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Abstract We prove a first-order limit law for functionals of two independent d-
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4), using the method of moments and extending a result by LeGall in the case of
Brownian motion.

Keywords Limit theorem - Fractional Brownian motion - Method of moments -
Short range dependence

Mathematics Subject Classification (2010) Primary 60F17 - Secondary 60G15,
60G22

1 Introduction

Let {Bf = (B/....,B%).t >0} be a d-dimensional fractional Brownian motion
(fBm) with Hurst index H in (0, 1). Let B! and B2 be two independent copies of
BY with H = 2/d € (0,1/2]. If Hd = 2, then the intersection local time of B!
and B2 does not exist (see [8,9]). This is called the critical case. When H = 1/2
and d = 4, the following convergence in law was proved by LeGall (see [3]):
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logn/o /O f(B2 — B; )dudv—)((zn)z R4f(x)dx)N

as n tends to infinity, where f is a continuous function with compact support and N
is the standard normal random variable.

We will generalize the above limit theorem to fBms. The next theorem is the main
result of this paper.

Theorem 1.1 Suppose Hd =2, H < 1/2, and f is a bounded measurable function
on R? with fRd | £(x)||x|# dx < oo for some B > 0. Then, for any t and t; > 0,

niy

1 Ml ¢
;/ / FBHY — B2y dudv £, Cra(ti At2) N? (1.1)
0 0

as n tends to infinity, where

d d d 1
Cf,d = Z B (Z, Z) m o f(x)dx (1.2)

with B(-, -) being the Beta function, and N is a real-valued standard normal random
variable.

Remark 1.2 Since the function f is bounded, we can always assume < 1. Moreover,
the assumption on f implies f € L?(R?) for any p > 1.

Remark 1.3 We use adifferent normalization to make sure that the limiting distribution
in (3.3) depending on times ¢ and #,. Moreover, the above limit theorem can also be
generalized to several independent fBms, see [1] for the Brownian motion case.

Limit theorems for functionals of two independent fBms in the case Hd < 2 have
been studied in [6]. Here, we focus on the critical case Hd = 2 and just consider
the first-order limit law. That is, fRd f(x)dx is not required to be equal to 0. The
second-order limit law would probably be considered in another paper. In [6], the
first-order limit law follows immediately from the scaling property of fBm. However,
this method fails in the critical case. For the recent development of limit theorems for
functionals of one fBm, we refer to [4,5,10] and references therein.

As we all know, fBm with Hurst index not equal to 1/2 is neither a Markov process
nor a semimartingale. Therefore, the methodology once applied for Brownian motion
and Markov processes cannot be used directly to prove Theorem 1.1. We use method of
moments to show our result and only consider the case H < 1/2. So far, we still have
no idea to deal with the case d = 3 and H = 2/3. The main reason for H < 1/2is that
we need to use Lemma 2.4 in [10] when showing the convergence of moments (see
Step 3 in the proof of Proposition 3.3), while Lemma 2.4 in [10] fails when H > 1/2.
This methodology has been applied when considering limit laws for functionals of
one fBm in the critical case Hd = 1, see [7,10]. We borrow some ideas from LeGall’s
paper [3] and extend his result for Brownian motion to fBms with H < 1/2. However,
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this extension is not trivial mainly because the fBm with H < 1/2 does not have the
independent increment property. New ideas are needed.

The paper is outlined in the following way. After some preliminaries in Section 2,
Section 3 is devoted to the Proof of Theorem 1.1. Throughout this paper, if not men-
tioned otherwise, the letter ¢, with or without a subscript, denotes a generic positive
finite constant whose exact value is independent of n and may change from line to line.
Moreover, we use ¢ to denote ~/—1, x - y the usual inner product in R4 and B(0, r)
the ball in R? centered at the origin with radius r.

2 Preliminaries
Let {BtH = (Bl, e, Btd),t > O} be a d-dimensional fBm with Hurst index H in

(0, 1), defined on some probability space (2, F, P). That is, the components of B?
are independent centered Gaussian processes with covariance function

l(t”" + 527 — |t —s?H).

