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Abstract In this paper, we derive an extension of the Marcenko—Pastur theorem to a
large class of weak dependent sequences of real-valued random variables having only
moment of order 2. Under a mild dependence condition that is easily verifiable in many
situations, we derive that the limiting spectral distribution of the associated sample
covariance matrix is characterized by an explicit equation for its Stieltjes transform,
depending on the spectral density of the underlying process. Applications to linear
processes, functions of linear processes, and ARCH models are given.
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1 Introduction

A typical object of interest in many fields is the sample covariance matrix B, =
n! Z’}=1 X]TXj where (X), j =1, ..., n,isasequence of N = N (n)-dimensional
real-valued row random vectors. The interest in studying the spectral properties of such
matrices has emerged from multivariate statistical inference since many test statistics
can be expressed in terms of functionals of their eigenvalues. The study of the empirical
distribution function (e.d.f.) FB of the eigenvalues of B,, goes back to Wishart 1920s,
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and the spectral analysis of large-dimensional sample covariance matrices has been
actively developed since the remarkable work of Marcenko and Pastur [10] stating that
if lim,,_, oo N/n = ¢ € (0, 00), and all the coordinates of all the vectors X;’s arei.i.d.
(independent identically distributed), centered and in 1.2, then, with probability one,
FB» converges in distribution to a non-random distribution (the original Maréenko—
Pastur’s theorem is stated for random variables having moment of order four, for the
proof under moment of order two only, we refer to Yin [24]).

Since the Mar¢enko—Pastur’s pioneering paper, there has been a large amount of
work aiming at relaxing the independence structure between the coordinates of the
X;’s. Yin [24] and Silverstein [17] considered a linear transformation of independent
random variables, which leads to the study of the empirical spectral distribution of
random matrices of the form B, = n~! Zj‘:l F}\,/ZYJTYJ- I‘Il\,/2 where 'y isan N x N
nonnegative definite Hermitian random matrix, independent of the Y;’s which are
i.i.d and such that all their coordinates are i.i.d. In the latter paper, it is shown that
if lim,—oo N/n = ¢ € (0,00) and F Ty converges almost surely in distribution to
a non-random probability distribution function (p.d.f.) H on [0, co), then, almost
surely, F B, converges in distribution to a (non-random) p.d.f. F that is characterized
in terms of its Stieltjes transform which satisfies a certain equation. Some further
investigations on the model mentioned above can be found Silverstein and Bai [18]
and Pan [13].

A natural question is then to wonder whether other possible correlation patterns of
coordinates can be considered, in such a way that, almost surely (or in probability),
FB~ still converges in distribution to a non-random p.d.f. The recent work by Bai
and Zhou [2] is in this direction. Assuming that the X;’s are i.i.d. and a very general
dependence structure of their coordinates, they derive the limiting spectral distribution
(LSD) of B,,. Their result has various applications. In particular, in case when the X;’s
are independent copies of X = (X1, ..., Xn) where (Xy)rc7 is a stationary linear
process with centered i.i.d. innovations, applying their Theorem 1.1, they prove that,
almost surely, FB converges in distribution to a non-random p.d.f. F, provided that
lim,_,ooc N/n = ¢ € (0, 00), the coefficients of the linear process are absolutely
summable and the innovations have a moment of order four (see their Theorem 2.5).
For this linear model, let us mention that in a recent paper, Yao [23] shows that the
Stieltjes transform of the limiting p.d.f. F satisfies an explicit equation that depends
on ¢ and on the spectral density of the underlying linear process. Still in the context of
the linear model described above but relaxing the equidistribution assumption on the
innovations, and using a different approach than the one considered in the papers by
Bai and Zhou [2] and by Yao [23], Pfaffel and Schlemm [15] also derive the LSD of
B, still assuming moments of order four for the innovations plus a polynomial decay
of the coefficients of the underlying linear process.

In this work, we extend such Maréenko—Pastur-type theorems along another direc-
tion. We shall assume that the X;’s are independent copies of X = (X1y,..., Xn)
where (Xj)re7 is a stationary process of the form X; = g(..., gx—1, &), the g;’s are
i.i.d. real-valued random variables, and g : RZ — Ris ameasurable function such that
X is a proper centered random variable. Assuming that X has a moment of order
two only, and imposing a dependence condition expressed in terms of conditional
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expectation, we prove that if lim,_,.o N/n = ¢ € (0, 00), then almost surely, F B,
converges in distribution to a non-random p.d.f. F whose Stieltjes transform satisfies
an explicit equation that depends on ¢ and on the spectral density of the underlying
stationary process (Xy)xe7 (see our Theorem 2.1). The imposed dependence condi-
tion is directly related to the physical mechanisms of the underlying process and is
easy verifiable in many situations. For instance, when (X )7 is a linear process with
i.i.d. innovations, our dependence condition is satisfied, and then our Theorem 2.1
applies, as soon as the coefficients of the linear process are absolutely summable and
the innovations have a moment of order two only, which improves Theorem 2.5 in
Bai and Zhou [2] and Theorem 1.1 in Yao [23]. Other models, such as functions of
linear processes, and ARCH models, for which our Theorem 2.1 applies, are given in
Sect. 3.

Let us now give an outline of the method used to prove our Theorem 2.1. Since
the X;’s are independent, the result will follow if we can prove that the expectation
of the Stieltjes transform of FB, say Sys, (z), converges to the Stieltjes transform of
F, say S(z), for any complex number z with positive imaginary part. With this aim,
we shall consider a sample covariance matrix G, = n~! Z?:l ZJTZ j where the Z;’s
are independent copies of Z = (Z1, ... Zy) where (Z)re7 1 a sequence of Gaussian
random variables having the same covariance structure as the underlying process
(X1)kez- The Z;’s will be assumed to be independent of the X ;’s. Using the Gaussian
structure of G,,, the convergence of IE(S FGn (z)) to S(z) will follow by Theorem 1.1 in
Silverstein [17]. The main step of the proof is then to show that the difference between
the expectations of the Stieltjes transform of FB» and that of FC» converges to zero.
This will be achieved by approximating first (Xj)re7 by an m-dependent sequence of
random variables that are bounded. This leads to a new sample covariance matrix B,,.
We then handle the difference between E(S .5, ()) and E(Syc, (z)) with the help of
the so-called Lindeberg method used in the multidimensional case. Lindeberg method
is known to be an efficient tool to derive limit theorems, and from our knowledge, it
has been used for the first time in the context of random matrices by Chatterjee [4].
With the help of this method, he proved the LSD of Wigner matrices associated with
exchangeable random variables.

The paper is organized as follows: in Sect. 2, we specify the model and state the
LSD result for the sample covariance matrix associated with the underlying process.
Applications to linear processes, functions of linear processes, and ARCH models are
given in Sect. 3. Section 4 is devoted to the proof of the main result, whereas some
technical tools are stated and proved in “Appendix”.

Here are some notations used all along the paper. For any nonnegative integer ¢, the
notation 0, means arow vector of size . For a matrix A, we denote by AT its transpose
matrix, by Tr(A) its trace, by || A|| its spectral norm, and by || A||» its Hilbert-Schmidt
norm (also called the Frobenius norm). We shall also use the notation || X ||, for the
L"-norm (r > 1) of a real-valued random variable X. For any square matrix A of order
N with only real eigenvalues, the empirical spectral distribution of A is defined as

N
1
FA) = 5 2 oy,
k=1
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where A1, ..., Ay are the eigenvalues of A. The Stieltjes transform of F* is given by
1 A 1 -1
Spa(@) = | —dF7(x) = =Tr(A —zI)",
X =2z N

where z = u +iv € C™T (the set of complex numbers with positive imaginary part),
and I is the identity matrix.

Finally, the notation [x] is used to denote the integer part of any real x and, for two
reals a and b, the notation a A b means min(a, b), whereas the notation a VV b means
max(a, b).

2 Main Result

We consider a stationary causal process (X )re7z defined as follows: let (ex)rc7 be a
sequence of i.i.d. real-valued random variables and let g : R“ — R be a measurable
function such that, for any k € Z,

Xi =gk with & := (..., ex—1, &) 2.1

is a proper random variable, E(g(&;)) = 0 and || g(&k) |2 < oo.

The framework (2.1) is very general and it includes many widely used linear and
nonlinear processes. We refer to the papers by Wu [21,22] for many examples of
stationary processes that are of form (2.1). Following Priestley [16] and Wu [21],
(Xk)rez can be viewed as a physical system with & (respectively X ) being the input
(respectively the output) and g being the transform or data-generating mechanism.

For n a positive integer, we consider n independent copies of the sequence (k)7

that we denote by (slii))kez fori = 1,...,n. Setting E,Ei) = ( . 81821, 81?)) and

x9 = g(E(i)), it follows that (X(l))kez, cees (X("))kEZ are n independent copies of
k k k k P P
(Xikez- Let now N = N(n) be a sequence of positive integers, and define for any
ie{l,...,n) X =(x\", . xY). Let

1
X, =X XTy and B, = ;XanT. (2.2)

In what follows, B,, will be referred to as the sample covariance matrix associated
with (X)rez. To derive the limiting spectral distribution of B,,, we need to impose
some dependence structure on (X)rez. With this aim, we introduce the projection
operator: for any k and j belonging to Z, let

Pj(Xp) = E(X¢1&)) — E(Xk|&j-1).

