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Abstract For an ergodic continuous-time birth and death process on the nonnegative
integers, a well-known theorem states that the hitting time 7j ,, starting from state 0
to state n has the same distribution as the sum of n independent exponential random
variables. Firstly, we generalize this theorem to an absorbing birth and death process
(say, with state —1 absorbing) to derive the distribution of 7p ,. We then give explicit
formulas for Laplace transforms of hitting times between any two states for an er-
godic or absorbing birth and death process. Secondly, these results are all extended
to birth and death processes on the nonnegative integers with co an exit, entrance, or
regular boundary. Finally, we apply these formulas to fastest strong stationary times
for strongly ergodic birth and death processes.
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1 Introduction

In this paper, we will study the distribution of passage time between any two states
of an irreducible continuous-time birth and death process on the nonnegative inte-
gers {0, 1,2,...}. This is an extension of a well-known theorem, which states that
the passage time from state O to state d (< o) has the same law as a sum of d in-
dependent exponential random variables with distinct rates. These rates are just the
nonzero eigenvalues of the associated generator for the process absorbed at state d;
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cf. [3, 14, 16]. For historical comments, see Fill [10], Diaconis and Miclo [6], and
references therein.

Very recently, Fill [10] gave a first stochastic proof for this theorem via duality. An
excellent application of this theorem is to the distribution of fastest strong stationary
time for an ergodic birth and death process on {0, 1,...,d}. It is also the starting
point of studying separation cut-off for birth and death processes in [7]. By a similar
method, Fill [11] proved an analogous result for upward skip-free processes. Diaconis
and Miclo [6] presented another probabilistic proof for birth and death processes, by
using the “differential operators” for birth and death processes [8].

Consider a continuous-time birth and death process (X;);>0 with generator
0= (gij)on E={0,1,2,...}. The (g;;) are specified as follows:

bi for j=i+1,i>0;
i forj=i—1,i>1;
9= —(a; +b;) forj=i>0; (1.1)
0 for other j #1i.

Here {a; : i > 1} and {b; : i > 0} are two sequences of positive numbers, and ag > 0.
When ap = 0, state O is reflecting; when ag > 0, state 0 is not conservative, so by
convention we can and do regard an extra state —1 as the absorbing state.

Let T; , be the hitting time of state n starting from state i. A well-known theorem
is the following (see [10, Theorem 1.1]).

Theorem 1.1 Let A(ln) << )»,(1") be all (positive) n eigenvalues of — Q™ , where

—by bo 0 o -- 0 0

al —(a1 + by) by o ... 0 0

Q(ﬂ) — 0 ar —(ar+by) by --- 0 0

0 0 0 0 - a1 —(@n—1+by-1)
(1.2)
Then Ty, is distributed as a sum of n independent exponential random variables with
rate parameters {kg"), e x,({”}. That is,
e [0
Ee#10n = —, s>0. (1.3)
1S+ Al

We will investigate the distribution of hitting time 7; , for birth and death process
(X) on the nonnegative integers. This includes four cases:

Casel: 0<i<n<oo;

Casell: 0<n <i <N < o0, where N is areflecting state;
Caselll: 0<i <n=o00;

CaselV: 0<n<i<oo.

Cases I and II can be easily deduced from Theorem 1.1. See Corollaries 2.1 and 2.2
in the next section.

@ Springer



952 J Theor Probab (2012) 25:950-980

When we deal with a birth and death process on E, we will first face the classi-
fication of infinity state co concerning uniqueness of the corresponding Q-process.
The classification of Q-process in (1.1) was due to Feller [8]. See also [2, Chap. §]
for more details. According to [8], there are four types of oo boundary: regular, exit,
entrance, and natural boundaries.

Define

no=1 and mzw fori > 1, (1.4)
ajay---a;
and pu = Z?io wui. Then (u;, i > 0) is the unique (up to scaling) invariant measure.
Let us also define

o0 1 i o0 1 oo
R— L S= ;. (1.5)
g wib; Z;‘)M/ g Wib; jZXiJ:rl Hi

The oo boundary is called exit if R < 0o, S = 00; entrance if R = 00, S < 00; reg-
ular if R < 00, S < 00; natural if R = oo = §. From [2, Sect. 8.1] we know that a
necessary and sufficient condition for the boundary at oo to be an exit boundary is

R < o0, = 00;

anecessary and sufficient condition for the boundary at oo to be an entrance boundary
is
o

S < o0, Z lbizoo

i—0 MiDj

Another difficulty for an infinite birth and death process is obviously determining
all the eigenvalues or the spectrum of the generator. By the spectral theory established
in [18] and [19], we can overcome this difficulty. Briefly speaking, we give distribu-
tions of Ty, (the lifetime) for the minimal birth and death process corresponding
to O when oo is an exit boundary. We will use approximation by letting n — oo to
derive the distribution of 7p o from that of Ty, in Theorem 1.1. To deal with the
eigenvalues for birth and death processes in infinite state spaces, we should utilize
the powerful theory of Dirichlet forms. Dirichlet forms help one to obtain the vari-
ational formulas for eigenvalues and, more importantly, provides the approximation
procedure. A similar situation appears when co is an entrance boundary, from a view
point of the duality method in [14]. The duality method was used successfully in [5]
to study the estimation of the principal eigenvalue for birth and death processes.

To end this section, we mention the Dirichlet form associated to a birth and death
process. Let

D(f) =Y wibi(fi = fix1),

i=0

and D(D) ={f € L>(u) : D(f) < oo}. Let

J ={f: f has finite support}.
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Then (D, D (D)) is called regular if X is dense in D (D) with respect to the Dirich-
let norm || - ||p : | f1I% = w(f%) + D(f); see [4, Sects. 6.7-6.8]. From [4, Corol-
lary 6.62] we know that the symmetric Q-process is unique if and only if (D, (D))
is regular. Here the symmetric process Q-process means the transition function p;; (¢)
corresponding to Q satisfies w; p;j(t) = ujpj;(¢) for all i, j, t. This means that for
Q-matrix defined by (1.1), whenever (D, D (D)) is regular, the minimal process is
the only symmetric Q-process.
It is proven in [5, Proposition 1.3] that (D, D (D)) is regular if and only if

o
x|

i=0

+u,} = 0. (1.6)
wib;

We remark that when oo is an exit or entrance boundary, the Dirichlet form is reg-
ular. For natural boundary (R = 0o, S = 00), the situation is different. Although the
Dirichlet form is unique, we will face the essential spectrum problem. In this case,
the essential spectrum of the generator in L? may be nonempty. Thus, the formula for
natural boundary may be totally different from Theorems 4.6 and 5.5 in this paper.

For regular boundary (R < 00, § < 00), the problem is that the Dirichlet form
is not regular. Since now the corresponding Q-processes are not unique, we can do
this in two ways. Firstly, we deal with the minimal process. In this case, we face the
similar situation as in case of exit boundary. Secondly, we can deal with the “max-
imal” process. According to [4, Proposition 6.56] or [24, Theorem 1 in Sect. 13.2],
this “maximal” process is the unique honest symmetric Q-process, which looks like
a process with entrance boundary.

