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Abstract This work deals with backward stochastic differential equations (BSDEs
for short) with random marked jumps, and their applications to default risk. We show
that these BSDEs are linked with Brownian BSDEs through the decomposition of
processes with respect to the progressive enlargement of filtrations. We prove that
the equations have solutions if the associated Brownian BSDEs have solutions. We
also provide a uniqueness theorem for BSDEs with jumps by giving a comparison
theorem based on the comparison for Brownian BSDEs. We give in particular some
results for quadratic BSDEs. As applications, we study the pricing and the hedging
of a European option in a market with a single jump, and the utility maximization
problem in an incomplete market with a finite number of jumps.
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1 Introduction

In recent years, credit risk has come out to be one of most fundamental financial risk.
The most extensively studied form of credit risk is the default risk. Many people,
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such as Bielecki, Jarrow, Jeanblanc, Pham, Rutkowski [2, 3, 16, 17, 20, 28] and many
others, have worked on this subject. In several papers (see for example Ankirchner
et al. [1], Bielecki and Jeanblanc [4] and Lim and Quenez [23]), related to this topic,
backward stochastic differential equations (BSDEs) with jumps have appeared. Un-
fortunately, the results relative to these latter BSDEs are far from being as numerous
as for Brownian BSDEs. In particular, there is not any general result on the exis-
tence and the uniqueness of solution to quadratic BSDEs, except Ankirchner et al.
[1], in which the assumptions on the driver are strong. In this paper, we study BSDEs
with random marked jumps and apply the obtained results to mathematical finance
where these jumps can be interpreted as default times. We give a general existence
and uniqueness result for the solutions to these BSDEs, in particular we enlarge the
result given by [1] for quadratic BSDEs.

A standard approach of credit risk modeling is based on the powerful technique of
filtration enlargement, by making the distinction between the filtration F generated
by the Brownian motion, and its smallest extension G that turns default times into
G-stopping times. This kind of filtration enlargement has been referred to as progres-
sive enlargement of filtrations. This field is a traditional subject in probability theory
initiated by fundamental works of the French school in the 1980s, see e.g. Jeulin [18],
Jeulin and Yor [19], and Jacod [15]. For an overview of applications of progressive
enlargement of filtrations on credit risk, we refer to the books of Duffie and Singleton
[11], of Bielecki and Rutkowski [2], or the lectures notes of Bielecki et al. [3].

The purpose of this paper is to combine results on Brownian BSDEs and results on
progressive enlargement of filtrations in view of providing existence and uniqueness
of solutions to BSDEs with random marked jumps. We consider a progressive en-
largement with multiple random times and associated marks. These marks can repre-
sent for example the name of the firm which defaults or the jump sizes of asset values.

Our approach consists of using the recent results of Pham [28] on the decomposi-
tion of predictable processes with respect to the progressive enlargement of filtrations
to decompose a BSDE with random marked jumps into a sequence of Brownian BS-
DEs. By combining the solutions of Brownian BSDEs, we obtain a solution to the
BSDE with random marked times. This method allows to get a general existence the-
orem. In particular, we get an existence result for quadratic BSDEs which is more
general than the result of Ankirchner et al. [1]. This decomposition approach also
allows to obtain a uniqueness theorem under Assumption (H) i.e. any [F-martingale
remains a G-martingale. We first set a general comparison theorem for BSDEs with
jumps based on comparison theorems for Brownian BSDEs. Using this theorem, we
prove, in particular, the uniqueness for quadratic BSDEs with a concave generator
W.It. Z.

We illustrate our methodology with two financial applications in default risk man-
agement: the pricing and the hedging of a European option, and the problem of util-
ity maximization in an incomplete market. A similar problem (without marks) has
recently been considered in Ankirchner et al. [1] and Lim and Quenez [23].

The paper is organized as follows. The next section presents the general framework
of progressive enlargement of filtrations with successive random times and marks,
and states the decomposition result for G-predictable and specific G-progressively
measurable processes. In Sect. 3, we use this decomposition to make a link between
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Brownian BSDEs and BSDEs with random marked jumps. This allows to give a
general existence result under a density assumption. We then give two examples:
quadratic BSDEs with marked jumps for the first one, and linear BSDEs arising in
the pricing and hedging problem of a European option in a market with a single jump
for the second one. In Sect. 4, we give a general comparison theorem for BSDEs
and we use this result to give a uniqueness theorem for quadratic BSDESs. Finally,
in Sect. 5, we apply our existence and uniqueness results to solve the exponential
utility maximization problem in an incomplete market with a finite number of marked
jumps.

2 Progressive Enlargement of Filtrations with Successive Random Times and
Marks

We fix a probability space (£2,G,P), and we start with a reference filtration F =
(F1)r=0 satisfying the usual conditions' and generated by a d-dimensional Brown-
ian motion W. Throughout the article, we consider a finite sequence (tx, k) 1<k<n»
where

— () 1<k<n 18 a nondecreasing sequence of random times (i.e. nonnegative G-
random variables),
— (&k)1<k<n 1s a sequence of random marks valued in some Borel subset E of R™.

We denote by p the random measure associated with the sequence (tk, {k)1<k<n:

n
1(10.1]x B) :=> Liy<. gery. =0, BeB(E).
k=1

For each k = 1,...,n, we consider D¥ = (D{‘)tzo the smallest filtration for
which 1 is a stopping time and g is D’r‘k -measurable. DX is then given by Df =
0(lgy<s,s <t)Vo(&ly<s,s <t). The global information is then defined by the
progressive enlargement G = (G;),>¢ of the initial filtration F where G is the small-
est right-continuous filtration containing [F, and such that for each k =1, ...,n, &
is a G-stopping time, and ¢ is G -measurable. G is given by G; := _C’;,Jr, where
G :=F,vD!v...vD!forallt > 0.

We denote by Ay the set where the random k-tuple (7, ..., 7¢) takes its values in
{tn < o0}:

Ap={O1,....00 e R 101 < <6}, 1<k=n.
We introduce some notations used throughout the paper:

— P(F) (resp. P(G)) is the o-algebra of IF (resp. G)-predictable measurable subsets
of 2 xRy, i.e. the o-algebra generated by the left-continuous F (resp. G)-adapted
processes.

— PM(F) (resp. PM(G)) is the o-algebra of F (resp. G)-progressively measurable
subsets of £2 x R;.

1]-'0 contains the P-null sets and IF is right continuous: F; = Fit = ﬂwt Fs.
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— Fork=1,...,n, PM(, Ay, Ek) is the o -algebra generated by processes X from
R, x £2 x Ay x E¥ to R such that (X, (.)),e[0.5] is Fs @ B([0, s1) @ B(Ay) @ B(E¥)-
measurable, for all s > 0.

— For0=(0;,...,0,) € Ay and e = (eq, ..., e,) € E", we denote by

Q(k) =(01,...,0) and ek ‘= (e1,...,er), 1<k<n.
We also denote by () for (71, ..., ) and {) for (1, ..., &), forallk=1,...,n.
The following result provides the basic decomposition of predictable and progres-
sive processes with respect to this progressive enlargement of filtrations.
Lemma 2.1

(1) Any P(G)-measurable process X = (X;);>0 is represented as

n—1
X =X{1i<o + Z X§ (T, ) Leg<i=rnr + X7 (T Son) ey <tn (2.1)
k=1
forall t >0, where X° is P(F)-measurable and X* is P(F) @ B(Ax) ® B(E¥)-
measurable fork =1, ..., n.

(ii) Any cad-lag PM(G)-measurable process X = (X,;);>0 of the form

t
X,=Jt+//Us<e)u<de,ds), £>0,
0 E

where J is P(G)-measurable and U is P(G) @ B(E)-measurable, is represented

as
n—1
—_ y0 k n
Xi=X;Li<r, + ZXI (T S Ly <t<my + X7 Ty Sy e, <, (2.2)
k=1
for all t > 0, where X° is PM(F)-measurable and X* is PM(F, Ay, EX)-
measurable fork =1, ..., n.

The proof of (i) is given in Pham [28] and is therefore omitted. The proof of (ii) is
based on similar arguments. Hence, we postpone it to the Appendix.

Throughout the sequel, we will use the convention typ = 0, 1,41 = +00, 6y =0
and 0,41 = +oo for any 6 € A,, and XO(Q(O), e)) = X9 to simplify the notation.

Remark 2.1 In the case where the studied process X depends on another parameter x
evolving in a Borelian subset X of R”, and if X is P(G) ® B(X), then, decomposition
(2.1) is still true but where X* is P(F) @ B(Ay) ® B(EX) ® B(X)-measurable. Indeed,
it is obvious for the processes generating P(G) ® B(X) of the form X,(w,x) =
Li(w)R(x), (t,w,x) € Ry x 2 x X, where L is P(G)-measurable and R is B(X)-
measurable. Then, the result is extended to any P(G) ® B(X)-measurable process by
the monotone class theorem.

We now introduce a density assumption on the random times and their associ-
ated marks by assuming that the distribution of (ty, ..., t,, ¢1, ..., {,) is absolutely
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continuous with respect to the Lebesgue measure df de on B(A,) ® B(E"™). More
precisely, we make the following assumption.
(HD) There exists a positive P(IF) ® B(A,) ® B(E")-measurable map y such that

for any r > 0,

Pl(1, ... T {1, En) €dOde |

=y 01,...,0n,€1,...,e,)d01...dOydey ...de,.

We then introduce some notation. Define the process y° by

v =Pl > 1| J—‘,]:/ g~ 7:(0, €) d de,

Ap X E

and the map vk a P(F) ® B(Ar) ® B(E¥)-measurable process, k=1,...,n — 1, by
y,k(el,...,ek,el,...,ek)

:=/ Lo 1>t ¥r(O1, ..., 0n,e1...,en)dOky1...dOydepy ... dey.
Ap_p x En—k

We shall use the natural convention " = y. We find that under (HD), the random
measure u admits a compensator absolutely continuous w.r.t. the Lebesgue measure.
The intensity A is given by the following proposition.

Proposition 2.1 Under (HD), the random measure (v admits a compensator for the
filtration G given by \;(e) de dt, where the intensity ) is defined by

n
() =Y (e Tu1): Loe—1)Leyy i< (2.3)
k=1

with
YEOw-1), 1, ee—1), €)
v -1y, e@-1))

Ae, Ok-1). e—1) =
Sfor B—1).t,ew—1y,e) € Ap—1 x Ry x Ek.

The proof of Proposition 2.1 is based on similar arguments to those of [12]. We
therefore postpone it to the Appendix.

We add an assumption on the intensity A which will be used in existence and
uniqueness results for quadratic BSDEs as well as for the utility maximization prob-
lem:

(HBI) The process (/ Ae(e) de> is bounded on [0, c0).
E

>0
We now consider one dimensional BSDEs driven by W and the random mea-
sure w. To define solutions, we need to introduce the following spaces, where
a,beR; witha <b,and T < oo is the terminal time:

- S8&la, b] (resp. Sg°la,b]) is the set of R-valued PM(G) (resp. PM(F))-
measurable processes (¥;);e[q,p] €ssentially bounded:

Y [l s¢qa,p) := esssup |Y;| < oo.
t€la,b]
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- Lé[a, b] (resp. L%F[a, b)) is the set of R?-valued P(G) (resp. P(IF))-measurable
processes (Z;)se[a.p] Such that

b 3
1Zl 20y = (EU IZ,IZdt]) .
a

— L2(w) is the set of R-valued P(G) ® B(E)-measurable processes U such that

T 5 i
1U 2 = <1EUO /E|U‘Y(e)’ u(de,ds)D < 0o0.

