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1 Introduction

Let G be a connected infinite graph and consider the situation that on each vertex
of G there is a lamp. Consider a lamplighter on the graph that makes the following
random movements; first, the lamplighter turns on or off the lamp on the site with
equal probability, and then, he/she moves to the nearest neighbor of G with equal
probability, and turns on or off the lamp on the new site with equal probability. The
lamplighter repeats this random movement. Such a movement can be considered as a
random walk on the wreath product of graphs Z5 : G which is roughly a graph putting
Zy = {0, 1} on each vertex of G (see Definition 2.1 for precise definition), and it is
called a “switch-walk-switch walk™ or “lamplighter walk™ on Z, : G. We are interested
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Fig. 1 The Sierpinski gasket
graph

in the long-time behavior of the walk. Some results are known when G is a specific
graph. Pittet and Saloff-Coste [15] established on-diagonal heat kernel asymptotics of
the random walk on Z, : Z¢. More precisely, they obtained the following estimates;
there exist positive constants c1, ¢z, ¢3, ¢4 > 0 such that

crexp [—ean® | < hai(g. 9) < cyexp[—can? ] (L1)

forall g € Zy» 74, where h, (-, -) is the heat kernel (see [19,20] for earlier results
for the case of G = Z and [6] for the case that G is a finitely generated group with
polynomial volume growth). Revelle [18] considered the lamplighter walk on the
wreath product H : Z when H is either a finite set or in a class of groups, and obtained
some relations between the rate of escape of random walks on H and the law of the
iterated logarithm (LIL in short) on H :Z. In particular, when H = Z;, he proved that
there exist (non-random) constants c1, ¢z, ¢3, ca > 0 such that the following hold for
all x € Zx Z:

: d(Yoy, Yy,)
< limsup ———————— < ¢9,
= 2 (loglogm) 2 — 2
d(Yo, Yy)

3 < hnnig;f " (loglog )~ 172 <c4, Py—as., (1.2)

where {Y,} is the lamplighter random walk and d (-, -) is the graph distance on Z : Z.
We are interested in the following question:
(Question) How do the exponents in (1.1), (1.2) change when the graph G is more
general?
In this paper, we will consider the question when G is typically a fractal graph. Figures
1 and 2 illustrate concrete examples of fractal graphs. It is known that the random walk
on such a fractal graph behaves anomalously in that it diffuses slower than a simple
random walk on Z¢. It has been proved that the heat kernel /1,, (x, y) of the random walk
{X,}n>0 enjoys the following sub-Gaussian estimates; there exist positive constants
c1, ¢2, c3, ¢4 > 0 such that
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Fig. 2 The Sierpinski carpet t
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for all d(x, y) < 2n (note that iy, (x, y) = 0 when d(x, y) > 2n), where d(-, -) is the
graph distance, d  is the volume growth exponent of the fractal graph and d,, is called
the walk dimension, which expresses how fast the random walk on the fractal spreads
out. Indeed, by integrating (1.3), one can obtain the following estimates; there exist
positive constants ¢, ¢ > 0 such that

e/ < Ed(Xa,, Xo) < con'/de

for all n > 0. For more details on diffusions on fractals and random walks on fractal
graphs, see [1,11,13]. As we see, properties of random walks on graphs are related to
the geometric properties of the graphs. The volume growth is one of such properties.
For the graphs with polynomial volume growth, there are well-established general
methods to analyze the properties of random walks on them. But for the graphs with
exponential volume growth, these methods are not applicable. In this sense, the graphs
with exponential volume growth give us interesting research subject. The wreath prod-
uct Zy ' G belongs to this category, and this is another reason why we are interested
in the lamplighter random walks on fractal graphs.

We consider the random walk on Z; : G, where the random walk on G enjoys
the sub-Gaussian heat kernel estimates (1.3). The main results of this paper are the
following;

(1) Sharp on-diagonal heat kernel estimates for the random walk on Z, : G (Theorem
2.3),
(2) LILs for the random walk on Z, : G (Theorem 2.4).

The on-diagonal heat kernel estimates are heavily related to the asymptotic proper-
ties of the spectrum of the corresponding discrete operator. We can obtain the exponent
dy/(dy + dy) in our framework as the generalization of d/(d + 2).
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For the LILs, we establish the LIL for dz,,c (Yo, Y,,), where {Y},},>0 is the random
walk on Zj @ G, and the so-called another law of the iterated logarithm that gives
the almost sure asymptotic behavior of the liminf of dz,,; (Yo, ¥»). Note that in (1.2),
various properties that are specific to Z were used, so the generalization to other graphs
G is highly non-trivial. We have overcome the difficulty by finding some relationship
between the range of the random walk on G and dz,,c (Yo, ¥;). To our knowledge,
these are the first results on the LILs for the wreath product beyond the case of G = Z.

The outline of this paper is as follows. In Sect. 2, we explain the framework and the
main results of this paper. In Sect. 3, we give some consequences of sub-Gaussian heat
kernel estimates. These are preliminary results for Sects. 4 and 5, where we mainly
treat the lamplighter random walks on fractal graphs. In Sect. 4, we prove the on-
diagonal heat kernel estimates. Section 5 has three subsections. In Sect. 5.1, we give a
relation between the range of random walk on G and dz,,g (Yo, Y»). Here, one of the
keys is to prove the existence of a path that covers a subgraph of G with the length of
the path being (uniformly) comparable to the volume of the subgraph (Lemma 5.3).
In Sect. 5.2, we deduce the LILs for the random walk on Z : G from the LILs for the
range of the random walk on G (Theorem 5.5) when G is a strongly recurrent graph.
In Sect. 5.3, we prove the LILs for the random walk on Z, : G when G is a transient
graph. In the Appendix 1, we give an outline of the proof of Theorem 5.5, on which
the proof in Sect. 5.2 is based.

Throughout this paper, we use the following notation.