The rest of paper is organized as follows. In Sect. 2, we derive (Cases I and II) the
distributions of hitting times 7; , for an ergodic finite birth and death process from
Theorem 1.1. In Sect. 3, we give the distributions of hitting times for an absorbing
finite birth and death process. In Sect. 4, we give (Case III) the distribution of the
life time for a birth and death process with oo an exit boundary, starting from any
i > 0. In Sect. 5, we give (Case IV) the distributions of 7; ,(i > n) for a birth and
death process with co an entrance boundary. In Sect. 6, the distribution of (fastest)
strong stationary time is derived. Finally in Sect. 7, we deal with the minimal and
“maximal” processes, respectively, for a Q-matrix with regular boundary.

We remark that for one-dimensional diffusion process on a finite interval,
Kent [17] investigated a similar problem and proved that the canonical measure cor-
responding to the distribution of a hitting time between two states can be identified
with a spectral measure corresponding to the generator of the absorbing diffusion
process.

2 Finite State Space with ¢y =0
2.1 Casel
Let us first solve Case I from Theorem 1.1.
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Corollary 2.1 For0<i <n < oo,

)
Hﬁ:l )Lu(”)
EesTin — St o> 0. 2.1)
i A0
[ 2o
In particular,
1 1 1
IETO,HZ Z W? ETi,nz Z W— Z W (22)
l<v<n ™V l<v<n ™V l<v<i ™V

Proof Since Ty, = To.; + Ti.» by the skip-free property of birth and death process and
To,i, Ti., are independent by the strong Markov property, (2.1) follows immediately
from Theorem 1.1.

Equation (2.2) follows by Theorem 1.1 and Tp , = To,; + T; », or from (2.1) by a
standard method to derive the moments from the Laplace transform. g

We remark that (2.2) is called the eigentime identity for absorbed birth and death
processes; see [19]. It is different from that in [1, Chap. 3], where the eigentime
identity for an ergodic finite Markov chain concerns the average hitting time. In [18],
this kind of eigentime identity for continuous-time Markov chains on a countable
state space was studied.

2.2 Casell
For 0 <n < N < o0, let ):iNl) < )A»iNZ) << )A»lelz,_n be positive eigenvalues of
— O™ where
n E}
—(ap41 + buy1) by 0 0o -- 0 0
AN an+2 —(an42 + buy2) bn+2 o - 0 0
oM = . . A
0 0 0 0o .- aN —dan
2.3)
This is the generator of the birth and death process on {n + 1, ..., N} with reflecting

state N before the process reaches state n, which can be considered an absorbing
state.

By using the mapping j — j' = N — j on the state space, we can easily obtain
the following results from Theorem 1.1 and Corollary 2.1.

Corollary 2.2 ForO0<n <i <N < o0,

> (N)

I—Ian An,y

v=1 20
3
e o5,

N >
1—[N—i )\,-,U)
v=1 73m

Ee*Tin =
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In particular,
Non  2(N)
Ee$Tvn = T 520,
vnzl s+ AN
and
N-n N N
2 s SETva =)o ) i 24
y=1 ~n,v j=n T =1
Proof The second equality in (2.4) can be found on [2, p. 264]. g

We remark that Miclo [21] gave via duality the distribution of hitting times for
finite Markov chains by using a probabilistic method, which is close to that used in
Fill [10]. As suggested kindly by a referee, it is interesting to study these problems
for general Markov chains in infinite state spaces, as we have done in Theorems 4.6
and 5.5.

3 Finite State Space with ay > 0

In this section, we will study the hitting time distribution for absorbing finite space
and give the answers for Case I and Case II.

In [10], Fill used a clever trick, duality method, to give a probabilistic proof for
Theorem 1.1. This duality method was further used in [11] to establish a correspond-
ing theorem for the skip-free process. See also Miclo [21]. In this subsection, we will
give the distribution of Tp , for the birth and death process when ag > 0, that is, for
the process which is no longer conservative at state 0. Luckily, by modifying Fill’s
duality method, we can finally carry out the result in Theorem 3.1 below.

Now fix n > 1 and assume that ay > 0. Set

—(ao + bo) bo o ... 0 0 0
ai —(ar+b1) by -+ 0 0 0

G = : : S : :
0 0 0 - ay_1 —(an_1+bu_1) by

3.
Let0=X0 <A; <--- < Xy—1 <A, ben + 1 eigenvalues of —G, and denote by P (¢)
the probability transition function corresponding to G. Note that states n and —1 are
absorbing states for P (7).
Let u; be defined by (1.4), and further define

i

hi=>Y"

j=0

O=<i<n-1), hp=h,_1+

- (32
Hiaj Mn—1bn—1
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Theorem 3.1 With the notations given above, the hitting time Ty , has the Laplace
transform

n

Re$Tom = ho l_[ M s> 0.
hy S+ Ay

v=1

To prove Theorem 3.1, we modify the argument in [10]. Define

—An An 0 - 0
0 —An—1 An—i 0
G=| i r (33)
0 0 e =AM
0 0 0 0

Then we have the following lemma, see [10, Theorem 5.3].

Lemma 3.2 Define Mo =1 and, for 1 <i <n,
Mi=2x" 0 (G M D) (G hi D,
Let A= (A, j)) be A(i, j) = M;(0, j),0<i, j <n.Then
AG=GA.

We remark that I—[};_})(G + An—ikI) above are called spectral polynomials.

See [10, 20]. A given in L:emma 3.2 is a little different from that given in [10]. In [10],
A is a lower triangle stochastic matrix, but A in Lemma 3.2 is really substochastic.
These polynomials, together with matrix A, satisfy the following properties.

Proposition 3.3

(i) The matrices M;, 1 <i <n, are nonnegative and substochastic.
(i1) The matrix A is also nonnegative and substochastic. Actually, the sum of its ith
row strictly decreases with i, and it is lower triangular with

A0,0) =1, A(k,k):)h;>0, 1<i<n,
n

which implies that A is nonsingular. So G and G are similar.
Proof (i) Let ¢ = maxo<j<n{a; + b;} and A = G + q. Then A is nonnegative with
eigenvalues )\lA = —A; + ¢q and spectral polynomials satisfying

i i
[TA-2n)=]]G+ruD). 0<iz<n
k=0 k=0

By [20, Theorem 3.2], the left side of the above equation is nonnegative, from which
we get the nonnegativity of M;. In addition, from the definition in Lemma 3.2 it is
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easy to check by induction that the sum of every row for M; is not greater than 1, and
thus each M; is substochastic.

(i1) From the definition in Lemma 3.2 we can derive the assertion by direct calcu-
lation. O

Lemma 3.4

. h
P(To, <1)=P(To, <1)- h—o Vi >0,

n

where fO,n is the hitting time of n starting from 0 for the pure birth process P(t) with
generator G.

Proof By Lemma 3.2 we have
AP(t)=P@H)A Vt>0.