E (5B = |

We shall use the following property of fBm B

Lemma 2.1 Givenn > 1, there exist two constants kg and By depending only on n,
H and d, such that forany 0 = sg <51 <--- < spand x; € RY 1 <i < n, we have

n n
kn > il — s < Var (X (B - B )
i=I i=1

n
2 2H
< Bu D 1xil*(si — sio)*H.

i=1

The proof of Lemma 2.1 can be found in [4]. Moreover, inequalities in Lemma 2.1
can be rewritten as

n n 2 n n n 2
kn || s < Var (3w BI) < B0 | D] Gi—sion.
i=1

i=1 j=i i=1 j=i
Q2.1

3 Proof of Theorem 1.1

In this section, we will show Theorem 1.1. For any positive real numbers #; and 7,

define
1 e
F,(t1,n) = —/
n.Jjo

We first show that the limiting distribution of F;,(#1, #2) depends on t| A 1.

nty

entz
/ F(BEY — BH2y dy dv.
0
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Lemma 3.1

lim E [|F,(t1, ) — Fa(ti A2, 11 A)|] =0.
n—oo

Proof Without loss of generality, we assume #; < t, and then obtain
1 [ e
e /
n 0
1 entl 400 M
< —/ / / | 1@+ 0v*)~2 dudv dx
nJjo e R4
1 1 +00 4
= —/ / / |f QI+ 1*H)"2 ds dr dx
nJjo Ji R4
1

< %(/Rd|f(x)|dx)/0 (/1+Oos_2ds) dr du

1
=—/ |f (o)l dx,
n JRrd

where we use the fact that the probability density function p, ,(x) of Bf 1 Bf 2 s

nty

E [|Fu(t1,12) — Fu(t1, t1)]]

IA

entz
[, e —Bf*2>|dudv]
el

n,

d .
less than (2" + v2H)~2 in the second inequality and make the change of variables
s = "y and t = "y in the first equality. This gives the desired result. O

Now we only need to consider the limiting distribution of F(t, t) for t > 0. For
simplicity of notation, we write F,(t) for F, (¢, t). Using Remark 1.2 and an identity
on page 184 of [2], F,,(¢) can be rewritten as

nt

_ 1 ¢ <" Y (pH1 _ pH?2
F,(t) = (Zn)dn/() /0 /Rd f(x) exp (Lx (B, B, )) dx du dv,

where ~;”\(x) = fRd e Y f(y)dy.
Let

B 1 ent ent . H’l H)2
G (t) = W/o /0 /|x|<lf(0) exp (Lx-(Bu — B! )) dr dudv. (3.1)

We show that F,, () and G, (¢) have the same limiting distribution.

Lemma 3.2
lim E [|F,(t) — Ga(1)[] = 0.
n—o0
Proof We first observe that

Fn(t) - Gn(t) = Jn,l(t) + Jn,Z(t) + Jn,3(t) + Jn,4(t)a
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where

1
T (1) = _/ f (BL{“ - Bf’z) du dv,
n [O,e’”]z—[l,e’”]z
1 < H.1 H?2
Jnp(t) = W/l /1 /x|>1 X) exp X - (Bu " — B )) dx du dv,
1 eilf (f R R
1,3(t)=—/ / / fx)— f(0)
! Qmyin Ji S S« ( )

X eXp (Lx . (Bf‘1 — Bf’z)) dx du dv,

(0
Jnat) = — It 3 / exp (Lx . (Bf’1 - Bf’Q)) dx du dv.
(27[) n [O,U"]z 1 c"']2 lx|<1

Since the function f is bounded and integrable,

1 1 1
E[|Jn,1<t)|]s—||f||oo/ / du d
n 0 Jo

1 el‘l[
+l(/ If(x)ldx)// (M2H+v2H)_%dudv
n R4 0 1
1
—(Ilflloo+/ |f(x)|dx).
n Rd

Now it suffices to show

IA

lim E[|J,;()]*1=0, fori=2,3,4.
n—00
When i = 2,

E [[Jn.2(1)]? 1<— /| | l|f<x1)f(xz)|
x2|=

lx1|=1

1 2
x(/ exp(——Var(xz B , e ))du) dx
lent 2
= _/ / / |f(x1)|f(x2)|1{u1<u2 v1<vp}
Lem 4 Jxi=1 J|xa=1