We then consider BSDEs of the form: find a triple (Y, Z,U) € S°[0,T] x
LZ[0, T] x L?(u) such that?

T T
Yt=‘§+/ f(vassz1US)ds_/ ZydW;
t t

T
—/ / Us(e)u(de,ds), 0<t<T, 2.4)
¢+ JE

where

— & is a Gp-measurable random variable of the form:

£= " (), Cw) Lo <r<ny 2.5

k=0

with EO is Fr-measurable and Sk is Fr ® B(Ax) ® B(E*)-measurable for each
k=1,...,n,

— fismap from [0, T] x 2 x R x R? x Bor(E,R) to R which is a P(G) ® B(R) ®
B(R?) @ B(Bor(E, R))-B(R)-measurable map. Here, Bor(E,R) is the set of
Borelian functions from E to R, and B(Bor(E, R)) is the Borelian o -algebra on
Bor(E, R) for the pointwise convergence topology.

To ensure that BSDE (2.4) is well posed, we have to check that the stochastic integral
w.r.t. W is well defined on Lé[O, T] in our context.

Proposition 2.2 Under (HD), for any process Z € L%G[O, T1, the stochastic integral
fOT Zs dWy is well defined.

Proof Consider the initial progressive enlargement H of the filtration G. We recall
that H = (H;)>0 is given by
Hi=FvVo(tl,...,th, {15 Cn), t=0.

We prove that the stochastic integral fOT Z,dWy is well defined for all P (H)-

measurable process Z such that EfOT |Zs|?>ds < oo. Fix such a process Z.

2The symbol /f stands for the integral on the interval (s, 7] for all 5,7 € Ry.
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From Theorem 2.1 in [15], we see that W is an H-semimartingale of the form

t
Wz=Mz+/ as (T, Cmy)ds, t>0,
0

where a is P(F) ® B(A,) @ B(E™)-measurable. Since M is a H-local continuous
martingale with quadratic variation (M, M), = (W, W); =t for t > 0, we get from
Lévy’s characterization of Brownian motion (see e.g. Theorem 39 in [29]) that M is
a H-Brownian motion. Therefore the stochastic integral fOT ZydM; is well defined

and we now concentrate on the term fOT Zsas(T(ny, L)) dss.

From Lemma 1.8 in [15] the process y (6, e) is an F-martingale. Since F is the
filtration generated by W we get from the representation theorem of Brownian mar-
tingales that

t
yz(G,e)=Vo(9,e)+/ Iy0,e)dWg, t>0.
0

Still using Theorem 2.1 in [15] and since y (6, e) is continuous, we have

t
(y(@,e),W>t=/ ys(0,e)as(B,e)ds, t=>0
0

for all (6, e) € A, x E". Therefore we get
I5(0,e) =ys(0,e)as(0,e), s=>1

for all (6,¢) € A, x E". Since y (0, e) is an F-martingale, we obtain (see e.g. Theo-
rem 62 Chapt. 8 in [10]) that

T
/ |y5(6, €)as 6, ) ds < +o00, P-as. (2.6)
0

for all (0, e) € A, x E". Consider the set A € Fr ® B(A,) ® B(E") defined by
T
A= {(w,e,e) €N x A, x E" :/ |ys(0,e)as(9,e)|2ds :+oo}.
0

Then, we have IP’(Q) =0, where
R :={oeR: (0, 1), ()€ A}

Indeed, we have from the density assumption (HD)
P(2) =E[L4 (0, T(®), { (@)] = E[E[14(0, T(@), ¢ (@) | Fr]]
=/ ]E[]lA(a),G,e)yT(G,e)] dfde. 2.7
Ap X E™

From the definition of A and (2.6), we have
14(.,0,e)yr(0,e) =0, P-as.
for all (8, e) € A, x E". Therefore, we get from (2.7), P($2) =0 or equivalently

T
IF’(/O |ys(n,...,r,,,gl,...,gn)as(n,...,rn,gl,...,g,,)|2ds<+oo=1>.
2.8)

@ Springer



690 J Theor Probab (2014) 27:683-724

From Corollary 1.11 we have y;(t1, ..., T, ¢1, ..., &) > 0 for all > 0 P-a.s. Since
y(t1,..., Tn, L1, ..., {n) 1S continuous we obtain
Sei[%fT] Ys(Tly ooy Ty 81y ooy &n) >0, P-as. 2.9)

Combining (2.8) and (2.9), we get
T 2
/ Ias(rl, ey Ty Cly e ey ;n)| ds < +o0o, P-as.
0

Since Z satisfies EfOT |Zs|2ds < oo, we find that

T
/ ]Zsax(tl, e Ty C1 ...,{n)]ds < 400, P-as.
0

Therefore fOT Zsag(T1, ..., Tn, L1y ..., ) ds is well defined. O

3 Existence of a Solution

In this section, we use the decompositions given by Lemma 2.1 to solve BSDEs with
a finite number of jumps. We use a similar approach to Ankirchner et al. [1]: one
can explicitly construct a solution by combining solutions of an associated recursive
system of Brownian BSDEs. But contrary to them, we suppose that there exist n
random times and » random marks. Our assumptions on the driver are also weaker.
Through a simple example we first show how our method to construct solutions to
BSDEs with jumps works. We then give a general existence theorem which links the
studied BSDEs with jumps with a system of recursive Brownian BSDEs. We finally
illustrate our general result with concrete examples.

3.1 An Introductory Example

We begin by giving a simple example to illustrate the used method. We consider the

following equation involving only a single jump time t and a single mark ¢ valued
in E=1{0,1}:
~dY, = f(U)di ~ UpdH,, 0<i<T, G-b

where H, = (H,(0), H;(1)) with H;(i) =1;<; ;= fort >0 andi € E. Here c is a
real constant, and f and % are deterministic functions. To solve BSDE (3.1), we first
solve a recursive system of BSDEs:

{ Yr=cly<r +h(r, 011>,

Y @,e)=h®,e)+ f0,00(T —1), OAT<t<T,
T
Y,0=c+f Frls,0-v2 v} s, ) —-¥0)ds, 0<t<T.
t

Suppose that the recursive system of BSDEs admits for any (6, ¢) € [0, T] x {0, 1} a
couple of solution Y19, ) and YV. Define the process (Y, U) by

Vi =Y + V) (2, Oyse, 0<t<T,
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and
Uiy = (Y (t,i)) = Y))Ly<r, 0<t<T,i=0,L.

We then prove that the process (Y, U) is solution of BSDE (3.1). By 1t6’s formula,
we have

le = d(YtOﬂt<‘L' + Ytl (Ta C)]lfz‘[)

t
= d(y,°(1 — H,(0) — H; (1)) +/ h(s,0)d Hy(0)
0

t
+/ h(s,1)dHy(1) 4+ (H;(0) + H; (1)) £(0,0)(T —t)>.
0
This can be written
dY, =—[(1 - H,©0) — H D) f (¥}, 00— ¥, ¥}, 1) = ¥7)
+ (H,(O) + Ht(l))f(O, O)] dt + [h(t, 0)+ (T —1)f(0,0) — Y,O] dH,;(0)
+ [h(t, 1)+ (T —1)f(0,0) — Yto] dH;(1).
From the definition of U, we get
dY[ == _f(U[)dt + U[ dH[
We also have Y7 = clr< + h(t, {)1r>,, which shows that (Y, U) is solution of
BSDE (3.1).

3.2 The Existence Theorem

To prove the existence of a solution to BSDE (2.4), we introduce the decomposition
of the coefficients & and f as given by (2.5) and Lemma 2.1. From Lemma 2.1(i) and
Remark 2.1, we get the following decomposition for f:

n
F oy 2wy =" Ay, 21 T Sy <t < 32)
k=0

where f0is P(F) ® B(R) ® B(R?Y) ® B(Bor(E,R))-measurable and f* is P(F) ®
B([R) ® B(RY) @ B(Bor(E,R)) ® B(Ar) ® B(EX)-measurable for eachk =1, ... ., n.

In the following theorem, we show how BSDEs driven by W and p are related
to a recursive system of Brownian BSDEs involving the coefficients £% and f*, k =
0,...,n.

Theorem 3.1 Assume that for all (0, ¢) € A, x E", the Brownian BSDE

T
Y'(0,e) =E"(0, ) +/ (s, Y] (0. e), Z1(0,e),0,0,¢)ds

t

T
—/ Zi0,e)dWs, 6, AT <t<T, (3.3)
t

admits a solution (Y"(0,e), Z"(0,e)) € Sg°[0, AT, T] x L]%[Gn AT, T, and that for
eachk =0, ...,n—1, the Brownian BSDE
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YOy, ewy) = E* Oy ey) + /t ' FH(5. YEOwy e 28O eqr)
Y Oy, s. ey ) — YEOw) ew)). Oy ery) ds
- /T Z¥ O, ew) AWy, O AT <t <T, (3.4)
t
admits a solution (Y*(Oy, ew)), Z* O, e))) € S0k AT, T1 x L[ AT, T1.
Assume moreover that each Y* (resp. Z¥) is PM(F) @ B(A) ® B(E¥)-measurable

(resp. P(F) @ B(Ay) ® B(EX)-measurable).
If all these solutions satisfy

sup [|Y*®). e) | soeignr 71 < - (3.5)
k,0,e)

01AT ) n Ok 1 NT . 2
E f / |Z?| ds—i—Z/ |Z5 0wy, e))|” ds
A xEn \Jo = Jonr

yr(6,e) d@de:| < 00,

and

then, under (HD), BSDE (2.4) admits a solution (Y, Z,U) € S&O[O, T] x Lé[O, T] x
L?(uw) given by

n
Yt = Y[O:I]-t<f| + Z Y[k(t(k)v ;(k))]]-fkft<fk+1 s
k=1
n
Zi=Zi<r, + ) Zf (Tt S D <i < (3.6)
k=1
n—1
Ui() =UOLi<e + Y Uf (T Cys Moy <i<ryg
k=1

where Utk(‘r(k), Ly, ) = Y,k_H(‘E(k), 1Lk, ) — Ytk(‘[(k), L)) for each k =0, ...,
n—1.

Proof To alleviate notation, we shall often write & k and f k (t,y,z,u) instead
of Sk(@(k), ek)) and fk (t,y,z,u,0%), ex)), and Ytk (t,e) instead of Ytk Ow-1), 1,
€k—1), €).
Step 1: We prove that for ¢ € [0, T], (Y, Z, U) defined by (3.6) satisfies the equa-
tion
T T T
Yl:§+/ f(sv YS? ZSs Us)ds_/ stWs_/ / Us(e)/l/(de,ds).
t t t E
3.7

We make an induction on the number k of jumps in (¢, T'].
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o Suppose that k = 0. We distinguish two cases.
Case I: there are n jumps before . We then have 1, <t and from (3.6) we get
Y, =Y. Using BSDE (3.3), we can see that

T T
=g"+/ (s, Y Z2, O)ds—/ Zy dW;.
t t

Since 1, < T, we have " =& from (2.5). In the same way, we have Y; = Y/,
Zy; =272} and Uy =0 for all s € (¢t,T] from (3.6). Using (3.2), we also get
(s, YS", Z1,0)= f(s, Y, Zg, Uy) for all s € (¢, T]. Moreover, since the predictable
processes Z 1;,<. and Z"1,, - are indistinguishable on {7, <}, we have from The-

orem 12.23 of [13], /. Z,dW, = [7 Z2 dW; on {z, < 1}. Hence, we get

T T T
Y =$+/ f(s, Y, Zs, Ug)ds _/ ZsdW; _/ f Us(e)u(de, ds),
t t E

t
on {7, <t}.

