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Abstract In this paper, we define and study two parameters dependent free processes
(1, 0) called free Jacobi, obtained as the limit of its matrix counterpart when the size
of the matrix goes to infinity. The main result we derive is a free SDE analogous to
that satisfied in the matrix setting, derived under injectivity assumptions. Once we
did, we examine a particular case for which the spectral measure is explicit and does
not depend on time (stationary). This allows us to determine easily the parameters
range ensuring our injectivity requirements so that our result applies. Then, we show
that under an additional condition of invertibility at time # = 0, this range extends to
the general setting. To proceed, we set a recurrence formula for the moments of the
process via free stochastic calculus.

Keywords Unitary Brownian matrix - Free Jacobi process - Free additive Brownian
motion - Free multiplicative Brownian motion - Polar decomposition

1 Introduction

The classification of classical diffusions relies on three central and interrelated
processes: Brownian motion, squared Bessel and Jacobi processes. The two latters
can be defined as (see [22]) the unique strong solutions of

dR[ = 2\/ thWl +(Sdt,
dJy =2y (1 = J)dB +(p = (p+q)J) dt

respectively, where 8, p, g are positive and W, B are two standard BMs. Except for
the BM, these names are referring to Laguerre and Jacobi polynomials which are
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Table 1 Stochastic processes and their free analogs

Matrix size Hermite Laguerre Jacobi

d=1 Br. motion Squared Bessel Jacobi

d>1 Hermitian Br. matrix Wishart/Laguerre matrix Jacobi
d=o00 Free Br. motion Free Wishart ?

eigenfunctions of the corresponding generators (see [3, 25]). A similar statement
holds for BMs with Hermite polynomials. Then, their matrix extensions were devel-
oped through several works by Dyson [17] for Hermitian Brownian matrices, Bru [10]
and others for Wishart and Laguerre processes and Doumerc for real and complex
matrix Jacobi processes [15]. A parallel interpretation using multivariate orthogonal
polynomials can be found in [4] and [20]. Then, it was quite natural to have an insight
into the infinite dimensional case, that is when the size of the matrix goes to infinity.
This started with Voiculescu for independent large random matrices in the so-called
Gaussian unitary ensemble [24]. In this way, several results were derived for uni-
tary matrices and in particular unitary processes [0, 18]. Few years later, free Wishart
processes appeared in [12]. They are one parameter-dependent processes defined as a
limit of their matrix analogs, Laguerre processes. Authors extend well-known results
from matrix theory to this context via free stochastic calculus. For instance, a free
SDE of squared Bessel type was derived. All what we said can be summarized in the
array drawn in Table 1.

Our task consists in filling the remaining empty box. Our approach follows the
one in [12] however, as we will see and as always, the Jacobi setting is more sophisti-
cated and needs more computations. Here, we do recall some definitions and fix some
notations that will be frequently used throughout the paper.

2 Definitions and Notations
2.1 Matrix Jacobi Process

We refer to [15] for facts on real matrix Jacobi processes. In the sequel, we are inter-
ested in its complex analog. Let Y (d) be a d x d unitary Brownian matrix, that is a
unitary matrix-valued process such that:

o Yo(d)=1,.
o (Y (d)Yt;l1 (d), 1 <i <n) are independent for any collection 0 < t| < --- < 1,.
o Y (d) Ys_l (d), s <t has the same distribution as Y;_;(d) [6].

Let 1 <m, p <d and denote by X the m x p upper left corner of Y (d):

X®0=P,Y(d)Q, = (1’" 0) Y,(d) (IP 0).

Then J(m) := XX* is a m x m complex matrix Jacobi process of parameters
(p,d — p) such that 0 < J;(m) < I,,. If X, is the m x p left corner of ZY;(d) where
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Z is ad x d unitary random matrix independent of ¥, then X X* is a m x m complex
matrix Jacobi process starting from X X. As for the real matrix case [15], I, — J is
still a complex matrix Jacobi process of parameters (d — p, p).

2.2 Free Probability

Recall that a noncommutative probability space (NCPS) is given by a unital algebra
A with a linear functional @ : A — C. An element in (+4, @) is called a random
variable. The subalgebras (#4;);c; are said to be free if for all a; € A, such that
@ (a;) =0 one has

o(TTa)=0. Jiel ji#jim

ai,...,a, € A are free if the subalgebras 4 generated by {1, a;} are to be (1 denotes
the unit of +4). The distribution of a random variable a € #4 is given by its moments
@ (a"), r > 0. Similarly, the distribution of ay, ..., a, is given by @(L(ay,...,a))
for all noncommutative polynomial L € Clay, ..., a,]. When this family is free, this
factorizes into products of moments of g; so that it is entirely determined by a;’s dis-
tributions. A famous realization of random variables is illustrated by random matrices
of all order finite moments: the algebra is

Ay = ﬂ LP(2,F,(F),P) ® My(C)
p>0

where (£2, F, (¥7), P) is a filtered probability space and M;(C) stands for the set of
d x d complex matrices, equipped with the normalized trace expectation E ® try. We
say that the family of d x d random matrices (A;(d))ses converges in distribution to
the family of random variables (as5)scs in some NCPS (A, @) if and only if:

lim Eftrg(Ay, (d) - Ay, ()] = P(ag, --a5,). 51,....5 €S,
d— o0

which implies that

Jim Eltrg(Ak@n1=@ @), k=>1.