Consider the (0, n)-entry of each side of above equality. Because A is a lower trian-
gular matrix with A(0, 0) = 1, we have that

n

(AP®))(0,n) = Z A0, k)P (t)(k,n) = P(t)(0,n) =P(Ty., <1)
k=0

and
n
(P()A)(0.n) =Y P(1)(0. k) Ak, n) = P(t)(0,n) A(n,n) =P(Tp,, <1)A(n.n).
k=0
So,
P(To, <) =P(Ton <) Aln,n).
To get A(n, n), let t — oo in the above equation. Since IF’(fo,n <t)— 1, we have
P(To.n < 00) = A(n, n).
Note that 7Tp , < oo if and only if Ty, = c0. So,
P(Tp,, < 00) =P(Tp,—1 = 00) =P(Tp,, < To,—1).
It follows from [23, Theorem 3 in Sect. 5.1] that

ho
P(To,n < To,—1) = T

n

This completes the proof. g

Lemma 3.4 is ready for the proof of Theorem 3.1. Let YA}),'H be the passage time

fromi toi + 1 for ﬁ(t). Since f"o,,, = Z?;(} ’IA","Z'+1 and {YA}’,-H} are independent and
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distributed exponentially, we have

n—1
2 N An—i A
Ee$Ton — EesThi+1 — n—t _ L
1:([) 1_[ S+ Ap_i 1_[ s+ Ay

Next, we will give the distribu_tion of T; , fori #0. For 1 <i <n, let {X,(,i), 1<
v < i} be the eigenvalues of —Q®, where

—(ao + bo) bo o 0 --- 0 0
Q(i)~ ap —(a1+b1) by 0O --- 0 0
0 0 0 0 -+ a1 —(aj-1+bi—1)

3.4
This is the probability matrix of the process on {0, 1, ...,i — 1} before the birth and
death process P(t) reaches i.
The following conclusion is for the distribution of 7; ;, the proof of which is sim-
ilar to that of Corollary 2.2.

Corollary 3.5 For 0 <i < n, we have
Av
hi [T %

hl’l ]_[l )\Li).
v=1 41,0

Ee$Tin = , s>0, (3.5)

and the eigentime identity holds:

7 N |
IE(Ti,n]l{T,-,,,<o<>}) = ﬁ |:Z )\_ - —j|

Let us consider the hitting time 7; 1 (0 <i < n). We use the same argument as in
Case II by mapping j j_’=n—j.For0§i <n—1,let {Aff’”), I<v<n-1-i}
be the eigenvalues of —Q(’*"), where

Q(i’")
—(ai+1 +bit+1) bit1 o o0 --- 0 0
) —(@i+1 +bit1) biy2 0 - 0 0
0 0 0 0 - a1 —(ap—1+bup1)

Then we can easily obtain the following results from Theorem 3.1 and Corollary 3.5.

Corollary 3.6

A
h' n= vV
]EE_STi'_' _ <1 _ _1> Hv 1 s+x, ’ 5> 0’
I1

n—l—i Um
=1 S+)\,|(j'n)
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and

n—1—i
IE(Ti,fljl{Ti,fl<<>o}) = (1 - _> |:Z Z )»(l n)j|

v=1

Now we will consider the absorbing time, that is, the hitting time starting from
i (0<i<n)totheset{—1,n}. Let T; :==T; 1 A T;p. Since either T; _| < oo or
Tin <00, we have T; = T; 1 1(1; _ <00} + Ti,nl{1;,,<o00}- Then we can derive the
distribution of 7;.

Theorem 3.7 For the birth and death process with generator (3.1), the absorbing
time T; :=T; _1 A T; ,, has the Laplace transform

Ee 5T = Re™5Tim1 4 Fe5Tin

n A n Ay
hi [T= 535, T | (3.6)
={1-—- -t ) Vs > 0,
hy l—ln—l—i Ay hy, 1—[1 Ay
v=1 A,Jr)\l(}z,n) v=1 s+)»$f)

and the eigentime identity holds:

1 h; n—1—i 1
ELEEL (YT

B
=

4 Case III: co Is an Exit Boundary

In this section, we will derive the lifetime distribution for the minimal birth and death
process when ag = 0 and Q-processes are not unique. We recall some facts about
the uniqueness of a birth and death process, see, for example, [2, 4]. Then we study
spectral theory for the minimal birth and death process. Spectral theory helps us to
pass from finite states to infinite states; in particular, we will establish what are the
limits of eigenvalues for finite birth and death processes as the state space goes to
infinity.

Assume that ap = 0. When R < oo, the corresponding Q-processes are not
unique; for details, see [2, Chap. 8] or [4, Chap. 4]. Let (X;,r > 0) be the corre-
sponding continuous-time Markov chain with minimal Q-function P(r) = (p;;(t))
on E, that is,

pij®) =Pi[X; = j,t <]

with ¢ =lim,,_, » &, the lifetime, where &, are the epochs of successive jumps:
%-OZO, é:l’l:inf{t:t>§n—let#XEn_1}s n>1.
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Proposition 4.1

(1) When starting from state i, the lifetime ¢ equals lim,_, oo T; p a.s.
(ii) Assume that R < 0o. We have P;[{ = o0]l =0 foranyi € E and Eqo¢ = R.

Proof

(i) Let Xo =i. Note that ¢ is the (first) time that the process has jumped infinitely
many times. For any state n, before T; , the process jumps only finite times, so
that ¢ > T; , for any n. Thus, ¢ > lim, o T;,, a.s. Conversely, since the birth
and death process jumps once to two nearest neighbors, we have &, < T; , for
any n. Thus, ¢ =lim, 00§, <lim, 00 T; 5 a.5.

(i1) See [2, Chap. 8] or [4, Chap. 4].

O

Denote by Lz(u) the usual (real) Hilbert space on E. Then it is well known that
Q™. 0, P(t) are self-adjoint operators on L?(y). For a self-adjoint operator A on
Lz(u), denote by o (A) and o¢g5(A), respectively, the spectrum and the essential spec-
trum of A. Here, the essential spectrum consists of continuous spectrum and eigen-
values with infinite multiplicity. When oess(Q) = ¥, denote by A1 < Ay < --- all the
eigenvalues of — Q. Actually, all the eigenvalues under consideration in this paper are
simple; for this, see Theorem 4.4 below.

The following result in [19] is our starting point of spectral theory for the minimal
birth and death process.

Theorem 4.2 Assume that R < 00, S = 00, i.e., assume that oo is an exit boundary.
Then P(t) is a Hilbert—Schmidt operator for any t > 0, 0ess(Q) = @, and

dont=r

v>1

From the above equality we see that the spectrum has no accumulation point and
can be ordered.

To get the distribution of lifetime, we need the following minimax principle for
eigenvalues for birth and death processes. This extends the classical Courant—Fischer
theorem for finite symmetric matrices. For the Courant—Fischer theorem, see, for
example, [12, p. 149].

Proposition 4.3 Assume that oess(Q) = #. Let (v > 1) and A" (1 < v < n) be
eigenvalues for —Q in (1.1) and — Q™ in (1.2), respectively. Then

(a) forv=>1,

Ay = sup inf{ D(f): u(f?) =1and u(ff)=0for1 <i < v},
SO fODeL2 ()
(4.1)

where u(g) := ZieE Hi&is
(b) for1 <v <n,
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Af,”)z sup inf{D(f):fhnyoo)=0,,u(f2)=1andu(ff(i))=
FO, L fODeL2(u)

for1<i<v}. 4.2)

Proof

(a) We first prove the assertion for A,. Let (") be the corresponding eigenfunction
for A,. Then

Ay =inf{D(f): n(f?) =1and u(fe’) =0for1 < j <v}.