Case 2: there are i jumps before ¢+ with i < n hence Y; = Yti. Since there
is no jump after t, we have Yy = Yi, Z, = 7!, UI() = Yi*t!(s,) — Vi, & =
g and fi(s,Y!,ZL,UN = f(s,Ys, Zs, Us) for all s € (¢, T], and ftTfE Us(e)
x p(de,ds) = 0. Since the predictable processes Z1 < <, and Z"]lfl.<.§rl.+1 are
indistinguishable on {t; < ¢t} N {T < t;4+1}, we have from Theorem 12.23 of [13],
flT ZgdW, = fZT ZidW; on {t; <t} N{T < 7;4+1}. Combining these equalities with
(3.4), we get

T T T
Yt:§+/ (s, YStzSVUS)dS_/ stWs_/ / Us(e)u(de, ds),
t t E

t
on {t; <t} N{T < ti4+1}.
e Suppose equation (3.7) holds true when there are k jumps in (¢, 7], and consider
the case where there are k + 1 jumps in (¢, T].
Denote by i the number of jumps in [0, ¢] hence Y; = Yf. Then, we have Z; =
/ U‘()—Y"“(s ) —Yiforallse(t,ti+1], and Yy = Y! and f(s,Ys, Zs, Uy) =
f’ (s, 0, 2L, U;) forall s € (¢, T;41). Using (3.4), we have
Ti+1 Titl |
Y, =Y! —l—/ f(s, YS,ZS,US)ds—/ Z dW;
t

Ti+1
t

= flztll / [, Yy, Zs, Us)ds _f Z ]lr, <S<Tiy] dWj

Ti+1 '
/ / Us(e)u(de, ds).

Since the predictable processes Z1y, < <7, and Z'1l . <, are indistinguishable
on{t; <t < i1} {Titk+1 <T < Tjti+2}, we get from Theorem 12.23 of [13] that

ftT Zilg cyr,, AWy = ftT Zily <5<q;,, dW;. Therefore, we get

Ti+1

—fri+1/ Us(e)u(de, ds), (3.8)
t E
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on {t; <t < Ti+1} N {Titk+1 < T < Titk+2}. Using the induction assumption on
(ti+1, T'], we have

T T
Yr]lA(r)=<E+ f(svy.S'vZS’US)ds_/ ZsdW;
Tr r
-[ ] Us<e)u<de,ds)>m<r>,
r E

A:={(w,5) €2 x[0,T]: ti11(0) <5 < Ti12(®)
and Tik41(@) < T < T2 (@) ).

Thus, the processes Y14(.) and (¢ + f_Tf(s,YS,ZS,US)ds — f_TZSdWS

— f T f g Us(e)u(de, ds))14(.) are indistinguishable since they are cad-lag modi-
fications of the other. In particular they coincide at the stopping time 7;1 and we get
from the definition of Y

for all r € [0, T'], where

T T
Yt,-H_Y:—:ll—S"' f(svys’Zs,Us)dS_/ ZsdW;

Ti+1 Ti+1

T
—/ / Us(e)u(de, ds). 3.9)
T4l JE

Combining (3.8) and (3.9), we get (3.7).

Step 2: Notice that the process Y (resp. Z, U) is PM(G) (resp. P(G), P(G) ®
B(E))-measurable since each Y* (resp. Z¥) is PM(F) @ B(Ax) ® B(E¥) (resp.
P(F) ® B(Ar) ® B(E¥))-measurable.

Step 3: We now prove that the solution satisfies the integrability conditions. Sup-
pose that the processes Y*, k =0, ..., n, satisfy (3.5). Define the constant M by

L k
M= (ks,l;?e) [Y*Ow. ) | o nr. -

and consider the set A € Fr @ B(4A, N[0, T]") ® B(E™) defined by
A:={(a) 0,e) € 2 x (A n[o, T]")XE":
max  sup |Y Oy ea))| = M}.

O<k<n s¢[g,,

Then, we have P(f)) =1, where
Q:={we: (v, 1(®), (W)€ A}

Indeed, we have from the density assumption (HD)
P(2°) = E[Lac (0, T(0), ¢ (@))] = E[E[Lac (@, T(®), (@) | Fr]]

=/ E[1ac(@,6,¢)yr (6, e)] db de. (3.10)
(AnN[0,T1")x E"

From the definition of M and A, we have

1A“(-,9,9)VT(9, e) :O, ]P)—a.s.,
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forall (6, ¢) € (A, N[0, T]") x E™. Therefore, we get from (3.10), ]P’(fzc) = 0. Then,
by definition of Y, we have

n
Vel <Y Lrcr, + |V () S| Bz
k=1
Since P(£2) = 1, we have
Y (twys Co) [Lre<e <M, 0 <k <n, P-as. (3.11)
Therefore, we get from (3.11)
Y, | <(m+ 1M, P-as.,
for all t € [0, T']. Since Y is cad-lag, we get
1Y llsp0.r1 < (n + DM.

In the same way, using (HD) and the tower property of conditional expectation, we
get

T ) ONT 012 n O+ 1 AT ‘ 2
IE[/ |Zy| ds}=E / / |1Z{| dS+Zf |Zy By eq)|” ds
0 AyxE" \JO i JonT

x yr(0,e)dd de:|.

Thus, Z € Lé[O, T] since the processes Zk k=0,....n, satisfy

AT 0 B n 9k+1/\T x 2
E / / |Z)| ds—i—Zf |Zs By, ewy) | ds
AnxE" \Jo = Jant

X yr(0,e)db de] < 00.
Finally, we check that U € Lz(,u). Using (HD), we have

n
_ 2
”U”iZ(M)ZZ/ XEnEHYg]i(Q(k),@(k))—ngk 1(9(/c71),<f(1c71))| yr(6,e)|dode
k=1 4n
n

<23 (17 O ) | 5mgnr 11
k=1

+ 1Y Oy 1) | S 1)
< Q.
Hence, U € L%(w). O

Remark 3.1 From the construction of the solution of BSDE (2.4), the jump compo-
nent U is bounded in the following sense:

U@ en .
S:IE)” (6)“5 0,71 <

In particular, the random variable esssup, ,)c0,71x £ |U: (€)| is bounded.
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3.3 Application to Quadratic BSDEs with Jumps

We suppose that the random variable £ and the generator f satisfy the following
conditions:

(HEQ1) The random variable £ is bounded: there exists a positive constant C such
that

] <C, P-as.

(HEQ2) The generator f is quadratic in z: there exists a constant C such that
|f@t,y.zu)| < c<1 + Iyl + |z|2+/ }u(e)|k,(e)de>,
E

forall (r, y,z,u) € [0, T] x R x R? x Bor(E,R).

(HEQ3) For any R > 0, there exists a function mc}; such that limg_, ¢ mC'}’; (e)=0

and

|0z (@ = y),cp) = i (¥ 2 (u@ — ), )| < mcee),
for all (¢,y,y',z,2,u) € [0, T] x [R]> x [RY]?> x Bor(E,R) s.t. ||, |zl,
Iy, 1l <Rand |y — Y|+ ]z -7 <e.

Proposition 3.1 Under (HD), (HBI), (HEQ1), (HEQ2), and (HEQ3), BSDE (2.4)
admits a solution in SZ°[0, T x Lé[O, T] x L*(w).

Proof Step 1. Since & is a bounded random variable, we can choose £¥ bounded for
eachk =0, ..., n.Indeed, let C be a positive constant such that |§| < C, P-a.s., then,
we have

n
Tk
f§=§ EN(Tls s Ty 81y e S L <T <y »
k=0

with EF(zy, .ot e G = ER (T, o T, L e 8) A C) Vv (=), for each
k=0,...,n.

Step 2. Since f is quadratic in z, it is possible to choose the functions f¥, k =
0,...,n, quadratic in z. Indeed, if C is a positive constant such that | f (¢, y, z, u)| <
C + |y + |z)* + fE|u(e)|A,(e)de), for all (¢,y,z,u) € [0,T] x R x R? x
Bor(E,R), P-a.s. and f has the following decomposition:

n
f(t7 y7 <5 M) = ka(tv )’» Z,u, T(k)? ;(k))]lfkft<1’k+1s
k=0

then, f satisfies the same decomposition with f k instead of f* where
@y, zou, 0y, ey) = £5t, v, 2, u, 00, ewy)
A C(l +1yl + Izl +/ lu(e)|1:(e) de)
E

v (—c<1 + 1y + 1z +/ }u(e)|k,(e)de>),
E

forall (¢, y,z,u) €[0,T] x R x RY x Bor(E,R) and (0,¢) € A, x E".
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Step 3. We now prove by a backward induction that there exists for each k =
0,...,n— 1 (resp. k =n), a solution (Y*, Z¥) to BSDE (3.4) (resp. (3.3)) s.t. Y* is a
PM(F) ® B(Ar) ® B(E¥)-measurable process and Zkisa P(F) @ B(Ar) @ B(E¥)-
measurable process, and

sup
(k) (k) €Ak x EX

Y 0w e@)|| seopgnr. 71+ 125 @wrs e | popgpr 7y < 00

e Choosing £" (8(,), e(n)) bounded as in Step 1, we get from (HEQ3) and Proposi-
tion D.1 and Theorem 2.3 of [22] the existence of a solution (Y" (8(», en))» Z" By, em)))
to BSDE (3.3).

We now check that we can choose Y" (resp. Z") asa PM((F) ® B(A,) ® B(E")
(resp. P(F) ® B(A,) ® B(E™))-measurable process. Indeed, we know (see [22]) that
we can construct the solution (Y, Z™) as limit of solutions to Lipschitz BSDEs.
From Proposition C.1, we then get a P(F) ® B(A4,) ® B(E™)-measurable solution
as limit of P(F) ® B(4A,) ® B(E")-measurable processes. Hence, Y (resp. Z") is
a PM(F) ® B(A,) ® B(E") (resp. P(F) ® B(A,) ® B(E™))-measurable process.
Applying Proposition 2.1 of [22] to (Y", Z"), we get from (HEQ1) and (HEQ2)

sup [ Y" Oys ) || sooig, a7 71+ 12" Oy €00 || 216, 0777 < 00
(6.0)e A, X EN

e Fix k <n — 1 and suppose that the result holds true for k + 1: there exists
(Y*+1 Zzk+1y quch that

k+1
sup (Y Oks1). e(k+1))”5c>o[9k+1AT,T]
(Ok+1)-€(kt1)) €A1 X EFH1

k+1
+ | z*+ (9(k+1),€(k+1))HL2[9k+lAT)T]} < 00.
Then, using (HBI), there exists a constant C > 0 such that
|fk(S, v, 2, YskH(é’(k), s.ew), ) — Y. 0. eq)| < C(1+ Iyl + |Z|2)-

Choosing Sk (@), ek)) bounded as in Step 1, we get from (HEQ3) and Propo-
sition D.1 and Theorem 2.3 of [22] the existence of a solution (Y k Owy ew)),
Z5 O, ew)))-

As for k = n, we can choose Y* (resp. Z¥) as a PM(F) @ B(Ay) ® B(EX) (resp.
PF)Q B(A) ® B(Ek))-measurable process.

Applying Proposition 2.1 of [22] to (Y* Ow)s ew)), zk Ow) ew))), we get from
(HEQ1) and (HEQ2)

k k
sup [ Y ), ea) | spgnr.r + 127 O ew) | g7y < 00
(Q(k),E(k))GAkXEk
Step 4. From Step 3, we can apply Theorem 3.1. We then get the existence of a
solution to BSDE (2.4). O

Remark 3.2 Our existence result is given for bounded terminal condition. It is based
on the result of Kobylanski for quadratic Brownian BSDEs in [22]. We notice that
existence results for quadratic BSDEs with unbounded terminal conditions have re-
cently been proved in Briand and Hu [5] and Delbaen et al. [8]. These works provide
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existence results for solutions of Brownian quadratic BSDEs with exponentially inte-
grable terminal conditions and generators and concludes that the solution Y satisfies
an exponential integrability condition.