(As(d),s € §) is said to be asymptotically free if (a5)ses form a free family. As
stated before, independent random matrices enjoying some invariance properties are
shown to be asymptotically free random variables in some NCPS. The starting point
was with Voiculescu for independent d x d matrices belonging to the GUE with
variance 1/d [24]. This is used to show that the normalized Hermitian BM converges
in distribution to the free additive Brownian motion: it is a collection of self-adjoint
random variables indexed by time, say (a;);>0 (or process) with free increments (a; —
ag, s < t) and such that a; — a; has the same law as a,_; given by the semicircle law
or—s (free additive Lévy process, [12]) where

1
oi(dx) = 2—7[[\/ 4¢ — le[_zﬁ’zﬁ](x)dx.
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A similar result we will use later is due to Biane [6]: the unitary Brownian matrix
converges in distribution to the free multiplicative Brownian motion Y in some NCPS
(oA, @). Recall that Y is unitary, Yy = 1, has free left increments, that is, for a collec-
tionof times 0 <] <fr <--- <1y, ¥y, Y,:l, LY, Ytl_1 are free and the law of Y;,
say vy, is given by the so-called X -transform (see [6]):

114z
2, (2) =e?T=, Vs = v Koy

where X denotes the free multiplicative convolution (free multiplicative Lévy
process, see [5, 6]). For our purposes, we shall consider a von Neumann algebra
A endowed with a faithful tracial state @ (see [16] for details). This is known as a
W* NCPS. The L?-norm is given by |lal|/zs := ®[(aa*)?/*1V4 for 1 < q < oo. The
L*-norm or the algebra-norm is defined as the limit of the L?-norm as ¢ tends to
infinity. It will be denoted by || - || L or by || - || if there is no confusion.

3 Free Jacobi Process

Let Y;(d(m)) be a d(m) x d(m) unitary Brownian matrix with m x p(m) upper left
corner X; such that:

lim — =3 >0, fim 2 9 c10.1] sothat lim - =20,
m—o00 p(m) m—o00 d(m) m—o00 d(m)

Let Q;, := Qp(m) With Q, defined in Sect. 2.1. Then, J,(m) = X, X} and:
Ar(m) := J;(m) & Og(my—m = PuY:(d(m)) QY (d(m)) Py,.
It follows that:
mli_)moo tram) (Pm) = A6,

lim tryom(Qm) =6, 6 €]0,1],
m— 0o

lim Eftr,,[J;, (m)Jy, (m) - - J;, (m)]}
m—oQ
. d(m)
= lim ——E{trgom[A:; (m)A,(m)... Ay, (m)]}
m—o0 m
for any collection 71, .. ., f,. Next, we make use of the following result ([18], p. 157):
Theorem 3.1 Let (Us(m))s be a family of independent m x m unitary random ma-
trices such that the distribution of Ug(m) is equal to that of VUs(m)V™* for any uni-
tary matrix V (unitary invariant) and such that Ug(m) converges in distribution. Let

(D;(m)); be a family of m x m constant matrices converging in distribution and such
that sup,, || D;(m)|| < o0o. Then the families

{Us(m), Ug (m)}s, {Dy(m), D} (m), t = 0}

are asymptotically free as m — o0.
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Note that {Y; (a'(m))YS_1 (d(m))}o<s<: 1s a unitary invariant family since (¥;);>¢ is
right-left invariant. By the freeness of increments of ¥ mentioned above, Theorem 3.1
claims that:

{(Yi(dm)))i=0, (Y7 (d(m)))i=0}, {Pn> Om}

are asymptotically free. Thus, its limiting distribution in (Agm), E ® trgem)) as m
goes to infinity is the distribution of {(¥;);>0, (¥;")s>0}, {P, O} in (A, @) such that

e Y is a free multiplicative Brownian motion in (+4, @).
e P is a projection with @(P) = A0 <1, 6 €]0, 1].
e ( is a projection with @(Q) = 6.
P ifa<l,
'QP_PQ_{Q if A > 1.
o {(Y1)i>0, (Y)r>0} and {P, Q} are free.

Hence, we deduce that the limiting distribution of the complex matrix Jacobi process
(J)i=0 In (A, E ® try,) is the distribution of (PY; QY P);~¢ in PAP equipped
with the state

- 1
P=—-—¢@ =—@ .
o(P) [PAP = oo PIPAP
(PAP, ®) is called the compressed NCPS. This suggests to define the free Jacobi
process as follows:

Definition 3.1 Let (A, @) bea W* NCPS. Let 6 €10, 1] and A > 0 such that A6 < 1.
Let P and Q be two projections such that

P ifr<l,
0 ifr>1.

Let Y be a free multiplicative Brownian motion such that {(Y;);>0, (Y[ )i=0} and
{P, Q} is a free family in (A, ®). We will say that a process J in a W* NCPS
(B, W) is a free Jacobi process with parameters (A, 0), denoted by FJP(A,0), if
its distribution in (B, ¥) is equal to the distribution of the process (PY; QY] P);>0
in (PAP,(1/®(P))®\papr). This process starts from Jo= P if A <1 and Jo = Q if
A>1.

Equivalently, the law of J is the limiting distribution of a complex matrix Jacobi

m m
process when 20 mjgok and am AD.

P(Q)=0, ®(P)=210, and PQ:QP:{

We also define the free Jacobi process starting from Jy:

Definition 3.2 Let Y be a free multiplicative Brownian motion and Z a unitary op-
erator free with Y. Then, the process defined by Y = Y Z is a free multiplicative

Brownian motion starting at Yo = Z. Moreover, if Z is free with {P, Q}, then the
process J defined by:

Jy = PY,QY}P

is called a free Jacobi process with parameters (A,0) and starting from Jo =
PZQZ*P.
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Since P — J = PY;(1 — Q)Y P and 1 — Q is a projection, then:

Corollary 3.1 If J is a FJP()\,0) with A,0 as above and starting from Jy, then
P—Jisstila FIP(AG/(1 —6),1 —0) starting from P — Jy.

For the sake of simplicity, we will write Y for a free multiplicative Brownian
motion starting from Yy and J for a free Jacobi process (FJ P (A, 6)) starting at Jy.

