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Abstract We consider a method of obtaining non-closed solutions of the first and
second Kolmogorov equations for the exponential (double) generating function of
transition probabilities for quadratic death-processes of one, two and three dimensions.
We obtain a representation for the generating function of transition probabilities in
the form of a Fourier series, using generalized hypergeometric functions and Jacobi
polynomials.
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1 Introduction

An analytical method for the study of Markov processes with a finite or countable states
is based on consideration of the first (backward) and the second (forward) Kolmogorov
systems of differential equations for transition probabilities [ 1, 10]. There are few cases
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in which an explicit solution can be found: the solutions are known for simple death-
process, pure birth-process, birth and death process of linear or Poisson type (see the
survey [12], Chap. 2, § 2.1.1), branching processes ([22], Chap. 1, § 8), and some of
their modifications.

Different methods have been considered for simple death-process equations, for
instance, in [4,10], etc, operational calculus has been used. The expressions for tran-
sition probabilities are cumbersome [10] and of little use for the study of asymptotic
properties of the random process.

Under special conditions on the Markov process, the second system of differential
equations can be combined into a partial differential equation for generating function
of transition probabilities [ 12]. In the case of a first-order equation, we have the Markov
branching process [2,22].

Researching into Markov death-process of quadric type with the equation of the
second order was begun in [19], see also [5,6]. The method of separating variables
was used for the Kolmogorov second equation, and it obtained an expansion for the
function of transition probabilities into Fourier series with two separated variables in
which eigenfunctions are the Gegenbauer polynomials [19].

By the same method Letessier and Valent (see [16,24], the survey [17], etc) found
solutions for equations of second, third and fourth orders in the form of a Fourier
series of special functions. In papers [16, 17], etc, spectrums and eigenfunctions were
obtained for some birth and death processes of quadratic, cubic and quartic types.
For the second equation of Kolmogorov, the authors build a series with more and
more complicated functions, when the equation for eigenfunction belong to the class
of hypergeometric equations (the Fuchs equation of second order with three singular
points) or is generalized a hypergeometric equation.

In [24] for the birth and death processes of quadratic type, the second equation
is solved in the form of a Fourier series with eigenvalues are expressed by elliptic
integral, and the equation for eigenfunction belongs to the class of Heun equations
(the Fuchs equation of the second order with four singular points, see [8], Chap. 15,
§ 3).

Numeric coefficientsin [16,19,24], etc., were expressed by integral formulas, which
are standard for the Fourier series theory, and remained uncalculated in many cases.
According to the series for transiting probabilities, any opportunity to make some
statements about asymptotic properties in considering Markov processes is unclear.
A construction of non-closed solutions of Kolmogorov equations is connected with
the spectrum-obtaining problem for these equations [15,17]. Examples of solutions
given in [16,17,19,24], etc, have a discrete spectrum; the construction of examples of
explicit solutions in the case of continuous spectrum is more challenging [1,15].

In the present paper, the development of separating variables method owed to Kol-
mogorov equations is based on the introduction of an exponential generating function
for transition probabilities [12] which allow combination of the first system of differ-
ential equations into the partial differential equation. At the same time using for first
and second equations, the Fourier method gives a series with three separated variables,
and coefficients are calculated by comparison with the exponent expansion known in
the special functions theory.
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We provide examples of the method used for equations of the quadratic death-
process on N, N2 and N>. The established series includes the generalized hypergeo-
metric functions and the Jacobi polynomials. In the last part of the paper, we discuss
potential transition from the non-closed solution of the first and second equations to
the integral represented solution.

2 Generalized Markov Death-Process of Quadratic Type
We consider a time-homogeneous Markov process
&, te€]0,00),
on the set of states
N={0,1,2,...}
with transition probabilities
Pij@) =P{& =jléo =1}, i,jeN.

Let us suppose that the transition probabilities have the following form as t — 0+
A=0,n=0)

P;i—2(t) = poi(i — DAt +o0 (1),
Pii1(t) = (p1i(i — DA +iwt +o (1),
Pii(t) =1 — (i@ — Dr+int +o(1),
Pijt) =0(@), j#i—-2,i—1,i, (1)

where pg > 0, p1 > 0, po + p1 = 1.
Let us introduce the generating functions of the trasition probabilities (|s| < 1)

o0
Fi(t:s) =Y _Pj(t)s’, ieN.
=0

The second system of Kolmogorov differential equations for the transition proba-
bilities of the process &; is equivalent to the partial differential equation [12]

dOF:(1;s) _

32F;(t;s) dF;(t; )
ot ’

+ pu(l =)

2
ds2 0s 2

A(po+ p1s — %)

with initial condition F;(0; s) = s'.