Here, we cannot use these results in our approach. Indeed, consider the case of a
single jump with the generator f (¢, y, z,u) = |z|2 + |u|. The associated decomposed
BSDE at rank 0 is given by

T T
Yz0=$0+/ [|Z?|2+|YSI(S)—YSO|]ds—/ 70dws, 0<1<T.
t t

Then to apply the results from [5] or [8], we require that the process (Ys1 (s))s satisfies
some exponential integrability condition. However, at rank 1, the decomposed BSDE
is given by

T T
Yt1(6)=§1(9)+f |ZS1(0)|2ds—/ ZN0)dw,, 0<tr<T,0<6<T,
t t

and since £! satisfies an exponential integrability condition by assumption we know
that Y'!(6) satisfies an exponential integrability condition for any 6 € [0, T, but we
have no information about the process (YS1 (5))sefo,77- The difficulty here lies in un-
derstanding the behavior of the “sectioned” process {Ys1 (0) : s =0} and its study is
left for further research.

3.4 Application to the Pricing of a European option in a Market with a Jump

In this example, we assume that W is one dimensional (d = 1) and there is a single
random time 7 representing the time of occurrence of a shock in the prices on the
market. We denote by H the associated pure jump process:

H:=1,, 0<t<T.
We consider a financial market which consists of
— anon-risky asset S°, whose strictly positive price process is defined by
ds?=r,80dt, 0<t<T, S)=1,

with r; >0, forall r € [0, T'],
— two risky assets with respective price processes S' and 2 defined by

dS! =S" (b dt +0,dW, + BdH,), 0<t<T, S)=s,
and
dS? = S*(b;dt +5,dW;), 0<t<T, S§=s,

with o; > 0 and &, > 0, and B > —1 (to ensure that the price process S! always
remains strictly positive).

We make the following assumption which ensures the existence of the processes S°,
St and $2:
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(HB) The coefficients r, b, l;, 0,0,
C s.t.

and = are bounded: there exists a constant

Qi|—

1
o

Ot

+

Ot

|7l + 1be] + 1be] + loy | + 16| +

<C, 0<t<T, P-as.

We assume that the coefficients r, b, b, o, and & have the following forms:
re=r1 < + 1 (DL,
by = b1 <r + b (D) 1s5e,
Et = 5011<r + 51 (T)ﬂzzr,
o = UO]lt<r +o! (M) 1>y,
1 =5 <x + 6 (D12,
for all ¢t > 0.

The aim of this subsection is to provide an explicit price for any bounded Gr-
measurable European option & of the form

§=8"7< +& (Olesr,
where £° is Fr-measurable and £! is Fr ® B(R)-measurable, together with a repli-
cating strategy w = (7°, !, 7?) (nti corresponds to the number of share of S’ held
at time ¢). We assume that this market model is free of arbitrage opportunity (a nec-
essary and sufficient condition to ensure it is e.g. given in Lemma 3.1.1 of [7]).
The value of a contingent claim is then given by the initial amount of a replicating

portfolio. Let 7 = (7%, 7!, #2) be a P(G)-measurable self-financing strategy. The
wealth process Y associated with this strategy satisfies

Y, =708 +wls! + 7282, 0<r<T. (3.12)
Since 7 is a self-financing strategy, we have
dY, =n’dS? + 7' dS! + n?dS?, 0<t<T.
Combining this last equation with (3.12), we get
dY, = (reY, + (by — r)m' S} + (by — ro)nS?) dt
+ (7)o S! + 76 SP)dW, + 7! BSLdH,, 0<t<T. (3.13)
Define the predictable processes Z and U by
Z,=nlo;S! + 725,57 and U,=n'pS', 0<r<T. (3.14)
Then, (3.13) can be written in the form
dy, = [r,Y, by (r’ b oelre = Et))Ut:| dt

(ef? B Bo;
+Z;dW,+U,dH;, 0<t<T.

Therefore, the problem of valuing and hedging of the contingent claim & consists in
solving the following BSDE:

—b —b —b
—dY, = [—r’ 7+ (r’ ¢ oilne - ’))U, —rtYl:| dt
p Boi (3.15)

Oy
—7Z;dW,—-U;dH;, 0<t<T,
Yr =¢&.
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The recursive system of Brownian BSDEs associated with (3.15) is then given by

Ligy _ 7l
—dv} ) = [%z} ©) —r' @)y (9)} dt — 21 (0)dW,,
o
heroT (3.16)
Y1 (0) =£'0),
and
FO _ 50 rO _ bO O,O(r() _ l;())
_dyfoz[ 50 ( B B )
(3.17)

x (Y @) —YP) - rOY,0:| dt —Z,dwW,, 0<t<T,
Y2 =¢0.

Proposition 3.2 Under (HD) and (HB), BSDE (3.15) admits a solution in S(Of [0, T]x
LZ[0,T] x L*(w).

Proof Using the same argument as in Step 1 of the proof of Proposition 3.1, we can
assume w.l.o.g. that the coefficients of BSDEs (3.16) and (3.17) are bounded. Then,
BSDE (3.16) is a linear BSDE with bounded coefficients and a bounded terminal con-
dition. From Theorem 2.3 in [22], we get the existence of a solution (Y!(6), Z'(9))
in Sg°[6, T] x L]%[Q, T] to (3.16) for all 6 € [0, T']. Moreover, from Proposition 2.1
in [22], we have
sup ||Y'6 < 00. 3.18

Oe[OPT] H ( )”Soow,T] (3.18)
Applying Proposition C.1 with X = [0, T] and dp(0) = yp(0) d0 we can choose the
solution (Y!, Z') as a P(F) ® B([0, T])-measurable process.

Estimate (3.18) gives the result that BSDE (3.17) is also a linear BSDE with
bounded coefficients. Applying Theorem 2.3 and Proposition 2.1 in [22] as previ-
ously, we get the existence of a solution (Yo, ZO) in SI‘F’O [0,T] x L%F[O, T]to (3.17).
Applying Theorem 3.1, we get the result. g

Since BSDEs (3.16) and (3.17) are linear, we have explicit formulae for the solu-
tions. For Y (0), we get

Y (0) = E[s'O) I} O)|F], 0<t<T,

')
with "1 (0) defined by

rl(®) — bl () 1

_1r'e) -b'e)
51(0) T2

2
1
t—ri@¢e), 0<t<T.
A C)) r()> -

r}o = exp(
For YO, we get

1 T
Y? = FE[SOFYQ—F/I es IV ds

t

fz:|, 0<1<T,
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with I'% defined by

t 1 t t
nO;:exp</ ddeS——/ |ds|2ds+/ asds), 0<t<T,
0 2 Jo 0

where the parameters a, d and c are given by

0 rO _ bO O'O(VO _ I;O)
ap=—r"— - = ,
B po°
,,.0 _ 50
dy = ,
t 6'0
r() _ b() 0'0(7‘0 _ 50) .
¢ = — — Y, ().
,3 ’30_0 !

The price at time ¢ of the European option £ is equal to Y,0 if t <7 and Yt1 (7) if
t > 7. Once we know the processes ¥ and Z, a hedging strategy 7= = (7°, 7!, 72) is
given by (3.12) and (3.14).

Under no free lunch assumption, all the hedging portfolios have the same value,
which gives the uniqueness of the process Y. This leads to the uniqueness issue for
the whole solution (Y, Z, U).

4 Uniqueness

In this section, we provide a uniqueness result based on a comparison theorem. We
first provide a general comparison theorem which allows to compare solutions to
the studied BSDEs as soon as we can compare solutions to the associated system
of recursive Brownian BSDEs. We then illustrate our general result with a concrete
example in a convex framework.

4.1 The General Comparison Theorem

We consider two BSDEs with coefficients (£, §) and ( £, &) such that

— & (resp. £) is a bounded G7-measurable random variable of the form

n
g = ng(r(k)’ {(k))ﬂ-kaT<rk+|

k=0
n
(TCSP. E=) & (i L)l =T <npy )
k=0

where £° (resp. £°) is Fr-measurable and gk (resp. £FYis Fr @ B(Ay) ® B(E¥)-
measurable for each k = 1,...,n, B

— f (resp. f) is map from [0, 7] x 2 x R x R? x Bor(E,R) to R which is a
P(G) @ BR) ® B(RY) ® B(Bor(E, R))-B(R)-measurable map.
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We denote by (¥, Z, U) and (Y, Z,U) their respective solutions in S&O [0, T] x
Lé[O, T] x Lz(u). We consider the decomposition (Xk)OSksn (resp. (?k)osksn,
(Z0<k<n> (Z¥)0<k<ns (U)osk<n, (UF)o<k<n) of Y (resp. ¥, Z, Z, U, U) given
by Lemma 2.1. For ease of notation, we shall write Ek (t,y,2) and Fk(z, y,z) in-
stead of £ (t,y,2, Y§ ! (1. 1. Ly, ) — y) and f (1, y, 2, ¥ (2. 1, Sy, ) — ) for
each k =0,...,n— 1, and F"(¢, y,z) and F”(l,y,z) instead of f(¢,y,z,0) and
f(t,y,z,0).

We shall make, throughout the text, the standing assumption known as
(H)-hypothesis:

(HC) Any F-martingale remains a G-martingale.

Remark 4.1 Since W is an F-Brownian motion, we get under (HC) that it remains
a G-Brownian motion. Indeed, using (HC), we see that W is a G-local martingale
with quadratic variation (W, W); = t. Applying Lévy’s characterization of Brownian
motion (see e.g. Theorem 39 in [29]), we see that W remains a G-Brownian motion.

Definition 4.1 We say that a generator g : 2 x [0, T] x R x R — R satisfies a
comparison theorem for Brownian BSDEs if for any bounded G-stopping times v, >
v1, any generator g’ : £2 x [0, T] x R x R¢ — R and any G,,-measurabler.v. ¢ and ¢’
suchthat g <g’and ¢ <¢' (resp. g > g’ and ¢ > ¢’), wehave Y <Y’ (resp. Y > Y)
on [v1, v2]. Here, (Y, Z) and (Y’, Z’) are solutions in S&O [0, T] x Lé[O, T]to BSDEs
with data (¢, g) and (¢, g'):

%] V2
Yt:§+/ g(vast)ds_/ ZgdWg, v <t=<vy,
t t
and
v V2
Y,’:;’+/ g (s, Y;,Z;)ds—f ZidWs, v <t <.
t t
We can state the general comparison theorem.
Theorem 4.1 Suppose that § < &, P-a.s. Suppose moreover that for each k =
0,...,n
F*,y,20) < FX(t,y,2), V(19,2 €10, T1 x R x R?, P-a.s.,

and the generators F* or F* satisfy a comparison theorem for Brownian BSDEs.
Then, if Uy =U, =0 fort > t,, we have under (HD) and (HC)

Y, <Y, 0<t<T, P-as.