4 Free Jacobi Process and Free Stochastic Calculus

We refer to [6] and [7] for free stochastic calculus and notations. Let (A;);>0 be an
increasing family of unital, weakly closed x-subalgebras of the von Neumann algebra
A. Then, (A, (A;), @) is called a filtered W* NCPS. Since @ is tracial and faithful,
there exists a unique conditional expectation denoted by @ (-|A,). Let A ® AP be
the von Neumann tensor product algebra equipped with the tracial state @ @ @°P. A
bi-process U is an element in # ® 4° and is written as (U; = Y ; A ® B!). It is
adapted if U; € A; @ A, for all # > 0. The prefix “bi”” and the superscript “op” refer
to the fact that the integrator can be multiplied both to the left and to the right due
to the noncommutativity. Furthermore, adapted bi-processes form a complex vector
space that we endow with the norm:

00 1/2
1U oo = ( fo ||U‘v||ix(ﬁ®ﬁop)ds)

where the L°° (A ® A°P) norm is defined by:
Il Lo (a@acm) := lim || - [|Lr(AgA0P).
p—>00

The completion of this space is denoted by 8BS, . Recall also that, for fixed ¢t > 0 and
U e 8%, we have:

t o
/0 UydX, = /0 Uy 0.0 ()84 X,

where X is a free additive Brownian motion and
UstdX, =y  AldXBl.
i

For any two adapted bi-processes N and M belonging to 8% :

t t t
q){/ NsﬁdXS/ Msﬁdxs}zf (N, M?)ds, (1)
0 0 0

where ( ) is the inner product in L2(A, @) Q@ L2(A, @) (namely, if N =a ® a’ and
M =b®Db, then M* = (b')* ® b* and (N, M*) = ®(ab’)®P(a’'b)). Consider the
process (J; := PY; QY P);>0, where P, Q are two projections as in the definition
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above, Y is a free multiplicative Brownian motion in (4, @). Recall that Y satisfies
the free SDE (see [6]):

1
dYt=idXtY[_§Yldt, YOGeA}

where (X;);>0 is a free additive Brownian motion in (+4, ®@). By free 1t6’s formula
[6, 7, 19], we get:

d(Y,QY}) = dY) QY + Y, Q(dY}) + @ (Y, QY )dr
= l.dXtYlQYt* - thQYt*Xm - YtQYt*dt + th

since X, is self-adjoint. Thus, the free Jacobi process satisfies:

dJ, = Pd(Y, QY})P =iPdX,Y;QY}P —iPY,QY}dX,P — J,dt + 6 Pdt
= iPY,(Y}dX,Y,)QY}P —iPY,Q(Y}dX,Y)Y'P — J,dt +0Pdt,  (2)

since @ is tracial and Y; is unitary (by definition). The next step consists of char-
acterizing the process (Y;*d X;Y:);>0. This needs the following characterization of
the free additive Brownian motion [8, 12] which is the free analogue of the Lévy
characterization:

Theorem 4.1 Let (Ay, s € [0, 1]) be an increasing family of von Neumann subalge-
bras in a noncommutative probability space (A, @), and let (Z5 = (Zsl, L2 s €
[0, 1]) be an m-tuple of self-adjoint (As)-adapted processes such that:

Z is bounded and Z¢ = 0.

D(Zi|As) = Z! forall 1 <i <m.

<D(|Z§ - Zl{,|4) < K(t — s)? for some constant K and for all 1 <i < m.
Foranyl,p e{l,...,m}andall A, B € Ay, one has:

D(AZ] — Z)B(Z] — Z1)) = 11p=y® (AP (B)(t — 5) + 0t — 5),
then Z is a m-dimensional free Brownian motion.

It follows that:

Lemma 4.1 The process (S;)i>0 := (fé YrdXYs)i>0 is an A;-free Brownian mo-
tion.

Proof One has to check the four conditions mentioned above are satisfied. Note that

forall T > 0, Y ® Yi1j0,7] € B, since || Y;|| = ||Y}|| = 1. Take A, B € #4,, then
(using (1) in the second line):

t t
D(A(S, — S)B(S; — Sy)) = q){/ AY,*dX,Y,/ BY,*dX,Y,}
N S

t t
- cb{ / (AY? ©Y,)2dX, / (BY' ® wdx,}
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t
=/ (Y, AY)D (Y, BY? )dr
=®(A)D(B)(t — ),

since @ is tracial and Y; is unitary. Hence, the fourth condition is fulfilled. For the
third, we follow in the same way and use again the fact that Y, is unitary to get:

D(|S; — SsIh) < (t — )2

The second condition results from the fact ( fot Y dXYs);>0 defines an A;-
martingale. Finally, it is easily seen from the end of the proof of Theorem 3.2.1
in [7] that:

t t
’ / YrdXYs| = ’ / YrdXYs
0 0 L>®(A)
t 1/2
S 2\/E</ ||Y:® Ys”%OO(A@,!Aop)dS) 22\/2—t
0
since the integrand’s norm is equal to 1 from the unitarity of Y. U

Thus, (2) transforms to:

dJ, =iPY,dS;QY}P —iPY,QdS, Y P — J,dt + 0 Pdt
=iPY;(1— Q)dS, QY'P —iPY,QdS; (1 — Q)Y}P — J,dt + 6 Pdr.

In order to use the polar decomposition of P — J;, we write:
P —J;=(PY, — PY,Q)(Y}P — QY}P) :=C*C
since Y; is unitary, Q% = Q and P?> = P. Hence
QY*P=R,\JJ,, C=(1-Q)Y'P=V,\J/P—1J,
which gives:

dJ; =P = J,GV}dSiR)NTi + /I ((iR)*dS; V)P — J; + (0P — J)dt.

3)
Remark An elementary and needed relation is:
VIRVi/P—J, =PY,Q(1 — Q)Y P =0 )

since Q = Q2.
Proposition 4.1 Suppose that J; and P — J; are injective operators in PAP. Then,
the following holds:
[ ] RtP = Rt and VtP = ‘/t
@ Springer
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® RfRi=Pand V}V; =P.
o PR'V,P=PV*R,P=0.

Proof Recall first that if T is an operator in +4, then the support E of T is the orthogo-
nal projection on (ker T)+ =ImT* and satisfies TE = T (see A. IIl in [16]). Further-
more, if we consider the polar decomposition of 7, namely 7 = A|T| = A(T*T)V/2,
then E is also the support of A and the latter is partially isometric, that is A*A = E
and AA* = F where F is the support of T*. Thus, the two first assertions follow
if we prove that P is the support of both J; and P — J;. Indeed, the injectivity of
J: in PA P implies that ker J; = ker P. Thus, we claim that P is the support of J;
((ker P)* = Im P) and the same result holds for P — J,. The third is obvious when
J; and P — J; are invertible. Else, (4) is written in PAP:

0=/ JR'V,\/JP —J; = J.(PR'V,P)\/P — J,.