We state now our main result.
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Theorem 2.1 Let (Xi)rcz be defined in (2.1) and B,, by (2.2). Assume that

D IP(Xp)ll2 < oo, 2.3)

k=0

and that ¢c(n) = N/n — ¢ € (0, 00). Then, with probability one, F® tends to a
non-random probability distribution F, whose Stieltjes transform S = S(z) (z € C*)
satisfies the equation

1 c 1
i=——+— | ———dA, 2.4)

Sy s+ rfo)”!

where S(z) == —(1 —¢)/z + ¢S(z) and f(-) is the spectral density of (Xi)kez.

Let us mention that, in the literature, the condition (2.3) is referred to as the Hannan—
Heyde condition and is known to be essentially optimal for the validity of the central
limit theorem for the partial sums (normalized by /n) associated with an adapted
regular stationary process in 2. As we shall see in the next section, the quantity
Il Po(X%) |2 can be computed in many situations including nonlinear models. We would
like to mention that the condition (2.3) is weaker than the 2-strong stability condition
introduced by [21, Definition 3] that involves a coupling coefficient.

Remark 2.2 Under the condition (2.3), the series > ;- , |Cov(Xp, Xi)|is finite (see for
instance the inequality (4.61)). Therefore (2.3) implies that the spectral density f(-)
of (Xx)xez exists, is continuous, and bounded on [0, 277). It follows that Proposition 1
in Yao [23] concerning the support of the limiting spectral distribution F still applies
if (2.3) holds. In particular, F is compactly supported. Notice also that condition (2.3)
is essentially optimal for the covariances to be absolutely summable. Indeed, for a
causal linear process with nonnegative coefficients and generated by a sequence of
i.i.d. real-valued random variables centered and in IL2, both conditions are equivalent
to the summability of the coefficients.

Remark 2.3 Let us mention that each of the following conditions is sufficient for the
validity of (2.3):

Z = E(X, )12 < 00 or 3 fux ~EXIFDl2 <00, (2.5)

n>1 n>1

where 71 = o (&, 1 < k < n). A condition as the second part of (2.5) is usually
referred to as a near epoch dependence-type condition. The fact that the first part of
(2.5) implies (2.3) follows from Corollary 2 in Peligrad and Utev [14]. Corollary 5 of
the same paper asserts that the second part of (2.5) implies its first part.

Remark 2.4 Since many processes encountered in practice are causal, Theorem 2.1 is
stated for the one-sided process (X)icz having the representation (2.1). With non-
essential modifications in the proof, the same result holds when (X )7 is a two-sided
process having the representation
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Xi=8( .., k=1, €ks €kt1s-- ), (2.6)

where (ex)re7z 1s a sequence of i.i.d. real-valued random variables. Assuming that
Xy is centered and in L2, condition (2.3) has then to be replaced by the following
condition: D ;.7 | Po(Xi)ll2 < oo.

Remark 2.5 One can wonder whether Theorem 2.1 extends to the case of functionals of
another strictly stationary sequence which can be strong mixing or absolutely regular,
even if this framework and ours have different range of applicability. Actually, many
models encountered in econometric theory have the representation (2.1), whereas, for
instance, functionals of absolutely regular (8-mixing) sequences occur naturally as
orbits of chaotic dynamical systems. In this situation, we do not think that Theorem 2.1
extends in its full generality without requiring an additional near epoch dependence-
type condition. It is outside the scope of this paper to study such models, which will
be the object of further investigations.

3 Applications

In this section, we give two different classes of models for which the condition (2.3)
is satisfied and then for which our Theorem 2.1 applies. Other classes of models,
including nonlinear time series such as iterative Lipschitz models or chains with infinite
memory, which are of the form (2.1) and for which the quantities || Po(Xk)|> or
IE(X%|&0) |2 can be computed, may be found in [22].

3.1 Functions of Linear Processes

In this section, we shall focus on functions of real-valued linear processes. Define

Xk :h(Zaiek_,-) —E(h(Za,-ek_,-)), 3.1

i>0 i>0
where (a;);c7 is a sequence of real numbers in £! and (g;);<7 is a sequence of i.i.d.
real-valued random variables in IL'. We shall give sufficient conditions in terms of the

regularity of the function 4, for the condition (2.3) to be satisfied.
Denote by wy,(-) the modulus of continuity of the function % on R, that is:

wp(t) = sup  [h(x) = h(y)].

[x—yl=<t

Corollary 3.1 Assume that

> lwn(laxeol)ll2 < oo, 3.2)

k>0
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or

Z ”wh(ZezO |ak+i||54|)”2 o0

e (3.3)

k>1

Then, provided that c(n) = N/n — ¢ € (0, 00), the conclusion of Theorem 2.1 holds
for FB where By, is the sample covariance matrix of dimension N defined by (2.2)
and associated with (Xy)krez defined by (3.1).

Example 1 Assume that i is y-Holder with y €]0, 1], that is: there is a positive
constant C such that wy (¢) < C|t]Y. Assume that

Z|ak|y < oo and E(leg|®V) < oo,
k>0

then the condition (3.2) is satisfied and the conclusion of Corollary 3.1 holds. In
particular, when # is the identity, which corresponds to the fact that Xy is a causal
linear process, the conclusion of Corollary 3.1 holds as soon as > ;- lax| < oo and
&o belongs to LL2. This improves Theorem 2.5 in Bai and Zhou [2] and Theorem 1 in
Yao [23] that require &g to be in L.

Example 2 Assume |lepllcc < M where M is a finite positive constant, and that
lax| < Cp* where p € (0,1) and C is a finite positive constant, then the
condition (3.3) is satisfied and the conclusion of Corollary 3.1 holds as soon as
D1 k=12, (,okMC(l — p)_l) < 00. Using the usual comparison between series
and integrals, it follows that the latter condition is equivalent to

1

/wh—de < . (3.4)
t/|logt|

For instance if wy (t) < C|log¢|~* with ¢ > 1/2 near zero, then the above condition
is satisfied.

Let us now consider the special case of functionals of Bernoulli shifts (also called
Raikov or Riesz—Raikov sums). Let (¢x)re7 be a sequence of i.i.d. random variables
such that P(eg = 1) = P(¢9 = 0) = 1/2 and let, for any k € Z,

1

Yy = Zz—i—lsk,i and X = h(Yy) — /h(x)dx, (3.5)
i=0 0

where h € ]Lz([O, 1), [0, 1] being equipped with the Lebesgue measure. Recall that ¥;,,
n > 0, is an ergodic stationary Markov chain taking values in [0, 1], whose stationary
initial distribution is the restriction of Lebesgue measure to [0, 1]. As we have seen
previously, if 2 has a modulus of continuity satisfying (3.4), then the conclusion of
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Theorem 2.1 holds for the sample covariance matrix associated with such a functional
of Bernoulli shifts. Since for Bernoulli shifts, the computations can be done explicitly,
we can even derive an alternative condition to (3.4), still in terms of regularity of /,
in such a way that (2.3) holds.

Corollary 3.2 . Assume that

1 1
//(h(x) - h(y))2;(log (log ! ))’dxdy < 00, (3.6)
s lx — vl lx — yl

for some t > 1. Then, provided that c(n) = N/n — c € (0, 00), the conclusion of
Theorem 2.1 holds for FB where B, is the sample covariance matrix of dimension
N defined by (2.2) and associated with (Xy)kez defined by (3.5).

As a concrete example of a map satisfying (3.6), we can consider the function

1 1 1

=———— —sin(—),0 1
8 = T F oz on (x) =rs
(see the computations pages 23-24 in Merlevede et al. [11] showing that the above
function satisfies (3.6)).

Proof of Corollary 3.1 To prove the corollary, it suffices to show that the condition
(2.3) is satisfied as soon as (3.2) or (3.3) holds. Let (Sz)kez be an independent copy of
(¢x)kez- Denoting by E, (-) the conditional expectation with respect to € = (&x)rez,
we have that, for any £ > 0,

| POl = |

E, (h(gaﬂ?ﬁﬁzaigk—") B h(zk:aiEZf + Z aisk_i))”z
i=0 i=k i=0

i>k+1
< llwn (|ax(eo — €))|)l2-
Next, by the subadditivity of wy,(-), wy(lax(eo — 5)) < wp(lakeol) + wr(lakeg))-
Whence, || Po(Xi) |2 < 2||wn(lakeol) ||2. This proves that the condition (2.3) is satisfied
under (3.2).
We prove now that if (3.3) holds then so does the condition (2.3). According to

Remark 2.3, it suffices to prove that the first part of (2.5) is satisfied. With the same
notations as before, we have that, for any £ > 0,

Bk = B, (1S aet + S aes) - n(Saet))
i=0 i>l i>0

Hence, for any nonnegative integer ¢,

IEXeléo) 2 < [wn (X lai i = i 1) | = 2 wn (X tailleeit) |,

i>l i>l
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where we have used the subadditivity of wy(-) for the last inequality. This latter
inequality entails that the first part of (2.5) holds as soon as (3.3) does. O

Proof of Corollary 3.2 By Remark 2.3, it suffices to prove that the second part of (2.5)
is satisfied as soon as (3.6) is. Actually we shall prove that (3.6) implies that

> (ogn)' [ X, — E(X,|F])5 < o0, (3.7)

n>1

which clearly entails the second part of (2.5) since ¢t > 1. An upper bound for the
quantity || X, — ]E(Xn|.7-"1”)||§ has been obtained in [8, Chapter 19.3]. Setting A;, =
[j27" (j+ 127" for j =0,1,...,2" — 1, they obtained (see the pages 372-373
of their monograph) that