Possible jumps for stochastic process &; are shown in Fig. 1. The Markov process
stays at the initial state i during a random time 7; with distribution P{r; < t} =
1 — ¢~ UG=DA+imI Then the process passes into the state i — 1 with the probability
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absorbing

state /A o

0 1 2 i—1 )

Fig. 1 Jumps for the generalized death-process

(p1ii — DA +ipn)/G@G@ — )X + ip) or into the state i — 2 with the probability
poi(@ — A/(i(i — 1)A + iw), and so on. The state O is absorbing. Markov process
& is interpreted as a model of bimolecular chemistry reaction with kinetic scheme
2T - 0, T; T — 0[5,12,19].

Let F(¢; z; s) be the exponential (double) generating function

i O X i .
Fltz9) =) SR =33 S Rij0s )
i=0 i=0 j=0 "

The function F(¢; z; s) is analytic in the domain |z| < oo, |s| < 1.

The first (backward) and the second (forward) systems of Kolmogorov differential
equations for the transition probabilities for the considered Markov process have the
form [12]

dF 2 IF  *F dF

—=x F4+pi———5 F-—=], 4
o z (po +p1 PP 8Z2>+Mz< 8z) “)
dF o 2 F dF

— =1 —sY) =5+ u(l —s)— 5
a7 (po+ p1s S)as2 + u( S)as, (%)

with initial condition F(0; z; s) = €**. The linear equations in partial derivatives of
the second order (4), (5) are solving by separating variables method.

Furthermore, we need some special functions (see [7,8,14,21], etc). The confluent
hypergeometric function is defined by the series (b # 0, — 1, —2,...)

L Saat . at k=D
1F1(a7b’2)—]+];b(b+1)...(b+k—1)k! ©

and it satisfies the confluent hypergeometric equation
'+ (b -2y —ay=0. @)

The function (6) is analytic on the complex plane; at some values of the parameters,
it can be expressed by the modified Bessel function ([21], Formula 7.11.1.5)

1\ sz\1/2—a z
1Fi(a; 2a; z) a—+ AW e a1z 5

where I"(a) is the gamma function.
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The Jacobi polynomial of n-th order is defined by the formula ([7], § 10.8)

n

. @4+n—k+1)...@tmB+k+1)...(B+n)
PP =) 2kl — k)!

k=0
x (x 4+ DF(x — 7K,

n=0,1,..., and it is the unique polynomial solution of the differential (hypergeo-
metric) equation

I=xDy' +B—a—(@+B+2x)y +n(n+a+p+1Dy=0. (8

The following exponent extension is needed for the sequel [[7], § 10.20, For-
mula (4)]

o0

FTh+a+pB+1)
ezx:Z
n=0

Fo et BT 1)(2z)"e*11F1(n+ﬂ+1; 2n4a+B42;22) PP (x).

(C))

Theorem 1 For the Markov process £(t) on the set of states N under conditions (1)
the double generating function of transition probabilities is as follows (A > 0, u > 0)

N e MUt k)
F Z’S)_n;r(zn—uu/,\)

X (1 + po)2)"e "% Fy (n + w/A; 2n + w/x; (1 + po)z)

« LA <2s 14+ Po) o=t (10)
1+ po

where ' (a) is the gamma function, | F1(a, b; 7) is the confluent hypergeometric func-
tion, P,,(_l”3 )(x) are the Jacobi polynomials.

Proof We look for the solution of the system of Egs. (4), (5) in a form of the series
with three separating variables (|s| < 1)
o0

Ft;29) = ) AnCa()Culs)e ™", (11

n=0

After substitution (11) into (4) and (5), we get the following equations for the functions
C,(z) and Cy(s):

222 (poCn(2) + p1CL(2) — CJ () + 12 (Cu(2) — Cp(2)) + AaCr(2) = 0;  (12)
A(po + pis — sz)C,;’(s) + 1l —$)Cr(s) + A Cp(s) =0, n=0,1,.... (13)
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The differential equations (2) and (13) was investigated in [19] under conditions
w = 0,and pgp = 0 or pp = 1. Following [19] we can establish that the Eq. (13)
gets the additional boundary condition ‘Cj(s) is polynomial’. Then, the sequence of
‘eigenvalues’ A, = n(n — DA +nu,n = 0,1, ... (cf. [14], Vol. II, Chap. 3, § 9.7).
Substituting x = (2s — 1+ po)/(1+ pp) in (13) and denoting C, (s) = y(x) we obtain
the following equation of type (8),

(1—xz)y”+<ﬁ—Ex)y/+n(n—l+%)y:0.