Since both J; and P — J; are injective operators in P A P, then:
(PR;VIP)\/ P—-J=0=P—- Jt(PVt*RtP) =0= (Pvt*RtP) =0. 0

Corollary 4.1 Under the same assumption of Proposition 4.1, the process (W;);>0
defined by W; := (i // @ (P)) fot(P Ve ® Rs P)idSs is a PA; P-complex free Brown-
ian motion.

Proof Let us first recall that a process Z : R. — » is a complex (s4;)-Brownian
motion if it can be written Z = (X! + /—=1X?%)/+/2, where (X!, X2) is a two-
dimensional (+4;)-free Brownian motion. Note also that (i Z;);>¢ is still a complex
(A;)-Brownian motion since (—X?2) is an (A, )-free Brownian motion. So, we shall
show that:

t
(Vv, = (1/\/®(P)) / (PV;®RSP)rtdSs>
0

t>0

is a PA; P-complex free Brownian motion. To proceed, it suffices to show that:

xioWeewr 1 </t(PV*®R P)tdS +/I(PR*®V PWS)
I = ﬁ — m | s s s 0 s K} s |
Wo—Wr 1 [ ’
w2 Wi W (/ PV?® R, P dSs—/ PR{®V;P dSs)
= i\ ? o i

define two free (4, )-free Brownian motions using again the characterization given in
Theorem 4.1. We will do this for X;. Note that, since R; and V; are partially isomet-
ric, then (PV* ® R; P1jo,7])s>0 and (PR} ® V; P1jo,11)s>0 € B YT > 0. Hence, the
first condition follows since (fOT(P V¥ ® RsP)dSs):>0 and (fOI(P R} ® Vs P)dSs):>0
are P A, P-martingales. For A, B € 4, and using (1), one has:
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qS(PAP(X1 —xhpBpx! - x!)

2<1>(P) (f (PAPV' ® R, P)tdS, +/ (PAPR? ®Vup)ndsu)

+<f (PBPv;®RMP)ﬁdSM+/ (PBPR;®VMP)udSu>
s K
1 t t
- F(P)CPQ (PAPV' ® R, P)tdS, +/S (PAPR:® VuP)ﬁdSu)
t t
+</ (PBPV;@RMP)ttdSu—i-/ (PBPR;,@VMP)WSM)
K s
| R . = =
zzf [®(PAPV!V,P)®(R,PBPR*) +®(PAPR'R,P)P(V,PBPV")]du

+;/ [$(PAPV'R,P)®(R,PBPV})

+®&(PAPR:V,P)®(V,PBPR)]du

t
:%/ ([®(PAP)®(PBP)+ ®(PAP)®(PBP)ldu

L[t - . .
+§/ [®(APV!R,P)®(BPV}R,P)+P(APR:V,P)®(BPR}V,P)ldu
S
=@ (PAP)D(PBP)(t —s),

since PVyR,P = PR}V, P =0 and since R, and V,, are partially isometric (Propo-
sition 4.1). Similarly, the same result holds for X 2. Furthermore,

<I3(PAP(X1 —xHPBP(X? - Xx%)

2@(})) (/ (PAPV} ® R, P)tdS, +f (PAPR* ®V, P)ﬁds)

—|—<f (PBPV; ® R,P)tdS, —/ (PBPR; ® VuP)jidSu)

= %/St[—(ﬁ(PAPVu*VuP)qS(RuPBPR;)
+®&(PAPR:R,P)P(V,PBPV")]du
—|—%/SI[@(PAPVM*RMP)qS(RMPBPVM*)
—~®(PAPR.V,P)®(V,PBPR}))du

- %/ST[—@(PAP)QB(PBP) +®(PAP)®(PBP)\du
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+;[@mpmmpﬁwpw&m
—®(APRV,P)®(BPR"V,P)ldu=0
which finishes the proof. O
Substituting R; and V; by R; P and V; P in (2) and using Corollary 4.1, we proved:

Theorem 4.2 Given Jy such that Jy and P — Jo are injective operators in PAP, let
T :=inf{s, ker(J;) # ker P or ker(P — J) # ker P} > O by continuity of the trajec-
tories. Then, forallt < T,

dJ; = AONSP = TdWiJT, + a0 TdWrJP — T, 4+ (0P — J,)dt,
. ®)
Jo=PYoQY}P

where (W;);>0 is a P A P-complex free Brownian motion.

In the remainder of this paper, we will try to find the range of (A, 6) ensuring
the injectivity of both J; and P — J;. This is equivalent to find (X, ) for which the
spectral measure of both J; and P — J; has no atoms in 0. We first investigate the
stationary case then deal with the general setting.

5 Free Jacobi Process: the Stationary Case

In this section, we will give some interest in the particular case when Yy is Haar
distributed, that is @ (Y(I;) = 0. Then Y; remains Haar distributed for all # > 0. Thus,
the law of J; does not depend on time and such a process is called a stationary free
Jacobi process. Its law has already been computed by both Capitaine and Casalis
using the so-called generalized free cumulants [12] and Collins (P = Q, [14]). Here
we will use Nica and Speicher’s result on compression by free projections. More
precisely, authors considered PaP for any operator a € A free with P (cf. [21,
23]). This condition is fulfilled for a = Y; QY}" since Y; is Haar unitary. In fact, the
following classical result holds (see [18]):

Lemma 5.1 If U is Haar unitary and B is a sub-algebra which is free with U, then,
VA, B € 8, Aand UBU* are free.

From [23], the law of J; in (P AP, Cﬁ) writes:

wy, =B 164

where @ (P) = A0 = 1/r and H denotes the free additive convolution. Since @ is
tracial and Q is a projection, then & (a¥) = &(Q) =0 for all k > 1. Thus,

fta = (1= 60)80 + 68;.
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Furthermore, the Cauchy transform of a writes

Gu(2) =

D@ z+6—1
_+Z T :
P 2(z—1)

Its inverse is then written:

K.(z)=

72+ 1+ (z— 124407
27 ’

and finally,

l_z—l+\/(z—1)2+4ez
z 27 ’

Ru(2) == Ka(z) —

R is known as the R-transform. It plays the role of the log-Laplace transform in
classical probability since it linearizes the free additive convolution. This means that
if a and b are free, then R,» = R, + Rp. Hence

Ry, (2) =7 Ry9q(2) = Ry (A07)

where the last equality follows from the expression of the R-transform in terms of
free cumulants and the multilinearity of these latters [23]. It follows that