2"—1
X, =~ BOIE =2 S [ [ i — hopiaxay,
=045, A},
Since
g 11
> / / (h(x) = h(y))*dxdy < / / (h(x) = h(1))*1jx_y<p-ndxdy,
J=04, A} 00

it follows that

> ogn)' X, — EX4 17113

n>1

1 1
=// 2" (log m)! (h(x) — h() 1}y _yj<r-ndxdy.
0 0

n27n>|x—y|
This latter inequality together with the fact that forany u € (0, 1), >, -, (log n)t <

Cu! (log(log u~1))! for some positive constant C prove that (3.7) holds under (3.6).
O

3.2 ARCH Models

Let (¢x)rez be an i.i.d. sequence of zero mean real-valued random variables such that
lleoll2 = 1. We consider the following ARCH(oco) model described by Giraitis et al.
[5]:

Y, = orer where sz =a+ Zankz—j , 3.8)
Jj=1
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where a > 0, a; > 0, and > j=1aj < 1. Such models are encountered when the
volatility (O’kz)kez is unobserved. In that case, the process of interest is (Ykz) re7 and,

in what follows, we consider the process (X )7 defined, for any k € Z, by:

Xp =Y} —E(Y?) where Yy is defined in (3.8). (3.9)

Notice that, under the above conditions, there exists a unique stationary solution of
Eq. (3.8) satisfying (see [5]):

o o0
2 _ ) 2 2
oy =a+a E E Ajy e AJ €Ly e E Gyt o) - (3.10)
£=1 i, je=1

Corollary 3.3 Assume that ey belongs to * and that

leoll; D aj < land D aj = 0m™)  forsome b > 1/2. (3.11)

Jj=1 j=n

Then, provided that c(n) = N/n — ¢ € (0, 00), the conclusion of Theorem 2.1 holds
for FB where B, is the sample covariance matrix of dimension N defined by (2.2)
and associated with (X )z, defined by (3.9).

Proof of Corollary 3.3 By Remark 2.3, it suffices to prove that the first part of (2.5)
is satisfied as soon as (3.11) is. With this aim, let us notice that, for any integern > 1,

IE(X1&0)ll2 = ||eo||i||JE(a2|so> —E@)l2

2 . .
<2a||ao||4HZ Z i Ltz |
=1 ji..

<2a||ao||42 Z Zan- <@, Ljg=n/lle0ll3”

21]'1 ,,,,, je=1 k=1

o0
-1
< 2a||ao||4zefc > a.
k=[n/t]
where k = ||£o||% Z/‘>1 aj. So, under (3.11), there exists a positive constant C not

depending on n such that ||E(X, &), < C n~?. This upper bound implies that the
first part of (2.5) is satisfied as soon as b > 1/2. O

Remark 3.4 Notice that if we consider the sample covariance matrix associated with

(Yr) ez defined in (3.8), then its LSD follows directly by Theorem 2.1 since Py(Yy) =
0, for any positive integer k.
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4 Proof of Theorem 2.1

To prove the theorem, it suffices to show that for any z € Cct,
Sgn, (z) = S(z) almost surely. 4.1

Since the columns of &), are independent, by Step 1 of the proof of Theorem 1.1 in
Bai and Zhou [2], to prove (4.1), it suffices to show that, for any z € Ct,

Jim E(Sps, (2)) = S(2), 4.2)

where S(z) satisfies the Eq. (2.4).

The proof of (4.2) being very technical, for reader convenience, let us describe
the different steps leading to it. We shall consider a sample covariance matrix G, :=
%Zn ZnT (see (4.32)) such that the columns of Z, are independent and the random
variables in each column of Z,, form a sequence of Gaussian random variables whose
covariance structure is the same as that of the sequence (X)icz (see Sect. 4.2). The
aim will be then to prove that, for any z € C*,

lim_ |E(Sp8, (2)) — E(Spe. ()] =0, (4.3)
and
Jim B (Spe, (2)) = S(). 44

The proof of (4.4) will be achieved in Sect. 4.4 with the help of Theorem 1.1 in
Silverstein [17] combined with arguments developed in the proof of Theorem 1 in Yao
[23]. The proof of (4.3) will be divided in several steps. First, to “break” the dependence
structure, we introduce a parameter m, and approximate B,, by a sample covariance
matrix B, := %fn é?nT (see (4.16)) such that the columns of X, are independent and the
random variables in each column of X,, form of an m-dependent sequence of random
variables bounded by 2M, with M a positive real (see Sect. 4.1). This approximation

will be done in such a way that, for any z € Cct,

lim lim sup lim sup E(SFBn (z)) — E(SFE” (z)) ‘ =0. 4.5)

M= M 500 n—>00

Next, the sample Gaussian covariance matrix G, is approximated by another sample
Gaussian covariance matrix (N},, (see (4.34)), depending on the parameter m and con-
structed from G,, by replacing some of the variables in each column of Z, by zeros
(see Sect. 4.2). This approximation will be done in such a way that, for any z € C¥,

lim_Tim sup |E(Sr6. (2)) — E(S 3, (z))‘ —0. (4.6)

m—=00 p— o0
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In view of (4.5) and (4.6), the convergence (4.3) will then follow if we can prove that,
forany z € Ct,

lim lim sup lim sup E(SFB,, (Z)) - E(SF(;,Z (z))‘ =0. 4.7

m—00 yr 5o n—00
This will be achieved in Sect. 4.3 with the help of the Lindeberg method. The rest of

this section is devoted to the proofs of the convergences (4.3)—(4.7).

4.1 Approximation by a Sample Covariance Matrix Associated with an
m-Dependent Sequence

Let N > 2 and m be a positive integer fixed for the moment and assumed to be less

than /N /2. Set

knm = [ N ], 4.8)

m2 +m

where we recall that [ - ] denotes the integer part. Let M be a fixed positive number
that depends neither on N nor on 7, nor on m. Let g3 be the function defined by
om(x) =@ AM)V (—M).Now forany k € Zandi € {1,...,n}let

() i)y 0 S0 50 (0
X0 =E(on XM el, ) and X0, =X, (X0, ). @9)

In what follows, to soothe the notations, we shall write X ,(clfn and }_(,((’)m instead
of, respectively, f,ﬁl)Mm and )_(,il)Mm when no confusion is allowed. Notice that
(X ,(Clr)n) ez (X ,E"r)n) 1z, are n independent copies of the centered and stationary
sequence ()_( k,m) rez, defined by

Xk,mzjzk,m—E(jZk,m) where Xvk’m =E(¢M(Xk)|8k, e, 8k—m) , keZ. (4.10)

This implies in particular that: forany i € {1,...,n} and any k € Z,
1X) lloo = 1 Xkm lloo < 2M. (4.11)
For any i € {1, ..., n}, note that ()_(,(Cl)m) ez, forms an m-dependent sequence, in

the sense that )_(,Eizn and )_(,g)m are independent if |k — k'| > m.

We write now the interval [1, N]N N as a union of disjoint sets as follows:
kN.m"’1
[LNINN= | LU,

=1

@ Springer



J Theor Probab (2015) 28:745-783 757

where, for £ € {1,..., kn n},
I = [(€ = )on? +m) + 1, (€ = D +m) + m?| O,
Jp = [(e —)m? +m) +m?+ 1, 6m? —l—m)] NN, (4.12)
and, for £ = ky ,m + 1,
iy w1 = [knm(m* +m) + 1, N] NN,

and Ji, ,+1 = ¥. Note that Iy, 41 = @ if ky m(m*> + m) = N.

Let now (uéi)

belonging to {1, ..., kym» — 1},

| be the random vectors defined as follows. For any ¢

u = ((%))er,> On)- 4.13)

Hence, the dimension of the random vectors defined above is equal to m? + m. Now,
for £ = kn m, we set

O _ ((x®
W = ((Xk,,,,),{E hy Or), (4.14)

wherer = m+N —ky (m2+m). This last vector is then of dimension N — (ky ,, — 1)
(m% 4+ m). o
1

Notice that the random vectors (“e are mutually independent.

=i=n, =0

For any i € {1,...,n}, we define now row random vectors X) of dimension N
by setting

XO =@l e=1,... knm), (4.15)
where the uéi) ’s are defined in (4.13) and (4.14). Let

Xy = (XDT | XOT) and B, = —X, &7 (4.16)

S| =

In what follows, we shall prove the following proposition.

Proposition 4.1 For any z € C*, the convergence (4.5) holds true with B,, and B, as
defined in (2.2) and (4.16), respectively.