A A

Consequently, each A, has the corresponding ‘eigenfunction’

— _ 2s — 1+ po

1Lu/rA—1

Cpls) = P )<— ,
1+ po

where

Py " n—k). .. (n— 1) (w/h k). (w/h+n—1)
k; 20 (n — k)

x (x + D¥ @ = 1)k, (14)
The Eq. (12) takes the form

222 (poCu(2) + p1Cy(2) — CJ(2) + 1z (Ca(2) — C(2))
+(n(n — DA +np)Cu(2) = 0,

it is to be the reduced form of the confluent hypergeometric equation (7) ([14], cf.
2273(6)ata = —p1, b = pu/A o0 = —po, B = —pu/A,y = —n(n — 1) —nu/r).
According to the generation function properties, we are looking an analytic for all zp,
77 solution; following [14], we get

Cu(z) = ((1 + po)2)" e P73 Fi(n + p/h; 2n 4 w/x; (14 po)z),

where | F (a; b; z) is the confluent hypergeometric function.
Hence, the seeking series (11) is

o0
Flt;2:9) =Y Ag (14 po)2)" e P Fy (n+ /h; 2n 4 p/a; (14 po)z)
n=0

« /A=) <2S -1+ PO) o~ (=Dt
14+ po
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The values A,, are obtained by comparing the initial conditions F(0; z; s) = ¢** and
the exponent expanding [see (9)]

Z OVEIIR) (1 poya) e P01 Fy o+ /33 20+ /o (1 + po)2)

« T(2n—1+p1/A)

iy (25 — 1
x PRI ”<—S +p°>. (15)
L+ po

We get

A — '(n—14 u/A)
T r@en—14pup/r)

and the formula (10). Convergence of the series (10) for all z, s and ¢ € [0, co) follows

from the convergence of expansion (15). O

If r = 0, then the formula (10) is to be the expansion of the exponent ¢** into series.
If u > 0, po = 1, then we have the expansion into Jacobi polynomial series. If u© = 0,
po = 1, then we have the Sonine expansion [[7], § 7.10.1, Formula (5)].

By (6) we get 1 Fi (/A u/h;z) =S =1+4+z24+22/2 4, 1Fi(1+pu/r; 2+
u/riz) = 1+ (1 +-M/XLK2-+ M/sz +o s FIQ 4 p/a 4+ p/hz) =
14, by (14) we get P4 Dy = 1, PV () = (/@) (x = 1),

Pt e D) = (14 1/0)/8)1Q2 + 1n/)x2 — Qu/A)x — 2 + /4], Substitut-

ing this expressions for (10) and equating the coefficients in the equal powers of

1, z, 25, 22, 725, z2s% to one another with (3), we obtain the transitions probabilities

Pyp(t) =1; Pio@t)=1—eM, P (t)=eH;

Pyo() =1-2 [%(1 + po) — Po} e M
L[ =2+ p/2

Z[2+MM

2u/x

2+ /A

14+ /A _
P (1) =2[2 Z;A(l—i-po)—l?o}e H

/2 ] —(2A+2p)t
— | ——(1 + +1-— e wr
[2 /)L( po) Po

P22(t) — 67(2)\+2M)1'

+ (14 po)?

(=14 pd) + (~1 +—po)2}e’*2A+2“”,

This formulas for P;;(¢) may be obtained by direct solution of the system of Kol-
mogorov differential equations [10] for the considering generalized death-process.
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3 Quadratic Death-Process of Second Dimension

We consider a time-homogeneous Markov process

§(1) = (61(1), 52(1)), t €0, 00),
on the set of states

N? = {(a1, @), a1, a0 =0,1,...},

with transition probabilities

PG W) = PLEW) = (B1, 2) | £0) = (@1, @)
of the following form as t — 0+ (A > 0)

P& (1) = poocrionht + o (1),

P(ot1,062) )(t) = ploa1oaAt + o (1),

(a1,00—1

PSR (1) = poreiaaht + o0 (1),

(11,

P(m,az)(t) =1—ajart +o0(1), (16)