Notation (1) For two nonnegative sequences {a(n)},>o and {b(n)},>0, we write
— a(n) < b(n) if there exist positive constants c1, ¢y > 0 such that cra(n) <
b(n) < cra(n) for all n.
— a(n) =~ b(n) if there exist positive constants ci, ¢z, c3,cs4 > 0 such that
cra(cyn) < b(n) < cza(cyqn) for all n.
2) Weusec, C, cy, ca, - - - to denote deterministic positive finite constants whose val-
ues are insignificant. These constants do not depend on time parametersn, k, - - -,
distance parametersr, - - -, or vertices of graphs.

2 Framework and Main Results

In this section, we introduce the framework and the main results of this paper.

2.1 Framework

Let G = (V(G), E(G)) be an infinite, locally finite, connected graph. We assume
V(G) is a countable set. We say that G is a graph of bounded degree if

M = sup degv < oo. 2.1
VeV (G)

We denote d(x, y) the graph distance of x, y in G, i.e., the shortest length of paths
between x and y. When we want to emphasize the graph G, we write dg (x, y) instead
ofd(x, y).
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Next, we introduce the wreath product of graphs.

Definition 2.1 (Wreath product) Let G = (V(G), E(G)) and H = (V(H), E(H))
be graphs. We define the wreath product of G and H (denoted by H:G) in the following
way. We define the vertex set of the wreath product as

V(H:G) = [(f, v) e VIH)Y @ x v(G) ’ #Supp f < oo] ,

where Suppf = {x € V(G) | f(x) # 0} for a fixed element 0 € V(H). For
(f,u), (g,v) €e V(H:G), ((f,u), (g,v)) € E(H:G) if either (a) or (b) is satisfied:

(@ f=g and (u,v) € E(G),
®) u=v, fx)=gkx) (VxeV(G\{u}) and (f(u),g(u)) € E(H).

We call G the underlying graph of H : G and H the fiber graph of H : G.

Throughout the paper, we will only consider the case H = Z; that consists of two
vertices {0, 1}, say, and one edge that connects the two vertices (As noted in Remark
2.5(2), the results in this paper hold when H is a finite graph). We denote the elements
of V(Z>:G) by bold alphabets x, y . .. and the elements of V (G) by standard alphabets
X, Yy

Next, we introduce the notion of weighted graphs. Let u : V(G) x V(G) — [0, 00)
be a symmetric function such that p,, = u(x, y) > 0if and only if (x, y) € E(G).
We call the pair (G, ) a weighted graph. For a weighted graph (G, ), we define a
measure m = mg on V(G) by m(A) = > .., m(x) for A C V(G) where m(x) =
Z},:ywx Mxy. We will write V (x,r) = Vg (x,r) = m(B(x,r)), where B(x,r) = {y €
V(G) | d(x,y) =r}

Let {X,},>0 be the (time-homogeneous) random walk on G whose transition prob-
ability is P = (p(x, ¥))x,yev(G), Where p(x, y) = pxy/m(x). We call {X,,},>0 the
random walk associated with the weighted graph (G, w). {X,},>0 is reversible w.r.t.
m,i.e., m(x)p(x,y) =m(y)p(y, x) forall x, y € V(G). Define

pn(x,y) == Px(Xp =y), Vx,yeV(G).

pn(x, y)/m(y) is called the heat kernel of the random walk.
We next give a set of conditions for the graph and the random walks.

Assumption 2.2 Let (G, n) be a weighted graph. We consider the following assump-
tions for (G, w).

(1) (po-condition): (G, u) satisfies po-condition, i.e., there exists pg > 0 such that
Mxy/m(x) > po forall x, y € V(G) with {x, y} € E(G).
(2) (dg-set condition): There exist positive constants d s, ¢1, ¢2 > 0 such that

c1rdf <Vx,r) < czrdf 2.2)

forall x € V(G),r € NU {0}. Here, we regard 09 as 1.

@ Springer



J Theor Probab (2018) 31:68-92 73

(3) (On-diagonal heat kernel upper bound): There exists dg > 0 such that the heat ker-
pu(x,y)

m(y)

nel of {X,,},>0 satisfies the following estimate forallx, ye V(G), n > 1:

Pu(x,y) < Cln_dJ'/z.

Y 2.3
m(y) @)

(4) (Sub-Gaussian heat kernel estimates): There exists d,, > 1 such that the heat

kernel % of {X,,},>0 satisfies the following estimates:
m(y

1
, d , dy \ dpy—1
Py a —exp _62( (x,y) ) 2.4)
forallx,y € V(G),n > 1, and
1
(x,y) 1(x, y) c3 d(x, y)tw\ T
D2 Y]y Pl 7 —exp [ —c4 (—y 2.5)
m(y) m(y) V(x, ndn) n

forx,y € V(G),n > 1 withd(x,y) <n.

We will clarify which of the conditions above are assumed in each statement. As
one can easily see, Assumptions 2.2 (2) and (2.4) imply Assumption 2.2 (3) with

dg/2 = df/dw
d; is called the spectral dimension.

The fractal graphs such as the Sierpinski gasket graph and the Sierpinski carpet
graph given in Sect. 1 satisfy Assumption 2.2 (see [3,10]). Note that under Assumption
2.2 (1), G satisfies (2.1) with M = 1/pg. Also note that, under Assumption 2.2 (2),
we have ¢ci < mg(x) < ¢, forall x € V(G) and hence

cifA =m(A) = A, VA CV(G), (2.6)

where 1A is the cardinal number of A. Finally, under Assumption 2.2 (1) (2) we have

0< inf My < sup Mxy < OO. 2.7

y
x,yeV(G),x~y x,yeV(G),x~y

Next, we define the lamplighter walk on Z;: G. We denote the transition probability
on Zy by P72 = (p2)(a, b)), pez,, where P72 is given by

1
p @ (a,b) = 5+ foralla,beZs.
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We can lift P = (p(x, ¥))x.yeg and P%2) = (p@)(a, b)), pez, on Z2 2 G, by

plx,y) iff=g
0 otherwise ’

PO ), (g, ) = [

% ifx =yand f(v) = g(v) forall v # x
0 otherwise '

PE((f,x), (g, ) = [

Let Y, = {(4, Xu)}n>0 be a random walk on Z : G whose transition probability
p is given by

BUf 20, (g, v) = 572 5 O 5 5P (£, ), (g, 1))

= > FE . . w)) B Oy w), (g, w2) PP (hy, w)). (5. y).
(h1,w1),(h2,w2)

Note that if (f, x), (g,y) € V(Zy: G) satisfy x ~ y and f(z) = g(z) for all
z # x, y then

1
P(Xn1r=(8.9) [ Yo = (f.2)) = 7 px.y),

and otherwise it is zero.