To prove the proposition above, we start by noticing that, by integration by parts, for
any z =u+iv € Ct,

1

X —2Z

(S m, (2))  E(S s, ()| < E| / dF® (x) / idf“‘”(x)\

Bn —_— Bn
:E‘/F (x) — F°r(x)

(x —2)?

dx( < %E/ |FB(x) — FBr(o)|dx.  (4.17)
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Now, f |F Bi(x)— F B, (x) |dx is nothing else but the Wasserstein distance of order 1
between the empirical measure of B, and that of B To be more premse ifAl, ..., AN
denote the eigenvalues of B, in the non-increasing order, and A 1, ..., Ay the ones
of By, also in the non- -increasing order, then, setting 1, = v Zk:l 8,\k and 1, =

% Z/jcvzl 85,» we have that
/‘FBn(x) — Fﬁﬂ(.X)|dx =W (nn, r_)n) = 1nf]E|X _ Y|’

where the infimum runs over the set of couples of random variables (X, ¥Y) on R x R
such that X ~ n, and Y ~ 7,,. Arguing as in Remark 4.2.6 in [3], we have

NAn

1 _
1% ,Mp) = — min A — A ,
1(Mns 1) Nnes,”;| k= Ar@ol

where 7 is a permutation belonging to the symmetric group Sy of {1, ..., N}. By
standard arguments, involving the fact thatif x, y, u, v arereal numbers such thatx <y
andu > v, then |[x —u|+|y—v| > [x —v|+]|y—ul|, we get that miny cs,, Z,](V:Al" [k —
)_Ln(k)| = lecvaln (A — )_\k| Therefore,

NnAn

1
W1 (I, i) / |FB ) — FBr () |dy = — Zm—m (4.18)

Notice that A = s,% and A = E,f where the s;’s (respectively the s;’s) are the singular
values of the matrix n~ /2 X, (respectively of n~'/2 X;,). Hence, by Cauchy—Schwarz’s
inequality,

NAan 172 1/2
Z|)~k—)»k| < (Z |sk + Sk| ) (Z sk — 3| )
NnAan NnAn
521/2(2( )1/2(Z|Sk—Sk| )1/2
k=1
_ 12, Nan 12
< 212(Te(B,) + Tr(B,)) ! (X fse—al?) /
k=1

Next, by Hoffman—Wielandt’s inequality (see, e.g., Corollary 7.3.8 in Horn and John-
son [7]),

NAn 5 _ -
D sk —sl" =7 e (X — &) (X — X))
k=1
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Therefore,
NAn ~ _ 1,2
> b =l = 212012 (Te(By) + Te(By) )
k=1
- _ 12
x(Tr(( — &) (2, - &))" (4.19)

Starting from (4.17), considering (4.18) and (4.19), and using Cauchy—Schwarz’s
inequality, it follows that

[E (S, @) — E(S3,)

2172

1 _ )
R T ITr(B,) + TeBa) )21 Tr (X — &) (X, — &) )I/% 4.20)
By the definition of B,,,
1 n N -
rBnl) = — koIl = 12002, :
FE(Tr®)]) = — | X713 = 1Xol3 4.21)

i=1 k=1

where we have used that for each i, (X,(f)) ez, 18 @ copy of the stationary sequence
(X1)kez- Now, setting

kN,m
Iym=|J Ie and Rym={1..... NNy m. (4.22)

=1

recalling the definition (4.16) of B,, using the stationarity of the sequence (X ,El)m) ke
and the fact that card(Zy ) = msz,m < N, we get

SE(Te®,)) = Z SO < 1%oml3.

i=1keInm
Next,
I Xomll2 < 201 Xo.mll2 < 2llom(Xo)ll2 < 2] Xoll2- (4.23)
Therefore,
—E(Tr(B,)|) < 4] Xol)3. 4.24)
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Now, by definition of &, and X,

L p(me(, - &) (6 — )7

Nn
1 < :
_ @) ( (1)
= WZ Z \Xkl _Xklmnz"'_z Z |Xl ”2
i=l kely, i=1 keRy.m
Using stationarity, the fact that card(Zy ,) < N and
N
card(Ry.m) = N — m%ky m < +m?, (4.25)
m+1
we get that
1 -~ “\T
EEUTI.(Xn - Xn) ('Xn - Xn) |)
< X0 — Xomll3 + m~" +m>*N™H [ Xo]5. (4.26)

Starting from (4.20), considering the upper bounds (4.21), (4.24), and (4.26), we derive
that there exists a positive constant C not depending on (m, M) and such that

Nlﬁ

tim sup [E(S v, () = E(S s, )] = 5 (1X0 = Xollz +m772).

n—o0

Therefore, Proposition 4.1 will follow if we can prove that

lim limsup || Xo — Xoull2 = 0. 4.27)

m— 00 M— 00

Let us introduce now the sequence (X, )iez defined as follows: for any k € Z,
Xim = E(Xkler, ...\ ek—m)- (4.28)
With the above notation, we write that
1X0 = Xoull2 < 1 X0 = Xomll2 + [ Xo.m = Xomll2-

Since X is centered, s0 is Xo,in- Then | Xo.m — Xomll2 = 1 X0,m —E(Xo,m) — Xo,ml2-
Therefore, recalling the definition (4.10) of X ;,, it follows that

I X0.m — Xomll2 < 21 X0.m — Xoml2
<2|Xo — emXo)ll2 < 2[1(1X0l — M) £ll2. (4.29)
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Since X belongs to L2, lim/— oo || (|X0| — M)+ |l2 = 0. Therefore, to prove (4.27)
(and then Proposition 4.1), it suffices to prove that

lim || Xo— Xoml2=0. (4.30)
m—0o0

Since (Xo,u)m=0 is a martingale with respect to the increasing filtration (G,;)m=0
defined by Gy = 0 (6—pm, - .., €0) and is such that sup,,~o [[Xoml2 < [[Xol2 < oo,

(4.30) follows by the martingale convergence theorem in IL? (see for instance Corollary
2.2 in Hall and Heyde [6]). This ends the proof of Proposition 4.1. O

4.2 Construction of Approximating Sample Covariance Matrices Associated
with Gaussian Random Variables

Let (Zi)recz be a centered Gaussian process with real values, whose covariance func-
tion is given, for any k, £ € Z, by

Cov(Zy, Zy) = Cov(Xg, Xy). 4.31)

For n a positive integer, we consider n independent copies of the Gaussian process
(Zk)kez that are in addition independent of (Xl(ci))keZ,ie{l,‘..,nL We shall denote
these copies by (Z,Ei))kez fori = 1,...,n. Foranyi € {l,...,n}, define Z; =
(Z%i), e ZX,)). Let 2, = (Z']---|ZT) be the matrix whose columns are the Z[’s
and consider its associated sample covariance matrix

1
G,=-2,2". (4.32)
n

For ky m, givenin (4.8), we define now the random vectors (V,Ei)) ,as follows.

eel,... ky.
They are defined as the random vectors (ug)) defined in (4.13) and (4.14),

)

eell, k)

but by replacing each )_(,(([ by Z ,Ei). Foranyi € {1, ..., n}, we then define the random

m
vectors Z(® of dimension N, as follows:

ZO = (VO e=1,.. . k). (4.33)
Let now
- . ~ - 1 ~ ~
2, =2V Z™7) and G, = -Z,Z] . (4.34)
n

In what follows, we shall prove the following proposition.

Proposition 4.2 For any z € C™, the convergence (4.6) holds true with Gy, and G,
as defined in (4.32) and (4.34) respectively.
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To prove the proposition above, we start by noticing that, for any z = u +iv € C*,

1 1 .
‘E(SFGn (2)) —E(SFe,n(z))‘ SIE‘/x—_ZdFG"(x)—/xTZdFG"(x)

G, _ én FGn _ Fan
SE‘/F (x)—F dx‘gn“
(x —2)?

o0

v

Hence, by Theorem A.44 in Bai and Silverstein [1],

(S (2) = E(S46,@)| = Zorank(2, - Z,).

By definition of Z, and Z,, rank (20 — Z~,,) < card(Ry.m), where Ry, is defined
in (4.22). Therefore, using (4.25), we get that, forany z = u +iv € CT,

‘E(SFG” @) — E(S,, (z))’ < le (mLJrl +m).

which converges to zero by letting n first tend to infinity and after m. This ends the
proof of Proposition 4.2. O

4.3 Approximation of E(S 3, (z)) by E(S g, (2))

In this section, we shall prove the following proposition.

Proposition 4.3 Under the assumptions of Theorem 2.1, for any z € CT, the conver-
gence (4.7) holds true with B,, and G, as defined in (4.16) and (4.34), respectively.

With this aim, we shall use the Lindeberg method that is based on telescoping sums.
In order to develop it, we first give the following definition:

Definition 4.1 Let x be a vector of R"V with coordinates
X = (x(l), . ..,x(”)) where forany i € {1,...,n}, x© = (x,ii), kefl,...,N}).

Let z € C* and f := f, be the function defined from R™" to C by
! - LS g7 ®)
fx) = ﬁTr(A(x) — zI) where A(x) = — Z(x YyVx® (4.35)
n
k=1

and I is the identity matrix.

The function f, as defined above, admits partial derivatives of all orders. Indeed, let
u be one of the coordinates of the vector x and A, = A(x) the matrix-valued function
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of the scalar u. Then, setting G,, = (Au - zI)_1 and differentiating both sides of the
equality G, (A, — zI) =1, it follows that

daG GdA (4.36)
du du ~’ '
(see the equality (17) in Chatterjee [4]). Higher-order derivatives may be computed
by applying repeatedly the above formula. Upper bounds for some partial derivatives
up to the fourth order are given in “Appendix”.

Now, using Definition 4.1 and the notations (4.15) and (4.33), we get that, for any
zeCH,

E(Sp8, () — E(Spe, @) =Ef (XY, ..., X®) —Ef(ZD,....Z™). 437

To continue the development of the Lindeberg method, we introduce additional nota-

tions. For any i € {1, ..., n} and ky ,, given in (4.8), we define the random vectors
(UI(;))/ZE{1 k) Of dimension nN as follows. For any £ € {1, ... ky.m},

U’ = (0, 0 90,00 438

¢ = 06-0N s O—1yom24m) > Wy s Oy, Ou—iyn ) (4.38)

where the uéi)’s are defined in (4.13) and (4.14), and
re=N—Lm*+m) for€ e{l,....kym,—1}, and rgy, =0.  (4.39)

Note that the vectors (Ug)) are mutually independent. Moreover, with

the notations (4.38) and (4.15), the following relations hold. For any i € {1, ..., n},

kN,m

ZUE) = (ON(ifl)v X, O(nfi)N) and
=1
n kN,m

S>3 = (X“), o X<">), (4.40)

i=1 £=1

where the X®s are defined in (4.15).