(or1,002)

where poo > 0, p1o = 0, po1 > 0, poo+ p10+ po1 = 1. Using the generating function
(st <L |s21 =D

o0
Flay,a) (5 51, 82) = Z P((,goil,’gzz))(l)sflsfz, (a1, 02) € N2,
B1,82=0

we can reduce the second system of differential equations for the transition probabil-
ities of the Markov process (£1(¢), £ (¢)) to the partial differential equation [12]

3% Fay.00) (13 51, 52)
051082

aF(Oll,Olz)(t; §1, SZ)
ot

)

= A(poo + p10S1 + po152 — 5152)

with initial condition F(g, ay)(0; 51, 52) = s7"55°.

In Fig. 2 we show an example of the realization of a process (&1(¢), & (1)).
The Markov process stays in its initial state (o1, o) for random time 7(y, «,) With
Pltw,,m) <t} = 1 —e~®1%2% Then, with the probability p1g, the process passes to the
state (a1, ap — 1), with the probability pog the process passes to the state («; —1, g —1)
or with the probability pg; the process passes to the state («¢; — 1, @p). The further
evolution of the process is similar. The states {(y1, 0), (0, »2), 1,2 =0,1,2,...}
are absorbing. For the process (§1(¢), §2(¢)) ‘embedded Markov chain’ is a random
walk on N2.
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Fig. 2 Realization of a
two-dimensional death-process (a1, a2)

(0’ 72) n—/o-—lo

The Markov process (&1(¢), & (¢)) is a model of a population with male individuals
and female individuals [11]. The state (1, or2) is interpreted as the existence of a group
a1 of particles of type T1 and «» particles of type 7>; in a random time there is an
interaction of a pairs of particles, which are transformed into new groups of particles.
The main assumptions of the model are as follows: any pair of individuals 77 + T
in the population generates descendants independently of the others; the frequency of
acts of generation of new individuals is proportional both to the number of individuals
of type 77 and to the number of individuals of type 7.

Using the exponential generating function

[e%9) Zalzo{z
) ) 1 %2
F(t; 21,225 81, 82) = E 1los 'F(oq a) (t; 51, 52)
ap,a0=0 o1

we can reduce the first and the second system of differential equations for the transition
probabilities of the Markov process to the form of partial differential equations [12]

dF AF IF  °F
— = A F + — + a. ’ 17
P 2122 (Poo P10 o7 pol 05 8Z18z2) (I7)
OF 3*r
—— =2 (poo + pios1 + pois2 — s152) ) (18)
ot 951052
with initial condition F(0; z1, z2; 51, §2) = 15172252
The generalized hypergeometric function is defined by the series
oFi(biz) =1+ ; (19)

Pt bb+1)...(b+k— k!
oF1(b; z) is a solution of the equation
y”+by/—y=0.
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The function (19) can be expressed by the modified Bessel function ([21], Formula
7.13.1.1),

oF1(b; 2) = T(0)z1 D2 1,_12/7).

Theorem 2 Let a Markov process on the state space N* be given by the densities of
transition probabilities (16). The double generating function of the transitions prob-
abilities is (p1o < 1, po1 < 1)

aj+ax (1= po)z)* ((1 = p1o)z2)*?

o0
F(t: 21, 22: 81, 82) = ePoatpion Z
max (o, @) (a1 + a2)!

ay,0y=0

xoFi(ar +azx+1; (1 = po1)(1 — p1o)z122)

So = Po ' 7?1 i ar—asl) (4 S1— Pot $2 = Pio
X Pmin(a ) 2 -1
1 = po ez 1 —por 1—puo

x e, (20)

where o F1(b; 2) is the generalized hypergeometric function, P,fil’ﬁ ) (x) are the Jacobi
polynomials; ifay > o, thens; = s1, pe = po1, ifa1 < aa, then sy = 52, pe = P10,
ifa; =0, ar = 0 then the expression (a1 + «p)/ max(ay, ap) is to be equal to 1.
Proof Consider the equation in partial derivatives (17), (18). We are looking for the
solution in a form of the series (|s1]| < 1, |s2] < 1)

o0
~ —X
Flt;21,22551,5) = Y AwjanCaren (215 22)Cay (51, 20 102 (21)
ay,0p=0

Substituting (21) in (17) and (18), we get the equations for the functions axlaz (z1,22)
and Coyar (51, 82):

