Inequality (3.3) holds if (1.4) and (1.5) are satisfied and for inequality (3.2) we do not
need any scaling conditions. Using monotonicity of u, (2.1) and (3.3) we have

é wu(m)
cr = —
m = m! 0

I(m+1, m)) cap(m™h

C(m+ 1) wim) = =

m
t"e 'dt = u(m) (1

for m large enough. On the other side, using inequality (3.2), monotonicity of  and
Lemma 1.1, we get
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1 m —1 m 00
cfl < / t"e ey qj( ) ,u( ') f t"Me~ ds

<o ”)f - —"”(I_l) (’")/ e ds

( )— edt + p(m) = c1pm =D L my
<cip(m™ o) w(m) = ci¢ o) w(m
pm~h) ¢<m ‘)_ p(m~h)
+c1 Cq .

m m

m

<

Hence, we have

g™ 4 97D
4 m " m

for m large enough, but we can change constants and get (3.1). O

We are now ready to examine the expression P(X| = z).
Proposition 3.2 Assume (1.4) and (1.5). Then

P(X; =2) < |z2I™9¢(Iz]%), z#0.

Proof Using (1.3) and the fact that P(Z,, = z) = 0 for |z| > m, we have
P(X1=2)= Y chP(Zn=2).
mz|z|

To get the upper bound for the expression P(X| = z) we will use [7, Theorem 2.1]
which states that there are constants C’ > 0 and C > 0 such that
‘2

P(Zy =2) <Cm 3¢ én, Vzez! VYmeN. (3.4)

Together with (3.1) this result yields

—1 . o] o2
P(Xi=2)< Y a2 et <o [ e F
m

m>\z| |z]

2\ —9-1 2
—Cz/ $(Cslz |—2)('Z' ) = %ds

|z
= c3lz|” d(/ ¢(Cslz|™ 2)s -1 _Sds+/

C
=: c3]z| 7 (11 (2) + D (2)).

A=

q)(CsIzI_z)sg_le_Sds)

Let us first examine /1 (z). Using (1.4), we get

1
e [F O o .
1@ = (2] )/0 P ds < csd (2 D).
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Using Lemma 1.1 instead of (1.4) and replacing the upper limit in the integral by oo,
we get 1,(2) < es¢(|z|72). Hence, P(X| = 2) < colz| (12 72).

In finding the matching lower bound for P(X| = z), periodicity of a simple random
walk plays very important role. We write n <> x if n and x have the same parity, i.e.,
if n + x1 + x2 + - - - + x4 is even. Directly from [9, Proposition 1.2.5], we get

P(Z, =2) > cym~ 2 e~ I (3.5)

for 0 <> z <> m and |z] < m%, @ < 2/3. In the case when 1 <> z <> m we have

QU

P(Zn =2) = Z (P(Zn1=z2+e) +P(Zp-1=2—e)].  (3.6)

1
2d

By combining (3.5) and (3.6), we can easily get

d 122
P(Zy =2) > cgm™Te am, 2] <mZ,1 <7< m. 3.7)

We will find lower bound for P(X| = z) when z <> 0 by using (3.5), the proof when
z <> 1 being analogous using (3.7). If z < O then P(Z,, = z) =0 form = 2] — 1,
| € N. Hence,

-1 e
P(X1=2) > Z cgd)(m )m_%e_g#mI

m
m>=|z|2,m=2l

1 L2
_ Z d(2D)~ )(21)77 7d|d
21
1>1z]2/2
[} 1
2610/ ¢((20)~ )(20_, —dl dt
|Z\2/2 2t
€10

iy, —d_q _dl”
— 1t s 2 dt
5 mz(b( ) ,

d -4
_ew %, 2s d|z|*\ 2 - dlzlzds
2 Jo d|z|? 2s 252

d 2: -2
_ ¢ (Zzl~ ) TR
nlelg(zi?) [* LT e

d

> enlzl” ¢(|z|—2)f ste™ds = cnalzl (12,

N\&.

where in the last line we used Lemma 1.1. |

Remark 3.3 It follows immediately form Proposition 3.2 that the second moment of
the step X is infinite.
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4 Green Function Estimates

The Green function of X is defined by G (x, y) = G(y — x), where

Gy)=E [Z ﬂ{xn—y}} :
n=0

We can rewrite that in the following way

G =) PXu=y) =) PZr,=y) =) Y P(Zy=yPT,=m)
n=0 n=0

n=0m=0
=D D PTi=mP(Zy=y)= ) cmP(Zy =) @.1)
m=0n=0 m=0
where o
c(m) =Y P(T, = m), (4.2)
n=0

and 7, is as before. Now we will investigate the behavior of the sequence c(m). Instead
of assuming that ¢ is a complete Bernstein function, we will assume that ¢ is only a
special Bernstein function. Using that assumption, we have

o / e M u(t)de (4.3)
(0,00)

for some non-increasing function u : (0, co) — (0, co) satisfying fol u(t)dt < oo,
see [13, Theorem 11.3.].