Now, for any i € {l,...,n}, we define the random vectors (Vé'.))ge{1 ] of
dimension nN, as follows: forany £ € {1, ..., ky.m}, ’
V,E") = (O(i—l)Na 0—1)m2+m) » Véi), 0, O(n—i)N)v (4.41)
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where 7y is defined in (4.39) and the Vg) ’s are defined in Sect. 4.2. With the notations

(4.41) and (4.33), the following relations hold: for any i € {1, ..., n},

ZVEI) <0N(1 1 yAQS ON(n—i)) and

>V =(20,...Z),

i=1 {=1

where the Z()’s are defined in (4.33). We define now, forany i € {1, ...

i knm n knm
5= > U aa =33 VY
s=1 ¢=1 s=i (=1
andany s € {1,..., kn.m},
kNm

St = ZU(’) and T® = ZV(”

(4.42)

9 n}7

(4.43)

(4.44)

In all the notations above, we use the convention that Zi:r = 0if r > s. Therefore,
starting from (4.37), considering the relations (4.40) and (4.42), and using the notations

(4.43) and (4.44), we successively get

n

E(Sps, () = B(Sps, @) = > (Ef(S: + Tisr) = Ef (Si1 + 1))

i=1

n kN,m

=D > (BS(Sim1 489 + T +Tigt) ~Ef (Simi 480 + T 4 Ti1)).

i=1 s=1
Therefore, setting forany i € {1,...,n}andany s € {1, ..., ky m},
WO =81 +80 + TV + T,
and
WO =81 +8 + 19, + 1o,

we are lead to

n kN.m

(4.45)

(4.46)

E(Sps, () = B(Sps, @) = > > (E(AV()) ~EQAL(f)).  @47)

@ Springer



J Theor Probab (2015) 28:745-783 765

where
AD(F)y = F(WD) = £(WD) and AD () = (WD) = F(WD).
In order to continue the multidimensional Lindeberg method, it is useful to introduce

the following notations.

Definition 4.2 Let d; and d> be two positive integers. Let A = (ay, ..., aq;) and
B = (b1, ..., by,) be two real-valued row vectors of respective dimensions d; and
d>. We define A ® B as being the transpose of the Kronecker product of A by B.

Therefore
al B T

A®B = : e R4,
adlBT

For any positive integer k, the kth transpose Kronecker power A®* is then defined
inductively by: A®! = AT and A®* = A Q) (A®*~ ]))

Notice that, here, A ® B is not exactly the usual Kronecker product (or Tensor product)
of A by B that rather produces a row vector. However, for later notation convenience,
the above notation is useful.

Definition 4.3 Let d be a positive integer. If V denotes the differentiation operator

given by V = (ax1 s %) acting on the differentiable functions 4 : R? — R,

we define, for any positive integer k, V®¥ in the same way as in Definition 4.2. If
h : R? — R is k-times differentiable, for any x € R?, let D*h(x) = V®h(x), and
for any row vector ¥ of R?, we define D¥(x).Y®* as the usual scalar product in R4
between D¥h(x) and Y®K. We write Dh for D'h.

Letz = u+iv € C*. We start by analyzing the term ]E(Ay) (f)) in (4.47). By Taylor’s
integral formula,

, ~ . , 1 ~ . ,
\E(Asm) ~B(Df (W(").U0®!) — SE(D? £ (W) 0022
‘E / S FWO 4 U0, U<'>®3dr) (4.48)
Le_t us analyze the right-hand term of (4.48). Recalling the definition (4.38) of the
U, for any t € [0, 1],
E| D3 f (WO +zU(")).U(")®3|

<> DD E (‘a (z)a (1)3 (1) (V~V§”+tU§i)))?,ﬁifn)?,§on)?}f2n )

kel el jel

= ZZZ H <l)a 0)3 <l> (W +107) H ”X(l) X‘(fli"xyin
kel el jel

>
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where [ is defined in (4.12). Therefore, using (4.11), stationarity and (4.23), it follows
that, for any ¢ € [0, 1],

E|D3 (WU) +tU(i)).U(i)®3|

<8M2222H3 o (”a 0 (W§i>+ru§i>)H2”X0Hz.

kel Lels jely
Notice that by (4.43) and (4.44),
Wg’) + tUgi) _ ()_((l), L X(i—l)’ w(i)(t), Z(H—l)’ o Z(n))’ (4.49)
where w® (¢) is the row vector of dimension N defined by

wh(@) =82, +U0 + 18 = (@, ul ) @ v v ) (450)

where the u/gi)’s are defined in (4.13) and (4.14), whereas the vlgi)’s are defined in

Sect. 4.2. Therefore, by Lemma 5.1 of the “Appendix”, (4.11), and since (Z,Ei))kez
is distributed as the stationary sequence (Zx)rcz, We infer that there exists a positive
constant C1 not depending on (n, M, m) and such that, for any ¢ € [0, 1],

M +1|Zolla  NV2(M3 + IIZOII6))

O f oo (i) @
[ e, < (e 200

ox 0y 9x"

Now, since Zj is a Gaussian random variable, ||Zo||g = 15||Zo||g. Moreover, by
(4.31), |1 Zoll2 = | Xoll2- Therefore, there exists a positive constant C»> not depending
on (n, M, m) and such that, for any ¢ € [0, 1],

Com®(1 + M3)

3w () (i) ®3
E|D° (W +1UW). US| < PN 4.51)
On another hand, since for any i € {1, .. y nyandany s € {1,...,kn m}, U§i) is a
centered random vector independent of W@, it follows that
E(Df(W{).UD®) =0 and
E(D*f(W). U %) = E(D? f(WD)).E(UY®2). (4.52)

Hence starting from (4.48), using (4.51), (4.52) and the fact that mszym < N, we
derive that there exists a positive constant C3 not depending on (r, M, m) and such
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that

n kn,
33 [E(a ) - ZE(DR (W) B0 <)

i=1 s=1
(1 + M)N'V2p?

v3(1 Av)n (4.53)

=C3

We analyze now the “Gaussian part”in (4.47), namely E (Z@ (f )) .By Taylor’s integral
formula,

\E(ZE")m) B(Df (W).VI0®1) — TE(D (W) V)|

‘E/ a- FWO 4 VD), V(”®3d;)

Proceeding as to get (4.53), we then infer that there exists a positive constant C4 not
depending on (n, M, m) and such that

n kNJn
2.2 ‘E(Z?)(f)) —E(Df(WP).vPer) — %E(sz(Wﬁi)).Vgi)Q?’Z))
i=1 s=1

v3(1 Av)n 4.54)

<

We analyze now the terms IE(D f (V~V§i)).V§,i) ®1) in (4.54). Recalling the definition
(4.41) of the VEI)’S, we write

(Df( (l) (1)®1 ZE( (l) (l))Z(l))

jels

where I is defined in (4.12). To handle the terms in the right-hand side, we shall use
the so-called Stein’s identity for Gaussian vectors (see, for instance, Lemma 1 in Liu
[9]), as done by Neumann [12] in the context of dependent real random variables: for

= (G, ..., Gy) a centered Gaussian vector of R? and any function % : RY > R
such that its part1a1 derivatives exist almost everywhere and IE| dh (G)| < oo for any
i =1,...,d, the following identity holds true:

d
E(G; h(G)) =ZE(G1-G@)]E(%(G)) foranyi e {l,...,d}). (4.55)
=1 ¢
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Using (4.55) with G = (T),. 2}") € R™ x R, h : R"V x R — R satisfying

hix,y) = %(x) for any (x, y) € R™ x R, and noticing that G is independent of

W(l) — TE’_)H, we infer that, for any j € I,

kNm
o 2 (i @ 0
E(a @ (W®)zY Z Z - <’)a (l) et (WD) ) Cov(Z)! L Z9).

t=s+1kel,
Therefore,

kN m

1 o (i @) (@)
(Df(w(t) V(1)® Z ZZ (8 (1)3 (1) (Wg)))COV(Zkl ’ij ).

l=s+1kel, jels

From (4.49) and (4.50) (with ¢ = 0) and Lemma 5.1 of the “Appendix”, we infer that
there exists a positive constant Cs not depending on (n, M, m) and such that, for any
k € Iy and any j € I,

2 f 1 |
Q) o 5 5
]E(axkz)ax(z) (W )) < Cs(Nnv2 + 53 (I1Xoll5 + ||Zo|I2))

1+ 2(1Xoll3

S A V)N An) (4.56)

Hence, using the fact that COV(ZIEi), Z;.i)) = Cov(Z, Z;) together with (4.31), we
then derive that

1+ 2(1Xoll3

W) yoe!
E(DF(W;?). V") < 21 A )N An)

kN.m

X D0 DT> [Cov(Xi, Xj). 4.57)

l=s+1kel, jels

By stationarity,

DD |Covxi X | =D > [Cov(Xo, X josyom?+m)|

kel jely j=1k=1

§m2 Z |C0V(X0,
k€€ g

where &, ¢ := {1 —m? + (£ —s)(m*> +m), ..., m> — 1+ (£ — s)(m*> + m)}. Notice
that since m > 1, &,.¢ N Ep e42 = V. Then, summing on ¢, and using the fact that
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k;\z,m(m2 + m) < N, we get that, for any s > 1,

kN,m m2+N—l
> D [CoviXo. Xp)| <2 D [Cov(Xo, Xp)|-
t=s+1ke&y k=m+1

So, overall, for any positive integer s,

kN,m m2+N71
DD > [CovXe, X | <2m® DT |Cov(Xo. Xi))- (4.58)
b=s+1kely jelg k=m+1

Therefore, starting from (4.57) and using that m2kN,m < N, it follows that

n kN,m
2. 2 [E(DF(W). Ve
i=1 s=1
(14 2] X0l (1 + c(n))

<2C
= v2(1 A v)

> |[Cov(Xo, Xp)].- (4.59)
k>m+1

Since F_oo = [z 0 (&) is trivial, for any k € Z, E(Xi|F_0) = E(X3) = 0 as.