For arbitrary f € L?(u), since f = 2711 u(feyel) and —Qe) = Aje(-/),
we have

D(f)=un((=0f)f) Z (fe),

so that for f® e L2(u)(1 <i <v),
inf{ D(f): u(f*) =1land u(ff)=0for1 <i <v}

:infinju(er)f cu(f*) =1land u(ffP)=0for1 <i< v}

j=1

< inf{z)\-jﬂ(fe(j))z : M(fz) =1, M(ff(i)) =0(1<i<v), u(fe(j)) =0

j=1
o)
< sup{z:)tju(fe(j))2 : ,u(fz) =1 and u(fe(j)) =0for j > v}
j=l1
=Ay.
Therefore,
- sup inf{ D(f): u(f*) =1and u(ff?)=0for1 <i <v}.

O f0=DeL?(p)
4.3)
If we choose f; = e® 1<i<v,then
RHS (4.3) > inf{D(f) : u(f*) =1 and u(fe?) =0for 1 <i <v} = D(e™)
=X, =LHS (4.3);
thus, equality holds in (4.3).
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(b) For fl,00) =0,

n—2

D(f)=Y_ wibi(fi — fix1)* + n1ba 1 fi, =DV () (44)

i=0
then it is easy to check that D" (f) is the Dirichlet form for Q™ in (1.2). The

rest of proof is the same as above. O

As pointed out in Sect. 1, when oo is an exit boundary, (D, D(D)) is a regular
Dirichlet form. That is, D(D) = {f € L?(u) : D(f) < oo} is the closure of X with
respect to Dirichlet norm || - || p : ||f||2 = M(fz) + D(f). Therefore, as is done in [4,
Theorem 9.11], when oo is an exit boundary, it follows from Proposition 4.3 that

Ay = sup inf{D(f): f € X, u(f?) =1and u(ff")=0
SO, fO=DeLl?(w)

f0r1§i<v}.

Theorem 4.4 Assume that R < 00, S = 00, i.e., assume that oo is an exit boundary.
Then, for each v > 1, we have

)L,()") Ay asntoo.
Moreover, all eigenvalues {A,, v > 1} of —Q are distinct (each of multiplicity one).

Proof The proof will be split into three steps:

@ A" | oy (say)asn 1 oo;
(b) oy =2,;
(c) the eigenvalues {X,, v > 1} are distinct.

(a) We use Proposition 4.3 to prove the monotonicity for )\f,n). For any fixed 1 <
v<nand fO, ..., f0=D e L2(w),if f is such that f][;.00) =0and (f?) =1 and
u(ffDy=0for1<i<v,then flpt1.00)=0and u(f?) =1and u(ff?)=0for
1 <i < v, so that

inf{ D(f) : flinooy =0, pu(f?) = Land u(ff ) =0for1 <i <v}
>inf{D(f): flin+1,00 =0, u(f?) =1and u(ff)=0for1 <i <v}

and A% > 20"V for 1 < v < n. This proves the monotonicity. Thus, the limit
limneookf,") =: o, exists for any v > 1.

(b) On the one hand, it follows from Proposition 4.3 that A, < )»ﬁ") forn > 1, so
Ay < oy, On the other hand, from Corollary 2.1 we have

1 1
ETo,n = Z @= Z Wl[vsn]-

1<v=n 1<v<oo ™V
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Thus, it follows from Proposition 4.1 and the monotone convergence theorem that

R=Ep¢ =E lim To.n = lim ET(),n
n—00 n—o0

| ! o
=Jim D swlven= 20 lim o fesn

1<v<oo ™V 1<v<oo (4~5)
_ 1
1<v<oo &y
But we already know from Theorem 4.2 that
R= Z ! o (4.6)
= " . .
I<v<oo

Since A, <« for all v > 1, it must hold that A, = «,, for every v > 1.

(c) Next, we will prove that all eigenvalues {A,, v > 1} of —Q are distinct. For this,
we only need to prove that the eigenspace for A, is of dimension one. Indeed, let —X
be an eigenvalue, and g a corresponding eigenfunction. From (Qg)(i) = —Ag;,i > 0,
we have

bo(g1 — go) = —Ago, ai(gi—1 — &) +bi(git1—g)=—rg, i>1 (47

Since u;b; = pit+1ai4+1 fori >0, it follows from (4.7) that

k
A
gkl =——7—) i +8&, k=0.
Wb ; e
This means that the eigenfunction g is determined uniquely once g is given. g

Remark 4.5 For the first eigenvalue (v = 1) corresponding to the minimal process,
Chen [5] proved that 1| is defined by the classical Poincaré variational formula:

d=infy Y wibi(fi = fieD): f €KY i fi = 1}

i=0 i=0

without the assumption oegs(Q) = 0.
The following is the main theorem of this section.

Theorem 4.6 Assume that oo is an exit boundary. Let ¢ be the lifetime for the mini-
mal process. Then

o0

' A
]E()eié{ = 1_[ P +\))\’ s s > 0.
%

v=1
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That is,

9]

cEY Y,

v=I

where Y, ~ Exp(A)) (for 1 <v < 00) are independent. Moreover, for any i > 0, let
Ti oo =1limy 00 T; . Then

1—[00 Ay
v=I 542,

20

v=1 s+k,(,[)

Eie ¢ =Ee T =

v
e

Proof We will prove the first assertion, while the second assertion then follows by
independence as in Corollary 2.1.
Recall ¢ =1lim,_,  Tp , when Xy = 0. So,

Eoe *¢ = lim Ee~*70» by the monotone convergence theorem

n—o00
n )\(”)
= lim Hé by (1.3) in Theorem 1.1.
n—00 L - S—i—)x(n)
v=1 v

Take the logarithm of each side of above equation, and then by the monotone conver-
gence theorem we can get that

e A
—logEpe™* =) —1 L
gBoe™ =) —log—=
v=I1
that is,
o0
A
Ege™*¢ = -
0¢ HS-FM

O

By a similar argument, we can deal with the case ap > 0. Since the boundary oo
now can be considered as an absorbing state, we can extend the results in Sect. 3 to
infinite state space case. The details are then omitted here.

5 Case IV: oo Is an Entrance Boundary

In this section we will deal with Case IV for a birth and death process with co an
entrance boundary, i.e., R = 00, § < 00, and the corresponding Q-process is unique.
Since S < oo and § > ﬁzmm, we have u =3, guj < oo. Let 1 =
ni/m. Then m := (m;,i > 0) is a probability measure on E, and the process is re-
versible with respect to 7. Now we will consider the spectral theory for operators on

the Hilbert space L%(n).

@ Springer



J Theor Probab (2012) 25:950-980 965

Forn > 0, let

—(@n+1 +bn+1) bpt1 0
O, = an+2 —(any2 +bpt2) byt - oo e (5.1)

be the generator of the birth and death process on {n+ 1, n+2, ...} before the process
reaches state n.

Let #™ := (; : i > n) and En ={n+1,n+ 2 ..}. It is easy to check that
0, is symmetric with respect to 7 (n) and then that Qn is a self-adjoint operator in
L2(E 1w, 7). When aess(Qn) = (J, denote by )»,1,1 < )»n,z < --- all the positive eigen-
values of — Qn By a similar proof as in Theorem 4.4, we see that each eigenvalue is
of multiplicity one. When n = 0, the subscript 0 is dropped.

Theorem 5.1 Assume that R = 00, S < 00, i.e., assume that oo is an entrance
boundary. Then oess(Qn) = 0, and for any n > 0,

o 1 oo
=Y Y m=Y i< (5.2)
J

j=n i=j+1 v>1

Proof 1t follows from [18 Theorem 1.4] that oess(Q) = @, where Q is defined
by (1.1). We can view Q,, as an operator on L2(E ) by adding zero columns or
rows; then Q — Q,, is of finite rank. So their essential spectra are the same and empty
(see, for example, [15, Theorem 5.35]).