Lemma 4.1 Let c(m) be as in (4.2). Then

1
c(m) = —‘/ tme_tu(t)dt, m € Np. 4.4
m: (0,00)

Proof We follow the proof of [4, Theorem 2.3]. Define M (x) = ng cc(m),x e R.
The Laplace transformation £(M) of the measure generated by M is equal to

LM)(L) = f e AM(x) = Y c(m)e M =Y " e MY T P(T, = m)
0.00) m=0 m=0 n=0
=> Y e MP(T, =m)
n=0m=0
00 L o] iR, n 1
_ ’;E[e M = ; <E[e IR ]) = R (4.5)
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Now we calculate E[e 2817

_)\,Rl] _ Ze—lm\/\ _'e M(dt)

=f (e’e’ — 1) ) =1 — (1 —e ),
(0,00)

where we used ¢ (1) = 1 in the last equality. Hence, L(M)(X) = 1/¢(1 — e™). On
the other hand

00 —\m

1 t
) —f e u(t)dr e =/ e § : G L ar
oM J0.00) 0.00) m!

m=0

-1 1
_ —t(l—e™) _
= /(o,oo) e u(r)dr = =St 4.6)

Since L(M)(L) = 1/¢(1 — e™*), from calculations (4.5) and (4.6) we have

Z c(m)e ™" = Z — / e u(t)dr e M

m=0

The statement of this lemma follows by the uniqueness of the Laplace transformation.

O
Lemma 4.2 Assume (1.4). Then
(m) =< —— eN
cim) x ———, m .
me(m=")
Proof Let u be as in Lemma 4.1. From [8, Corollary 2.4.] we have
u@®) <A —e H o H =i lope™H™, >0. 4.7
and
u@) et tp™H > L 4.8)

Inequality (4.8) holds if (1.4) is satisfied and for inequality (4.7) we do not need any
scaling conditions. Using monotonicity of u, (2.1) and (4.8), we get

o
c(m) > u(m)—/ e 'dr
0

B u(m)( 'm+1, m)) —u(m) c3
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for m large enough. Now we will find the upper bound for c(m).

1 " m ,—t 1 u(m) /oo m ,—t
— t dr
c(m) < m'/(; t"e TP dr + PR e

c4

—t
S m'qb(m—l)/ e u(m) < e

since ¢ is an increasing function. Hence,

— 5 <em < —2
mepm1) > S g mT)

for m large enough. We can now change constants in such a way that the statement of
this lemma is true for every m € N. O

Theorem 4.3 Assume (1.4) and, if d < 2, assume additionally (1.5). Then

G(x) < [x] > 1. 4.9)

1
|9 (lx|=2)

Proof We assume |x| > 1 throughout the whole proof. In (4.1) we showed that
G(x) = Z;’le c(m)p(m, x), where p(m,x) = P(Z, = x). Let g(m,x) =

XZ
2(d/Q2em))% e~ and E(m, x) = p(m, x) — ¢(m, x). By [9, Theorem 1.2.1]
|E(m, )| < cim™% /|x . (4.10)

Since p(m, x) = 0 for m < |x|, we have

Gx)y= Y cmpmx)+ Y cmpm x)=Ji(x)+ Jr(x).

m>|x|? [x|<m<x]?
First we estimate

H@) = Y cmgm,x)+ Y cmE@m, x) = Ji1(x)+ Jia(x).

m>|x|? m>|x|?

By Lemma 4.2, (4.10) and (1.5)

d

m2 ) d(x1™?) _a_,
200l < & lez s ~ s X|:|2 i
63|x|*2)/2 o0 yzf%,l _C_4 1
S xPox72) Jip T x x4 (x|

Now we have
lim |x9¢(1x| ™) |J12(x)| = 0.
|x]—00
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By Lemma 4.2, (1.4) and (1.5)

o0 1 4 _dix? 1 ¢(|x| _dix?
Jiilx) < — e T dr = — T t le= 70 dr
2 fQ() d(x[77) Jxz 6G™)
—2}/,' o0 x2
[x| d dis dr