Therefore, the following decomposition is valid: X = er‘:_ oo Pr(Xi). Next, since

E(Pi (Xo) Pj (Xk)) = 0if i # j, we get, by stationarity, that for any integer k > 0,

|Cov(Xo, Xp)| = ‘ ZO: E(Pr(Xo)Pr(Xk))(

r=—00

< Z 1 Po(X ) ll2 1l Po(Xi+r) 2, (4.60)
r=0

implying that for any nonnegative integer u,

> |CovXo, Xi)| < D" IPo(XA)ll2 D I Po(Xp) 2. (4.61)

k>u r>0 k>u

Hence, starting from (4.59) and considering (4.61) together with the condition (2.3),
we derive that there exists a positive constant Cg not depending on (n, M, m) such
that

n kN,m

~ . . Ce(1
>SS B (W) O < UL Sy ol @62)

2
i=1 s=1 vi(LAv) k>m+1
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We analyze now the terms of second order in (4.54), namely E(D? f (ng)) v ®2) .
Recalling the definition (4.41) of the V{)"s, we first write that

E(D? (W) V) = > > E ( Dax <z)(W(1))Z(1>Z(l))’ (4.63)

NEl p€ls

where [ is defined in (4.12). Using now (4.55) with G = (T") ,

RxR, 7 : R™ xRxR — Rsatisfying h(x, y, z) = yW(x) forany (x, y, z) €
X

) 7Oy ¢ gaN
Z30,Z;)) e R™ x

R"™ x R x R, and noticing that G is independent of W@ T(lJ)r ,
any ji, j» belonging to I,

2 2 / :
E(L(wm)z“)z(”) E(Q—JC.(W?)))E(ZE?Z;?)

we infer that, for

axDaxD PIOPNO
J1 2
kNm
_ %) (wdyz® (i) (i)
" Z Z (3 (’)a (l)a (1) (Wx )ZJI)E(ZB ij)' (4.64)
k=s+1 j3€l; X

Therefore, starting from (4.63) and using (4.64) combined with the definitions 4.2 and
4.3, it follows that

E(sz(wgi))_Vgi) ®2) _ ]E(D2f(‘7V§i))).E(V§i) ®2)

kN.m
Ly ( (WO). VO g E(VY) ®vgi>)), (4.65)
k=s+1

Next, with similar arguments, we infer that

kN.m
> E(DF(WO).VO @ E(V @ V)
k=s+1
knm  knm
= > > ED*F(W)EV @VY)@E(VY @ V). (4.66)
k=s+1{=s+1

By the definition (4.41) of the Vg) ’s, we first write that
E(D*f (WD) E(V] ® V) @ E(V,” @ V")

A f ~ .
- E (W
Z Z Z Z (axj.i)ax;;)axj;)ax}?( s ))

J1€lp p€ls j3€lk jacls

X Cov(Zﬁ.?, Z;-?)COV(Z;?, Z;i))
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1€1p jo€ls j3€l ja€ls

3 f ~
-3 33 3500 ™)

x Cov(Xj,, X,)Cov(X 5, Xj,), (4.67)

where for the last line, we have used that (Z,Ei)) rez, 1s distributed as (Zy)re7, together
with (4.31). From (4.49) and (4.50) (with t = 0), Lemma 5.1 of the “Appendix”, and

the stationarity of the sequences (X lEl)m)kGZ and (Z,Ei))kez, we infer that there exists a
positive constant C7 not depending on (n, M, m) such that

a*f =
E( ' ' ‘ ‘ (W(l)))
) q () g (0)q @) s
ijl 8xj2 8xj3 8xj4
1

N
1
(@) (@2
m+m(2||x ||2+Z||Z ||2)
k=1
N .
(z) (&)
s (| L+ [ S ])
k=1 k=1

G (1 N (X015 + 11Z0113) n N2(I1Xo,m I3 + IIZo|I4))

SC7(

P
~ nZNV3(1 Av2) n n?

By (4.11)and (4.23), | Xo.mIl§ < (2M)2||X0 m||2 < 16M?|| X ||5. Moreover, Zo being
a Gaussian random variable, || Zo||; = 3I|Zol|3. Hence, by (4.31), | Zoll} = 3] Xoll}
and || Zg ||% = ||X0||%. Therefore, there exists a positive constant Cg not depending on
(n, M, m) and such that

4 2 2
E( 2* f (WQi))) - Co(+ M+ ) “68)

9x D9 axD g ® n?Nv3(1 A v?)
Ju TR T T s
On the other hand, by using (4.58) and (4.61), we get that, for any positive integer s,

kN,m kN,m

Z Z Z z Z Z |Cov(X . X j,)Cov(X s, X )|

k=s+1e=s+1 jicl; el jzely jacly

<am(Tirol) (X 1nxol) (4.69)

r=>0 k>m+1

Whence, starting from (4.66), using (4.67), and considering the upper bounds (4.68)
and (4.69) together with the condition (2.3), we derive that there exists a positive

@ Springer



772 J Theor Probab (2015) 28:745-783

constant Cg not depending on (n, M, m) such that

kNm
> E(D (W) @ E(V @ V)
k=s+1
_ Co(l+ M*)(1 + A (m)m*
nZNv3(1 A v2)

(4.70)

So, overall, starting from (4.65), considering (4.70) and using the fact that msz’ m <
N, we derive that

n kn.m n kn.m
‘ZZE D2 f(WO).VO) 3" S B(D? (W), (V§”®2)‘
i=1 s=1 i=1 s=1

_ Gl + M) (1 + 2 (n))m?

- nv3(1 A v2) '

.71

Then, starting from (4.47), and considering the upper bounds (4.53), (4.54), (4.62),
and (4.71), we get that

n kN m

(s, () —E(Sya, ()| = —ZZ(E D2 (W) (E(UD ) ~ BV =)

i=1 s=1
4C1o(1 + M)NY2m*  Cro(1 + M?)(1 + c2(n))m?
v3(1 Av)n nv3(1 A v?)

Cio(1 + c*(n))
BECN MZH | Po(Xa) 2.

where C19 = max(C3, C4, C¢, C7). Since c(n) — ¢ € (0, 00), it follows that the sec-
ond and third terms in the right-hand side of the above inequality tend to zero as n tends
to infinity. On the other hand, by the condition (2.3), lim,;— 00 zm1 1 Po(Xi)ll2 =
0. Therefore, Proposition 4.3 will follow if we can prove that, for any z € Cct,

n kN,m

lim timsuplimsup > > [E(D*f (W}")). (E(U#?) —E(V)82)) | =0. 4.72)

m—00 —
M — o n—oo .
i=1 s=1

Using the fact that (Z (i))kez is distributed as (Zy)c7 together with (4.31) and that
(X % ) Vkez, is distributed as (Xy, ) gez, e first write that

Ew%@wwmwmrﬂmmw

= Z Z ( (,)8 (l) (W(l))) (COV(Xk,m, X{,m) — COV(Xk, X@)).

kel Lelg
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Hence, by using (4.56) and by stationarity, we get that there exists a positive constant
C11 not depending on (n, M, m) such that

B(D2F (W) (E(UD#2) - (VO #2)))|

Cll m? m2—¢
= (A DN AR ; kzo |Cov(Xo,m, Xim) — Cov(Xo, Xi) |- (4.73)

To handle the right-hand side term, we first write that

2

m m -
Z Z COV Xo e Xk m) COV(XO, Xk)|
=1 k=0
m2
< m? z |C0V()_(0,m, )_(k,m) — COV(Xo,m, Xk,m)|
k=0
m2
+m* > |Cov(Xo,m. Xim) — Cov(Xo, Xi). (4.74)
k=0

where Xo ,, and Xj , are defined in (4.28). Notice now that Cov()_fo,m, )_(k,m) =
Cov(Xo,m: Xk,m) = 0if k > m. Therefore,

m2

Z ‘COV()_(())m, }_(km) - COV(Xoym, Xk‘m)‘
k=0

m
Z COV Xo vak m) COV(X(),m,Xk,m)|.
k=0

Next, using stationarity, the fact that the random variables are centered, (4.11) and
(4.29), we get that

’Cov()_(o,m, )_(k,m) — Cov(Xo,m, Xk,m)|
= |C0v()_(o,m — Xo0.m» )_(k,m) + COV(Xo,m — )_(O,m, )_(k,m - Xk,m)
+Cov(Xo,m, Xkom — Xm)|
< AM | Xom — Xomll1 + 411 X0l — M)41I3.