Now we prove the identity in (5.2). For i, j > n, let

PO =PiX = <Tial, g = / P (0 dt.
’ 0

Let X ,(") be the jump process with transition matrix ( ﬁf;l)(t)). By a similar method as
in the proof of [19, Theorem 1.4], we can get that

5 (1) 1
Zk Z Z (a; + b)P; [f oo]’

v>1 i>n i>n

where fl.+ :=inf{r > the first jump time : X ,(") =i} is the return time to state i.

Now fix i > n, and we will calculate IP’,'[fiJr = 00]. Assume that )A((()") =1i. Note

that once [1?,.Jr = oo] happens, X ,(”) must first jump to state i — 1. If X t(") jumps first

to state i + 1, starting from state i 4 1, it will be back to state i eventually since the
original Q-process X, is ergodic (see [4, Theorem 4.55]). Next when it comes to state
i—1,X ,(”) must arrive at state n before it arrives at state i. Thus, we have

P i[Ti—1n < Tiz1il,
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and by [23, Theorem 3 in Sect. 5.1]

(ﬂ'_lb'_l)fl (n-.a.)fl
Piq[Ticip < Tic1i]l= L — i

anj«‘(”jbj)*l Zn§j<i(7[jbj)7] '

So,
o0 o0
21
D =2 Z D =5
v>1 i>n n§j<z j=n z=] 1
Finally, since S, < S < o0, we have ) _ A,ZL < 00. O

As in the last section, we also need the minimax principle for eigenvalues of — On.

Proposition 5.2 For0<n < N < o0, let f have domain {n+ 1, ..., N}, and
N—1
DM (f)y=u(=fON f)= D" wibi(fi = fis1)* + tubn fi11,
i=n+1

where QS is defined in (2.3). Then for 1 <v < N —n,

AN) _ DMy - L 2) _ @) —

My = o M min{ D™ () : flns1.ne =0, u(f?) =1, u(fFP)
1<i<v}. (5.3)

Proof The proof is direct and is omitted. d

Proposition 5.3 Assume that o.ss(Q) = 0. Let )A\n’v be eigenvalues for — Qn in (5.1).
Then, for v > 1,

>

Any = max min{ D(f) : fio, =0, u(f?) =1 and u(f9) =0 for
,,,,, fOmDeL?(w)

1<i<v} (5.4)

Proof Note that for f such that fio,,j =0, we have D(f) = > 72 . wibi(fi —
fi+)? + tnbn f2, | = w(—f On f), which is the Dirichlet form for Q,. The rest of
proof is similar to that of Proposition 4.3. U

We will make use of an approximation procedure as N — oo. For this purpose,
we need to do more.

Fix n > 0 and define

={feL®:{f#0C{n+1,..., N} for some N} (5.5)
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and Ky = {g:=f+dlnt1,00): f € X, d € R}. Define

D(f)=Y_ wibi(f; — fix1)®

i=0

with the domain D (D) consisting of the functions in the closure of K with respect

to the norm || - | p : | 113, = n(f*) + D(f).
Since oo is an entrance boundary, the Dirichlet form is regular as explained in
Sect. 1, and we can rewrite (5.4) as

>>
3
Il

max min{D(f):feJ%L,u(fz)zl, andu(ff(i))zofor
FO L f0=Del2(w)
1<i< v}. (5.6)
This leads to the following:

Theorem 5.4 Assume that R = 00, § < 00, i.e., that 0o is an entrance boundary.
Then, for each v > 1, we have

):({V) N )AL,,,U as N — oo.

Proof (a) Let f € X1, and assume that JIN+1,00) =d. Then

o o0
D(f)y=) wibi(fi = fix0)* = D wibi(fi = fis1)* + tnbn £
i=0 i=n+1
N—-1
= Y wibi(fi = fis))* + pabn fir1 = DYV ().
i=n+1
Here, in D,(lN)(f), f is viewed as a function on {n + 1, ..., N}. From this we can

easily deduce the monotonicity of A S,AL) in N.

(b) On the one hand, it follows from (5.3) and (5.6) that A,., < A\ for N > 1,
from which we can get that ):n,v <limpy_ oo )A»,(f\{,) =0y
On the other hand, Eq. (2.4) in Corollary 2.2 states that

Yo al Iv<N—n]
Zn-b Z m:Z I
J n,v

i=j+1 v>1
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But, for any v > 1, we know that )AL,,,V <y, and Theorem 5.1 asserts that

Ead I 1
IR T DI
j=n 7 =1 =1 A
Thus, it must hold that )A»,,,U =,y =limy_ oo ):5,],\9 for every v > 1. O

The following theorem is the main result of this section.

Theorem 5.5 Assume that the birth and death process is such that oo is an entrance
boundary.

(a) Forn > 1, we have

e,
=1 2
Ee—5Tno0 — ”41“ §>0. (5.7)
o0 n,v
HU:I S+):n,u
(b) Let Too 0o =lim, o0 Ty 0. Then
Sy
Ee 3700 — ]_[ L s>0. (5.8)
st Ay

Proof Recall that the numerator and denominator are well defined because the corre-
sponding sums of inverse of eigenvalues are finite.

(a) By using the monotone convergence theorem, we can get (5.7) from Theorem 5.4
and Corollary 2.2 immediately.
(b) To pass from (5.7) to (5.8), we only need to show that

-2

v=l

asn — oo.
+)»nu

Using the inequality log(1 + x) <x (x > —1), we have

—logl_[ —Z—log =i og|: +A }Si :

v=1 v=1 Ay v=1 Ay
Then Eq. (5.2) in Theorem 5.1 implies that

A

S+)\‘n\) s+)\nv

Since
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we have that S, converges monotonically to 0 as n — oo. That is,

lo_o[ in v
asn — oo.

_1 S +4 O

For the entrance boundary case, the distributions of 7; , for 0 <i,n < oo are all
known. When 0 <i < n < oo, the distribution of 7;, is given by Corollary 2.1,
while when 0 <i < n = oo, we have T; oo = 00 a.s. since the lifetime ¢ equals oo
a.s. (see [2, Chap. 8]). When 0 <n < i < oo, the distribution of 7;, is given by
Theorem 5.5.

6 Application to the Fastest Strong Stationary Time

In this section, we apply the theorems to strong stationary times. We give the distri-
bution of fastest strong stationary times.

First of all, we recall some facts about strong ergodicity for birth and death pro-
cesses. A Markov transition function P (t) = (p;;(t)) is called strongly ergodic if

11m sup2|p,](t)—7rj| =

]EE

Let 1 be the average hitting time, n = Z i KT, ;5 see [1, Chap. 3]. From [2,
Chap. 8] we can eventually calculate that (cf. [18])

SEAEE)

i=k+1

In the following theorem, we summarize facts about strong ergodicity.

Theorem 6.1 Assume that the process is unique (i.e., R = 00). The following state-
ments are equivalent.