1
X exp (—EVEII' (xz B X BH) 2Var (xz B , X1 )) dx du dv,

where in the last inequality we used the Cauchy—Schwartz inequality.
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Using Lemma 2.1 and the fact that |f| is bounded,

C o~
ElJy (0] < —;/ / / 7o)l
n= Je 1t Jixg =1 Jxn|=1

X exp (—KTH (|x2|2((u2 —u)* 4 (vy — U1)2H)))

X exp (—KTH (|x1 —i—x2|2 (u%H + U%H))) dx du dv

c2 ~ _ d
—2(/ | f (x2)]x2] ddXz)(/ @i? + vt 2du1dv1)
n [x2]>1 [1,en]2

3

’

T n

IA

where the second inequality follows from integrating with respect to x1, u and v, and
the last inequality holds because

/ | F o) xal = dixa 5/ |f(xz)|2dxz+/ 2|24 dx; < o0
[x2[>1 [x2|>1 [x2|>1

d

2 duj dvy is less than a constant multiple of nt.

and f[l,em]2 (”%H + U%H) be
fO) < c,3|x|/3 and (2.1), we can obtain

When i = 3, using inequalities If(x) —

ca
Blga0P =S [ [ e s <
n= Jen 1 Jx <1 Jxl<1

1
X exp (—EVar (x2 . (BZ’I — Bg’z) +x1 - (Bfl’1 — Bﬁz))) dx du dv

/ / / ol
le’”]4 lxil<1 J|xz]<1

xexp( 5 (|x2| ((ur — uy)? +(v2—U1)2H)))

X exp (—KTH (|x1 —|—ch|2 (u%H + U%H))) dx du dv
_d
< C—;(/ |x2|’3_ddxz)(/ (u%H +U%H) : du; dv1) < C—ﬁ.
n lx2l<1 [1,en]2 n

When i = 4, using similar arguments as i = 2 and i = 3, we obtain

c7
E[lJna®)*] < = / / / Ly <uz, 00 <02)
n=J10,112x[1,e" 2 Jxi| <1 Jxz] <1

1
X exp (—EVar (xz . (B,Z’1 — BUZ’Z) + x1 - (BMI"{'1 — Bgz))) dx du dv

c7 KH
< / / exp (=2 (ol — ™ + (2 = v)*™)))
n= Jio,112x[1,em 12 Jix1<1 J el <1 2
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X exp (—%{ (|x1 +x2|2 (u%H + v%H))) dx du dv
ot 2

c—i (/ exp (—K—H|x|2u2H) du) dx

n* Jixj<1 \Jo 2

€9
n

IA

IA

)

where in the last third inequality we used (2.1).
Combing all these estimates gives the required result. O

For the simplicity of notation, we set

o 1 ent ent
G,(t) = —/ / / exp (—Lx : (Bf’l — 31{1,2)) dx du dv.
n.Jjo 0 B(0,1)

Note that

FO) —

Gn(t) = W Gn(1). (32)

So the limiting distribution of G, (#) can be easily obtained from that of G, (1).
We next give the limiting distribution of G, (¢).

Proposition 3.3 Suppose Hd =2, H < 1/2, and f is a bounded measurable function
on R? with fRd | £(x)|x|# dx < oo for some B > 0. Then, for any t > 0,

G0 5 ont (L. 4) N (3.3)
" 4 \4" 4 '

as n tends to infinity, where B(-, -) is the Beta function and N is a real-valued standard
normal random variable.

Proof The proof will be done in several steps.
Step 1. We first show tightness.
Let I} be the m-th moment of G, (¢). Then

1 1 S ’
I = —/ (/ exp| — Var xi - B! du) dx.
m nm Bm(0.1) [0.e7 )" 2 ; i uj

Define

1 - H
I,(x) = /Dm exp (—EVar (; xi - By, )) du

and

1 m
I7(x) = /,,, exp (—E\far (; Xo (i) * B,fll)) du
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for any o € &2, where &2, is the set of all permutations of {1, 2, ..., m} and
Dy ={0<u1 <<y <e'”}.