As to get (4.29), notice that || X0, — )_(o,m I <2 (|X0| — M)4|1. Moreover, (|x| —
M), < 2|x|1jy>m which in turn implies that M(|x| — M)y < 2|x|21|x|2M. So,
overall,

m2

> [Cov(Xo.m: Xem) = Cov(Xom» Xim)| < 32mE(XGlixoi=m).  (4.75)
k=0
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We handle now the second term in the right-hand side of (4.74). Let b(m) be an
increasing sequence of positive integers such that b(m) — oo, b(m) < [m/2], and

im_b(m) || Xo = Xo,y21]5 = 0. (4.76)

Notice that since (4.30) holds true, it is always possible to find such a sequence. Now,
using (4.60),

m2

> |Cov(Xom. Xeum) — Cov(Xo. Xi)|
k=b(m)

m o0
<> Z PO (X m) 121l Po(X ket rm) 2

k=b(m) r=0
Z [ Po(X )21l Po(Xi4r)l2- 4.77)
ke=b(m) r=0

Recalling the definition (4.28) of the X ; ,’s, we notice that Po(X ; ) = 0if j > m+1.
Now, for any j € {0, ..., m},

E(Xjmléo) = EEX lej, ..., ej—m)lé0) = EEX lej, ..., ej—m)l€0, ...\ Ej—m)
=E(Xjleo, ..., &j—m) = E(E(X;]&0)[0, - -, &j—m) as.

Actually, the last two equalities follow from the tower lemma, whereas, for the second
one, we have used the following well-known fact with G; = o (g9, ..., ¢ j—m) G, =
o,k < j—m—1)and Y = X, ,,: if Y is an integrable random variable, and G,
and G, are two o -algebras such that o (Y) V G is independent of G;, then

E(Y|G1 v G2) =E(Y|G1) as. (4.78)
Similarly, forany j € {0, ..., m — 1},
E(Xjmlé-1) = E(Xjle—1,....6j-m) = EEX;E-D|e-1, ..., €j—m) as.

Then using the equality (4.78) with G| = o (e—1, ..., &j_n) and Go = o (gp), we get
that, forany j € {1,...,m — 1},

E(Xjml6-1) = EEX;|E-1)le0, ..., Ej—m) as.

whereas E(X,, ml6-1) = 0 as. So, finally, [[Po(Xmm)llz = [EXmleo)ll2,
|Po(Xjm)ll2=0if j >m+ 1, and, forany j € {1,...,m — 1},
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I1Po(X jm)ll2 = ECX jml0) — E(XjmlE-1)2
= IE(E(X,150) — E(X;l5-Dleo, - -, ej—m) 2 < I Po(X)ll2-

Therefore, starting from (4.77), we infer that

m>2

Z |COV(X0’m, Xk,m) — COV(X(), Xk)|
k=b(m)

< 20 Xol2IEXmleo) 2 +2 D IPo(X)ll2 D IP(X)ll2- (4.79)

r=0 k>b(m)
On the other hand,

b(m)

Z |COV(X()7m, Xk,m) — COV(X(), Xk)|

k=0
b(m) b(m)

< > |Cov(Xo = Xom. Xem)| + D |Cov(Xo. Xk — Xem)|-  (4.80)

k=0 k=0

Since the random variables are centered, COV(X() — Xo.m» Xk,m) = ]E(Xk,m(Xo —
Xo,m)). Since Xy is 0 (&k—pm, . . ., &)-measurable,

IE(Xk,m(XO - XO,m)) = IE(Xk,m (E(X0|8k7 s Ek—m) — IE(XO,m|£ka cees £k—m))-

But, for any k € {0, ..., m}, by using the equality (4.78) with G} = o (eq, - - ., Ek—m)
and Go = o (&, ..., &1), it follows that

E(Xo,mlék: - €k—m) = E(Xol€o, . .., &k—m) as. (4.81)
and
E(Xoleg, - - -, ek_m) =EXypleog, ..., Ex—m) a.s.
Whence,
b(m)
> |Cov(Xo = Xom: Xkm)| = 0. (4.82)
k=0

To handle the second term in the right-hand side of (4.80), we start by writing that

COV(X(), X — Xk,m) = COV(X() — Xom, Xk — Xk,m)
+Cov(Xo,m, Xk — Xkm)- (4.83)
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Using the fact that the random variables are centered together with stationarity, we get
that

|Cov(Xo — Xom. Xx — Xiom)| < 11 X0 — Xom 3. (4.84)

On the other hand, noticing that E(X; — Xi_mlék, - .., €k—m) = 0, and using the fact
that the random variables are centered, and stationarity, it follows that

|Cov(Xo,m, Xk — Xiom)| = [E((Xom — EXomlek, - o &k—m)) (Xk — Xim))|
<1 Xo,m — E(Xo,mlék, - - - » &k—m) 1211 X0 — Xo,mll2. (4.85)

Next, using (4.81), we get that, for any k € {0, ..., m},

1 X0,m — E(Xomlek, - ., ek—m)ll2 = 1 Xo,m —E(Xoleo, ..., ex—m)ll2
= |E(Xo — E(Xol€0, - - -, Ek—m)|€0, - .. 6—m) 2
< X0 — E(Xole0, - . ., &k—m)ll2.

(4.86)
Therefore, starting from (4.85), taking into account (4.86) and the fact that
Xo — E(Xoleo, - - -, &k— < | Xo — E(Xoleo, - -, &— ,
05,22[12/2] 1 Xo (Xoleo ek—m)ll2 =< 1 Xo (Xoleo e_m2D 2
we get that
max _|Cov(Xo,m, Xk = Xi.m)| < 1X0 — Xo,(m/2113- (4.87)

0<k<[m/2]

Starting from (4.83), gathering (4.84) and (4.87), and using the fact that b(m) < [m /2],
we then derive that

b(m)

> |Cov(Xo, Xk = Xim))| < 2b(m) | Xo — Xo,im/21 13,
k=0

which combined with (4.80) and (4.82) implies that

b(m)

z |Cov(X0,m, Xim) — Cov(Xo, X)| < 2b(m) | Xo — Xo,pmy21l3.  (4.88)
k=0

So, overall, starting from (4.74), gathering the upper bounds (4.75), (4.79), and (4.88),

and taking into account the condition (2.3), we get that that there exists a positive
constant C1> not depending on (r, M, m) and such that
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Z |Cov(Xo.m: Xim) — Cov(Xo. Xi)|
k=0

= Cro (M E(X31xoizr) + m2IEKnle0)

+m? D NRXOl +mP bl Xo = Xopsal3).  (4.89)
k>b(m)

Therefore, starting from (4.73), considering the upper bound (4.89), using the fact
that msz,m < N and that lim,_, o c(n) = c, it follows that there exists a positive
constant C13 not depending on (M, m) and such that

n kNm
lim supz > ‘E D2f(WD)). (]E(Uf,i)®2) _ ]E(Vgi)@nz))‘
N0 i s=1
C13 2
= 2 A (mE(XollXo\zM) + IE(Xm[€0)[I2
+ >0 IRz + bOmIXo = Xom/ll3). (4.90)
k>b(m)

Letting first M tend to infinity and using the fact that X belongs to L2, the first term in
the right-hand side is going to zero. Letting now m tend to infinity the third term van-
ishes by the condition (2.3), whereas the last one goes to zero by taking into account
(4.76). To show that the second term goes to zero as m tends to infinity, we notice that,
by stationarity, [[E(Xyle0)ll2 < [E(Xnl80) 2 = IE(Xol§—m)ll2. By the reverse mar-
tingale convergence theorem, setting F_oo = ez, 0 (€k), limy,— 00 E(XolE—) =
E(Xo|F-s0) = 0 a.s. (since F_« is trivial and E(X() = 0). So, since X belongs to
L2, limym— oo IE(Xm|€0)|l2 = 0. This ends the proof of (4.72) and then of Proposition
4.3. ]

4.4 End of the Proof of Theorem 2.1

According to Propositions 4.1, 4.2, and 4.3, the convergence (4.3) follows. Therefore,
to end the proof of Theorem 2.1, it remains to show that (4.4) holds true with G,
defined in Sect. 4.2. This can be achieved by using Theorem 1.1 in Silverstein [17]
combined with arguments developed in the proof of Theorem 1 in [23] (see also
[19]). With this aim, we consider (yx)rcz a sequence of i.i.d. real-valued random
variables with law N(0, 1), and n independent copies of (yx)icz that we denote
by (y,El))kEZ, e (y,E"))kEZ. For any i € {1,...,n}, definey, = (yf’), ...,yl(\l,))
Let ), = (y1T| e |y,{) be the matrix whose columns are the yl.T’s and consider its
associated sample covariance matrix Y, = %ynynT . Let y (k) = Cov(Xg, Xi) and
note that, by (4.31), y (k) is also equal to Cov(Zy, Zy) = Cov(Z(i), Z,Ei)) for any
ief{l,...,n}. Set
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y(0) y - yN-1)
y (1) y(0) y(N —2)
Py = (vje) = : : : :
y(IN=1D)y(N=2)--- v

Note that (I"y) is bounded in spectral norm. Indeed, by the Gerschgorin theorem, the
largest eigenvalue of 'y is not larger than y (0) +2 >, ., |y (k)| which, according to
Remark 2.2, is finite. Note also that the vector (Z, . . ., Z,) has the same distribution as
(v1 F]lvﬂ, ey ¥n Fll\,/z) where F]lv/z is the symmetric nonnegative square root of Iy and
the Z;’s are defined in Sect. 4.2. Therefore, forany z € C, E(Spc, (2)) = E(Spa, (2))
where A, = F}V/ZY,I F]lv/z. The proof of (4.4) is then reduced to prove that, for any
zeCT,

Jim E(Span (2)) = S(2), (4.91)

where S is defined in (2.4). According to Theorem 1.1 in Silverstein [17], if one can
show that

FIv converges to a probability distribution H, (4.92)

then (4.91) holds with § satisfying the equation (1.4) in Silverstein [17]. Due to the
Toeplitz form of I'y and to the fact that >", _ |y (k)| < oo (see Remark 2.2), the con-
vergence (4.92) can be proved by taking into account the arguments developed in the
proof of Theorem 1 of [23]. Indeed, the fundamental eigenvalue distribution theorem
of Szego for Toeplitz forms allows to assert that the empirical spectral distribution of
I'y converges weakly to a nonrandom distribution H that is defined via the spectral
density of (Xx)rcz (see Relations (12) and (13) in [23]). To end the proof, it suffices
to notice that the relation (1.4) in Silverstein [17] combined with the relation (13) in
[23] leads to (2.4). O

Acknowledgments The authors would like to thank the referee for carefully reading the manuscript and
for numerous suggestions which improved the presentation of this paper. The authors are also indebted to
Djalil Chafai for helpful discussions.