This random walk moves in the following way. Let X, be the site of lamp-
lighter at time n and n, be the on-lamp state at time n. The lamplighter changes
the lamp at X,, with probability 1/2, moves on G according to the transition proba-
bility P = (p(x, ¥))x,yeG, and then changes the lamp at X,, | with probability 1/2.
The lamplighter repeats this procedure (In the first paragraph of Sect. 1, we discussed
the case when {X,,} is a simple random walk on G).

Note that {Y},},>0 is reversible w.r.t. mz,,, where

mz,c((n, x)) = m(x).

We denote the transition probability of {Y, },>0 as p(x, y) (cf. p(x, y) is the transition
probability of {X},},>0). We sometimes write m(x) instead of mz,,G (x).

2.2 Main Results

In this subsection, we state the main results of this paper.

Theorem 2.3 Suppose that Assumption 2.2 (1), (2) and (4) hold. Then, the following
holds;

af
, X ‘
(¥, X) exp[—n*"], Vx € V(Z2:G).

mz,.G (x)
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Next we state the results on the LILs when d; /2 < 1 and ds/2 > 1, respectively.

Theorem 2.4 Let (G, i) be a weighted graph.
(I) Assume that Assumption 2.2 (1), (2), (4) and ds /2 < 1 hold. Then, there exist (non-
random) constants c1, ¢z, ¢3, c4 > 0suchthat the following holdforallx € V(Z:G):

deZG(Y()v Yn)

<limsu < ¢y, Peas. )8

= R n P loglogm =/ = 2 T (2.8)
d Yo, Y,

¢3 < lim Inf mollo 1) c4, Px-as. (2.9

n—oo nds/2(loglogn)=4s/2 —

(Il) Assume that Assumption 2.2 (1), (2), (3) and ds/2 > 1 hold. Then, there exist
(non-random) positive constants c1, ¢y > 0 such that the following hold for all x €
V(ZyG):

d Yo, Y, d Yo, 7,
c1 < liminf M < lim sup M <cy, Py-as. (2.10)
n—o00 n n—00 n

Remark 2.5 (1) Note that in Theorem 2.4(II), we do not need Assumption 2.2(4) but
only need the on-diagonal upper bound (2.3). Since the transient case is discussed
under a general framework in [14] (see Sect. 5.3), we do not pursue the minimum
assumption for (2.10) to hold.

(2) We can obtain the same results (by the same proof) if we replace Z; by a finite
graph H with #H > 2 and pZ2) by p) where p*!) is the transition probability
on H given by

1
p(H)(a,b) = ﬁ_H foralla,b € V(H).

A3

~

For each 0 < o < 1, Rau [17, Proposition 1.2] constructed a graph G, such
thatthe random walk on G, satisfies the following heat kernel estimates:

pan(x, x) ~ exp(—n). (2.11)

For the case 1/3 < « < 1, the graphs constructed by Rau are the wreath product
on Z, but the fiber graphs are different site by site (The definition of wreath product
given by Rau is more general than ours). On the other hand, for each d, d, such
that2 < dy, < 1+dyanddy > 1, Barlow [2, Theorem 2] constructed weighted
graphs that satisfy Assumption 2.2. Combining this and Theorem 2.3, for any
given 1/3 < o < 1 we can give an alternative example where the heat kernel
enjoys (2.11).

For the case of d;/2 = 1, we have not been able to obtain the LIL in general.
However, one can obtain the LIL for the case of Z? as follows (Note that d /2=1
in this case since dy = d,, = 2). Define R, = #{Xo, ..., X,;}. Dvoretzky and

4

~
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Erd6s [8, Theorem 1,4] proved the following law of large numbers of R;,:

Ry
im ——— =1, P-as.
n—oo n/logn

In Propositions 5.1 and 5.2, we will show that %Rn < dg,72 (Yo, ¥y) for all
but finitely many n and that there exists a positive constant C > 0 such that
dZZzZZ (Yo, Y,) < CR,, for all n. Using these facts, we see that there exist positive
constants ¢y, ¢y > 0 such that forall x € V(Z; 1 G)

dy..72 (Yo, Yn) dy, .72 (Y0, Yy)
c¢; < liminf M < lim sup 20 <c¢p, Py-as.
n—00 n/logn n—00 n/logn

As we see, the exponents differ from those in the cases of d; /2 < 1 and ds/2 > 1.

3 Consequences of Heat Kernel Estimates

In this section, we give preliminary results obtained from the sub-Gaussian heat kernel
estimates (2.3), (2.4) and (2.5). Throughout this section, we assume that Assumption
2.2 (1), (2) hold.

First, the following can be obtained by a simple modification of [1, Lemma 3.9]
(Note that (2.5) is not needed here).

Lemma 3.1 Suppose (2.4). Then, there exist positive constants c1, ¢z > 0 such that

rdw dwl*l
Py ( max d(x, X;) > 3r) <ciexp | —c2 (—)
n

0<j<n

foralln > 1,r > 1,x,y € V(G) withd(x,y) <r.

The following lemma will be used in Sect. 5.1. Note that unlike Lemma 3.1, we
need only weaker condition (2.3) here.

Lemma 3.2 Suppose (2.3). Then, there exist positive constants cy, ¢y > 0 such that

P, ( max d(x, X;) < r) < crexp (—cz%) G.1)
ijfn rw

forallx € V(G),n,r > 1.