Mz -1+ (02— D2+4r0%2  z—r+/(z—r)2+4z/h

R;(z) =
5 (@) 207 2z

which implies that:

1 z+(2—r)+\/(z—r)2+4z/

KJ,(Z) Rj[+_

which inverse is:

Q=nzt (/=1 +VAZ =B+ C

Gn0) = 22z — 1)

where A =r> =1/(A0)%, B=2(r + (r —2)/A) and C = (1 — 1/1)>. Since J; is
self-adjoint and 0 < J; < P then its spectrum lies in [0, 1]. Thus z € C \ [0, 1] and
is constrained to J[G (z)] < 0 when J(z) > 0 which determines the square root. The
law of J; takes the form:

wy, (dx) = apdo(dx) + ar81(dx) + g(x)dx,

where

ap = lim —y3I[G(iy)], a; = lim —y3I[G(1+iy)],
y—0t y—0t

1
gx) = 11%1 ——3[G(x +iy)] forsomex € (0, 1).
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Remark The last equality holds whenever lim;cp—x I(G(2)) = JI(G(x)) where D
is the upper half-plane and x € R (cf. [13]). In fact, from

dF
rr= [ 450

for some distribution function F', the following inversion formula holds (cf. [18, 23]):

b
HM—Fmﬁ:mn—l/.MG@+WDM
y—=>0t 1w J,

for any two continuity points a,b of F (weak convergence). Silverstein and
Choi showed that if the limit above exists, then F is differentiable and d F has
the density function with respect to the Lebesgue measure given by F/(x) =
limy_, o+ —(1/7)I(G(x +iy)). See [13] for more details.

G, was already obtained in [11], as a result:
wg, (dx) =max(0, 1 —)éo(dx) +max(0, 1 — k)31 (dx) + g(x) 1 x_ . 1dx

where [ =1/A, k= (1 —0)/(A0) and

xe = (/O —20) £/20(1 —0))%,

V& —x) (g —x)
220mx(l —x)

glx) =

Note that A €]0,1], 1/6 > A+ 1< [l>1,k>1sothataqy=by=0and L =1=
x-=0,0=1/A+1= x4 = 1. As a byproduct:

Proposition 5.1 VA €]0, 1], 1/60 > A+ 1(0 €]0, 1/2] for instance), J; and P — J; are
injective operators in the compressed space PAP. For A €10, 1[ and 1/0 > A + 1,
they are invertible in PAP. As a result, (J;);>0 is a solution of (5).

Remark In [15], Doumerc derived for p(m) > m + 1 and g(m) > m + 1 where
q(m) =d(m) — p(m), the following SDE for the real matrix Jacobi process:

dJy =T — J1d B J; + v JidBI /1y — J; + (p(m) Ly — (p(m) + q(m)) J,)d1

where (B;);>¢ is a real m x m Brownian matrix. If both Jy and 1, — Jy are injective,
then this SDE has a unique strong solution. The complex version satisfies:

dJ; =Ty — J1dBi\JJ; + N 1:d B}/ Ty — Ji + (p(m) Ly — (p(m) + q(m)) J,)dt

where (B;);>0 is a complex m x m Brownian matrix. A similar uniqueness result
holds for p(m), g(m) > m. A Heuristically, if we consider the ratio dJ;/(d(m)) and
let m go to infinity, then this SDE converges weakly (up to a constant) to its free
counterpart, since normalized complex Brownian matrix converges in distribution to
the free complex Brownian motion. It is also worth noting that conditions p(m) > m
and g(m) > m are in agreement with A € [0, 1] and 1/6 > A + 1.
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6 Free Jacobi Process: the General Case

In this section, we will suppose that A < 1 and 1/6 > A+ 1. Let ¥y € 4 such that 0 <
Jo:=PYoQY;P < P, thatis Jy and P — Jy are invertible in P-4 P. By continuity
of paths, the result of Theorem 4.2 holds for t < T':

dJ[ == UtﬁdXt + Vtﬁdyt + (QP - Jt)dt,
Jo=PYoQYyP, O<Jo<P

where

X, +V/-1Y,
ﬁ ’

2

[20 . .

Ut= 7(\/P—JZ®\/J[+\/J1®\/P_Jl)=E Alt®Btl7
i=1

Wi

2
[ A6 . .
V[Zi 7(\/P—Jt®\/Jt—\/‘]t®\/P—Jt)zE C;®D;
i=1

and X and Y are two free P+, P-free-Brownian motions. Now, let us recall that for
any operator Z € PAP, we set (see [7]):

n—1
azn — sz ® Z}’l*k*l’
k=0

Ay(z"y=2)" > ZrAlB 2" 12 d(BiZ' A))
ij  kiI=0
k+l<n—-2

where U =), A’ ® B' is an adapted bi-process.

Proposition 6.1 Ler X, Y be two free free-Brownian motions, U,V be two adapted
integrable bi-processes and K an adapted process in PAP. Let

dM[ - UtﬁdXt + VtﬁdYt + K[dt
then, for every polynomial R, we have:

dR(M;) = 0R(M)8(Us8d X;) + OR(M)8(Vi8dY;) + OR(M;)i K, dt

1
+ E(AUR(Mt) + Ay R(M;))dt.

Proof When V =0® 0, this is the free It6’s formula stated in [7]. By linearity, it suf-
fices to prove the formula for monomials. To do this, we shall proceed by induction.
Hence, assume that:

dM" =M™ (U,td X,) + IMI8(V,8dY,) + dM" 8K, dt
1
+ E(AUM? + Ay M})dt

@ Springer



132 J Theor Probab (2008) 21: 118-143

By free integration by parts formula (see [6]), we have:
AM"™ = d(M;M") = dM,M" + M;dM" + (dM,)(dM!")
=@M+ MIM!)e(UtdX,) + (1 @ M + M, oM} )3(V,8dY;)
1
+(1 Q@ M, + M IM)EK,dt + EMT(AUM;’ + Ay M})dt
+@M)(AM}).