(1) The boundary oo is an entrance boundary.
(i) S < oo.
(iii) The process is strongly ergodic.
>iv) n < oo.
(V) Oess(Q) =0 and } | Al < o0,

Furthermore, when R = 00 and 0ess(Q) = 9, then

Y=, (6.1)

v>1

Proof The equivalence of (i) and (ii) is from the definition, and that of (ii) and
(iii) was proved in [25]. The other equivalences and assertions in (6.1) were proved
in [18]. 0
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We remark that (6.1) is an eigentime identity, which generalizes the eigentime
identity for finite Markov chains in [1, Chap. 3]. For an ergodic birth and death pro-
cesson {0,1,..., N}, (6.1) becomes

ik(m ™ Z 1ibi (Z“l)( i Mi)v (6.2)

i=k+1

where {A(N)
ZlNzo Mi.

Now we study the distribution of a fastest strong stationary time for a strongly
ergodic birth and death process. A strong stationary time (SST) is a randomized stop-
ping time 7 for (X,) such that X, has the distribution 7 and is independent of <.

With the aid of Theorem 4.6 and a duality established in [9], we can obtain the
following result, which extends the result in [11, Theorem 1.4(a)] in the special case
of a birth and death chain to the denumerable case.

1 <v < N} are the corresponding positive eigenvalues, and ™ =

Theorem 6.2 For a strongly ergodic birth and death process (i.e., R = 00, § < 00)
started at state 0, any fastest SST t has distribution

o
—Y‘[ | |

07

where {A, : v > 1} are the positive eigenvalues of —Q, and Q is the generator in (1.1).

Proof We follow an argument in [9, Sect. 3.3] with minor modifications. Let

H,-::ZM]-, i=0,1,2,....

J<i

Thenl=Hy<H; <) ,uxr=pn<oofori=0,1,2,....
Define a “dual” Q*-birth and death process with parameters (a, b)) given by

Hi— - Hi .
af = =pmbi I=1200 b= e, =012 (63)
Also,
bt ---b¥ b
* i—1 0 2 .
1 = H's :O’lyzy-... 64
M ai‘-“a;k ,bLl'bl' i 1 ( )
Noting that H; > Hy = 1, we have
o0 o0 o o0
by bo bo by(1.5)
W=y pi=Y —HF>Y —Hi=) —— Y ;=" bR = oc;
i=0 iz Mibi i—p Mibi =g Mibi i<i
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andas 1 =Hyo < H; < H;(0<j <i), uib; = nit1ai41,i > 0, we have

; b
S = o T

b
Ml i j<i j<i Hjbj

o]

Z Hi+1 <§ < oo
Mj j HiHiti

1>

Next,

© 1 & it
M+l
—_— <_ <
Zi_ou?‘b? bo &= HiHiy1 ~ b Z“’“ i

Thus, the minimal Q*-process has an exit boundary at oco. It follows from
[9, Sect. 3.3] that this Q*-process is a strong stationary dual for the Q-process
(cf. [9, Definition 1]). So t has the same distribution as the lifetime ¢* (the time
to reach 0o) for the Q*-process started from 0. Applying Theorem 4.6, we have

S

Ee —ST ]Eefr{ _ v ,
Es+)€,’j

where {1}, v > 1} is the spectrum of —(Q*. By Lemma 6.3 below, we have {1}, v >
1} = {x,, v > 1}. This completes the proof.

O

Lemma 6.3 Let Q, O* be as above, and {L,,v > 1},{A}, v > 1} be the positive
eigenvalues of —Q in L*>(u) and —Q* in L*(u*), respectively. Then Av=1)=
{)"lh v 2 l}

Proof We will prove the assertion on finite state space and then use the approximation
procedure to derive the final assertion.

(a) We will prove that — Q(”) and —Q*™ are similar, where

—by by o 0 --- 0 0
R ap —(a+b) by 0 --- 0 0
oW.=\ . . S (6.5)
0 0 0 0 a, —ay
and

—b b5 0 - 0 0 0
Q*(n) = : : 0
0 0 - a_, —(a_ 1+b 0
0 0O 0 O 0 0 0

Define the link matrix A = (A;j)o<i,j<n @S Ajj = 11j<ijit;/H;. It is a routine
to check that AQ(”) = Q*M A; cf. [10, Sect. 3] or [9, Sect. 3.A]. A is a lower
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triangle matrix, and its determinant is positive, and thus A is invertible. So — Q(")
and —Q*™ are similar.

(b) Note that the eigenvalues of Q™ or Q*® are distinct, as we proved in Theo-
rem 4.4. Let 0 = A(()") < )\Y’) <o <A and 0= )LZ;(”) < AT(”) <o < 230 e
the eigenvalues of —0® and —Q*™, respectively. We have proved in (a) that
AW — 0 <y <.

Since the Q*-process has oo as an exit boundary, it follows from Theorem 4.4
that

Yy >1, wehavek:‘j(")iki asn 1 oo.

To complete the proof, we need only show that

Vv >1, wehave kf)") A, asn?oo. (6.6)
This can be proved by a similar argument as in Theorem 5.4 (in the case n = —1).
O

7 oo Is a Regular Boundary

Roughly speaking, the regular boundary is an interline between the exit boundary
and the entrance boundary. Since for Q with the regular boundary, the corresponding
transition functions are not unique, so we will next consider the minimal one and
the “maximal” one. The minimal transition function behaves like a process with exit
boundary, whilst the “maximal” one behaves like a process with entrance boundary.

7.1 The Minimal Process

As we explained just above, the minimal transition function behaves like a process

with exit boundary, so we will follow the notations in Sect. 4. For simplicity, we will

only present the distribution of lifetime for the minimal process when ag = 0.
Assume that ag = 0. Let ¢ be the lifetime of the minimal process P™iN(4) with

pg}in(;):]pi[x, =j,t<¢]l, t>0,i,j€E.

Since R < 00, ¢ < 0o a.s. From [19, Theorem 1.3] we know that Pmi“(t) is a Hilbert—
Schmidt operator for any ¢ > 0 and oes(L™") = @. Here, L™" is the generator of
P™n () in L2(rr), and w = (7; 1 i > 0) := (i /i : i > 0).

Let Q™ be as in (1.2). Q™ is the generator of the process before hitting state 7,
and the corresponding process P (t) = (pij(@) i, j € E) is given by

PO =PilX, = j.t <Tial. 120,020 (7.1)

Note that for i > n or j > n, pi(;.’)(t) =0.
Denote again by )»1(,")(1 < v <n) all eigenvalues of —Q™. As proved in Theo-

rem 4.4, for any v > 1, )\f,") is decreasing in n, and the limit is denoted by «,,. Then
we can derive as in Sect. 4 the distribution of lifetime for the minimal process.
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Theorem 7.1 Assume that oo is a regular boundary, i.e., R < 00, S < 00. Let ¢ be
the lifetime for the minimal process. Then

oo

ay
:l_[—, SZO.
s+ oy

v=I

Remark 7.2 'We remark that {c, } is the spectrum of L™ This minimal generator has
domain smaller than D (D) = {f € L?(wr) : D(f, f) < 00}, which is the domain of
the generator L™ for the “maximal” process in L2(;). For example, since S < 00,
n= 280 Ui < oo, sothat 1 e Lz(n), and 0 is an eigenvalue of L™**. However, 0 is
not an eigenvalue of L™ because oy > 0 by Remark 4.5.

We have the following relation between P™in() and P™(r). We prove that the
process P (t) converges in total variance to the minimal process.