Proof We first show that there exists a positive constant ¢c; > 0 and a positive integer
R such that

1

P, ( max  d(x, X;) < 2clr) <5 (3.2)

0<j<[rdw]
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for all x € V(G) and for all » > R, where [rdW] means the greatest integer which is
less than or equal to r% . Using (2.3), for r > 1 we have

P, ( max d(x,X;) < 2c1r) < P.(d(x, X[rdw]) <2cir)

0<j<[rdw]

1 1
= Czdw—df/dw Z m(y) < C3Tfm(B(X» 2c11)).
([F ]) yeB(x,2c1r) r

Recall that c4r9f < m(B(x,r)) < csr? forr € NU{0} by (2.2). Take ¢ as a positive
constant which satisfies ¢3(2¢1)%/ < 2175 We first consider the case of 2cir > 1. In

this case, by the above estimate we have

| =

1
P, ( max  d(x,X;) < 261r) < c3——m(B(x,2c17)) < c3es2en)? <
0= j<[rdw] rés

Next, we consider the case of 2¢;r < 1. In this case, m(B(x, 2c1r)) = m({x}) < cs.
Take R such that R > (2¢3¢5)/4r . By the above estimate, we have

1

1
P, ( max d(x,X;) < 2c1r) < Cngm(B(x, 2cir)) < C3C—5 < 7
r

0<j<[rdv] rdf

for r > R. We thus obtain (3.2).

We now prove (3.1). Let » > R. It is enough to consider the case n > [rdW]
since otherwise (3.1) is immediate by adjusting the constants. Let k£ > 1 be such that
k[rt»] < n < (k + 1)[rdw] and let t; = i[r%]. Then, by the Markov property and
(3.2) we have

P, (max dx,X;) < clr) < P, ﬂ [ max d(X;,X;) < 26‘1}”}

<j< <<t
0<j=<n 0<i<k—1 <] =<tit+1

k
< {sup Py ( max d(y, X;) < 261]")]

Y 0<j<[rdw]

1 k
< (5) < cgexp(—c7k) < cgexp(—conr ).

It is immediate for the case of 1 < r < R from the above estimate. Hence, we obtain
(3.1) by adjusting the constants. O

In the next proposition, we show that Lemma 3.2 is sharp up to constants if we
assume both (2.4) and (2.5). The idea of the proof is based on [16, Lemma 7.4.3],
where a similar estimate was given for a class of random walks on Z?.

Proposition 3.3 Suppose (2.4) and (2.5). Then, there exist Ny > 1 and positive con-
stants c1, c¢p > 0 such that
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Py ( max d(x, X;) < V) > ¢y exp (—cz%)
S r w

0<j<n

dy
forallr > Ngandn > 4@w-T,
The proof consists of the following two lemmas.

Lemma 3.4 Under (2.5) there exists € € (0, 1) such that

Pyd(x,X,) >r)<1—¢

dy
forallr > 1, n > 4dw-T withn < rdv and x, y € V(G)withd(x,y) <r.

Proof We follow the argument in [16, Lemma 7.4.7]. Let y = 1/(dy, — 1). Let £,
be a geodesic path from x to y in G. Let x, € £y, be the ([nl/dw] + 1)-th vertex
from y. Then, B(x,, [n"/%1]) C B(x,r — 1) since for all z € B(x,, [n'/%]) we have
d(x,2) <d(x, x,) +d(x,2) < (d(x, y) = [n!/] = 1) 4+ [n"/%] < r — 1. Also for
all z € B(x,, [n'/4]), we have d(y, z) < d(y, x,) +d(xn, z) < 2[n'/%]+ 1. Hence,
by (2.5) and (2.2) we have

2Py (d(x, Xp) =r) = Py(d(x, Xp—1) =7 — D)+ Py (dx, Xp) =7 — 1)

m(z) d(y, 2%\
P> V(y,(n—lﬂ/dw)exp[_cz( ol )}

2E€B(xy, [nl/dw])

m(z)
ol XY e [ee 3]z aen [—ae 37,

2€B(xp,[n1/dw])

dy
provided n > 47T so that d(y,z) < 2n'/% 41 < 3nY/% < n — 1 for any
z € B(xy,, [nl/dw]). The proof completes by taking € = %64 exp [—C2(2 . 3dW)V]
(note that we may take c4 < 1). O

Lemma 3.5 Let € be as in Lemma 3.4. Then, under (2.4) and (2.5), there exists n > 1
1
such that for all x, y € V(G), positive integers r > 8dw=1 with d(x, y) < 2r and for
dy
all integers k > 0 and £ > 4dw-T with k[riv] < £ < (k + D[r9], we have
€

ek
P, (()rgléd(x, X;) < 3nr.d(x. Xp) < Zr) > (E) NS

Proof We follow the argument in the proof of [16, Lemma 7.4.3]. We prove the
assertion by induction in k.

Step I: We first prove the case k = 0,1. Let y = 1/(d,, — 1). In general,
1 < P(A) + P(B) + P((A U B)°) holds for any events A, B. As A, B take
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dU)
= {maxp<j<¢d(x, X;) > 3nr}, B = {d(x, X¢) > 2r}. Let 4dw-T < £ < 2[rv].
By Lemmas 3.1 and 3.4, we have

1<Py (max dx,X;) > 3nr) + Py (d(x, Xg) > 2r)

O<]<

+ Py (max d(x,X;) <3nr,d(x, X¢) <27)

dw
< cjexp [—cz ((ﬂre) ) :| +(1—e¢)

+ Py (max d(x, X;) <3nr,d(x, X£)<2”)
<j<

From above and using £ < 2[r%] we have

Py (Olgfliged(x, Xj) <3nr,d(x, Xg) < 27)

dy\ 7 dw\Y
ZE—CleXp|:—Cz((nre) ) :|26—clexp|:—cz(n2 ) :|

2 2¢ 1/(ydw)
Taking n > [— log ( )] Vv 1, we obtain

€

Py (Omax d(x,X;) <3nr,d(x, Xy) < 2r) >
<js

NSRNO)

for 47T < ¢ < 2[r].