5 Appendix

In this section, we give some upper bounds for the partial derivatives of f defined in
(4.35).

Lemma 5.1 Let x be a vector of R™N with coordinates
X = (x(l), . ..,x(")) where foranyi € {1,...,n}, x¥ = (x,ii) , ke l, ...,N}).
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Letz =u++/—1v € CT and f := f, be the function defined in (4.35). Then, for any
ie{l,....,n}andany j, k,€,m € {1,..., N}, the following inequalities hold true:

32 f 8 N S 2
(i)

————(x)| < 0|+ —,

ax,S?ax;’)( )’ ~ v¥nN Z" & v2nN

3/2 1/2

o f 48 S ()2 (i)
8x§i)8x,(,f)8x;i) (x)' = VAN (§|er | * v3 2N Z| l | ’

and

3t f 24 x 16 36 x 8
(i) (l)
9xV0xDoxDoxD (x)‘ = USniN (Z| |) v4n3NZ‘ P+

Proof Recall that f(x) = %Tr(A(x) — zI)_1 where A(x) = % Zzzl(x(k))Tx(k)_ To
prove the lemma, we shall proceed as in Chatterjee [4] (see the proof of its Theorem
1.3) but with some modifications since his computations are made in case where A(x)
is a Wigner matrix of order N.

Leti € {1, ..., n} and consider for any j, k € {1, ..., N}, the notations 9; instead

of a/ax‘) 82k instead of 82/8x(l)8x(l) and so on. We shall also write A instead of
A(x), f instead of f(x), and define G = (A — zI)_]

Note that 3; A is the matrix with n~! (xfi), ... 51)1’ 2x(l) 521, .. (’)) as the
Jj! h row, its transpose as the j' h column, and zero otherwme. Thus the Hllbert—SChmldt
norm of d; A is bounded as follows:

N N
1 i SN2 2 LN 12
19; All2 = ;(2 > PanP) " < ;(z S I CAY

k=1 k) k=1
Now, for any m, j € {1,..., N} such that m # j, ar%le has only two non-zero

entries which are equal to 1/n, whereas if m = j, it has only one non-zero entry which
is equal to 2/n. Hence,

2 2 5.2
1Al < ~. (5.2)

Finally, note that BfmjA =0forany j,m,l €{l,...,N}.
Now, by using (4.36), it follows that, for any j € {1, ..., N},

1
8 f =~ TH(G(;A)G). (5.3)

In what fOHOWS, the notations Z{j’,m/}:{j,m}’Z{j’,m’,e’}:{j,m,e} and X{j’,m’l’,k’}:{j,m,l,k}
mean, respectively, the sum over all permutations of {j, m}, of {j, m, £}, and of
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{j, m, €, k}. Therefore, the first sum consists of 2 terms, the second one of 6 terms,
and the last one of 24 terms. Starting from (5.3) and applying repeatedly (4.36), we
then derive the following cumbersome formulas for the partial derivatives up to the
order four: for any j, m, £,k € {1,..., N},

1 1
opi f = 5 > Tr(G3;A)G (0 AG) — NTr(G(B,%,jA)G), (5.4)
{j'm'y={j.m)

1
i [ = -V > Tr(G(3;rA)G (3 A)G (3 A)G)

{j"m" eY={j,m.€}

1 2 2
+N{‘/ }Z{ }Tr(G(azj,A)G(am/A)G+G(8.,-/A)G(8£m,A)G)
Jo.miy=j,m

1 1

+NTr(G(8gA)G(8ijA)G) + NTr(G(a;jA)G(aeA)G), (5.5)
and

8I?£mjf =h+Db+ L+ 14+ 15+ I, (5.6)
where
1
= > Tr(G (3 A)G (B, A)G (8 A)G (3 A)G),
{j .m' O k'y={j,m, Lk}
1
h=-% X (Tr(G(a,?j,A)G(am/A)G(a,Z,A)G)

{j'm" Oy={j,m.}

+Tr (G (3 A)G (3, A G (3y AG) + Tr(G(aj/A)G(am/A)G(afe/A)G)),

h=-y Z (Tr(G(al?j,A)G(akA)G(Bm/A)G)
(i m' 1= m)

1
+Tr(G(Bezj,A)G(am/A)G(akA)G))—N > (Tr(G(akA)G(agj,A)G(am,A)G)
L m)
1
+Tr(G(8j/A)G(afm,A)G(akA)G))—N > (T(G@MG0; 0G0}, 6)
G m'Hm)

HTH(G(0A)G ()G (0, 4)G)).
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1
L=—g > (Tr(G(aijA)G(ak/A)G(ag/A)G)
{k' 0y ={k,}

+Tr (G (9 A)G (32 A)G (3¢ A)G) + Tr(G (3 A)G (3 A) G (32 .A)G)),

mj mj

L= > > (G2, MG}, A)G),

(K. e)={k. €} {j",m"}={j.m}

and
1 1
Ig = NTr(G(ar%le)G(a,f(A)G) + NTr(G(B,%ZA)G(aijA)G).

We start by giving an upper bound for 83" ¥ f. Since the eigenvalues of G2 are all

bounded by v~2, then so are its entries. Then, as Tr(G(alfle)G) = Tr((aijA)Gz), it
follows that

ITr(G (9, A)G)| = |Tr((9,,A)G)] < 200" (5.7)

mj

Next, to give an upper bound for |Tr(G(8 i A)G(BmA)G) |, it is useful to recall some
properties of the Hilbert-Schmidt norm: Let B = (b;)1<i,j<y and C = (¢;j)1<i,j<N
be two N x N complex matrices in L7, the set of Hilbert-Schmidt operators. Then

(@) |Te(BO)| = [1B21IC]l2.
(b) If B admits a spectral decomposition with eigenvalues Aj,..., Ay, then
max{[|BC|l2, ICB]2} < maxi<j<py [Ai].[[Cl|2.

(See, e.g., [20] pages 55-58, for a proof of these facts).
Using the properties of the Hilbert—Schmidt norm recalled above, the fact that the
eigenvalues of G are all bounded by v~ and (5.1), we then derive that

ITr(G(0;A)G (9, A)G)| = 1G9 A)Gl2.11(3n A)G 2
= IGI1@;AG2- 19 All2- Gl

N
4 )2
< IGIP.13;Al2-Nam Al < —— > |x”[" (5.8)
k=1

Starting from (5.4) and considering (5.7) and (5.8), the first inequality of Lemma 5.1
follows.
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Next, using again the above properties (a) and (b), the fact that the eigenvalues of
G are all bounded by v™!, (5.1) and (5.2), we get that

ITr(G (9, A)G (0, A)G (8¢ A)G)| = [IG(0;A)G (0 A)G 2.8 A)G 2
< 1G@;A)G@nA) 2. IGI. 3¢ All2 < 1G @A) 12.11G (B A) 12|11 119 All2

4 8 (o 2\
< IGI* 10} All2-[19m All2-19cAll2 < W(;m ) (5.9)

and

ITr(G (95, A)G (9 AYG)| < G0 A)G 1211 (9m AYG 2
< IGIPIG @7 A)ll2-I19m All2

(i\x,ﬁ“\z)l/z. (5.10)

k=1

3 a2 4
< IGIP.19;; All2-10m All2 < 5.2

The same last bound is obviously valid for |Tr(G(8mA)G(3£2jA)G)|. Hence, starting
from (5.5) and considering (5.9) and (5.10), the second inequality of Lemma 5.1
follows.

It remains to prove the third inequality of Lemma 5.1. Using again the above
properties (a) and (b), the fact that the eigenvalues of G are all bounded by v=!, (5.1)
and (5.2), we infer that

N
16 12\ 2
ITr(G (3; A)G (3n A)G (3 A)G (% A)G)| < W(Z x| ) . (511
k=1
8 N 12
ITr(G (9, A)G (9 A)G (% A)G)| < WZW) : (5.12)
k=1
and
2 2 4
ITH(G (@7 A)G (9 AIG)| < — . (5.13)

Clearly, the bound (5.12) is also valid for the quantities | Tr (G (9,, A)G (ng A)G (0 A)G)|
and [Tr(G (0, A)G (0 A)G (362]' A)G)|. So, overall, starting from (5.6) and considering
(5.11), (5.12), and (5.13), the third inequality of Lemma 5.1 follows. O
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