= t
P (1x172) Jxp
d 1
= s2ViTle S Qe e —
Ix|9¢ (Jx|~2) /o Ix19¢ (|x|~2)

where the last integral converges because of the condition y» < d/2. We estimate
J2(x) using (3.4) and (1.4):

|X‘2 t_%—l xz |)C‘ 2 ‘(2
J2(x) < C5/ —le_%dt s — ¢ (x|~ 1 )t_7_1 _udt
ko QT d(xI72) Jiy  #GhH
C5|)C|_2yl ei? 12

M1l e dy

g -
arp(Ix172) Jix|

1xl —d_q
esle 72 RN
- a1¢>(|x|—2) Cs Cs?

s2 =l 7

< —————+ Sds = ——mm———.
|x|d¢(|x| 2)/ P T K (x D)

Using Ji1(x) > (2cg)/(Ix1¢ (1x|7%)) and Ji2(0)[x|?(1x]7?) > —cs for |x| large
enough and for some constant cg > 0, we get

GO (x1™3) = T )Ix 1o (1x172) + i) x99 (1x|72) = 2c5 — s = c3
On the other hand
G)Ix|9p(1x]72) < co + Jia(0)|x 9P (|x]72) + ¢7 < 2¢9 4 ¢7 = c1o.

Here we used Jij(x) < co/(Ix[9¢(1x|72), L(x) < c7/(x|9¢(1x|72)) and
le(x)|x|d¢(|x|_2) < c¢g for |x| large enough and for some constant cg > 0. So,
we have cg < G(x)|x|9¢(|x|~2) < c19 for |x] large enough. Now we can change the
constants cg and cjq to get

G(x) < forall |x| > 1

|9 (lx]=2)
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5 Estimates of the Green Function of a Ball

Let B C Z¢ and define

p—1
Gp(x,y) =E, [Z n{x,,:y}}
n=0

where tp is as before. A well-known result about Green function of a set is formulated
in the following lemma.

Lemma 5.1 Let B be a finite subset of Z¢. Then
GB(X’)’):G(X’Y)_EX[G(XIB’)’)], x»yEB,

1

G 9 =—’
50 0) Py (tp < 0x)

X € B,

where o, =inf{n > 1: X,, = x}.

Our approach in obtaining estimates for the Green function of a ball uses the max-
imum principle for the operator A that we define by

(Af)(x) == ((P=1) f)(x) = (PfHx)—Uf)(x) = Z px. ) f()—=fx). G.1)

yezd

Since Zyezd px,y)=1and p(x,y) =P(X; = y — x) we have

(AP = Y PXi =y —0)(f) — f(x)).

yezd

Before proving the maximum principle, we will show that for the function n(x) :=
Ex[tp,] we have (An)(x) = —1, forall x € B,. Let x € B,,. Then

n(x) =Y Eilrs, | X1 = yIP (X1 =)

yezd
=Y (1 +E[tp,DP(X1 =y —x) = 1 + (P (x)
yezd
and this is obviously equivalent to (An)(x) = —1, for all x € B,. It follows from

Definition 1.2 that f is harmonicin B C 74 if and only if (Af)(x) =0, forallx € B.

Proposition 5.2 Assume that there exists x € 74 such that (A f)(x) <O0. Then

f(x) > inf f(y). 5.2)
yeZd
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Proof 1f (5.2) is not true, then f(x) < f(y),forall y € 74 . In this case, we have

(PHX) =Y PXi=y—x)f0)=fx) Y PXi=y—x)=f(x).

yezZd yezd

This implies (Af)(x) = (Pf)(x) — f(x) = 0 which is in contradiction with the
assumption that (Af)(x) < 0. O

We will now prove a series of lemmas and propositions in order to get the estimates
for the Green function of a ball. In all those results, we assume (1.4) and, if d < 2,
we additionally assume (1.5). When we use some results from Sect. 3, we need (1.5)
even when d > 3, but in other cases, we can use Lemma 1.1 instead. Throughout the
rest of this section, we follow [11, Sect. 4].

Lemma 5.3 There exist a € (0, 1/3) and C > 0 such that for everyn € N
GBn(xfy)>ClG(x7y)a Vx,yEBarp (53)
Proof From Lemma 5.1 we have

GB” (x’ )’) = G(x’ )’) - EX[G(XTBH > y)]

We will first prove this lemma in the case when x # y. If we show that
EX[G(Xan , W] < c1G(x, y) forsomecy € (0, 1) we will have (5.3) with the constant
¢y =1—cj.Leta € (0,1/3) and x, y € Bg,. In that case, we have |x — y| < 2an.
Since X, ¢ By, x # yand (1 —a)/(2a) > lifand only if a < 1/3, we have

y = Xep | = (1 —a)n = 2aa2an >

2a

a
lx —yl = 1. (5.4

Using Theorem 4.3, (5.4), Lemma 2.2 and (2.11), we get

l1—a
G(Xrp,, y) < 8(ly — Xzp, ) < a2g < 0 lx — yl)

, [ 2a d=2y ,( 2a d=2y
S a -2 gllx —yh) < a3 - G(x,y).