Proof The proof is performed in four steps. We first identify the BSDEs of which
the terms appearing in the decomposition of ¥ and Y are solutions in the filtration G.
We then modify Y* and Y* outside of [tx, Txq1) to get cad-lag processes for each
k=0, ...,n. We then compare the modified processes by killing their jumps. Finally,
we retrieve a comparison for the initial processes since the modification has happened
outside of [k, Tx+1) (Where they coincide with Y and Y).
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Ste_p ]_. Since (Y, Z, U) (resp. (Y, Z,U)) is solution to the BSDE with parame-
ters (£, f) (resp. (£, f)), we obtain from the decomposition in the filtration F and
Theorem 12.23 in [13] that (Y, Z") (resp. (Y", Z")) is solution to

T
Y (t(ny, Sony) =& +/ F' (5, Y (T Sn))s Z5 (T(ys Sny)) dis
t

T
_/ Z;l(f(n)v §(11))dWs, LA T<t=<T, (41)
t

T
<reSP (T C(n))—5+/ F' (s, Y} (tmys Sn)s Ziy (Tanys En)))

T
—/ Z5 (T, ) AWy, T AT <t < T) (4.2)
t

and (Yk, Zk) (resp. (Yk, Zk)) is solution to

YE(twy, twy) = [Yfkﬂ (Tk+1)s Sk41) — Ugpy @D Ly <7 + ELgy 57

T+ 1 AT S ek —
+/ FY(s, Y5 (T S0 Zs (T Sk))) ds
t

T I AT i
—/ Zi (T, Sx)dWs, w AT <t <ty AT,
t
“4.3)
<resp (T(k) é‘(k)) - [—fk+l (T(k+1) {(k+1)) —Tk+| (§k+1)] T+1=T + §1Tk+1>T

T I AT ‘ ‘ ‘
+/ F (s, Y5 (s Sy Zs (Trys S))) dis
t

Tk+]/\T X
—/ Z (T, Sy) AWy, Tk/\T§t<Tk+1AT)
t

4.4)
foreach k=0, ..

,n—1.

=~k ~k
Step 2. We introduce a family of processes (¥ )o<k<n (resp. (¥ )o<k<n). We de-
fine it recursively by

~n -
Y[ = Y[n(t(n)’ é'(n)):ﬂ_tz-[n

(resp. X; = Y (T(n)v f(n))]]-tzrn)y 0<t<T,
and for k=0, ..

Ln—1
k+1

Li>g g
~k+1

Y = Y t (T, o) g <t<gyy + Y ]lf>fk+1)

These processes are cad- lag with jumps only at times 77, [ = 1,.

Yk = YF(rw, S o<t <gpyy + Y
(resp. 0<t<T.
,n. Notice also
that Y (resp. Y Y Y ) satisfies equation (4.1) (resp (4 2), (4.3), and (4.4)).
Step 3. We prove by a backward induction that Y < Y on[t, AT, T]and Y <

on [tk AT, Tkg1 A T),foreachk=0,...,n — 1.
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e Since £ <&, F" < F" and F" or F" satisfy a comparison theorem for Brownian
BSDEs, we immediately get from (4.1) and (4.2)

~n =n
Y/ <Y,, tuAT<t<T.

. ~ k1 ~k+1
e Fix k <n—1 and suppose that Y, * <Y, forte[tut1AT, tx42AT). Denote
z! o1 . — z! =1 .
by PY (resp. PY ) the predictable projection of ¥ (resp. Y ) for/ =0, ..., n. Since
the random measure p admits an intensity absolutely continuous w.r.t. the Lebesgue

~1 ~
measure on [0, T], ¥ (resp. ¥ l) has inaccessible jumps (see Chap. IV of [9]). We
then have

~1 ~1 ~ ~
PY, =Y, (resp.”¥;=Y%, ), 0<t<T.

~1 ~
From (4.3) and (4.4), and the definition of Y (resp. Xl), we have for [l =k

=k ~k+1 _ Tt 1 AT _ =k
PY, =PY Aga<r + &Ly, >+ FY(s.PY g, Z5 (T Sy)) ds

Tk+1
t

T I AT i
—/ Zo (T, L) dWs, T AT <t <t AT. 4.5)
t

(resp.

ok okt WAl
pZ[ = pZtk+l]]'Tk+1§T +§ﬂ-‘[k+1>T +/ E (svpz‘qﬂ Zs (T(k)a C(k))) dS
t

T 1 AT .
—/ Z (T, L)) d Wy, Tk/\T§t<‘L'k+1/\T>. 4.6)
t
L S 28 zk+1 Skl . . =
SinceY, =Y, ,weget?Y  ~>PY_ . Thistogether with conditionson§,§,

F* and F* give the result.

~k - _
Step 4. Since Y (resp. Xk) coincides with Y (resp. Y) on [tx AT, 11 AT), we
get the result. g

Remark 4.2 1t is possible to obtain Theorem 4.1 under weaker assumptions than
(HC). For instance, it is sufficient to assume that W is a G-semimartingale for the
form

W=M+ / . agds,
0
with M a G-local martingale and a a G-adapted process satisfying

T 1 T
E[exp(—/ asdM; — 5/ |as|2ds)i| =1. 4.7
0 0

Indeed, we first notice that (M;)c[0,7] is @ G-Brownian motion since it is a con-
tinuous G-martingale with (M, M); =t for t > 0. Then, from (4.7) we can apply
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Girsanov Theorem and find that (W;),¢(0,7] is a (Q, G)-Brownian motion where Q
is the probability measure equivalent to P defined by

d r 1 [T
Q =exp<—f asdM, — —/ |as|2ds>.
gr 0 2 Jo

dP

Therefore we can prove Theorem 4.1 under Q. Since Q is equivalent to IP the conclu-
sion remains true under P.

4.2 Uniqueness via Comparison

In this form, the previous theorem is not usable since the condition on the generators
of the Brownian BSDE:s is implicit: it involves the solution of the previous Brownian
BSDE:s at each step. We give, throughout the sequel, an explicit example for which
Theorem 4.1 provides uniqueness. This example is based on a comparison theorem
for quadratic BSDEs given by Briand and Hu [6]. We first introduce the following
assumptions.

(HUQ1) The function f(¢,y,.,u) is concave for all (z,y,u) € [0,T] x R x
Bor(E,R).
(HUQ?2) There exists a constant L s.t.

(152, (ue) = ¥),ep) = F(6. 2 (@) = ¥) ep) | < LIy =]

forall (r,y,y,z,u) € [0, T] x [R]> x R x Bor(E,R).
(HUQ3) There exists a constant C > 0 such that

|ft,y,z,u)| < C<1 + 1yl + 1z + /E Iu(e)lf\z(e)de>

forall (r, y,z,u) € [0, T] x R x R? x Bor(E,R).
(HUQ4) f(t,.,u)= f(t,.,0)forallu € Bor(E,R)andallt € (t, AT, T].

Theorem 4.2 Under (HD), (HBI), (HC), (HUQ1), (HUQ2), (HUQ3), and (HUQ4),
BSDE (2.4) admits at most one solution.

Proof Let (Y,Z,U) and (Y',Z',U’) be two solutions of (2.4) in SZ°’[0, T] x
Lé[O, T1 x L?(w). Define the process U (resp. U by
Ui (e) (resp. U/ (e)) = U;(e)Ls<s, (resp. U/(e)1i<r,), (t,e)€[0,T]x E.

Then, U = U and U’ = U’ in L*(n). Therefore, from (HUQ4), (¥, Z,U) and
(Y, Z',U’) are also solutions to (2.4) in SF[0, T1 x LL[0, T x L*(w).
We now prove by a backward inductionon k =n,n —1,..., 1,0 that

Ylﬂfkfl = Yt/ﬂfkfl’ t e [O, T]
e Suppose that k& = n. Then, (Y,]lrnS,,Z,]l,n<t,(l7, + Y,-)1;, <t<7,) and

Y/1y, <, Z) g, <, (f][ +7Y,)1;, ,<i<z,) are solution to
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T
Y, = EL, o1 + f Lo -y f (5. Yo, Z5, 0) ds
t

T T
—/ stWs—/ /Us(e)u(de,ds), tel0,T].
t JE

t
Using Remark 4.1 and Theorem 5 in [6], we find that the generator 1., f satisfies
a comparison theorem in the sense of Definition 4.1. We can then apply Theorem 4.1
with

E(t3y’z9u):F(Ivyszvu):]lrn<lf(t7y3zvo)3

for (¢,y,z,u) €[0,T] x R x RY x Bor(E,R), and we get Y,]lrn_f_ = Y.’]l_fnf,.
e Suppose that ¥ 1, < = Y'1; <. We can then choose Y/ and Y"/ appearing
in the decomposition of the processes Y and Y’ given by Lemma 2.1(ii) such that

Y @y, e)) =Y 0y eiy)
for all (6,e) € A, x E" and j =k + 1,...,n. Therefore, we find that (¥;1, <,
Zt]lrk<t, (U; +Yt—]lt§rk)jltk,1<t) and (Y[/]lfkfl" Z;jlrk<t, (U;+Yt—]lt§tk)ﬂ-rk,1<t) are
solution to
T

T T
Y, = £y oy + / F(s, Yy, Zy)ds — / Z,dw, / / Us(@)u(de. ds),
t t E

t
for ¢ € [0, T], where the generator F is defined by

n—1

F(t,y,2) = Z]lrkqgrkHFk(ta ¥, 2) +]11,,<1Fn(tv v, 2),
=k

where

Fi,y,2) = f(l, ¥, 2, YSkH(T(k), S, 8y ) — ¥ T(h)s E(k)),
F'(t,y,2)= f(t,y,2,0),

for all (¢, y,z) € [0, T] x R x R¢. Using Remark 4.1 and Theorem 5 in [6], we see
that the generator F satisfies a comparison theorem in the sense of Definition 4.1. We
can then apply Theorem 4.1 and we get Y 1, < = Y/]l,kf,.

o Finally the result holds true for all k =0, ..., n which gives Y =Y".

e We now prove that Z = Z’ and U = U’. Identifying the finite variation part and
the unbounded variation part of Y we get Z = Z’. Then, identifying the pure jump
part of ¥ we get U = U’. Since U = U (resp. U’ = U’) in L%(w), we finally get
Y, Z,U)y=x",2,U". O

5 Exponential Utility Maximization in a Jump Market Model
We consider a financial market model with a riskless bond assumed for simplicity
equal to one, and a risky asset subjects to some counterparty risks. We suppose that

the Brownian motion W is one dimensional (d = 1). The dynamic of the risky asset is
affected by other firms, the counterparties, which may default at some random times,
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inducing consequently some jumps in the asset price. However, this asset still exists
and can be traded after the default of the counterparties. We keep the notation of
previous sections.

Throughout the sequel, we suppose that (HD), (HBI), and (HC) are satisfied. We
consider that the price process § evolves according to the equation

t
S,:So—i—/ Su(budu—l—cruqu—i—/,Bu(e),u(de,du)), 0<tr<T.
0 E

All processes b, o and § are assumed to be G-predictable. We introduce the following
assumptions on the coefficients appearing in the dynamic of S:

(HS1) The processes b, o and B are uniformly bounded: there exists a constant C
s.t.

bl + lor] + |B(e)| <C, 0<t<T, ecE, Pas.
(HS2) There exists a positive constant ¢, such that
o >¢cy, 0=<t<T, P-as.
(HS3) The process S satisfies
Bi(e)>—1, 0<t<T, ecE, P-as.