Step II: Let k > 1 and assume that the result holds up to k. Let £ satisfy (k4 1)[r®] <
€ < (k+2)[r?). Define ¢’ = k[r?v]. Then,since ¢’ A((—L) > [rdv] > Lrdv > 4751
by r > 8,11”%1 , using the Markov property and induction hypothesis, we have

Py(max d(x,X;) < 3nr,d(x, Xy) <2”)

O<]<

> P (Om]ai( d(x,X;) <3nr,d(x, Xe) <2r,d(x, Xp) < Zr)

=E, I:l{max()sjsl/ dx, X)) <3prd(x,Xp<2r} Px, (d(x, Xo_p)

<2r, max d(x,Xj) <3nr)]
o<j<t—t

m

€\ k+1
> EPy (Or<nja<x d(x,X;) <3nr,d(x, Xp) < 2r) > (E) )
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We thus complete the proof. O

Given Lemma 3.5, it is straightforward to obtain Proposition 3.3.

4 On-Diagonal Heat Kernel

In this section, we give the proof of Theorem 2.3.
The lower bound follows by the same approach as in [16, Section 7] (cf. [15,
Section 7] and [21, Section 15.D]). We use Proposition 3.3 for the proof.

Proof of the lower bound of Theorem 2.3 Let x = (n,x) € V(Z> 1 G). As we said
before we write my,, as m. For any finite subset A C V(Z2: G), using the Cauchy-
Schwarz inequality, we have

pzn(x,x): Z Pu(X, Y)pu(y, X)

m(x) yeV(ZnG) m(x)

. pux, 3 pn(x,y)zz
m(y) m(y) m(A)

P (Y, € A)?. 4.1)

yeV(ZnG) yeA

Set A:={y=(f,y) e V(Zy:G) | y € Bg(x,r), f(z) =0forall z € V(G) such
that d(x, z) > r}. Using (2.2) and (2.6), we have

d
mZzZG(A) = Z mG(y)ztBG(XJ) < Clrdf2czr f’
yeBg(x,r)

and using Proposition 3.3 we have

=j=n

P. (Y, € A) > P, (Omax d(x. X)) < r) > ¢3exp [—m%]
r w

dy
provided n > 44w-T and r > Ny. Hence, by (4.1), we have

P2n (x, x)
m(x)

> c5exp [—c6 (df logr + rdr 4

)]

Optimize the right-hand side (take r = n!/(4/+4w)) then we obtain

ds

f
PR [_cﬂdww}

m(x)
. _dw dy+dy _dw dy+dy .
provided n > 43T v Nof " The lower bound for | < n < 47T v/ Nof " is
obvious, and we thus complete the proof. O
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We next prove the upper bound of Theorem 2.3 (cf. [15, Section 8] and [21, Sec-
tion 15.D])).

Proof of the upper bound of Theorem 2.3 Without loss of generality, we may and
do assume nq is identically 0. For the switch-walk-switch random walk {Y, =
(Mn, Xn)In=00nZy2 G, n, is equi-distributed on { f € HzeV(g) Zy | Supp(f —mno) C

R}, where R, = {Xo, X1, --- , X,,}. Hence, setting R, = fR,,, we have
n+l n+1
PeVy=x)= > Pe(Yy=x Ry =K) = > Ex|lig,=2™] = Ex [2750].
k=0 k=0

In [9, Theorem 1.2], Gibson showed the following Donsker—Varadhan type range
estimate: for any v > 0 and any x € V(G),

—log E, [exp {—Vm(]é[ndwv(x’n)])}] = V(x,n).
Note that V (x, n) < n?/. Replacing n with n!/(@/+dw) we have

Ex [eXp {_Vm(Rn)}] A eXp [_nd(f'/(df‘i‘dw)] .

Since ecm(R,) < R, (due to (2.6)), by the above estimates, we obtain the upper
estimate, i.e.,

(x,x) A
% %) cexp|—Cn?rtiw |,
m(x)

We thus complete the proof. O

5 Laws of the Iterated Logarithm

In this section, we will prove Theorem 2.4.

We first explain the idea of the proof. Let (G, u) be a weighted graph such that
G is of bounded degree. For notational simplicity, let o € V(G) be a distinguished
point and 0 be the element of (Z;)"®) such that 0(v) = 0 for all v € V(G). In
order to realize a given lamp state (n,x) € V(Z, : G) from the initial lamp state
0,0) € V(Zy : G), we need to visit all the “on-lamp vertices”. So,

> ni) < dzy6((0,0), (7. x))

ieV(G)
< (the minimum number of steps to visit all the “on-lamp vertices” from o to x)
+ > 0. 5.1
ieV(G)
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We apply the above observation to the lamplighter walk {Y,, = (,,, X;1)}n>0 on Zz:?
G. Note that the lamp at a certain vertex of G (say z) cannot be changed without making
the lamplighter visit at z. From this and (5.1), we see that dz,,G (Yo, Y,,) is heavily
related to the range of random walk {X,},>0 on G. Set R, = #{Xo, X1, -, Xn}.
Intuitively, >,y (g) nn (i) is close to %R,,. Indeed, we will show the following in
Propositions 5.1 and 5.2:

1

ZR,, < dz,c (Yo, Y,) forall but finitely many n, a.s., 5.2)

dz,6 (Yo, Yn) < 2M + 1Ry,  foralln, (5.3)
where M is defined by (2.1). We will prove (5.2) and (5.3) in Sect. 5.1. The behavior

of R, differs for d;/2 < 1 and d;/2 > 1. In Sect. 5.2 (resp. 5.3), we prove the LILs
of R, and dz,,c (Yo, Yy) for ds/2 < 1 (resp. for ds /2 > 1).

5.1 Relations Between the Distance and the Range

The main goal of this subsection is to prove (5.2) and (5.3).

Proposition 5.1 Suppose that Assumption2.2(1), (2)and (3) hold. Then, the following
holds;

1
R, < Z (i) for all but finitely manyn, P )-a.s., for all x € V(G).

Proof We fix x € V(G) and write P instead of P ). Define S, = Zie{xo,th X!
N, (7). It is easy to see that

k
P(S,=1|R,=k) = (%) (ll‘)

for 0 <[ < k. Then, we have

4]

P(SnfiRn)ng(Sngél—‘l,anl) ng()()P(R =1)

| A

Z (——l) P(R, =1) by the Chernoff bound

I/\

1
Zdw) + exp (_En Mw) P(R, > nZdw)

=0
I
P( sup d(X(), Xl) < n2du, ) +exp (_1_6n2dw>

0<l<n
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1
<c exp(—czn%) + exp (—Enh}w) , by Lemma 3.2.