~ aC, aC, 32C, -
AZ122 <P0()Ca1a2 + Pio e Po1 A a1a2> + Ay Cayo, = 0;
922 021022
(22)
82(’1‘11“2 .
A(poo + p1os1 + po1s2 — 5152) + a0 Caiay =05y, a2 =0,1,....
051082
(23)

From the assumptions given on the jumps of the process &(¢), it follows that for
the Eq. (23) boundary condition ‘Cy,q,(s1, s2) is polynomial’. Then the sequence
‘eigenvalues’ Ay o, = 12, ay, a2 = 0,1, ..., and from (23) it is not difficult to
obtain the corresponding ‘eigenfunction’

oty —aa |
So — Po (=1 Jer—a2|) S1.— po1 52 — P10
C S1,8) = —— P_. 2 -1,
iy (S1,52) ( 1— po ) min(o,00) ( 1—poi 1—pio )
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where P,ffl’ﬂ)(x) are Jacobi polynomials; s = 51, p = po1,if o1 > a2 and s, = s2,
Po = p1o,if o < as.
Hence, the Eq. (22) has the form

~ 36 35 325
2122 (pOOcalaz + Pl0——2 + por— 2 — =2
9z1 022 021022

) + 05101250“,12 =0.

By the definition of the function F(¢; z1, z2; 1, 52), it follows that the solution must
be analytic for all z1, 72, hence

Coyan (21, 22) = ((1 = po1)z1)* (1 — p1o)za)*®2ePoriitrio

xoF1(ar + a2 +1; (1 — por)(1 — p1o)z122),

where o Fj (b; z) is generalized hypergeometric function.
Aimed to get the values Agy,q, let us consider the exponent 1517252 expansion.
From generalized hypergeometric function series (19), we obtain the equality

k k
Z Z
L Z2)o Rk + 1 ziz). (24)

o0
21+22 Fi(l: (
e oF1( ,Z1z2)+]; o TR

Considered special functions satisfies the formulas ([21], Formula 6.8.3.13):

ol l
0F1(lizs) = 0F1(1:2) +2 &oﬂ@l +Lp s -1 ©5)
=1 ’
1 - Z (L)
—oF1(k + 1; = FiRl+k+1;20P " (2s—1),
10 1k +1; zs) g(21+k—1)!(l+k)0 121 +k+1;2) P, 2s—1)

(26)
k=1,2,...Using (24), (25) and (26), we get the sequence of equalities

21512252 ,P01214P1022 521 (81— Ppo1)+22(52—p10)

s] — sy —
— ep0121+mozziopl(1; (1= pon)(1 — pm)mm( 1 Pm)( 2 PlO))

I —por /N1 —pio
o [((1 = poz)* 51— poryk | (1= p1o)z2)* /52— proyk
. 51— Po1\ (52 = P10
on1<k + 1 (1 = po)(1 — P10)Z122( 1= por )( = pro ))]

= epm“”“’“{oﬂ(h (I = po)(1 — p1o)z122)

(1= ponzn)® (1 — pro)z2)™!
22 Qar)!

ap=1
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x oF1Q2ar + 1; (1 — po1)(1 — p10)z122)

% p—1.0) 251 — Po1 $2 — P1o 1
“ I —po1 1—pio

o o (1= pon)z)™ (1 = pio)z2)®
! 1;@2::0 Qo +k — Dz + k)

x0F1Qoz + k+1; (1 = po)(1 — p10)z122)
8 (Sl - pOl)kPoEz_l’k)<2 S1.— Po1 2 — P10 1)
1 — poi 1—po1 1—pio
N i i ((1 = pon)zD)® (1 — p1o)z2)®**
o= Qo +k— Dl (o) +k)
=1 a;=0
x0F1 2oy + k+1; (1 — por)(1 — p1o)z122)

_ k _ _
« <S2 plO) Pé;l’k)(z S1— po1 $2 = pio 1)} 27)
L —pio I—por 1—pio

Comparing the series (21) at ¢+ = 0 with the exponent extension (27), we obtain

Ago =1,
1
Aa a = —’ al 2 a27
27w (og + o — D!
1
Aoqotz = o] < o]

(o) +op — DI’

we have the solution (20) of the system (17), (18). Absolute convergence of the

series (20) for all z1, z2, 51, s2 and ¢ € [0, co) follows from (27). m|

Now we shall give formulas for P((gll ’gzz)) (¢t) with initial conditions a1, a3, B1, B2.
Using (19), we have oF1(1;2) = 1 +z 4 -+, oF1(2;2) = 1 4+2z/2+---,
0F1(3;2) = 14 ---, oFi(4;2) = 1 +---, by (14) we obtain Py "”(x) = 1,