Then

= z / L, (x) 17 (x) dx.

ceP, " B"OD

Applying the Cauchy—Schwartz inequality,

. m! 5 \1/2 o2 \V?
< (In)*ax) ( (17 (1)) dx
n . B™(0,1) B™(0,1)

2
UE / (I (x))* dx
n B™(0,1)

- (m!)z/ (/ exp Z Z ¢ 26 ) ) d )2dx
< xp | —— xil“(u; —ui_y u ,
B"0,1) \/D, !

nm
i=1 j=i

where in the last inequality we used Lemma 2.1.

Fori =1, ..., m, we make the change of variables
m
Vi = ij‘ and W; =U;j —Uj—1 (3.4)
j=i

with the convention ug = 0 and then obtain

(m')2 2 2H ’
" n B™(0,m) [O,e’”]”’ Z !

1 1 Y
=(m!)2(—/ (/ exp (=5 P 2H)dwl) dyl)
n Jiyi|<menHt 0
(&) "
so (D) (iami) an)
T Jiytl<mentt

S Cm,H,l5

(3.5)

where ¢, g is a finite positive constant depending only on m, H and ¢.
Step 2. We show that [, is asymptotically equal to 7, ,, defined in (3.6) below.
For any positive constant y > 1, let

m
Iy (x) :/D exp(— %Var(in B,f)) du
m.y i=1
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and

1 m
17, (x) = /D exp ( - EVar ( E Xo (i) - Bf)) du,
.,y i=1

where
Dy = Dy — Ut<kzo<m {Aug/y < Aug < y Aug}

and Auy = uy — uy—1 with the convention ug = 0.

Set
Ly = o Z/ Ly () 17, (x) dx. (3.6)
ocePy,
Then
Iﬂ _ Il‘l
m

D> /Bm(m) ()~ Dy @) 10 + (1700 = 17,00) Ly ()]
GEW

_2m!
<o Z / () — Ly () 17 ()] dx.
B"(0.1)

Using Cauchy—Schwartz inequality and then inequality (3.5),

1 1/2
-, < cl( / (I (x¥) = I, ()’ dx) : 3.7)
Bm(0,1)

Note that

/ (1, (0) = Iy (1))
B™(0,1)

_ /Bm<o,1> (/D exp (  ar (i (ng) (B B 1)))du)2dx

i=1

2
- exp ly; |2 2H ) dy, (3.8)
/B”’(O,m) (/Dm—Dm.y ( Z ! )

where in the last inequality we used the change of variables in (3.4) and Lemma 2.1.
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Recall the definitions of D,, and D, , . We obtain

2
I -1, dx
/Bm((),l) (1) v )

ywe Ky
= n"= 2/ / (/ / exp (—7 (|yk|2w1%H
[ykl<m Jlyel<m we/y

1<k7éz<m

+lyelPw ZH)) dwy, dwe) dyy dyg

5 Ywe Yt
[ykl<m J|yel<m we/y Je/

1<k;é£<m
X exp (—— (|yk|2 (w2H + r,?H) + Iygl2 (w%H + r ))) dwy drg dwy drg dyg dyy
Ywe VTZ d
s 3w [T e
l<k;££<m /Y JTely

x(l/\( —|—r ) 7)dwkdrkdwgdr/g

nt
<C4Z(lny)nm 2/ / 1/\ +1'£2H)

<cs(ny)yn™™

d
2

) dwy dzy

(3.9)

Combining inequalites (3.7), (3.8) and (3.9) gives

T
td (3.10)

n n
0<1, —Imy_Cé o

Step 3. We obtain estimates for 7, ,,
For any a; > 0,a2 > 0, b1 > 0 and b > 0, define

Jn(ar, az, by, by)
=5 2 o
m a%m Bm(o’al) [0,a2€’”]2’"
m m m
X exp ( — b D ilPut? =52 D 1D Yo (i) = Yoyt |2v?H)du dvdy,
i=1 i=1 j=i

JI”:! Y, ](alsa27bl7b2)

UE] n/B’"(O al)/[O,aze"t]zm—Omyy

m m
X eXP( b Z i lPui? bzz | zya(j) — Yo(jy1l7v}

i=1 i=1 j=i

H)du dvdy
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and

Ty, 2(01 az, by, by)

A m0,ay) /[O,aze”']z’"
m

X exp( by Z il =y | Zyom — Yo (i)t v”)du dvdy,

i=1 i=1 j=i

aeJ’

where Oy, ), = Ui<ize<m {Ue/y < ur < yugorvg/y < vg < yve}and

B]'/"(O,al) = {yi eRY: |yl <ay,i= 1,2,...,m}
— Ui<izj<m {1yjl/y < lyil < vlyil}.