Since 2a/(1 —a) — O whena — 0 and d > 2y», if we take a small enough and
then fix it, we have IEX[G(XTBn W] < c1G(x,y) for ¢c; € (0,1) and that is what
we wanted to prove. Now we deal with the case when x = y. From Lemma 5.1 we
have G, (x, x) = (P(1p, < o,))~! and from the definition of the function G and the
transience of random walk we get G(x, x) = G(0) € [1, 0o). Now, we can conclude
that

G, (x,x) > 1=(G(0)~'G(0) = (G(0)) ' G(x, x).

If we define C; := min{cs, (G(0))~!} we have (5.3). m|
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Using Lemma 5.3 we can prove the following result:

Proposition 5.4 There exists constant Cy > 0 such that for alln € N

C
W, Vx e B%, (55)

where a € (0, 1/3) is as in Lemma 5.3.

Ex [TBn ] 2

Proof Letx € B% .Inthat case, we have B(x, an/2) C B,,. Wesetb = a/2 for easier
notation. Notice that E,[7p,] = Zy B, Gp,(x,y). Using this equality, Lemma 5.3,
Theorem 4.3 and Lemma 1.1, we have

Eitpl> Y. Gp.y)= Y  CGxy=x Y.  glx—y)

yeB(x,bn) yeB(x,bn)\{x} yeB(x,bn)\{x}

bn B bn 1 bn 1¢(I’l72)
d—1 _

/1 8¢ dr_/l o DY = g 2)/ r o)
1 bn 1l

s A

1 1 e
I I >
2a0y2¢ (n~2) [ nzn} daryrp(n=2)

X

for n large enough. Hence, we can conclude that E[tp,] > C> /d)(n’z), for all
X € Ba, for n large enough and for some C; > 0. As usual, we can adjust the
constant to get the statement of this proposition for every n € N. Notice that this is
true regardless of the dimension because here, we can always plug in y» = 1. O

Now we want to find the upper bound for E,[7p, ].

Lemma 5.5 There exists constant C3 > 0 such that for alln € N

Cs
¢(n=2)

EX[TB,L] < , Yx eB, (5.6)

Proof We define the process M f= (M,{ )n>0 With

n—1

Ml = f(Xa) = F(Xo) = Y (Af)(Xp)

k=0

where f is a function defined on Z¢ with values in R, A is defined as in (5.1) and
X = (Xn)n>0 is a subordinate random walk. By [12, Theorem 4.1.2], the process M /
is a martingale for every bounded function f. Let f := 13, and x € B,. By the
optional stopping theorem, we have

B, —1

EcM{ 1=E, | f(Xey) — f(X0) = Y (Af)(Xp) | = E[M]]=0.

k=0
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Hence
‘L’Bn —1

E.[f(Xep) — fX0)] =Ec | Y (ANX0) |- (5.7)

k=0

We now investigate both sides of the relation (5.7). For every k < tp,, Xk € By, and
for every y € By, using Proposition 3.2, (1.4) and (1.5), we have

AP =Y PXi=u—)fw—fo)=<— Y lu—y ™ ¢qu—y?

uEZd MEBSH
- _ —d d=1g. — _ =2 _1¢(r_2)
= / b 2r1Ndr = —¢(n )/ o
n=2vi
= —¢(n?) / —dr = —pn M — < ).
2y;
Using the above estimate, we get
T, —1 T, —1
Ec| D (ANXW) | <EBy | = Y ¢ | =—p(n HEilrp,].  (5.8)
k=0 =i

Using (5.7), (5.8) and Ex [ f (X1,) — f(X0)] = Pu(Xvp, € Bop) — 1 = =Py (Xqy, €
BS,), we get
Py (Xr,, € BS,) =< ¢(n"HE[15,]
and this implies
C3Py(X+y, € BS,) G
¢(n=?) IR

Eylrp,] < (5.9
O

In the next two results, we develop estimates for the Green function of a ball. We
define A(r,s) :=={x € Z¢ :r <|x| <s}forr,s e R,0<r <s.