Using the Borel-Cantelli lemma, we complete the proof. O

Proposition 5.2 Let (G, n) be a weighted graph such that G is of bounded degree,
and set M = sup,cy (G, degv(< o0). Then, for all realization of {Y,},2, and all
n=>0,

d7,.6 (Y0, Yn) = QM + DR,

To prove the above proposition, we need the following lemma. To exclude ambi-
guity, we first introduce some terminology. Let H be a connected subgraph of G.

— A path y in H is a sequence of vertices vgvy ... v such that v; € V(H) and
vivi+1 € E(H) forall i. For a path y, we set V(y) = {vo, v1, ..., Uk}, and define
the length of y as |[y| = k.e; = vjv;11(j =0,1,...,k — 1) are said to be the
edges of y.

— For the path y given above and a given edge e € E(G), we define F(y,e) ={l €
{0,1,...,k—1} | e =e}.

— We denote @ = ub if the edge e is directed from u to v and call @ a directed
edge. For two directed edges e_f = m and ?2) = m, e_f and e_2> are equal if
and only if u; = up, vi = v7.

Lemma 5.3 Let G be a graph of bounded degree, M = sup,,cy ) deg v(< 00) and
H be a finite connected subgraph of G.

(1) Let x,y € V(H). Then, there exists a path y = wow - - - Wi in H such that the
following hold.
(a) {wg, wy, ..., wr} = V(H).
(b) Definee; =wjwjyy for j=0,1,--- ,k— 1 Then, ${j €{0,1,...,k— 1}
| e :és} <2foralls =0,1,--- ,k—1.
(c) wo =x and wy = y.
(2) Lety beasin (1). Then, |y| <2MtV(H).

Proof (1) Take a path n = wuou;---u, in H such that uy = x, u, = y and
{uo,uy, -+ ,uy} = V(H). Define f; = wujuji. If each edge f; satisfies f{/ €
{0,1,---,n =1} | fi = fj} < 2forj = 0,1,...,n — 1, then n satisfies
the conditions (a), (b) and (c). So, we may assume that there exists f; such that
gl € {0,1,---,n =1} | fi = f;} = 3. For such an edge f;, there exist at
least two elements s,¢ € F(n, f;) such that m = m Let s < t. Define
Net = Uglgy1Us42 ... Ur—1U; (see Fig. 3). Replace n = ug ... us—1nglls+1 . ..U, by
77] = li()lil . Iin = Uup... Ms—lﬁstut—i-l oo Up where 77]” = UsUr_1U—2 ... Us4D. 77] is
again a path, V(7)) = V(H) and §F (7}, f;) = 8F (1, f;) — 2 (see Fig. 4). Repeat this
operation to fy, f1, ..., fn—1 inductively until obtaining a path satisfying (a), (b) and
(c).

(2) Note that w; appears in V(y) at most 2deg(w;) times for each vertex w; €
V(H) . The conclusion can be verified easily. O
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Fig. 3 An example of the
path n

Fig. 4 An example of the
surgery of 7

Remark 5.4 While the revision of this paper was under review, Pierre Mathieu pointed
us out a simpler proof of this lemma (therefore, a simpler proof of Proposition 5.2).
Take a spanning tree of V (H) and let y’ be an exploration path of the spanning tree
from x to x (i.e., a path that crosses each bond of the tree exactly twice). Then, one
can produce a desired path y by an easy modification of y’.

Proof of Proposition 5.2 The graph G’ = (V(G'), E(G")), where V(G') = {Xo, X1,
.., Xptand E(G') = {X;X;jy1 € E(G) | 0 < i < n — 1}, is itself a connected
subgraph of G. So, applying Lemma 5.3 to G’, we have

min{|y| | y is a path starting at Xo, V(y) = {Xo, X1, ..., Xu}} <2MR,.

By this and (5.1), we obtain dz,, (Yo, ¥,) < 2M + 1)R,,. O

5.2 Proof of Theorem 2.4(I)

In this subsection, we prove the LILs for {Y,},>0 when d;/2 < 1.

Theorem 5.5 Assume that Assumption2.2 (1), (2), (4) and ds/2 < 1 hold. Then, there
exist (non-random) constants cy, co > 0 such that the following hold:

Ry
li =ci, Pi-a.s. Vx € V(G),
o nds/2(log log n)1=%/2 €1 x-0.S. VX (G)
R
lim inf n = ¢, Pi-a.s. Vx € V(G).

n—o00 ndx/2 (log log n)—dX/Z

This is a discrete analog of [5, Propositions 4.9 and 4.10]. Note that the proof of
these propositions relies on the self-similarity of the process. Since our random walk
does not satisfy this property, we need non-trivial modifications for the proof. Quite
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recently, Kim et al. [12, Theorem 4.14] proved the LIL of the range for jump processes
without using self-similarity of the process. By easy modifications, we can apply their
argument to our random walk. The proof of Theorem 5.5 will be given in Appendix 1.

Proof of Theorem 2.4(I) Note that Assumption 2.2 (1) implies that G is of bounded
degree. Thus, by (5.1), Propositions 5.1, 5.2 and Theorem 5.5, we obtain (2.8) and
(2.9). O

5.3 Proof of Theorem 2.4(II)

In this subsection, we prove the LILs for {Y,},>0 when d;/2 > 1.
First, we explain the notion of “uniform condition” defined in [14]. We define the
Dirichlet form £ on the weighted graph (G, ) by

EL = D (fF&) = FO) iy,
x,yeV(G)
for f: V(G) — R, and the effective resistance Ref(-, -) as
Reii(A, B)™' =inf{E(f, f): fIA=1, f|B = 0} (5.4)

for A, B C V(G) with AN B = . Denote p(x,n) = Regr({x}, B(x, n)) for any
x € V(G),n € Nand p(x) = lim,— ~ p(x, n).