P =1, P70 = (1/2) e = 1), PUPP () = x — 1. Substituting
this in (20), using the extension ePO1Z1HP1022 — | + po1z1 + prozz + p%lz%/Z +
Po1P102122 + p%oz% /24 ---, and equaling the coefficients at corresponding degrees
1,z1,2151,22, 2282, -« ., zlzgsg, zlzﬁslsg in the obtaining series and the double gen-
erating function of transitions probabilities, we have

0,0y _ 1.
P(O,O) ) =1,

(LO) y (1.0) -\ _ 0.1\ _ Oy _ 1.
P(O,O) ) =0, P(l,O) =1, P(O,O) () =0, P(O,l) =1

1,1 — 1,1 —
P ) = poo(l — ™), P{)(0) = po1 —e™),

1.1 B O B
P((O,l))(t) = por(1 —e™™), P((l,l))(t) — oM,

Poa ) =0, PO @0 =0, PGP0 =1

0,1) 0,2)
1,2 _ _ 1,2 _ _
PG ) = poopio(l =27 + e, P{g (1) = plo(l —2e7 47,
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1.2 - -
P((O,l))(t) = poo + propor — 2p1opore " — (poo — propor)e >,

1,2 _ _ 1,2 _ 1,2 _
PO = 2pio(e™ =), P30 = por(1 —e ), P{5) (1) =M.

4 Probabilistic Model of Bimolecular Reaction
We consider a time-homogeneous Markov process
£(1) = (51(1), 52(1), £3(1)), 1 € [0, 00),
on the set of states
N3 = {(a1, 02, 03), a1, a2,03 =0,1,...},
Let us suppose that the transition probabilities
Pees) (1) = PE() = (B1. o B3) | £0) = (@1, 02, a3))

have the following form as t — 04 (A > 0)

PELs) | i) = araht +0 (),
P((a"‘ll‘gzzigx;))(t) =1 —ajart +o(1). (28)

The second equation for the generating function of the transition probabilities
(Isil = L |s2] = 1, [s3] < 1)

o0
Flapnan (G 51,52,53) = 3 Pt st sPs),
B1,B2,83=0
is 5
0F t;81,582,8 0°F, t;81,82,8
(a1,00,03) (L5 81, 52, 53) — (53— 5152) (a1,00,a3) (L3 51, 82, 53)
Jt 0851082

, (29
with initial condition F(g, ay,a3)(0; 51, 52, 83) = 57" 55755°.

The process stays in the state (a1, o2,3) for a random time T(u; ) a3)s
P{t(a;,an,03) <t} =1 —e @A andthen it passes to the state (o] —1, g —1, a3 +1).
Realization of a process (£1(t), &(¢), &3(¢)) with initial state (1, a2, 0), is shown in
the Fig. 3. If &1 > «p, then the process stops at the absorbing state (o1 — a2, 0, a2),
and if ap > a7, then it stops at (0, op — o1, @1).

The Markov process (&1(¢), &2(t), £3(t)) is to be the model for chemical reaction
T1+ T, — T3 [19]. The state (a1, a2, «3) of the process is interpreted as the existence
of a1 elements of 77 type, o elements of T3 type, a3 elements of type 73; at random
time moments pair of elements 77 + 75 transformed into the element 73. In [19] the
connection between the second Eq. (29) and known in formal kinetics the law of active
mass is discussed, see also [20]. In [1] using the method of Laplace transformations
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Fig. 3 Realization of the az b
process 71 + Tp — T3 in case
a) > ap

(a1 — 2,0, a2)

a2

(01,02,0)

0 o1

the expression for the transition probabilities of the process is obtained, which are,
however, not convenient to use.
For the exponential generating function

00 o) _an

'z
F(t; z1, 225 81, 82, 83) = Z 1 2

ay,a0=0

—=F t;51,52,8
11! (a1,22,0) (T3 51, 82, 53)

we can write the first and the second system of the Kolmogorov differential equations
in the following form [12]

OF 3F

— = F — , 30
ot e <s3 821812) G0
OF 3F

— = A(s3 — , 31
57 (53 — s152) 35195, (31

with initial condition F(0; z1, z2; 51, 52, §3) = eZ151722%2,

Theorem 3 Let a Markov process on the state space N> be given by the densities of
transition probabilities (28). The double generating function of the transitions prob-
abilities is

o o Ztlxlzgz
max(aq, o) (a1 + an)!