Proposition 7.3 Assume that R < oo.

(1) Foranyi >0andt >0,

lim [ pin@) - pi ()] =0 (72)
JjEE

(2) Let qb;;‘i“()») and ¢>gl) (L) be the Laplace transforms of pm”‘(t) and pl") (), re-
spectively.

lim sup Y olomn) — ¢ ] =0 (7.3)

jeE

Proof

(1) Note that 7; , < ¢. We have p{?i“(t) > pl.(;')(t) and

Z|pmm(t) _ P,/)(l)| _ Z pmm Z p(n)(l)

jeE JjeE JjeE

=Pilt <¢1-Pilt <Tin] =PilTin =t <{]—>0

as n — 0o, since with probability 1, lim, o 7; , = ¢ < 0.
(2) Since pmm(t) > pf")(t) we have ¢mln(k) > qb(")(A) SO

Y olemma) — g W =Y emnn =Y ¢

JEE jEE jeE
o0
= /O e M(Pilt < g1 —Pilt < Ti)dt
= —[Eje i —Eie ). (7.4)
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By the skip-free property, Ty, = To,; + T;,» and Ty ;, T; , are independent, so for
i <n,

Eie_)‘T"’" = E()e_)”TO’" /Eoe_)LTO"' .
As ¢ =lim,_ T}, we have, fori <n,
Eie % =Ege ¢ /Ege*T04

—ATop;

Since Ege is decreasing in i, it follows from (7.4) that for i <n,

Ege *Ton —Fge™¢  Ege *Ton —Ege™*¢

sup @ (h) — 1 (1) = sup

i<n pors i<n )»Eoe_)‘TO’i - )L]Eoe—)LTo,n
1 Eoe_M
=—|1l——|—>0 asn— o0.
A Ege o

Asfori >n, T; , =0, from (7.2) and (7.4) we have

i 1
sup Z|¢,"}?m(k) - ¢>l-(7)(k)| = sup X[l —Eie ]
izn jeE i>n

1

=—[1 —Enef)‘f] = /ooefhﬁ”n[t <],
A 0

which tends to zero as n — oo since lim;,—. o E,¢ =0.

7.2 The “Maximal” Process

We now turn to the “maximal” process. In contrast to the minimal case, the “maxi-
mal” process is much more complicated. There are two ways to construct the “max-
imal” process: one is the probabilistic method in [24, Chap. 13], and another is via
Dirichlet form theory in [13], see also [4, Proposition 6.56]. Here we will use the
construction in [23]. We prove that the “maximal” process is just the limit process of
a series of reflecting birth and death processes on {0, 1, ..., n} as n goes to infinity.
Actually, we prove that the convergence is in operator norm in L?(r) for the Laplace
transform for these processes. Thus, we can use the standard perturbation theory for
linear operators to derive the distribution for hitting times of the “maximal” process.
For the argument, the reader is urged to refer [15, Chap. IV].

Assume that agp = 0. Let ¢ be the lifetime for the minimal process as in Sect. 7.1.
For A > 0, let X;(1) = E;e *¢, and ¢>ﬁi“(k) = ;7 e’“p;?i“(t)dt be the Laplace
transform for the minimal transition function pg?i“ (1).

Following [24, Chap. 13], when R < o0, § < oo, there exists a unique reversible
and honest Q-function P(t) = (p;;(¢) : i, j € E), and its Laplace transform ¥ (1) =
(Wij(A) 11, j € E)(A > 0) has the following form:

XiM)X;M)uj

i) =) + S
1//.j( ) ¢1] ( )+szeE/Lka()»)

(7.5)
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where w; is defined by (1.4). It also satisfies both Kolmogorov backward and forward
equations.

In the following, we will give a similar expression as in (7.5) connecting the pro-
cess absorbed at state n and the process reflected at state n on state space {0, 1, ..., n}.

Theorem 7.4 Let ( pf;l)(t)) be the absorbing process defined in (7.1), and d)l-(;')(k) be
its Laplace transform. Then the Laplace transform of the process reflected at state n
can be expressed as follows: for 0 <i, j <n,

X" )X M

YR X ()

v =0l (1) + (7.6)

where Xi(n) ()”) =1-x ZZ;(I) ¢i(;:) ()\4) = Eief)‘Ti,n.

Proof Ttis easy to see that forall A > 0,0 <i, j <n,
n
yPw=0. A yiPmw=1,
k=0

and the resolvent equation holds: ¥ ™ (L) — ¥ (1) + (A — WP WP (1) =
0 for all A, u > 0, where w) = (I/fl-(;)). Then according to [2, Sect. 1.3], we
only need to show that %(;z) (1) satisfies the following Q-condition for the reflecting

process with generator Q(") in (6.5):

a; forl <i<n,j=i—1;

—(ai+b;) forO0<i=j<n-—1;
A11330x(,\l/f;;’)(,\)—3,-]-)= b; forO<i<n—1,j=i+1; (7.7

—ay fori =j=mn;

0 otherwise.

The proof of (7.7) is based on the following facts:

(1) Since qbl-(]'.l) (1) is the absorbing process with generator (3.1), we have

a; forl<i<n-—1,j=i—-1;

—(ai+b;) forO0<i=j<n-2;
Ali)rgok(kqblf;')(k)—éij): b; for0<i<n—2,j=i+1; (7.8)

—by,_1 fori=j=n—-1;

0 otherwise.

(2) By definition (X" () =1 — A Y123 o (1)), we get X (2) = 1 and for 0 <

i<n-—1,
n—1 n—1
Jlim_ xMoy=1- Zkl_i)rréo M () =1-> 8 =0, (7.9)
k=0 k=0
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and then

klin;oxxf'l)(x) Z lim % (1% (V) = 8ik) = Limn—tybu—1.  (7.10)

(a) Prove (7.7) for i, j <n — 1. This follows from (7.8) and for i, j <n — 1,

) XXV 0oy aXP 00X 0wy
m -

oo Y k=0 “kX/(cn) ) Eas Pn + D10 MkX/(gn)()»)

(b) Prove (7.7) for i =n,j <n — 1. Since )\4:;’;)()\) =0 and X)) =1,
by (7.10) we have

)
AX (M)
lim A(M/f‘”)(,\)—an,)_ lim 1 ’(n)
A0 ,un+2k olLka )
bn—l“n—]

= W=ty = 7 = Lj=n—1jdln.
n

(c) Prove (7.7) fori <n — 1, j =n. As in (b) above, we have

(n)
AXT (M)
lim )\(M//,E';) (A) = 8pj) = lim n(n)
A0 e OOMn“‘Zk ()Mka (A)

bu_11n

=1i=n-1 =N{i=n—1}bn-1.

(d) Prove (7.7) fori = j =n:

. MUn
lim A(AYD () = 8un) = hm x[ - 1]
A—> 00 nn oo |y, + Zz;(l) ,ukX(n) Q)
i A SiSom X" %)
100 11y + Y0 e X (1)
bp—1n—1 _

= =—aq,.
[ " H

Using Theorem 7.3 and Theorem 7.4, we can prove that the “maximal” process
P(z) is the limit of the process P reflected at state n as n goes infinity.