On the other hand, we can easily see that:

n
1@ M} + MM} =1 Q@ M + > M @ M} * =om;*!.
k=1
Then, using the fact that (d X)(dY) = 0 by the freeness of X and Y [19], we get:
n—1
(dM)(dM!") = Z ZA;'B{ M"=1d(BiM!A])
i.j 1=0
n—1 ) )
+ >3 cip/ M e (DMl c)).
i,j 1=0
Moreover,
MAyMP) =2 S M AIB M 26 (B Ml A))

i,j k,iI>0
k+l<n—2

n—2n—I[—1

LS Y ML M s Al

ij 1=0 k=l

and the same holds for
n—2n—-[l—1 o ' )
M Ay(M})=2)"%" %" MfciD] M1 (cim!D)).
ij 1=0 k=1

Consequently, we get:

1 n n n 1 n+1 n+1
EMz(Av(Mt)+Au(M,))+(th)(dM,)=E(Av(M, )+ Ay(M;T). U

6.1 A Recurrence Formula for Free Jacobi Moments

Corollary 6.1 Letm, (1) := & (J") forn =2 and t < T. Then, we have the following
recurrence relation:

t t
my(t) = m,(0) —n/ my(s)ds +n0/ my_1(s)ds
0 0

n—=2 .
a0y /0 M1 (5) (i (5) — mg 1 (s))dls
k=0
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or equivalently,

dm, (1) -
= () O () + A0 Yk (D ni(6) = mis (1),
k=0
Proof Using Proposition 6.1, we get:
n—1
dJ" —martmgale—i—ZJk(HP VAT e ldt—i— (AU(J”) + Ay (J"))dr.
k=0

Next, we compute

2
Ay =2Y" > JrAIB] 120 BlI! A
ij=l kfilzo 2

)
@ 22 3 AlB a6 (Bl A])

ij=1 ki=0
k+l<n-2

Zn—l—l)A Bl "2 (B! Tl AY)
=0

23 Y+ DAIB] Il & (BI I 2 A))

T.M“ ¢|| M“

N

=0

I,

2

n

—~
5}
—

(z+1)[—<P InJle = + 291’“@(1” 2P —0y)

N
Il
o

+ 40P — I I I B (IR0 P - Jt)}

where in both (1) and (2), we used the fact that A’, Btj and J; commute Vi, j € {1, 2}.
Similarly,

n—2
AV(J")—zz(erl)[’\—(P INJle T + 911+1¢(J” 2P —0y)
=0

— AP — I T TSI 0P - Jt)]

Thus, we have:

1 n n
E(AU(J; )+ Av(J))
n—2
=10 (L + DIP = J)I DU+ S S (72 (P — I,
=0
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Taking the expectation, it yields

1.
§¢(AU(J[n) + AV(J[n))

n—2
=10 (Z(l +DIDP —J)JIHd )]

=0

n—2
+ Y U+ DU U2 - Jz))])

=0

n—2
=20 (Z(l +DIDP —J)JIHD U h)]

=0

n—2
+Y (—1= DU eI (P - J,»])
=0

n—2
=n10 Y [®((P — JNIH® (! 7h)]

=0

n—2

=120 ) _[mu—i-1 (1) (my(t) = mp1 (D]

=0

Furthermore, since P — J; and J; commute, we can easily see that:

n—1
) <Z JkoP - J,)Jt”k]) =nd(J"NOP - I)). 0
k=0

Proposition 6.2 If Jy and P — Jy are invertible in PAP, then for all ) €]0, 1],
1/0>1+ A andt >0, P — J; and J; are injective operators in PAP.

Proof Our inspiration comes from the matrix case in which we make use of the semi-
martingale logdet(J; (m)). It is known that for a self-adjoint operator a € P4 P such
that 0 <a < P,

o an
lo —a)=— —.
gP-—a)==3% —
n=1
Since @ (a") = J x" u(dx) for a positive compactly supported measure ., we get:

4 > (5 n - & q; n
Cl’(losg(P—cz)):—Z (:)=—<15(a)—2 (:)_

n=1 n=2

Thus, substituting the moments of J;, one has (Corollary 6.1) forall r < T':
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@ (log(P — Jp))

¢ e ¢ 0
= ®(log(P — Joy)) —9t+/ é(Z J;’)ds —ef qS<ZJg>ds
0 n=1 0 n=1

00 n—=2

=20 [ D3 oINS UEP - J))ds

0 n=2k=0

t
= @ (log(P — Jo)) — Ot + (1 — 9)/ DI (P — J) Yds
0

; 00 o0

—wf YN BUHBIEP — Jy))ds
0

k=0n=1

t
=@ (log(P — Jo)) — 0t + (1 — 9)/ @ (Jy (P — J) Hds
0
t
—w/ DI, (P —J) " Hd(P)ds
0
t
=®(log(P — Jo)) — 0t + (1 —60 — Ae)f @ (Jy(P — J5) Hds
0

t
=@ (log(P —Jo)) — (1 —20)t + (1 —6 — w)f (P — J) Yds.
0
When A €]0, 1TJand 1/0 > 14+Athen1 —6 —A6 > 0and 1 — 16 > 0. Hence if P — Jy
is invertible, then:
@ (log(P — J))) + (1 —20)t > ®(log(P — Jo)) > —o0 Vi <T

which gives the injectivity of P — J;, V¢ > 0. The second assertion follows since
P—JisaFJP(A0/(1—80),1—0) andsince Jy is invertible. Indeed, 1/60 > 1+ 1 =
AM/(1-0)<landA<1=A-1)0=<0=20)/A-0)+1=00A-1)+1)/(1 -
0) < 1/(1 —0). Thus, similar computations applies when replacing J; by P — J;. U

Corollary 6.2 Under the same conditions of Proposition 6.2, the F' J P (), 0) satisfies
forall t > 0 the following SDE:

dJ; = NP — J:dW, T, + V36 1, dWr P — J, + 0P — J)dt

where W is a complex free Brownian motion.

Remark 1In the stationary case, one can compute explicitly @ (log(J;)). Let A €]0, 1[,
1/6 > A+ 1, z € [0, 1] so that both log(J;), log(P — J;) are well defined for all £ > 0.