oo
F(t:z1.22: 81,82, 83) = Y

ap,02=0

gl ool in@1.62) p(-Lja1 el <2S1S2 B 1) e

oF1 (a1 + a2 +1; 212253)

min(ep,a7) 3

(32)

where o F| (b; 2) is the generalized hypergeometric function, P,,(_l’/3 ) (x) are the Jacobi
polynomials; if ) > ap then so = 51, if a1 < g, then s¢ = 53, if ] =0, ap = 0,
then the expression (a1 + a2)/ max(ay, o) is to be equal to 1.

The proof of the Theorem 3 is similar to the Theorem 2 proof, in the same way the
system of Egs. (30), (31) is solving by the separating variables method. In particular,
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by putting p1o = po1 = 0 (thatis pggp = 1) in (20) and s3 = 1 in (32), we obtain the
coincident formulas.

5 Simple Death-Process. Nonlinear Branching Property of the
Transition Probabilities for the Death-Process of the Linear Type

We consider Markov process
&, 1€[0,00),
on the state space
N=1{0,1,2,...};

transition probabilities P;;(¢), i, j € N, can be expressed in the following form [10],
ast — 0+,

Pii_1(t) = @it +0(1),
Pii(t) =1—¢it +0(1), (33)

where 9o =0,¢; >0ati =1,2,...

Stages for death-process &; are shown in Fig. 4. The process stays at the initial state
i during a random time 7; with distribution P{t; < t} = 1 — e~ %. At the time T; the
process passes to the state i — 1; and so on.

Using the double generating function (|s| < 1),

& i

F(t;z,5) = ZZ—Fi(t;S),
i—o 1...9;
OO .
Fi(t;s) =) Pj)s/, ieN, (34)
=0

we may reduce the first and the second systems of differential equations for transition
probabilities to [12]

absorbing
state

0 1 2 1—3 1—2 1—1 7

Fig. 4 Simple death-process stages
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oF
= = 2(F — D(F). (35)
oF
= (1= 5)D(P), (36)

with initial condition F(0; z; s) = e(zs). Here we use the Gel fond-Leont’ev opera-
tor [9] of generalized differentiation

o0 o

i i—1

(3 ) = S
i=0 i=1

defined for analytic on zero-neighborhood functions. The function

e@)=14) —
2o m
is eigenfunction for the operator D,,

D;(e(2)) = e(z).

Theorem 4 [12] Let a Markov death-process on the state space N be given by the
densities of transposition probabilities (33), ¢i+1 > ¢i, i € N, and lim;_, o, ¢; = 00.
The double generating function of the transitions probabilities may be express as the

Fourier series
o

1~
Flt;255) = ) ——— Ca2)Culs)e™ ", (37)
— Q1. Pn
n=0
where
- 0 Zn+k
n(2) =27"+ ,
=1 (@nt1 —@n) - (Ontk — On)
n—1
Cn(s) — Sn + (pk"r] e §0n Sk
=0 @k = @n) - (Pn—1 = @n)

The series (37) is absolutely convergent for all z, |s| < 1 and t € [0, 00).

Proof Thisis the expressions for the simple death-process transition probabilities [ 10]:
Po;(t) =5;?, jEN; Pj(t)y=0atj>i>1l;atj<i
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i e_(pnt
PIJ([) =@j+1- Z

(@i —0n) o Pn1 — 0 @n—1 — ) .. (@ — @n)

(38)

Following the definition of double generating function (34) and (38), we get

Flt;z;5) = ZZ

P,j(t)sj
i=0 j= 0
ORI :
20 ions P19 @i = o) @nst = 0n)(@n1 = o) - (9 = On)
00 _‘pn sl Zi
—XZ: ( l;, (¢n+1—¢n)...(<p;—<pn))
n Pj+1---Pn j)
st + s’ ).
( Z ((P/ On) - (Pu—1 — ¢Pn)
Convergence for the series F(¢; z; s) follows from the inequality
P07 = stV < < 0,
par i 0<p1 i im0 iz ? L—1Isl = o1...0

for all z and |s| < 1.