Proposition 7.5 Let ;; (%) be given by (1.5), and zpi(]f”(x) by (7.6). Then, for A > 0,

lim supZ|1ﬁU ) — wjj")(x)| (7.11)

JjeE
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Proof By Proposition 7.3, it suffices to prove that lim,,_, oc sup; >_

XX X)X,
A om X)) A Dker Xk [

ij::‘

Since 1 > X (1) | X;(%), we have

< ‘X’m)(k)xﬁ'm@)w X)X, u, ‘
T YomX 0 A X )
+‘ XiWX;WMpj XWX (Mu

AR meX () A Xker Xk ()

_ WXy - X0 X 6) = X))
T AN Lom XG0 A m X" )
1 1

+uj

A om X A ker meXi()

which implies that

(n)
ep LX) — X (V)]
SUPZBUSZ]EE .In Jj — J
L jeE A2 k=0 Mk X (M)
D jer HiXj()

sup[ X" () — X; (L)
A ko X ) i [ ]

+Zuj : :

JjeE

‘ )

B;; =0, where

JjeE

AYI_om X () A Dker Xk |

Noting that > j M j < oo and recalling (7.3), the assertion follows by the dominated

convergence theorem.

O

From Proposition 7.5 we can get the approximation of eigenvalues of the “maxi-

mal” process by the processes that are reflected at state n.

Theorem 7.6 The essential spectrum of generator L™ for the “maximal” process

in Lz(n) is empty, and for each v > 1, we have

A]()") Ay asn?oo,

where {)n()n), 0 <v <n} and {A,,v > 0} are the eigenvalues of—Q(") in (6.5) and

— L™ respectively, both in increasing order with v.
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Proof Let (L°°, | - ||) be the space of bounded functions on E. Then it is easy to
check that when matrix A = (4;;) is seen as an operator on L,

1Al Lo~ oo = sup Y |ayjl.
b
Now fix A > 0. First, we rewrite (7.11) in Proposition 7.5 as

dim @) =0 o, e =0,

when ¥ (1) = (¥;;(2)) and v = (w(") (1)) are seen as operators on L°°. Since

YA = (i (L), gy = (w(") (1)) are bounded in L' (), an application of the
Riesz—Thorin interpolation theorem (see [22, Theorem IX.17]) implies that

Tim @) =) 2 20 =0 (7.12)

This means that ¥ (A) is approximated in operator norm by a sequence of finite-rank
and hence compact operators M), so W(A) is compact, which implies that its
spectrum is countable with O the unique accumulation point and other eigenvalues
with finite multiplicity. Note that ¥ (1) is just the resolvent operator (A — L™)~1,
By [15, Theorem II1-6.29] we have oess(L™**) = ¢}

Now we prove the second assertion. As proved in Theorem 4.4, for any v > 0,
kf,") is decreasing in n, and the limit is denoted by «,. We will prove that o, = A,
for v > 0. In fact, by the spectral mapping theorem, the spectra of ¥ (1), ¥ ™ (1) are
respectively {0} U {8y, v > 0} and {0} U {8\, 0 < v < n}, where B, = (A + A,)"!,

M — (o + 1)1 see [15, Problem I11-6.16]. Since B 1 yy := (A + )~ as
n T oo, we only need to show that y, = g8, for v > 0.

Indeed, on the one hand, by (7.12) and the upper semicontinuity of the spectrum
for bounded operators (see [15, Remark IV-3.3]), we have y, € {§,, v > 0}. On the
other hand, by the continuity of finite system of eigenvalues in [15, IV-Sect. 3.5],
for any fixed v > 0, there exists a sequence {/31?(2)’ n > 0}, where :31?(?1) is the k(n)th

(in decreasing order) eigenvalue of U/(")(A), that '318(2) — By as n — oo. Thus, if we

take ¢ = %min{ﬂv,l — By, By — Bu+1}, then there exists N € Z, such that for any

n>N, |/3/E'(3) — Bvl <& but Iﬁ,?(’n) By+1] > &. Moreover, by the fact that 8 1 y,
(no)

for any v > 0, we can find an integer n¢ large enough such that 1Bing) — Ykno)l < &

Since B, is the unique eigenvalue of ¥ (1) in the interval (ﬁ,ﬁ'(’,‘l’;) —e&, /3,5'(133) +¢£), we

have y(n,) = Bv. This shows that 8, € {y,, v > 0} and hence y, = B, for v > 0. This
completes the proof. g

Next, we will give the distribution of the hitting time of state 0 starting from
state n. For this, we need to study the birth and death process P<")(t) on E,, =
{n+1,n+2,...} before the maximal process P(¢) gets to n, which can been seen
as an absorblng state. By the probability construction of P(7), P®™ (1) is the maxi-
mal process on E, corresponding to Q,, in (5.1), which also satisfies both the Kol-
mogorov backward and forward equations. Then by Theorem 1 in [23, Sect. 7.6] or
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[24, Sect. 6.6], its Laplace transform lf/(”)(k) has the following form:
o (1) oy \ (1)
XWX 0w

A Zkzn-l,-l /Lk)%/({n) (M) + Ka+1an+1 }2,(:21 )

J0) =40+ ij=n+1,

(7.13)
where XV(1) =1 — 232, 6%’ (M), and W) = (q%i(;.”(x) ti,j >n) is the
Laplace transform of the minimal process with respect to 0, with two absorbing
states n and oo.

Let #™ be as in Sect. 5. Then P™ (1) is symmetric with respect to 7 ™. Denote
by I:n the generator of ﬁ(”)(t) in LZ(E"H, 7). We have the following theorem.

Theorem 7.7 For any n > 0, the essential spectrum of Ly is empty, and for each
v > 1, we have

AN L dny as N 1 oo,

where {A(N) 1<v<N-—n}and {An v 1 v > 1} are the eigenvalues of — Q(N) in (2.3)
and —L, respectively, both in increasing order with v.

Proof The first assertion follows from the fact that oegs(L™#*) = @, while the second
one can be derived by a similar method as in Theorem 7.4, Proposition 7.5, and
Theorem 7.6. g

Theorem 7.8 Assume that the birth and death process is such that oo is a regular
boundary. Let T, o be the hitting time of state O starting from state n for the “maxi-
mal” process, and {)Aw} (resp. {)A»n,U 1) be eigenvalues of generators for the “maximal”
process before hitting to state O (resp. state n). Then, for n > 1, we have

e Ay
—sTho v=1 13,
Bewfno = —=2 =0, (7.14)
o0 n,v
H\):l S+3\n,v

Proof For s >0, let Uy (s) = {’&N,ij (s) : 0 <i, j < N} be the Laplace transform of

the Q-function of Q(()N) in (2.3). Then by a similar construction as in Theorem 7.4,
we can get that forall 0 <i, j <N,

Inij () = 3 G), N > oo,
So,

_sT ~(0) . A . _sT™
Ee51n0 =sY,q (5) =Nl1rn sYn.no(s) = lim Ee o
—00 N—o00

where T( 0) is the hitting time of state O from state n for Uy (s). Then (7.14) follows
from Corollary 2.2 and Theorem 7.7. g

For the “maximal” process, the distributions of 7;, for 0 <i,n < oo, are all
known. When 0 <i < n < oo, the distribution of T; , is given by Corollary 2.1, and
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when 0 <i <n = 00, it is given by Theorem 7.1, since for the “maximal” process,
the particle moves as the minimal process at the beginning and thus 7; oo < 00 a.s.
When 0 <n <i < oo, the distribution of 7; , is given by Theorem 7.8.
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