Then
d - 1/1 1
——®(og(P —zJ;))=—| -G, | -] —1
dz z\z2 z

_(I4+1/Mz—r+VCz2—Bz+ A
B 2z(1 —2) '
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Note that this derivative is well defined for z = 0 and z = 1. It follows that:

1 /C.2
. 1+1/M)z—r++Cz—Bz+ A
2@ (log(P — J;)) = —/ ( /2 dz. 6)
0 z(1 —2)
Note first that Cz2 — Bz + A > OVA €10, 1[, 1/60 > 1 + 1 since x4, x_ €]0, 1[ are
the roots of Az> — Bz + C (so that z < 1/x.). In order to evaluate the integral in the
right, we use the variable change v/A(1 — uz) = +/Cz2 — Bz + A, which gives:

_2Au—B . _Au2—2Au+B—C
‘Tar—c = Au? —C :
Au?>—Bu+C
do— ppdu-—butc
(Au? —C)?

Moreover, since A — B+ C = A(1 —0(A+1))2 > 0and 8(1 + 1) < 1, then the roots
of Au? —2Au+ B —C =0 are given by: ux =1+ (1 — 6(1 + 1)). On the other
hand, B/2A = (1/2)(x4+ +x_) =6(A + 1 — 2A0). Hence our expression factorizes
into:

) 1 70D — 90+ 1)(Au® — Bu +C)
qﬁ(log(P—Jz))——ﬁ 524 (uz_C/A)(AMZ_ZAu—i-B—C)du

1 O(r+1) (Au2 — Bu + C)
e u
VA Jppa @ —=C/A(u—uy)

6(r+1) C] C2 C3
/ + +
B/2A u—@(l—k) u+9(1—k) U—uy

du

for some constants Cy, C», C3 depending on both A, 6, given by:

=00 +1)

=1, =1/A, C
Cy Cr=1/ 3 Y

Thus, one gets:
b (log(P — J1)

= —[C1log(u — (1 — 1)) + Calog(u + 0(1 — 1)) + C3log(uy — u)]205HD

B/2A
(I1—-6(A+1) ]
1—0(+1)+ 162

1
=log(1 —0)+ Xlog(l —A0) — C3 log|:

=1+ C3)log(1—0) + G + C3) log(1 — 20) — C3log(1 — (A + 1))

_ (1—0)log(1 —6) + (1 — 20) log(1 — A0) — (1 — O + 1)) log(1 — O + 1)
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Note that the result extends for all A €]0,1], 1/6 > A + 1. Since P — J is still a
FJP(A\O/(1—0),1—0), then:

flogh + (1 —A0)log(l —A0) —O(1 — 1) log(6(1 — 1))
A0 '

B (log(J))) =
6.2 Free Martingales Polynomials
In this paragraph, we consider a stationary FJ P(1,1/2) starting at Jy, the law of
which is the Beta law B(1/2, 1/2). Recall that a 4;-adapted free process (X;);>0 is
a A;-free martingale if and only if @ (X,|A;) = X (see [2, 6, 9]).
Proposition 6.3 Let ; denotes the von Neumann subalgebra generated by (Jg, s <
1) and let 0 < r < 1. Then, the process R, := (1 +re")P —2re' J)((1 +re')>P —

4re! J,)*]),<_1nr is a $;-free martingale.

Proof R, can be written as:
R — P ) re' e 4re J -
P et T 4ren?! (I+re)?2™!

B 1—re P+1 P 4ret ; P 4ret J -1
T2 +ret)y T2 (1 +re)2”! (1+e)2”!

. 1—reé P
T2 +re) T2
where
4 t -1 4 nn
=P 5| =y W
(14 ret)? et (1 4ret)2n

since 4re! < (1+re')?2and 0 < J; < P for all ¢ > 0. It follows that:

2ret

= H, — H
1+re (14ret)? !

d. 7

On the other hand, one has for 1 </ <n —1and n > 2:

T(n—141/2) T(n—1—1/2)
Nt 2T =D

From the proof of Proposition 6.1, we deduce that, for all # > 0:

o= SN P - ) =

P 1
dJ" =M, +n(5 - J[>J,"1dt + 5By + Av)

P n—1
:Mt+ n E—Jt J[
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n—1
+ Y IR = I e + e P - J,))]:|dt
=1

P n—1
ZMZ—F n E—Jl Jt

n—1
B 1 Tn—=1+1/2) J_,’F(n—l—l/z)]
+l§l[(P i 2/ =Dl 2 2ymn—1)! d

[ (P
= Ml‘ + l’l<§ — Jt)]tn—l

CT—1+41/2) . T@a=1-1/2) ,
+§_172ﬁ(n—1)! I i —1 1)71]}1:

2y =10 !
[ /P
M, + n(; — Jt)Jt’l—l

n n—1
Pn—141/2) ;| ~U=DOr-DM—1+1/2) ,
S [}

J

2T —1+1)! !
P

= Ml + |:l/l<5 — Jl)‘]tnl

n—1
1 Fn—1+1/2) ,_, T—1/2)
+2ﬁ[§" =i+ T T PH‘”

n—1+1!

P . Tn—I1+1/2)
:M,+|:<2 J,)J 14 2fz JI= i|dt

Fn—1+1/2) ,
Jl'dt J, 7 d
o +2fz RS G

where M, stands for the martingale part. Note that this is true for n = 1. Thus

(drely" re < n(dre’)"
FV@H) =) o F W””H Z(1+re’)2" o
n>0 =0

2re’

n(4re")"
=— J'dt
1+ret Z (1+r
n>0

gt)Zn t

1 n@dre)' ~Tn—14+1/2) ,_
+2\/_Z J

=l ar
T (1 +ret)n (n—=14+1)!
n>0 =1
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2re! Z n(4re’)"

_ —J]
1+ret orer (1 4+ret)

1 (4ret)! n+DQ1/2), (dreH"
T30 2

I 1

= dt
121

2 1 (1+re) =0

(n+1)! (1+ret)2n’

_ 2re! Z n(4re’)"

_ —
14ref orer (1 4+ret)
N 2reét Z (4ret)! Z n+1+1)(1/2), @reH)" J;l "
(1+ret)? P (14 ret) = (n+ 1! (1 4ret)2n
_ 2re! Z n(4re")"
- —J]
14ref rerd (1 4ret)
N 2ref Z @re' ~ (1/2),  (dre')"
(1+ref)2 &= (1+re)2 ™! n! (1+re)n
>0 n>0
I(4re")! (1/2),  (4re'y"!
_Z 1 / n (8)