Definition 5.6 (Okamura [14]) We say that a weighted graph (G, p) satisfies the
uniform condition (U) if p (x, n) converges uniformlyinx € V(G)to p(x)asn — oo.

For A C G, define
TS =inf{n>1]X, € A}
We write 7, instead of 7.
The following is an improvement of [14, Corollary 2.3].

Proposition 5.7 Let (G, ) be a weighted graph satisfying (U) and (2.7) and assume
that G is of bounded degree. If sup,.cy gy Px(M < T < o0) = O (M%) for some
6 > 0, then

Ry Ry,
1—F <liminf — <limsup— <1 — Fj, Py-a.s.
n—oo n n—oo N

forallx € V(G), where F1 = infcy (G) Px(Tx+ < o0)and Fr = SUP,ev(G) Px(Tx"’ <
00).

Remark 5.8 In [14, Corollary 2.3], a stronger condition sup, Py (M < Tx+ < 00) =
O(M’l"s) for some § > 0 is imposed to prove 1 — F> < liminf,_, %. As we
prove below, it is enough to assume sup, Py(M < TX+ <00) = O(M™9).
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Proof of Proposition 5.7 For the upper bound lim sup,,_, % <1 — Fy, [14, Proof

of Corollary 2.3] goes through without any modifications.
Hence, we prove 1 — F> < liminf,_ % under our assumption. Fix € > 0. By
[14, (2.5), (2.6), (2.7)] there exists a € (0, 1) such that for any n and M we have

R 2
Py (—n <l—F - 6) <Z sup Py(M < T <o00)+ M+ Da"/M+D,
n € xeV(G)

(5.5)

Choose k > 2/8. Replacing n by n* in (5.5), we have

R 2
Px( ’;{" <l1—-F —e) <Z sup Py(M <T; <o00)+(M+ g/ M+D
n € xeV(G)
2
= Z0(M™%) + (M + )a"/M+D),
€
Take M = M (n) = n/2 — 1 and we have

R« 2 1 kj2 k2
Px(nk 51—F2—e)520(nk5/2)+n a .

Since k6/2 > 1, we can apply the Borel-Cantelli lemma and we obtain

L k
1 — F> <liminf —2, P.-as.
n—oo n

k

For any m, choose n as n® <m < (n + l)k, and we then have

Ru _n*Ry _( n "(n+1)’<R,,k> n \* Ry
m — m nk n+1 m nk “\n+1) nk’

Take lim inf,;,_, oo and we obtain 1 — F> < liminf,_ %. O

Proof of Theorem 2.4(11) Note that the uniform condition (U) is satisfied in our frame-
work by [14, Proposition 4.6].
Since d;/2 > 1, we have

oo o0
PAM <T} <o)< > puvx)<c D n~b2=om'~42). (5.6
n=M+1 n=M+1

Note that Assumption 2.2 (1), (2) imply (2.1) and (2.7). By (5.6) and Proposition 5.7,
we have

. . Rn . Rn
1—F <liminf — <limsup — <1 — F}, P.-as. 5.7
n—oo n n—oo N
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Define G(x,x) = > .2 pa(x,x), and F(x,x)
Py (T < 00). It is well known that

Z:il PX(Tx+ =n) =

Gx,x)—1=F(x,x)G(x, x). (5.8)

Since ds/2 > 1, we have

sup Zp,,(x X) <cz d/2 < Q.

xeV(G) o
By this and (5.8), we have

F, =supF(x,x) < 1. (5.9)
X

Thus, by (5.1), Propositions 5.1, 5.2, (5.7) and (5.9), we conclude that for all x €
V(Zy:G),

ngZG (Yo, V)
n

dz,6 (Yo, Yn)
n

1
0< -(1—F) <liminf
4 n—00

< lim sup
n—oo

<Q@M+1)(1—F)) <00, Peas.

Hence, we complete the proof. O
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Appendix 1: Proof of Theorem 5.5

In this section, we will explain briefly the essential part of the proof of Theorem 5.5,
which is a discrete analog of [5, Propositions 4.9 and 4.10]. Note that the results in [5]
are for the range of Brownian motion on fractals, and the proof heavily relies on the
self-similarity of Brownian motion. Quite recently, Kim et al. [12, Theorem 4.16] have
obtained the LIL for the range of jump processes on metric measure spaces without
using scaling law of the process. We employ the results and techniques in [5,7,12],
and prove the LIL for the range of the random walk without using scaling law of the
process or of the heat kernel.

The key to prove the LILs for the range of the process is to establish those for the
maximum of local times. We assume dy < d,, and define the local times at x € V(G)
up to the time n as
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1 -1 .
L — lm® Do lixe=yy ifn>1,
n(x) 0 -

and the maximum of the local times up to the time n as

Ly = sup Ly(x).
xeV(G)

Let & = (dy — dy)/2. Recall (5.4) for the d_eﬁnition of the effective resistance,
and write R(x, y) := Rer({x}, {y}). Also, let R (x, y) := i ~“@w=dr) R(x, y) for all
x,y € V(G) and i > 0. We first cite a result from [7].

Lemma 5.9 ([7, Lemma 6.3 (a)]) Suppose Assumption 2.2 (1), (2), (4) and dy < d,.
Then, there exist constants cqo, c1 > 0 such that

sup  sup Pz( max i‘<dW‘df>|Lk(x>—Lk<y)|zx\/RU)(x,y))

ie[l1,00) x,y,zeV(G) 0<k<idw
d(x,y)<i

< c1 exp(—coA)

for all ). > 0. In particular, there exist constants c1, ¢y > 0 such that

sup sup P, ( max |Lg(x) — Li(y)| = A(id(x, y))e)
i€[l,00) x,y,zeV(G)d(x,y)<i 0<k<idw
< crexp(—c2A) (5.10)
forall ). > 0.