(HS4) The process @ defined by ¥, = g—;, t € [0, T], is uniformly bounded: there
exists a constant C such that

|0/ <C, 0<t<T, P-as.
We notice that (HS1) allows the process S to be well defined and (HS3) ensures it to
be positive.
A self-financing trading strategy is determined by its initial capital x € R and the

amount of money m; invested in the stock, at time ¢ € [0, T']. The wealth at time ¢
associated with a strategy (x, ) is

' ' '
Xf’”:x—i—/ nsbsds—i—/ nsades—i—/ /nsﬁs(e),u(de,ds), 0<t<T.
0 0 0o JE

We consider a contingent claim that is a random payoff at time 7 described by a
Gr-measurable random variable B. We suppose that B is bounded and satisfies

n
B=7) B“(tw. {w)la<r <z
k=0

where B is Fr-measurable and B¥ is Fr ® B(Ax) ® B(EX)-measurable for each
k=1, ...,n. Then, we define

V(x) := sup E[—exp(—a(X7" — B))], (5.1

reA

the maximal expected utility that we can achieve by starting at time 0 with the initial
capital x, using some admissible strategy 7 € A (which is defined throughout the
sequel) on [0, T'] and paying B attime T'. « is a given positive constant which can be
seen as a coefficient of absolute risk aversion.
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Finally, we introduce a compact subset C of R with O € C, which represents an
eventual constraint imposed to the trading strategies, that is, 7;(w) € C. We then
define the space A of admissible strategies.

Definition 5.1 The set A of admissible strategies consists of all R-valued P(G)-
measurable processes m = (7;)o<;<7 Which satisfy

T T
E/ B AR IS E/ f |71 B ()| s (e) de dt < o0,
0 o JE
and 7r; € C, dt ® dP-a.e., as well as the uniform integrability of the family
{exp(—aX$7) : T stopping time valued in [0, T}

We first notice that the compactness of C implies the integrability conditions im-
posed to the admissible strategies.

Lemma 5.1 Any P(G)-measurable process 7 valued in C satisfies & € A.

The proof is exactly the same as in [24]. We therefore omit it.

In order to characterize the value function V (x) and an optimal strategy, we con-
struct, as in [14] and [24], a family of stochastic processes (R(” ))J,E 4 with the fol-
lowing properties:

(i) RV = —exp(—a(X3™ — B)) forall w € A,
(ii) R(()”) = Ry is constant for all 7 € A,

(iii) R is a supermartingale for all r € A and there exists # € A such that R® is
a martingale.

Given processes owning these properties we can compare the expected utilities of the
strategies 7 € A and 7 € A by

E[—exp(—a(X3™ — B))] < Ro(x) = E[—exp(—a(X3" — B))] = V(v),
whence 7 is the desired optimal strategy. To construct this family, we set
R™ = —exp(—a(X;" —Y,)), 0<t=<T,weA,
where (Y, Z, U) is a solution of the BSDE

T T
Y,=B+/ f(s,ZS,US)ds—/ Z, dW,
t t

T
—/ / Us(e)u(de,ds), 0<t<T. 5.2)
+ JE

We have to choose a function f for which R is a supermartingale for all = € A,
and there exists a 77 € A such that R®) is a martingale. We assume that there exists a
triple (¥, Z, U) solving a BSDE with jumps of the form (5.2), with terminal condition
B and with a driver f to be determined. We first apply Ito’s formula to R for any
strategy 7
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aZ
th(ﬂ) = Rt(f) |:<_05(f(t7 Z:,Up) + ﬂtbt) + 7(713(71 - Zl)2> dt

—a(mor — Z) dW; + /E(exp(—a(n,ﬂ,(e) —Ui(e))) — 1) u(de, dt)]

Thus, the process R satisfies the following SDE:
dR™ =R™ am™ + R AV, 0<t<T,
with M a local martingale and A a finite variation continuous process given by
aM” = —ato, ~ 2 aW,+ [ (exp(-almule) ~ Ui(e))) ~ 1)iitde. )
E

2
o
dA]" = <—a(f(r, Z1,Up) +miby) + - (moy = Z0)°

+ f (exp(—a(m Bi(e) — Ui(e))) — 1) (e) de> dt.
E

It follows that RC™) has the multiplicative form
R =RV &(M™), exp(A™),

where &(M ™) denotes the Doleans-Dade exponential of the local martingale M.
Since exp(—a(m;f;(e) — Us(e))) — 1 > —1, P-ass., the Doleans-Dade exponential
of the discontinuous part of M™ is a positive local martingale and hence, a super-
martingale. The supermartingale condition in (iii) holds true, provided, for all ¥ € A,
the process exp(A™) is nondecreasing, this entails

2
o
—a(f(t, Z:,Uy) +7Ttbt) + 7(77101 —Z)?

+ /E (exp(=ar(m i (€) — Ui(e)) — 1) (e) de > 0.

This condition holds true, if we define f as follows:

2
f(t,z,u) = inf{g o, — (z + ﬁ) +/ exp(a(u(e) — mpi(e))) — 1)”(6) de}
reC| 2 o E o
912
— - 200’

recall that ©¥; = b; /o; fort € [0, T'].

Theorem 5.1 Under (HD), (HBI), (HC), (HS1), (HS2), (HS3), and (HS4), the value
function of the optimization problem (5.1) is given by

Vix)= —exp(—a(x — Yo)), (5.3)
where Yy is defined as the initial value of the unique solution (Y, Z,U) € S&O[O, T]x
LZ[0,T] x L?(u) of the BSDE

@ Springer



710 J Theor Probab (2014) 27:683-724

T T
Y, = B +f F(s. Z,. Uy)ds —/ Z, dw,
t t

T
—/ /Us(e)/t(de,ds), 0<r<T, 5.4
t+ JE

with

2
o — (z+%>‘ +f eXp(Ot(u(e)—ﬂﬂt(E)))—1)Lt(e)de}
E

o

Ft,zou) = inf{o—‘
zeC| 2

forall (t,z,u) € [0,T] x R x Bor(E,R). There exists an optimal trading strategy

7 € A which satisfies
o + 19[
o — —
2 ! ¢ o

2
7; € argming —
el

+/‘ exp(a(u(e) —mpi(e))) — 1
E

o

As(e) de}, (5.5)
forallt €[0,T].

Proof Step 1. We first prove the existence of a solution to BSDE) (5.4). We first
check the measurability of the generator f. Notice that we have f(.,.,.,.) =
inf,cc F(m, ., .,.,.) where F is defined by

2

- —1

F(r,t,y,z,u) = % o — (z + %)‘ —i—/ exp(a(u(e) anﬂt(e))) r(e)de
E

forall (w,t,m,y,z,u) € 2 x[0,T]xC xR xR x Bor(E,R). From Fatou’s Lemma
we find that u — fE u(e)de is l.s.c. and hence measurable on Bor(E,Ry) :={u €

Bor(E,R) :u(e) > 0,Ve € E}. Therefore F(nm,.,.,.,.)is P(G) ® BR) ® B(R) ®
B(Bor(E,R))-measurable for all w € C. Since F(.,t,y, z,u) is continuous for all
(t,y,z,u) we have f(,.,.,.) =infrecng F(m,.,.,.,.), and f is P(G) ® B(R) ®

B(R) ® B(Bor(E, R))-measurable.

We now apply Theorem 3.1. Let ok, 9% and ,Bk, k=0,...,n, be the respective
terms appearing in the decomposition of o, ¥ and B given by Lemma 2.1. Using
(HS1) and (HS4), we can assume w.l.o.g. that these terms are uniformly bounded.
Then, in the decomposition of the generator f, we can choose the functions f,
k=0,...,n,as

o

2
f”(t,z,u,@,e):inf{ }—ﬁf(@,e)z
neC| 2

o/ (0,e) — (Z + @)

1916, e)|?
200

and
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X, z,u, 00, eq)

- inf{g
xeC| 2
+/ exp(ae(u(e’) — Bl Ow), ey, €))) — lxk“(

t
E o

KOy, ew)) 2
o

ﬂatk Owy» ewx)) — (Z +

¢, Ok, e(k)) de’}

195 Bry» ea)
— 9K (O, ez — —— 0T

20
fork=0,...,n—1and (0,e) € A, x E".
Notice also that since B is bounded, we can choose B¥ ,k=0,...,n, uniformly

bounded. We now prove by backward induction on k that the BSDEs (we shall omit
the dependence on (6, ¢))

T T
Y,":B"+/ f"(s,Z?,O)ds—/ Z!dWs, 6, ANT<t<T, (5.6)
t t
and
T
V=Bt [ ZE Y ) - v ds
t
T
_/ ZEdW,, O AT <1<T, k=0,...,n—1 .7
t

admit a solution (YX, Z¥) in S°[6x A T, T1 x LE[6k A T, T] such that Y* (resp. Z¥)
is PM(F) ® B(Ar) ® B(EX) (resp. P(F) ® B(Ar) ® B(EX))-measurable with

sup [ Y* Oy, e) | sopgnr.ry + 125 O e | 2ggunr g < 001
0,e)eAy x EN

forallk=0,...,n.

e Since 0 € C, we have
1972
20

Therefore, we can apply Theorem 2.3 of [22], and we see that for any (6, ¢) € A, %
E", there exists a solution (Y" (0, e), Z"(0, e)) to BSDE (5.6) in S°[6, AT, T] x
L%[@n A T, T]. Moreover, this solution is constructed as a limit of Lipschitz BSDEs
(see [22]). Using Proposition C.1, we find that Y" (resp. Z") is PM(F) @ B(A,) ®
B(E™) (resp. P(F) ® B(A,) ® B(E™))-measurable.

Then, using Proposition 2.1 of [22], we get the existence of a constant K such that

n
A

(07
sﬂmams?ﬁ.

sup ” Y"(0,e) ||S°°[0,,AT,T] + ” AICRD) ”LZ[O,,/\T,T] =K.
(0,e)e A x EN

e Suppose that BSDE (5.7) admits a solution at rank k + 1 (k <n — 1) with
k+1
sup Y Ou+1)s €e+1) || g0
(G,e)GAuXEn{ ” Gt €ern)| s [Ok+1AT.T]

+ ” Zk+l(9(k+1)’ e(’<+1))”L2[6k+1/\T,T]} < 00. (5-8)
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We denote g* the function defined by
g (1,3, 2,00, ew) = £ (0, 2, Y[ Owy. 1, ey, ) = v, 6w ew)

forall (t,y,z) €[0,T] xR x R and (8, ¢) € A, x E". Since gk has an exponential
growth in the variable y in the neighborhood of —oo, we cannot directly apply our
previous results. We then prove via a comparison theorem that there exists a solution
by introducing another BSDE which admits a solution and whose generator coincides
with g in the domain where the solution lives.