Using similar arguments when we obtain (3.10),

n n lny
0 =< J,(ar,a2,b1,b2) = J,, ,, (a1, a2, b1, b2) < ¢7 - (3.11)

and

Iny
0 < Jy(ar, a2, b1, b2) — Jyy , 5(ar, a2, by, by) < cgy/ —— Pt (3.12)

By Lemma 2.4 in [10], (3.11) and (3.12), we can obtain

1 cg 1 c9
<c1o T-FJ,Z,%Z (m’l’a__H’E__H) (3.13)

Iny
n n
Ly = —Ci2y) —— " + ,

and

v
|
o
o
YN
<
+
$3
/N
S|—

1 Cl1
Ayt H). (3.14)

Step 4. We obtain estimates for 1)}.
For any a; > 0,a2 > 0, b1 > 0 and b, > 0, define

Ry, (al,az, b1, b)
/Bm 0,a1) /[O,aze"’]z’”
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m
xexp(—b1 Z|yi| le bzz sup |y]|2 2H)dudvdy (3.15)
i=1

i= IJGAG
and
;11,,(611 az, by, b)
/B (0, al)/[O,aze”’]zm
m
x eXP( bi Zlyzl2 2H by sup |yj|2v,.2”)du dvdy,

i= leAzq

where

A7 = {O’(i), ...,a(m)}A{a(i) +1,...,0(m) + 1}

with A being the symmetric difference operator for two sets.
Using similar arguments when we obtain (3.10),

n n Iny
R, (a1, az, by, b2) — Ry, (a1, a2,b1,b2) < c14 - (3.16)

Thanks to (3.13) and (3.14) in Step 3, we obtain

1 cg 1 c9
n n
In =15\ ==+ Jny0 (m Ly=5m s~ ZJ,_H)

=cis —+R;’n(m,1,——— 5T 5 H o

and
Iny 1 11 cip 1 C11
I”>_ - Jn T T o ~
m = Ty T, + m’y(m m 2+2y 2+2y )
lny 1 11 C11 1 Cl1 m
> — — + R — —, = -4 — 4 —
= —Ci6 . + ’"’V(m’m’2+2yH’2+2yH+y
Iny 1 11 cip 1 c11 m
— Ay 2 Z Z -
SR '”(m m' 2 2yH 2 2 H )/)

where we used (3.16) in the last inequality.
Step 5. We obtain the limit of /]! and then show the convergence of corresponding

moments.
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By Lemma 4.1 in the Appendix,
. no . n 1 co 1 c9 m
limsup /,, <limsuplimsup R}, {m,1, = — ——, - — —— — —

n— 00 y—>00 n—00

2 (d+4\\m
= (zt (2m)2 M) 2m — D!

%)
=Qn)7 (% (%é)) @2m — D™

and
1 11 1
liminf /]! > liminfliminf R, { —, —, = + ‘il , =+ cil n
n— 00 y—00 n—>00 m m 2 2)/H 2 ZVH 14
SO
2t 2m)2 2m — !
(n i)
2m) dB d d m(2 D
- zZz _
47 \4 4 "
Therefore,
i 1= 22 (4502 Y am— pnm
nl;ngolm_(Zn) 2 (43(4, 2 2m — D™,
This completes the proof. O

Proof of Theorem 1.1. This follows easily from Lemmas 3.1 and 3.2, (3.2) and Propo-
sition 3.3.

Acknowledgments We would like to thank two anonymous referees and an associate editor for carefully
reading this manuscript and making helpful remarks.

Appendix
In this section, we prove a lemma which is important in the Proof of Theorem 1.1.
Recall that &2, is the set of all permutations of {1,2, ..., m}. For any (t,0) €
Py x P, define
pro (@) =sup{z(j):j € A7},
where

={o@),....om}A{ocG)+1,...,00m)+1}.