Proposition 5.6 There exists constant C4 > 0 such that for alln € N
Gg,(x,y) < Can™“n(y), Vx € Bau,ye Alan/2,n), (5.10)

where n(y) = Ey[tp,] and a € (0, 1/3) is as in Lemma 5.3.

Proof Let x € B% and y € A(an/2,n). We define function h(z) = G, (x, 2).
Notice that for z € B, \ {x} we have

h(z) = Gp,(x,2) = Gp,(z, x)
= Y P(Xi=y—-2Gg,(y,x) = ) PXi=y—2h(y.

yeZd yeZzZd
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Hence, & is a harmonic function in B, \ {x}. If we take z € B(x,an/16)¢ then
|z — x| = an/16 > 1 for n large enough. Using Lemma 2.2 and Theorem 4.3 we get

glan/16) > a;'g(lz — x|) < G(x,2) > Gp,(x,2) = h(2).

Hence, h(z) < kg(an/16) for z € B(x, an/16)¢ and for some constant k£ > 0. Notice
that A(an/2,n) € B(x,an/16)“,hence y € B(x, an/16)¢. Using these facts together
with Proposition 3.2, we have
A(h Akg(an/16))(y) = Alh A kg(an/16) — h)(y)
= Z P(X1 =v—y)(h(v) ANkglan/16) — h(v) — h(y) A kg(an/16) + h(y))

veZd

= Y jv—yD(h@) Akgan/16) — h(v))

vEB(x,an/16)

>— Y j(v—yDh)

vEB(x,an/16)
> — Z a; ! jlan/16)h(v) = —a; ' j(an/16) Z Gp,(x,v)
vEB(x,an/16) vEB(x,an/16)
> —ay ! j(an/16)n(x),
where in the last line we used Lemma 2.3 together with |[v — y| > an/16 > 1 forv €

B(x, an/16) and for n large enough. Using (2.6) we get j (an/16) < (a/16) —d=2 ().
Hence, using (5.6), we have

Ah A kg(an/16)(y) > —ein™¢ (n=2) n(x)
-1
> —clnqub (nfz) C3 <¢ (rfz)) = —cmid
for some ¢ > 0. On the other hand, using (2.9) and Proposition 5.4 we get

<a;l(a/16)™ M g(n)
< (@1C2) Na/16) ™ n~y(2) = esn™n(z), Vz € Banpo-

g(an/16)
Now we define C4 := (c3 V kc3) + 1 and using
h(z) A kg(an/16) < kg(an/16) < kesn™(2)
we get

Can~In(z) — h(z) Akglan/16) > (Cq — ke)n™n(z) =0, Yz € Banja.
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So,if wedefineu(-) := C4n_dn(~)—h (-)Akg(an/16), we showed that u is nonnegative
function on By, 2. It is obvious that it vanishes on By, and for y € A(an/2, n) we have

(Au)(y) = Can™* (An)(y) — A(h A kg(an/16))(y) < —Can™ + con™ < 0.
Since u > 0 on By, 2 and u vanishes on By, if infyezd u(y) < 0 then there would
exist yo € A(an/2,n) such that u(yp) = il’lfyezd u(y). But then, by Proposition 5.2,
(Au)(yo) = 0 whichis in contradiction with (Au)(y) < Ofory € A(an/2, n). Hence,

u(y) = Can~n(y) — h(y) Akglan/16) >0, VyeZ*
and then, because h(y) < kg(an/16) for y € A(an/2, n) we get
Gg,(x,y) =h(y) < C4n7dn(y), Vx e B%, y € A(an/2,n).
O

Now we will prove a proposition that will give us the lower bound for the Green
function of a ball. We use the fact that |B, N Z¢| > cn? for some constant ¢ > 0,
where | - | denotes the cardinality of a set.

Proposition 5.7 There exist Cs > 0 and b < a/4 such that for alln € N
Gp,(x,y) = C5n7d77(y), Vx € Bpp,y € A(an/2, n), (5.11)

where a is as in Lemma 5.3 and n(y) = Ey[1p,].