Let (Zk(e(k), e(k)),Zk(Q(k), e())) be the solution in S%[Qk AT, T] x LIZF[Q/C A
T, T] to the linear BSDE

T
X];(Q(k),e(k))=Bk(9(k),€(k))+/ gk(s,Xf,Zf)(e(k),e(k))dS
t

T
—/ ZMO@y, ewy) dWs, O AT <t<T,

t
where
IO, ek))
20 ’
for all (, y, z) € [0, T] x R x R. Since B¥ and 9 are uniformly bounded, we have

g5t y. 2. 00, eqy) = =0 Oy e)z —

k
sup 1Y* O, ew)) ”Soo[ekAT,T] < 00. (5.9)
(Q(k),E(k))EAkXEk

Then, define the generator ¥ by

8, 3,2, 0, ew) = 84 (1, ¥ V Y By, ew)s 2, 0y )

forall (¢,y,z) €[0,T] x Rx R and (,¢e) € A, x E".
Moreover, since 0 € C, we get from (5.8) and (5.9) the existence of a positive
constant C such that

’gk(t9 v, 2z, 9(/{)’ e(k))‘ = C(l + |Z|2)a

for all (f,y,z) €[0,T] x R x R and (f,e) € A, x E". We can then apply Theo-
rem 2.3 of [22], and we find that the BSDE

T
Y,k(e(k),e(k))=Bk(9(k),e(k))+/ §k(s, Yf,Zf)(Q(k),e(k))dS
t

T
—/ Z{ Oy eqy)dWy, O AT <t <T,

t

admits a solution (Y*(0), ew)), ZX (O, e))) € S0k A T, T1 x L2[6x AT, T
Using Proposition 2.1 of [22], we get

vk
Sup [ Y5 Ow- e0) || oo a7, 7y < 0°-
Oy ew)) €Ak x EX

Then, since gk > gk and since gk is Lipschitz continuous, we get from the com-
parison theorem for BSDEs that Yk > Y*. Hence, (Y*, Z¥) is solution to BSDE
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(5.7). Notice then that we can choose Y¥ (resp. Zk) as a PM(F) @ B(Ar) ® B(E¥)
(resp. P(F) ® B(Ar) ® B(E¥))-measurable process. Indeed, these processes are
solutions to quadratic BSDEs and hence can be written as the limit of solutions
to Lipschitz BSDEs (see [22]). Using Proposition C.1 with X = A; x E* and
dp(8,e) = yo(0, ) df de we see that the solutions to Lipschitz BSDEs are P(F) ®
B(Ax) ® B(E¥)-measurable and hence Y* (resp. Z¥) is PM(F) ® B(Ax) ® B(EX)
(resp. P(F) ® B(Ax) ® B(E¥))-measurable.
Step 2. We now prove the uniqueness of a solution to BSDE (5.4). Let izt uh
and (Y2, Z2, U?) be two solutions of BSDE (5.4) in SF[0, T] x L4[0, T1 x L? ().
Applying an exponential change of variable, we see that (Y',Z!, U") defined for
i=1,2by
Y/ =exp(aY/),
Zi=a¥iZl,
Ul(e) =Y (exp(aUj (o)) — 1),
for all ¢ € [0, T'], are solution in S&O[O, T] x Lé[O, T] x Lz(,u) to the BSDE

T T T
7, = exp(aB) + f Fs. 7y, 2y, 0y)ds — / Z,dw, — / / 0, (e)(de, ds),
t t t E

where the generator f is defined by
- O52 )
ft v,z = ;gg{7|na,| V= anoy(z + 9,)

+/ [e_“”ﬁ’(e)(u(e) + y) - y])\,(e) de}.
E

We thgn notice that
o [ satisfies (HUQI) since it is an infimum of linear functions in the variable z,
o f satisfies (HUQ2). Indeed, from the definition of f we have

f(ts v, Z, I/t() _y) - fN(ts y/,Z7M(~) _y/)
zgrelg{(y—y’)@z+%nm>ano¢} - (y—y’)/Ekf(e)de,

forall (t,z,u) € [0,T] x R x Bor(E,R) and y, y' € R. Since C is compact, we get
from (HBI) the existence of a constant C such that

ft.y.zou—y)— f(t.y zou—=y)==Cly =

Inverting y and vy’ we get the result.
e f satisfies (HUQ3). Indeed, since 0 € C, we get from (HBI) the existence of a
constant C such that

.f(r,y,z,u)SC(|y|+fE|u<e)|A,<e)de>,

for (z,y,z,u) € [0,T] x R x R x Bor(E,R). We get from (HBI), there exists a
positive constant C s.t.
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2
~ o
ft,y, z,u) > inf{—|nat|2y —anoy(z + z%y)}
reC| 2

+ inf{/ e*"‘”ﬂ’(e)(u(e) + y)hi(e) de} —Clyl.
E

neC

Then, from (HS1), (HS2), and the compactness of C, we get

f(t,y,z,u)Z—C(l—l—lyl+|Z|+/ |u(e)|kt(e)de),
E

forall (¢, y,z,u) €[0,T] x R x R x Bor(E,R).

. f satisfies (HUQ4) since at time ¢ it is an integral of the variable u w.r.t. A;,
which vanishes on the interval (t,, 00).

Since f satisfies (HUQl) (HUQ2), (HUQ3), and (HUQ4) we get from Theo-
rem 4.2 that (Y!, Z!,U") = (Y2, Z%,U?) in SF[0, T]1 x L4[0, T] x L?(w). From
the definition of (Y’, Z!, U?) for i = 1,2, we get (Y!, z‘, UY = (Y%, 2%U% in
S[0, T] x LA[0, T x L ().

Step 3. We check that M) is a BMO-martingale. Since C is compact, (HS1) holds
and U is bounded as the jump part of the bounded process Y, it suffices to prove that
Jo Zs dWy is a BMO-martingale.

Let M denote the upper bound of the uniformly bounded process Y. Applying
1t6’s formula to (Y — M)?, we obtain for any stopping time 7 < T

T
IE[/ |Z12ds|G

The definition of f yields

19> 1
- )\'l(e)desf(tazlvUt)’
200 o JE

for all ¢ € [0, T']. Therefore, since (HBI) and (HS4) hold, we get
a. )

T T
EU IZslzdslgf]sC(lJr]E[/ |Zs + 1] ds
T T

1 T
§C+—]E[/ |Zs|? ds gr}.
2 L/

Hence, fo' ZydW; is a BMO-martingale for k =0, ...,n

Step 4. It remains to show that R is a supermartingale for any 7 € A. Since
7 € A, the process &(M ™)) is a positive local martingale, because it is the Doleans—
Dade exponential of a local martingale whose the jumps are grower than —1. Hence,
there exists a sequence of stopping times (8, ),eN satisfying lim,, 8, =T, P-as.,
such that (M ™)) ,s is a positive martingale for each n € N. The process A™) is

} E[¢ — M)*[G.] — |Y; — M|?

T
+2E[/ (Ys — M) f (s, Zy, Uy)ds

o)

_ﬁtzt —

nondecreasing. Thus, R(Z()s = RyG(M™ )),/\5 exp(At /\5 ) is a supermartingale, i.e.
fors <t

[R(”) |g5] R(ﬂ)

NS SASp
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For any set A € G,, we have

E[RT) 14] <E[R'} 14]. (5.10)

tA8, SA8p

On the other hand, since
Rt(”) = —exp(—a(X;"" = V1)),

we use both the uniform integrability of (exp(—a X g ")) where 8 runs over the set of
all stopping times and the boundedness of Y to obtain the uniform integrability of

{R™ : 7 stopping time valued in [0, T]}.
Hence, the passage to the limit as n goes to oo in (5.10) is justified and it implies
E[R™14] <E[R™14].

We obtain the supermartingale property of R(7).

To complete the proof, we show that the strategy 7 defined by (5.5) is optimal.
We first notice that from Lemma 5.1 we have 7 € A. By definition of 77, we have
A™ = and hence, R,(ﬁ) = Ry&(M™),. Since C is compact, (HS1) holds and U is
bounded as jump part of the bounded process Y, there exists a constant § > 0 s.t.

AMP =mF - P > 1 4.

Applying the Kazamaki criterion to the BMO martingale M (™) (see [21]) we find that
E(M ™) is a true martingale. As a result, we get

sup IE(R(T”)) =Ry=V(x).

reA
Using that (Y, Z, U) is the unique solution of the BSDE (5.4), we obtain the expres-
sion (5.3) for the value function. Il

Remark 5.1 Concerning the existence and uniqueness of a solution to BSDE (5.4),
we notice that the compactness assumption on C is only need for the uniqueness.
Indeed, in the case where C is only a closed set, the generator of the BSDE still
satisfies a quadratic growth condition which allows to apply Kobylanski existence
result. However, for the uniqueness of the solution to BSDE (5.4), we need C to be
compact to get Lipschitz continuous decomposed generators w.r.t. y. We notice that
the existence result for a similar BSDE in the case of Poisson jumps is proved by
Morlais in [24] and [25] without any compactness assumption on C.
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Appendix A: Proof of Lemma 2.1(ii)

We prove the decomposition for the progressively measurable processes X of the
form

t
Xz=Jz+/ Us(e)u(de,ds), t=>0,
0

where J is P(G)-measurable and U is P(G) ® B(E)-measurable. To prove the de-
composition (2.2), it suffices to prove it for the process J and the process V defined
by

t
V= / Uy(eyu(de,ds), 120,
0

e Decomposition of the process J.

Since J is P(G)-measurable, we can write

n
Jo =T <e + ) I (T ) Le<r=nia

k=1
for all r > 0, where J° is P(F)-measurable, and J¥ is P(F) ® B(Ay) ® B(E¥)-
measurable, for k =1, ..., n. This leads to the following decomposition of J:

n
Jo=RTie, + Y I (T, Ca) g <t <y
k=1
where
TEOw, ewy) = Jf Oy, ey + (J[k*1 Oe—1y, ete—1)) — JF O, e))Li=6,,

for k=1,....,n and (O), eqr)) € Ax x E*. Since J* is P(F) ® B(Ar) ® B(EX)-
measurable for all k =0, ..., n, we find that (J,k)te[o,s] is Fs @ B([0, s]) ® B(Ax) ®
B(E k)-measurable for all s > 0.

e Decomposition of the process V.
Since U is P(G) ® B(E)-measurable, we can write
n
Ui()=U (Oli<r, + Z Uf (T Ety - MLy <t < »
k=1

for all ¢ > 0, where U° is P(F) ® B(E)-measurable, and U* is P(F) ® B(Ar) ®
B(E*) ® B(E)-measurable, for k = 1, ..., n. This leads to the following decomposi-
tion of V:

n
Vi= Z Uf;l (Tk=1) S Ly <t
k=1

n k
=z<z U,f_,—lag_n,g(,-)m,,q)ufkq«kﬂ
k=1 \j=1

n
= Vi @w: t) Lazr<n
k=1
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where V* is defined by V° = 0 and

k
i1
VEO ), ewy) = E Uéj O-1,e())loj<t, 120, O, ek)) € Ak X EX,
j=1

for k=1, ...,n. We now check that, for all s > 0, (Vtk(-))te[o,s] is s ® B([0,s]) ®
B(Ay) ® B(E¥)-measurable. Since U/ is P(F) ® B(Aj) ® B(E/)-measurable, we
see that (Utj(.)),e[o,sl is s @ B([0,s]) ® B(4;) ® B(E/)-measurable. Therefore
(t,60),e») € 10,51 x Aj x E > UJ~ 01y, e) 0o, is Fy ® B(10,5]) @
B(A)® B(E/) for j =0,...,n.From the definition of V¥ we see that (V,k(.)),e[o,s]
is 75 ® B([0, s1) ® B(Ax) ® B(E¥)-measurable.

Appendix B: Proof of Proposition 2.1

We first give a lemma which is a generalization of a proposition in [12]. Throughout
the sequel, we denote

&G Bu-1y» ei-1y)

= / _ 191>IE[G(9(1<)’ ew)) | }7] do;...dOde; ...dey,
Ap—jy1 X ER-IF

for any Foo ® B(Ax) @ B(E k)-measurable function G and any integers i and k such
that 1 <i <k <n.

Lemma B.1 Fixt,s € Ry suchthatt <s. Let X be a positive F; @ B(A,) @ B(E™)-
measurable function on 2 x A, x E", then
P
E Xy (. Eay)
o .
ECT 0 (1) i)

n
E[X (t(n)» ) |Gr ] = Z Lo <<ty
i=0

Proof Let H be a positive and G;-measurable test random variable, which can be
written

n
H = Z Hl (T([), ;(i)):u-fift<fi+1 )
i=0

where H' is F; @ B(A;) ® B(E')-measurable fori =0, ..., n. Using the joint density
v¢(0, e) of (7, ¢), we have on the one hand

E[1r <<z HX (To), §))]
= E[/ _ A8y deqy H; Gy ))& (X ) (T, im)}.
0,t1'NA; X E?
On the other hand, we have
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E Xy (. Eay)
Ellg<i<r H IFH—lﬂ
()/t)(f(t) g(l))
Fi+1, "(Xl/v)(f(l) c(l))i|
& () (Tays €
51F i+1, n(qu)(Q(l), eq))
5Fl+ln(yt)(9(l) €.i))

ZEI: t,<t<‘[,+1H (T(z) é‘(l))

=E[/ _ dbi) deqy H, 01y, ei)) —
0,t]INA; X E?