(1+reh) g = 1+ D1+ reh) 2

where F'V stands for the finite variation part. From (see [1]):

ad p
1Fo(@.2)i= ) @y == [zl <1,

p=0
one has for all 7 such that re’ < 1:

tn t —1/2 t
Z(l/z)n (4re') dt:(l— 4re ) _l4re

n! (14 re)n (14 reh)? T l—re’

n>0
Then, the second term in (8) cancels with the second one in (7). Similarly, from

Jo dz/v/1T—z2=2-2J1—u,

Z (1/2),  (4re"y™*! _ 1 4ret 1/2_ 2re!
(n+1)!(1+ret)2n+2 (1 +ret)? Y

and the remaining terms cancel too. O

Corollary 6.3 Let Ty denotes the kth-Tchebycheff polynomial of the first kind:
Ti(x) :=cos(karccos(x)), k>0, xe]—1,1].
Thus the process S(k) defined by S; (k) := ekt Tk (2J; — P) is a $;-free martingale.

Proof Let us first point out to the reader that these polynomials are orthogonal with
respect to Beta distribution B(1/2, 1/2) which is the law of F'J P(1, 1/2). The proof
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is standard (see [6] for the additive free BM) and uses the generating function of
(Ti) k>0 which is given by [1]:

o
— X
L(x,2)i=) T =< 2l < 1.

-2 2’
=0 X +z

Letting z = re’ with 0 <7 <e™! < e™ for s < t, then both L(2J, — P, re") and
L(2Js — P,re’) converge and an easy computation shows that:

LQ2J; — P,re')=R, isa J,-free martingale,
thus,

D(Ri|Fs) =Ry <& DILQRJ;—P,re")|gs]1=LQ2J;—P,re’) <

o0 o0
> B Ti(2), — P grt = Tu2J — P)etrt.
k=0 k=0

Taking the derivative of both sides at » = 0, we are done. O

7 On The Cauchy Transform of the Free Jacobi Process

Under the assumptions of the previous section, one has from (5):
D(J) = (D(Jy) —0)e™" +6.

Then, a similar computation as in Proposition 6.2 using Corollary 6.1 gives for all u
in the unit disk:

@ (log(P — ulJy))

=Y BN = b - Y B

n>1 n>2

=u(®(Jo) — D(J;)) + D (log(P — uJp))

+ /[43<Z(ujs)”>dS—9u fté(Z(qu)n—1>ds
0 0

n>2 n>2
t n—2
_wf 2D W EUITENBULP — J)ds
0
n>2 k=0

t
=u(®(Jo) —0)(1 —e™") + D (log(P — ulp)) +/ S U JH(P —ulJs) Vyds
0

t
—Qu/ & (s (P — uly)"V)ds
0
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t
—wu/ é(Z(uJS)”“)qS(Z(uJS)k(P —~ JS))ds.
0

n>0 k>0

Using once u?J? = (uJ; — P)(uJ; + P) + P and twice uJ; = (uJ; — P) + P, we
get:

@ (log(P —uly))

=u(@(Jy) —0)(1 —e™) + d(log(P — ulo)) + (1 —Gu)/otcﬁ((P —uJ) Vds
+9ut—/ol<15((P+uJ5))ds
— AOu /Ot DI (P —uld) " Hd (P — J)(P —uly) Hds

=@ (log(P — uJp)) + (1 — Ou — 10u) fot D((P —ulJy) Hds — (1 — 10u)t
— A0 (u — l)fol (P —uJ) NP W (P —uJ)™h)ds
+ A0 (u — 1)/0[ D (uJy (P —uldg) YHds

=@ (log(P — uJo)) + (1 — Ou + 160 (u — 2))/0' D(P —ulJy) Hds — (1 — 10)t
— 20 — 1)fol S2((P —uJs) YHds.

Setting hy (u) = ® (P —uJ;)™Y), then h,(u) = (1/u)G;, (1/u) := (1/u)G,(1/u) and

d - ~ 1 1/1
—d—fp(lOg(P —uJ)=DU(P—ul)™ ) =—(h(w) — 1) = —(—Gt(u) - 1)-
u u u\u

Thus:

t

t
G,(l/u):Go(l/u)+9(1—)\)uf G‘Y(l/u)ds+/\9/ G2(1/u)ds
0 0

t
+(1—0u+ 10— 2))/ |:Gs(1/u) + iG;(l/u)i|ds
0

1

_ t
+2w( u2”>fo [WG2(1/u) + GL(1/u)Gs(1/u)].

As a consequence, G satisfies:
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Proposition 7.1
t t
G/(2) =Go(x)+ (1 — ZAG)/ Gs(2)ds + 2102z — 1)/ Gf(z)ds
0 0

t t
+((1—2A6)z—9(1—k))/ G;(z)ds+2wz(z—1)/ G,(z)G.(2)ds.
0 0

Remark The expression above can be derived in a similar way by multiplying both
sides of the recurrence formula in Corollary (6.1) by 4" and summing over n. Besides,
it takes the p.d.e. form:

3G (z) = 0:A[(1 — 200)z — (1 — V]G (2) + Mz(z — DG] (2)}.

In the stationary case, one can see that [(1 — 2A0)z — 0(1 — X)]G(z) + A0z(z —
1)G?*(z) = —20 = —1/r with G := G, derived in Sect. 5. Thus the p.d.e. is satisfied.

8 Conclusion and Open Questions

The curious reader can check after browsing Chap. 3 in [15] that the study of the free
Jacobi process is more handable than the one of its matrix analog, in the sense that,
though both cases belong to a noncommutative context, more precise results on the
law are derived in the infinite dimensional case, namely, the recurrence formula for
the moments and the Cauchy transform though the nonlinear p.d.e. it satisfies. Nev-
ertheless, we can not prove uniqueness of the solution of (5) as done for the matrix
Jacobi process and for the free Wishart process as well. When the SDE (or free) is
driven by Holder-continuous coefficient operators, this uses mainly an invertibility
argument as well as Gronwall Lemma. Hence, this can be done in the stationary case
for A €]0,1[, 1/6 > A + 1 (see Proposition 5.1). A general result is still an open
problem.
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