Proof Leta € (0, 1/3) as in Lemma 5.3. Then there exists C; > 0
Gp,(x,v) =2 CiG(x,v), x,v € Byy. (5.12)
From Proposition 5.6 it follows that there exists constant C4 > 0 such that
Gp,(x,v) < C4n7d17(v), X € Bapja,v € A(an/2, n). (5.13)

From Lemma 5.5 we have
C
n(v) < —32 v € By, (5.14)
¢ (n2)

for some constant C3 > 0. By Theorem 4.3 and (2.4) there exists ¢; > 0 such that
G(x) = c1g(|x]), x # 0. Now we take

1
C d-2y,
b < min L_l’ 21—6‘]
4*\ 242C5C4
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and fix it. Notice that (Cyc1)/(a5C3b9727?) > 2C4. Let x € By, v € B(x, bn). Since
b < a/4 we have x, v € By,. We want to prove that G, (x, v) > 2C4n_d (v). We
will first prove that assertion for x # v. In that case we have 1 < |x — v|. Since
v € B(x, bn), we have |x — v| < bn so we can use (5.12), Lemma 2.2 and (2.10) to
get

Cic 2C5Cy

Cicy
G, (x,0) > QLG (v, v) > = —glbn) > T s >

(5.15)

Using (5.14) and (5.15), we get Gp, (x,v) > 2C4n~n(v) for x # v. Now we will
prove that G, (x, x) > 204 n(x), for x € By, and for n large enough. First note
that

d 2 g 9 d [
lim n“¢p(n~") = lim n > lim n = lim —n% """ = o0,
n—00 n—00 ¢ (1) n— 00 a2n21’2 n—0o00 gy
since d — 2y» > 0. Therefore
2C4C3
204~y (x) < <1< Gp(xx)
ndg(n=2) =
for n large enough. Hence,
4 1
Cin “n) < EGBn(x, v), Vx € Bp,, v € B(x, bn). (5.16)

Now we fix x € By, and define the function
h(v) i= G, (x,v) A <C4n_dn(v)> .

From (5.16) we have h(v) < %ng (x,v) for v € B(x, bn). Recall that Gp, (x, -) is
harmonic in A(an/2, n). Using (5.13) we get h(y) = Gp,(x,y) for y € A(an/2, n).
Hence, for y € A(an/2, n)

(AR)(y) = A(h() = Gp,(x, )(Y)
> jv =y (h(v) = G, (x.v) — h(y) + G, (x. )

X

veZd

< Y jv—=yD (h@) = Gp,(x,v))

vEB(x,bn)

<—(@/2j@n) Y. Gpx,v), (5.17)

vEB(x,bn)
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where we used Proposition 3 2 and Lemma 2.3 together with 1 < |[v—y| < 2n. Using
(5.15) and |B, N Zd| > con?, we get

Y Gp@ov) > quc“ 5718 nzd| > j(;%c“) by = ﬁ.
veB(x,bn)
(5.18)
Using (2.8) we get j(2n) > 2~ 4=2j(n). When we put this together with (5.17) and
(5.18), we get
(Ah)(y) < —can™.

Define u := h — kn, where

o Jaa s Co|
K:=minqy—, —, — tn ¢,
2 2 2

where ¢s > 0 will be defined later. For y € A(an/2, n)

(Au)(y) = (A)(y)—k (An) () < —can™ I+ < —C4n"1+%4n’d = _62_4,,(1 <o.

For x € Bpy C Banj2, v € Bany2 we have |x —v| < an < n. We will first assume that
x # v so that we can use Theorem 4.3, Lemma 2.2 and (2.10). In this case, we have

Gp,(x,v) 2 C1G(x,v) < g(lx —v|)

)

1 1
> —g(an) > n) =
Z azg( ) = a%ad*mg( )= 2Crad 7

So, Gp,(x,v) = csn_dn(v) for some constant ¢5 > 0 and for x # v. If x = v we
can use the same arguments that we used when we were proving that G, (x, x) >
2C4n~(x) for n large enough to prove that G, (x, x) > csn~y(x) for n large
enough. Hence, Gp, (x,v) > csn_dn(v) for all x € By, and v € By, 2 and for n
large enough. Now we have

hw) = G, (x,0) A (Con~n(w))

> (esn™ @) A (Con~n(w)) = (Co A esn™n(w).

Hence,

C
() = h() —kn) = (Cs Acs)n™n(v) — (74 A %) n~nw) =0

Since u(v) > 0 for v € Byu, u(v) = 0 for v € By and (Au)(v) < O for
v € A(an/2,n) we can use the same argument as in Proposition 5.6 to conclude
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by Proposition 5.2 that u(y) > O for all y € 74, Since Gp,(x,y) < C4n_dn(y) for
X € Bany4,y € A(an/2,n) we have h(y) = Gp,(x, y). Using that, we have

Gg,(x,y) = «kn(y) = Csn™n(y), x € B,y € Alan/2,n),

for n large enough. As before, we can change the constant and get (5.11) foralln € N.
O

Using last two propositions, we have the next corollary.
Corollary 5.8 Assume (1.4) and (1.5). Then there exist constants Cq, C7 > 0 and
b1, by € (0, 3), 2by < by such that

Con “Eyl15,] < Gp, (x.y) < Crn E,ltp,]. Vx € Byu.y € A(bon,n).
(5.19)

Proof This corollary follows directly from Propositions 5.6 and 5.7. We can set by =
a/2 where a € (0,1/3) is as in Lemma 5.3 and by = b where b < a/4 is as in
Proposition 5.7. O

6 Proof of the Harnack Inequality

We start this section with the proof of the proposition that will be crucial for the
remaining part of our paper.