X 5F’i+l’n(yz)(9(i), e(i)):|

:E[:ﬂ-r,-ft<r[+1HX(T(n)a ;(n))]- -

We now prove Proposition 2.1. To this end, we prove that for any nonnegative
P(G) ® B(E)-measurable process U, any T > 0 and any ¢ € [0, T'], we have

|:/ / Us(e)u(de, ds)|G ] |:/ / Us(e)rs(e)deds

where X is defined by (2.3).
We first study the left hand side of (B.1). From Lemma 2.1 and Remark 2.1, we
can write

Qz} B.1)

n
Uie) =Y Ty ci<u Uf (T, Layre), (te) €10, TIX E,

k=0
where U* is a P(G) ® B(Ax) ® B(EFt1)-measurable process for k =0, . .., n. More-
over, since U is nonnegative, we can assume that U kK k=0,...,n,are nonnegative.

Then, from Lemma B.1, we have

T
E[/ / Us(e)u(de, ds) g,]
t JE

n
= E[Lrer <1 U (vt £00) |G ]

k=1
Fitl -

iin E T W cg=r Uy Oy ) v (0. ) (10 €y)
= T <I<Tiy F.i+1,

k=1i=0 Y (v (Tays eqy)

_ F.itl,

-l g n(llt<ek+lgrng+l(9(k),€(k+1)))/9k+1(9,6))(7(1'),6(1'))
- Z Loi<t<uy gFi+ln

kim0 ¢ V) (T, ei))

i<k

n—1
= Z Lo <t<zip

k,i=0

i<k

ERIL(, g, <1 Uy O, e(k+1)))/9Hl Ot+1)» e+1))) (TG, e(,))
EFIFL1 (y) (24, e(i))
We now study the right hand side of (B.1):

X
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T
E[ / / Us(@)hs(e) deds Gt]
t E

n—1 T
= ZE[/ / Lo, <s<res Us (5> )25 T (e, Ty, Sny) deds
= L JE

;

n—1 n

:§ ,§ Loi<t<tipa

k=0i=0
T
F,i+1
x & (/ fJlek<s<ok+1U!‘(G(k»e(k))kf“(e’,9<k>’€<k>)%(9’€)d€/ds>
t E

(ti)s Cay)
E}F’ZH'”(%)(T@), eG))

n—1
= E ]lfiit<fi+1

k,i=0
i<k

T
FLit1k
x & <f /Ilequf(@(k),e(k))/\fﬂ(e,9(k),€(k>)l(f(9<k),€<k>)d€/d5>
¢ JE
(i, Siy)
Fitl,
T v (tays eqiy)
—1 Fit1k, T
s gt (J) [p 1o, <s UK Oy, e vE Oy, s, ey, €)) de’ ds)
= Z Ly <t<ri Fi+1n
kim0 & Vo) (tiy, eqy)

i<k

where the last equality comes from the definition of A*. Hence, we get (B.1).

Appendix C: Measurability of Solutions to BSDEs Depending on a Parameter
C.1 Representation for Brownian Martingale Depending on a Parameter

We consider X' a Borelian subset of R” and p a finite measure on B(X). Let
{€(x) : x € X'} be a family of random variables such that the map & : 2 x X - R
is Fr ® B(X)-measurable and satisfies fX E|€(x)|?p(dx) < co. In the following re-
sult, we generalize the representation property as a stochastic integral w.r.t. W of
square-integrable random variables to the family {§(x) : x € X’}. The proof follows
the same lines as for the classical Itd representation Theorem which can be found e.g.
in [26]. For the sake of completeness we sketch the proof.

Theorem C.1 There exists a P(F) ® B(X)-measurable map Z such that
I fOTE|ZS(x)|2ds p(dx) < oo and

T
f(x)=E[§(X)]+/ Zg(x)dWs, P p-ae. (C.1D
0
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As for the standard representation theorem, we first need a lemma which provides
a dense subset of L2(Fr @ B(X),P® p) generated by easy functions.

Lemma C.1 Random variables of the form

T 1 T 2
exp(/ h,(x)dW,—E/ |he ()] dt), (C.2)
0 0

where h is a bounded B([0, T]) ® B(X)-measurable map span a dense subset of
L*(Fr @ B(X),P® p).

Sketch of the Proof Let A € L*(Fr ® B(X),P ® p) orthogonal to all functions of
the form (C.2). Then, in particular, we have

G(al,...,an)=/ JE[Ae:xp(oth,l —i—~~+anW[n)]dp=O,
X

forall y,...,a, e Rand all #1,...,t, € [0, T]. Since G is identically equal to zero
on R" and is analytical it is also identically equal to 0 on C". We then have for any
B(X) ® B(R?)-measurable function ¢ such that ¢ (x,.) € C*°(R") with compact
support for all x € X

/XE[Y(}')(X, Wi, ..., W) dp(x)

:/ é(x:al»--wan)
Rex X
X E[A exp(ay Wy + - -+ —l—ot,,Wln)] do(x)day ...do, =0,

where ¢A>(x, .) is the Fourier transform of ¢ (x, .). Hence, A is equal to zero since it is
orthogonal to a dense subset of L*(Fr ® B(X)). O

Sketch of the Proof of Theorem C.1 First suppose that £ has the following form:

T 1 T 2
%‘(X):exp(/ ht(x)th—E/ |ht(x)| df>,
0 0

with & a bounded B([0, T']) ® B(X')-measurable map. Then, applying It6’s formula to
the process exp(f; iy (x) dW; — % I |y (x)|?dt), we find that & satisfies (C.1) where
the process Z is given by

t t
Z,(x):ht(x)exp</ hs(x)dWS—%/ |hs(x)|2ds), (t,x)€[0,T] x X.
0 0

Now for any & € L*(Fr @ B(X),P Q p), there exists a sequence (£"),en such that
each £" satisfies

T
sn(x):E[g:"(x)]—}—/ Zi(x)dW;, P p-ae.
0

and (§"),eN converges to £ in L*(Fr @ B(X),P®dr ® 0). Then, using It6’s
Isometry, we see that the sequence (Z"),cn is Cauchy and hence converges in
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L*(P(F) ® B(X),P® dt ® p) to some Z. Using again the Itd Isometry, we find
that (§"),en converges to E[£(x)] + fOT Zs(x)dWs in L2(Fr @ B(X),P® p). Iden-
tifying the limits, we get the result. O

Corollary C.1 Let M be a P(F) ® B(X)-measurable map such that (M;(x))o<i<T
is a martingale for all x € X and fXE|MT(x)|2p(dx) < 00. Then, there exists a

P(F) ® B(X)-measurable map Z such that fOT fXIE|ZS(x)|2p(dx) ds < 0o and
t

M;(x) = Mo(x) +/ Zs(x)dWs.
0

The proof is a direct consequence of Theorem C.1 as in [26] so we omit it.
C.2 BSDEs Depending on a Parameter

We now study the measurability of solutions to Brownian BSDEs whose data depend
on the parameter x € X'. We consider

— afamily {£(x) : x € X'} of random variables such that the map £ : 2 x X — R is
Fr ® B(X)-measurable and satisfies fX E|€(x)|?p(dx) < oo,

— a family {f(.,x) : x € X} of random maps such that the map f : £ x [0, T] x
RxR!x X - Ris P(F) ® BR) @ B(RY) ® B(X)-measurable and satisfies
JF [ EIf(s5,0,0,)2p(dx)ds < oo.

We then consider the BSDEs depending on the parameter x € X'

T
Y, () = £(x) +/ (s, Yo, Z, (). x) ds
t
T
- f Zx)dW,,  (t.x) €10, T] x X. C3)
t

Lemma C.2 Assume that the generator f does not depend on (y, z) i.e. f(t,y,2z,x)
= f(t,x). Then, BSDE (C.3) admits a solution (Y, Z) such that Y and Z are P(F) ®
B(X)-measurable.

Proof Consider the family of martingales {M (x) : x € X'}, where M is defined by

T
M;(x) = ]E[E(x) +[ f(s,x)ds
0

]-",], (t,x)e[0,T] x X.
Then, from Corollary C.1, there exists a P(F) ® B (R?)-measurable map Z such that
J) [vEIZsx)Pp(dx)ds < oo and
M;(x) = Mp(x) ~|—/0t Zg(x)dWs, (t,x)el0,T] x X.
We then easily check that the process Y defined by
Yi(x) =M;(x) — /Ot fG,x)ds, (t,x)el0,T]x &,

is P(IF) ® B(X)-measurable and that (Y, Z) satisfies (C.3). Il
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We now consider the case where the generator f is Lipschitz continuous: there
exists a constant L such that

|f@t.y.z.0) = f(t. ¥ 2 x)| < L(ly = Y|+ |z =2
for all (¢,y,,z,7) €[0, T] x [R]> x [R4]?.

), (C.4)

Proposition C.1 Suppose that f satisfies (C.4). Then, BSDE (C.3) admits a
P[F) @ B(X)-measurable solution (Y, Z) such that EfOT L (Y5> +1Zs(0) %)
X p(dx)ds < oo.

Proof Consider the sequence (Y", Z"), <N defined by (Y?, 2% = (0,0) and forn > 1
T
Y ) =£00) + f [, Y] (%), Z} (x)) ds
t

T
—f 7" (x)d Wy, (t,x) €[0,T] x X.

t
From Lemma C.2, we see that (Y", Z") is P(F) ® B(X)-measurable for all n €
N. Moreover, since f satisfies (C.4), the sequence (Y", Z"),cn converges (up to a
subsequence) a.e. to (Y, Z) solution to (C.3) (see [27]). Hence, the solution (Y, Z) is
also P(IF) ® B(X)-measurable. Il

Appendix D: A Regularity Result for the Decomposition

Proposition D.1 Let p > 1 and ( f;(x)) ¢ x)e0,T1xR? be a P(G) ® B(RP)-measurable
map. Suppose that f;(.) is locally uniformly continuous (uniformly in w € $2). Then
ftk(., Oy ecky) is locally uniformly continuous (uniformly in w € $2) for 6, <t and
k=0,...,n.

Proof For sake of clarity, we prove the result without marks, but the argument easily
extends to the case with marks. Fix k € {0, ...,n} and for R > 0, denote by mc£
the modulus of continuity of f on Bgrr (0, R). Then for any Op >+ > 51 > 0 and
hi, ..., h, >0 we have from the definition of mc£ and (HD)

1
hy ...thHf’(x) - ft(X/)|ﬂmesk{é/c—heifeiék<tffe+l}|'7:t:|

. L 6 b
<mch(e) / del..f doy /y,(@)d9k+1...d9n ,
hi---hi Jg,—n, e —h

for x, x’ € Brr (0, R) s.t. |x — x’| < &. Using the decomposition of f we have

1
hy-- thHft(x) B ﬁ(X/)|]lmlgk{éz_hifféfée<l§TZ+1} |‘7:’]

1 él ék k k.’
Zhl---hk/" d91~--/§ h|f,(x,9<k>)—ﬂ(x,9(k))|

01—h k—

x </ (0, €) dfry1 ...de,,)d@k.

@ Springer



J Theor Probab (2014) 27:683-724 723

Sending each hy to zero we get

| e B = FE (' Bay)| < meje). =
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