O

Thus, the solution (37) of the system of Kolmogorov equation (35), (36) is the series
with three separating variables. For 1 = 0 we get an expansion of the function

o 1 -
e(zs) = Yy ————Ca(2)Cu(s);
=0 e Op

the functions C, (z) and C,(s) are connected by an integral transformation
We have an important particular case at ¢;

=iu,i € N (u > 0), this is the death-
process of a linear type. Here D, = i (d/dz) and the generating function of transition

probabilities F;(; s) satisfies the equation [1,2,22] (see Eq. (2) at . = 0)

IF;(t;5) _OFi@s)
o =MD 9

with initial condition F;(¢; s) = s'. For the process of linear type, it is easy to sum up
the series (37) and for F(¢; z; s) we obtain

o (/)"
—ut
F(t;z;8) = E nlf (s — 1)t e M = &/ (H=De ™) (40)
n=0 ’
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From the definition F(¢; z; s) = Zfio(zi/(uii!))Fi (t; s) and the extension (40)
with respect to z, equating coefficients of 7', we obtain the branching property for the
transition probabilities ([22], Chap. 1)

Fi(t;s) = (1 —e ™ 457"y = Fi(t;5), i€eN. 41)

The straightforward solution of the linear first order partial equation (39) by a charac-
teristic method give us (41) (see, for instance, [1], § 3.2).

Accepting that the process has the nonlinear property of the transition probabilities
(41) then we can consider a death process for particles: at the time moment t = 0
there is i identical particles, each of them exists during a random time T, IP’{r(k) <
t} =1 — e M; values t® k=1,...,i, are independent (the death of one of them
means the passing of Markov process &; from state i toi — 1; and so on).

6 Concluding Remarks

Powerful analytic methods [2,22] for the investigation of Markov processes with
branching property have been established. Therefore, for simple death-process, the
problem of proving the nonlinear property of transition probabilities can be formulated.
This problem generalizes the property (41), and it can be reduced to analytic problem
of the Fourier series summarized by (37)—under some assumptions concerning the
function ¢; = ¢(i),i € N.

For the quadratic death-process with; = i(i —1)A (D; = Az (dz/dzz)), series (37)
(i.e., series (10) with A > 0, u = 0, p; = 1) is summing in [12]. Using Gegen-
bauer’s addition theorem ([7], § 7.6.1), aclosed representation of the double generating
function of transition probabilities F(¢; z; s) was obtained. For F;(¢; s), an integral
representation was obtained which has similar structure (41).

For the generalized quadratic death-process (with A > 0, u > 0), it is possible
to obtain a closed solution of Kolmogorov equations (4), (5) by methods [12]. We
consider the series (10) with aim of summing and reducing nonlinear property for
transition probabilities

Fi(t;5) =E(X, +sY))', i€N, “2)
where X, ¥; are mutually connected stochastic processes.
For the two-dimensional quadratic death-process, we consider the series (20) with

aim of summing up and reducing a closed solution of the system (17), (18) in form
similar to nonlinear property (41),

Flay.a0) (5 51,52) = B(X; + 5170 (Zy + 52U, (a1, @2) € N, 43)

where X, Y;, Z;, U; are mutually connected stochastic processes.
The opportunity for an integral representation in form (42), (43) is discussed in
details in Chapter 5 in [12]. Formulas, similar to (42), (43), are established for a

@ Springer



J Theor Probab (2019) 32:163-182 181

epidemic process which is a Markov quadratic death-process on the set of states
N? [13] (see also [18]).

Given the above modification of the separating variables method, which is appli-
cable for the first and the second Kolmogorov equations, it may be useful to use other
Markov death-processes. For instance, we indicate the simple death-process of poly-
nomial type with ¢; =i(i —1)...(i —k + DA (k = 3,4, ...); equations for double
generating function has the following form

OF i (IF R F
o M a1 ok )
I F

o —
or =~ TR
with initial condition F(0; z; s) = e*%.

In the same way by solving the first and second equations for transiting probabilities
for the pure birth-process and generalized birth-processes, we get a series with three
separated variables [23]. For instance, an interesting application of the quadratic pure

birth-process on N2 [1,3] has the equations for double generating function of the
following form

oF _ PF - 0PF N P F OF
— =AND\ S T DR\ — |-
ot =2 3z30z2 921022 re 3z3 3z
OF I F 2

2
— = A(S752 — 5152)

+ u( )8}—
5 — 8§2)—,
By M2 =525

ds10s2

with initial condition F(0; z1, z2; 51, 52) = e%151722%2,
The problem of developing the discussed method in the case of Markov birth- and
death-processes is difficult.
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