Proposition 6.1 Let f : 7Z¢ x Z¢ — [0, 00) be a function and B C 74 a finite set.
For every x € B we have

By [f (X1, X)) = D G, VE[£ (3, y + XD 1yex,¢8)]. (6.1)

yeB

Proof We have

Ex [f Xyt Xep)] = Y PulXeyo1 =y, Xey =2 f (0, 2).

yeB,zeB¢
Using (1.2), we get
oo
Pe(Xeyo1 =9, Xey =2) = ) Pu(Xpy1 =y, Xy =2,78 =m)
m=1

00
ZZP(x+Xm—1+§m=Z’x+Xm—l =y, X1,....,Xm2€B—X)

m=1

o0
=Y PEn=2—yPa+Xn1=y.X1..... Xy 2 € B—x)
m=1

@ Springer



760 J Theor Probab (2019) 32:737-764

o
=PE =2-)Y PeXn1=y.X1..... Xn2€B)

m=1

oo
=PX1=2-y) ) Pi(Xp1=y, 7 >m—1)

m=1

=P(X1=z—y)Ga(x,Y).
Hence,

Ec[f(Xep1. Xep)] = D f(, DG, »P(y+ X1 =2)
yeB,zeB¢

= G, VE[FGy + XD Ljytx¢m)-

yeB
O

Remark 6.2 Formula (6.1) can be considered as a discrete counterpart of the
continuous-time Ikeda—Watanabe formula. We will refer to it as discrete Ikeda—
Watanabe formula.

It can be proved that if f : 74 — [0, 00) is harmonic in B, with respect to X, then
{f (Xynazy) 1 > 0} is a martingale with respect to the natural filtration of X (proof
is the same as [9, Proposition 1.4.1], except that we have a nonnegative instead of a
bounded function). Using this fact, we can prove the following lemma.

Lemma 6.3 Let B be a finite subset of Z¢. Then f : Z¢ — [0, o0) is harmonic in B,
with respect to X, if and only if f(x) = E [ f(X¢p)] for every x € B.

Proof Let us first assume that f : 74 — [0, o0) is harmonic in B, with respect to
X. We take arbitrary x € B. By the martingale property f(x) = E,[f(X,¢)], for
all n > 1. First, by Fatou’s lemma we have E,[ f(X;)] < f(x) so f(X¢,) is a

P,-integrable random variable. Since B is a finite set, we have f < M on B, for some
constant M > 0, and P, (tp < 00) = 1. Using these two facts, we get

f(XnArB) = f(Xn)]l{n<rB} + f(XrB)]l{rggn} <M+ f(XrB)-

Since the right-hand side is P,-integrable, we can use the dominated convergence
theorem and we get

fx) = nlingo Ex[f(Xn/\rB)] = Ex[nli)ngo f(Xn/\rB)] = Ex[f(XTB)]

On the other hand, if f(x) = E,[f(X;)], for every x € B, then for x € B we
have
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fO) =D El f(Xep) | X1 = y1Pu(X) =)

yeZd
=Y pEEf Xl = D pe ) f ().
yezZd yezd

m}

Hence, if we take B C Z¢ finite and f: 74 — [0, co) harmonic in B, with respect
to X, then by Lemma 6.3 and the discrete Ikeda—Watanabe formula, we get

@) =B [f(Xep)] =D Gale. E[f (v + XD 1 yaxigm)].  (62)
yeB

Let us define the discrete Poisson kernel of a finite set B C Z¢ by

Kp(x.2):= Y Gp(x.y)P(X; =z—y), x€B,zeB". 6.3)
yeB

If the function f is nonnegative and harmonic in B,,, with respect to X, from (6.2) we
have

f@ =Y G, (x,») Y E[f+XDLjytx,¢8,) | X1 =2 y]P(X; =z )

YEBy z¢Bp

=> > G, ME[fG+2= Y {ytzmygBy | PX1=2—Y)
z¢By yeBy

=) f@ ( Y Gy, »P(X) =2 —y)) = Y f@Kg, & 2. (6.4)
z2¢Bn YEBy 2¢Bn

Now we are ready to show that the Poisson kernel Kp, (x, z) is comparable to an
expression that is independent of x. When we prove that Harnack inequality will
follow immediately.