Proof Note that by [4, Theorem 1.3], we have the following relation between the
resistance metric and the graph distance

R(x,y) <d(x,y) ™4  Vx, yeV(G),

which is a consequence of Assumption2.2 (1), (2),(4)andd s < d,,. The first statement
is the result of [7, Lemma 6.3 (a)] for the case of k = T = 1. The second statement
can be proved by applying the above relation between the resistance metric and the
graph distance. O

The next theorem is an analog of [12, Proposition 4.8]. Since our proof is different
from that of [12, Proposition 4.8] which uses a scaling argument, we give the proof

below.

Theorem 5.10 (Moduli of continuity of local times) Suppose Assumption 2.2 (1), (2),
(4)and dy < dy. Then, there exist constants ¢, C > 0 such that
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P, max max |L;(x) — L,(y)| > A
x,y€By(0,kcul/dw) 0=r=<u
d(x,y)<L
(ul/dwK)zdf CA
=S¢ a;, p T Geuldn Ly

forallo e V(G),u>1,k>1,0 <L <2ku'/% and A > 0.

Proof Letcy, c;beasinLemma5.9. Let G be a graph with V(G®) = By(o, 6i) and
E(GD) ={(x,y) € E(G) | x,y € V(GD)}. We denote by m; (-) = m(- N V(GD))
the measure on G, Then, the following holds by the proof of [7, Theorem 6.1]; There
exists a positive constant c3 (not depending on i) such that

m;i(By(x, 1)) > c3rf (5.11)

foralli € [§,00),x € V(G?)and r € [1, 12i] (In fact, [7, Proof of Theorem 6.1]
discusses the case where i > 1 is an integer, and we can obtain (5.11) fori € [%, 00)
by adjusting the constant). Set 6i = «xu'/% By (5.11), we have

min_ m;(Bg,(x,r)) = min_ m;(Bg(x,ir)) > c3i%r?,

xeV(G®) xeV(GD)

where d; = ,l-di~ We now apply a discrete version of Garsia’s Lemma (see [7, Propo-
sition 3.1, Remark 3.2]) to the graph G with distance d; = 1d, p(x) = x?,
1 .
¥ (x) = exp(c«|x]) — 1, and the function f(x) = —zL;(x) on V(G®) for0 <t < u,
l

where ¢, = 127%,/2. For x,y € V(G%) = By(o, 6i) with d(x,y) < L and
t € [0, u], we have

1 4 ey r (IQLHLI)
i@|Lz(X) - Lyl = a/o 475" log W +1|ds
401 pALs r (%LM)
< — s log| —————+1 | ds, 5.12
= /0 B\ o252 (5.12)
where ¢4 = c% /22df and
1 [L;(x) — L(y)]
M) = X e (e oo
! x,yeV(GW) 1ax, y
~ (1 sup, |L,(x) — L,(3)|
r (%Lu) = z exp (c* Ogtf(?d(t NG d m(x)m(y).
! x,yeV(G) 1aLx, y
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(4t

C4i2df52df :

Define v = Then, by (5.12), we have

1
iTQ|Lt(x) — L:(y)]

0

40+1 1 1 1.~ 1 u; [ (1] 0/(2df)+1
=g (@) () e

0

1. 1 Wy [ (1] 0/Q2ds)+1
= CSZ_GF (IELM) . A (—) 10g(v + l)dU,

v
h o ) (’%LM) 2% ¢y B lcul
where ¢5 = — b= ———% g = . easy calculus we
cs ¢ 2d; Ci /2d¢ p 1.2ds Ce c4. by y
have

oo 1/ 2dpl log(b + 1) +2d /0
/ (—) log(v + 1)dv < ogb +1) +2dy/ .
b

0,072y
v 2dy b /

Thus, we have

1 L\’ 2d
l.70|Lt(X) Ly <c7 (7) [log(b +1)+ 7] .

where ¢7 = ¢5 (2df/0)062Tf, SO

Py max max |L,(x) — L(y)| > A
x,y€Bg(o,cul/dw) 0=r=<u
d(x,y)<L
<p,(logb+1)> A 2
(0] _ 4
=T Y= GG T e

<cg

ce L2 (L)’

By (5.10), noting ¢, = 127%¢>/2,k > 1 and 6i = ku'/% (in particular u < (6)w),
we have

(1 SUPg<s <y | L1 (x) — L;(y)]
E, [r (WLM)} = > E [exp (c* °—’—(l. d(;’y))e d )]m(x)m(y)

x,yeV(GW)

<t<u Lt —-L
= > et P, (SUPO—'—(I.KL (x();)»e O n) m(xm(y)
x,yeV (G n ’
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< > > sw Po( sup |Lr<x/)—L,<y’>|z1”29<12id(x’,y’>>9)
x,yeV(GD) n ;(/j/ye’;/i?z)i 0=r=(12i)dw

x exp (cx(n + 1)) m(x)m(y)
< 3 Slaew (—021’%)} exp(cs(n + 1)ym(x)m(y)

x,yeV(GW) n

< Cloizd'f < C11M2df/dwlC2df.

Therefore, we have

P, max max |L;(x) —L:(y)| > A
x,y€Bg (0, kcul/dw) 0=t=<u
d(x,y)<L
27 /du 2d7 A
son\ g ) et gmay )

1/dy

Since we are assuming L < 2xu /“w, we complete the proof. O

Given Theorem 5.10, the following theorem can be proved similarly to [12, Proof
of Theorems 4.11 and 4.15]. (See also [5, Propositions 4.7 and 4.8]).

Theorem 5.11 (LILs for the local times) Suppose Assumption 2.2 (1), (2), (4) and
dy < dy. Then, there exist positive constants c1, ca such that the following hold.

L*
lim's n =cy, P.-a.s. Vx € V(G),
lnaolép nl=ds/2(log log n)ds/2 “l x-a.s. for Vx ©)
L*
lim inf 2 =cy, Py-as. for Vx € V(G).

n—00 nl—ds/z(log log n)a's/Z—l

Given Theorem 5.11, the proof of Theorem 5.5 can be done similarly as in [12, The-
orem 4.16] by using the relationn = erR,l L,(x) < R, L} (Seealso [5, Propositions
4.9 and 4.10]).
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