Let €2, be the setof all (z, 0) € &, x P, such that ¢, is bijective. By Lemma
4 in [1], the number of elements in £2,,, is
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#Q,, = H(Zi —1)=2m— D

i=1

Recall the definition of R}, (a1, a2, b1, b2) in (3.15). The following lemma shows
that

lim Ry, (a1, az, by, by)
n—o00

exists and does not depend on a; and a;.

Lemma 3.4
o 292 (42) \"
Jim Rj(ar,ax b1 by) =\ ——————- ) @m— D (3.17)
(b1b2)* T (45%)

Proof Recall that Hd = 2. Then

m!
n
Ry (a1, az, by, b2) = — E
W e, <t [yml<aren®t J[0,ar]?m

m m
X exp ( — b > IyilPui" — by D sup ijlzvizH)du dvdy.
i=1 i=1 JEA]

It is easy to see that

lim sup R” (ay, az, by, by)

n—oo
. m!
= lim sup — Z
noo M e, T I<hl<aentt L<|ym|<are®' J10,a2]2m
m m
X exp ( — b z i lPui® — by Z sup |y; 2vf”)du dvdy
i=1 i=1J€A7
m m
i m! 2H 2H
< lim sup — exp —blzui —bZZvi du dv
nm 2m
n— 00 [0,400) im i
m m
_d _d
x Z/ / (TTe=) (TTcsup 1y;0=%) ay.
o €Ppn 1<\y1|<a16"H’ 1<‘Yin|<al(3nHt i=1 i=1 jEA;-’
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Making the change of variables r; = |y;| fori =1,2,...,m

lim sup R)) (a1, az, by, b2)

(P (Y ()

2
thsup— Z /1 " H . 2)(H(sup rj)_f)dr.
Jajenfym il . :

n—o00 n
ocePy

Making another change of variables r; = ¢"% fori = 1,2, ..., m, the right-hand
side of the above inequality is equal to

% T2 ()
<—+2)) lim sup m! Z /(0’1“"1

(b1b) T (442 n—>o0 w HHO™
d m m

exp| =n o — sup «; ) ) da

P (5 (Xer -2 s )

d m
dm? % (4
_(nd—(“) (HO)™ #Q,,

where in the last equality we used the dominated convergence theorem and the defin-
ition of the set €2,,.
Therefore,

limsup R}, (a1, a2, b1, by) <
n— o0

m
)) 2m — D! (3.18)
On the other hand,

liminf R (a1, a2, b1, b)
n—0o0

—11m1nf7 E / / /
n—-oo n KH<|x1\<a|e"H’ KH<\ym\<a|e"H’ [0,&2]2’"

cePy,

xexp( blzw o bzz sup ;v 2H)dudvdy

i=1 11]E

m! m
> lim inf —/ exp ( —b1 > ut — by vZH)du dv
n—oo pMm [0.Kay]2m ; i ; i
m
X .. lvil 7)( (sup lyi)™ 2)dy
z / <|y1|<“lenm /’<H<|y‘m|<ale"H’ (,1_[1 l ,1_[1 jeA !

o€Py
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dri \"
> ex by u2H by UZH)du dv ( )
n/[vO,Kaz]zm p ( Z Z F(d+2)
capi i 3 () (T o)
1 i=1

oePy jeA?

m
_ 2H 2H
_/[O.Kaz]z’" exp( blzu — by Zv )dudv( (d+2))

i=1 i=1

. | d '
X hnrgloréfm. Z /HM B g exp( n(Za, Z sup ozj)) da

ocePy ( i=1 i=1 J€A]

272t \™
= 2H 2H
_/[Okaz]zmexp( blz” szv )dud ( (d+2)) 2m — D

i=1 i=1

alenHt)m

Since the positive constant K can be arbitrarily large,

hmmfR" (a1, az, by, by)

n—
2 %t
2H 2H
exp by u;"t — by v; )dudv(
[ e(-nX ey o

i=1 i=1

v

2972 (4
(—d ) @m — D, (3.19)
(b1by)4 T’ (T)

where the last equality follows from a change of variables, the definition of Gamma

function and the fact Hd = 2.
Combining (3.18) and (3.19) gives the desired result (3.17). O
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