Lemma 6.4 Assume (1.4) and (1.5) and let by, by € (0, %) be as in Corollary 5.8.
Then Kp, (x, z) < I(2) for all x € Bp,,, where

z<z>=¢’('z_') Y Byl 1idz - ).

(n 2) yeA(ban,n)

Proof Splitting the expression (6.3) for the Poisson kernel in two parts and using
Proposition 3.2, we get

Kp,(x,2) =< Y Gg,(x,yjlz—yD+ Y Gg,x,»jllz—yD.

yeBbzn yeA(hzn,n)
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Since G, (x,y) < n_dIEy[an] for x € Bpn, y € A(b2n, n), for the second sum in
the upper expression we have

> G »jlz—yD=n? > Eylrgliz—yD. (6.5

yeA(ban,n) yeA(byn,n)

Now we look closely at the expression Gp,(x,y)j(lz— yl). Using the fact

,VGBbzn
that y € Bp,,, b2 € (0, %) and |z| > n because z € Bf;, we have

lz =yl < Izl + 1yl < Izl + ban < lz| + balz| < (1 + by)lz] < 2]z
On the other hand
Izl <Mz =yl + Iyl < |z =yl +bon < |z — y| + b2|z]. (6.6)

Hence,
1
Elzl <A -=b)lzl <z —yl. (6.7)

Combining (6.6), (6.7) and using Lemma 2.3, we have
1 ./1
—Jj |\ 5lzl) =2 jlz—=yD = ai1jQlzD.
ap 2

Using (2.6), we get j(31z) < 2972 (|z]) = c¢1j(|z]). Similarly, from (2.8), we get

JQlzl) = 27972 j(|z]) = c2j(lz]). Hence, aic2j(1z]) < a1j2lz]) < j(lz — y) <
al_lj ( Izl) a lC1](|Z|) for some c1, ¢ > 0. Therefore,

Jz—=yD=j(zD, y € B, z € B,. (6.8)

Using (6.8) we have

Y. G, »jlz—yh =< Y G, 0jlzh=jdz) D Gg,(x, ).

yEBbzn yEBbzn yEBbzn

Now we want to show that Zyeghzn G, (x,y) = 1/¢ (n=2). Using the fact that G,
is nonnegative function and that E,[7p, ] < C3/¢ (n_2) for x € B, we have

Y Gp,(x,y) < Y Gp,(x,y) =Eftp,] < (6.9)

yGBbzn YEB,

¢ (n7?)

To prove the other inequality we will use Lemma 5.3, Theorem 4.3, Lemma 2.2 together
with 1 < |x — y| < 2bon, |B, N Z%| > ¢3n? and Lemma 1.1. Thus
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Y Gpxn=C Y, Gy= Y, glx—yl)

yEBbzn yGBbzn\{x} yGBbzn\{x}

1
> Zquzn NZ4| — 1)g(2bn)

L ey s 1 1 ¢(n~?)
@ 2" 50 m 5 (72) (b )
c3 1 , _3(2h)? 1

(2by)” =

Z 2_6122%(”72) 24+1g, ¢ (n—z)‘

Hence,
V;@ Gp,(x,y) > o ( 2} (6.10)
From (6.9) and (6.10) we have
); G, (x.0) < o ( B 6.11)
Finally, using (6.8) and (6.11) we have
> G, (eoilz — yD = ¢j ((,'f_'i)- (6.12)
YEBbyn
And now, from (6.12) and (6.5) we have the statement of the lemma. O
Lemma 6.4 basically states that there exist constants Cg, C9 > 0 such that
Csl(z) < Kp,(x,z) < Col(z), x € Bpn, z € B;,. (6.13)

Now we are ready to prove our main result.

Proof of Theorem 1.3 Notice that, because of the spatial homogeneity, it is enough to
prove this result for balls centered at the origin. We will prove the theorem for a = by,
where by is as in Corollary 5.8. General case follows using the standard Harnack chain
argument. Let x1, x € By,,. Using (6.13) we get

Co Co
Kp,(x1,2) < Col(2) = —Csl(Z) _KB,,()Q 2).

Now we can multiply both sides with f(z) > 0 and sum over all z ¢ B, and we get

Y F@Kp,(x1.2) < Z f()Kp,(x2.2).

2¢B, Z¢B
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If we look at the expression (6.4) we see that this means

C
fx) < C—:f(xz)

and that is what we wanted to prove. O
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