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ON THE SYMMETRY REDUCTION OF THE (1+3)-DIMENSIONAL INHOMOGENEOUS
MONGE-AMPERE EQUATION TO ALGEBRAIC EQUATIONS

V.M. Fedorchuk'? and V.I.Fedorchuk' UDC 512.813: 517.957.6

We perform the procedure of symmetry reduction of (1+3)-dimensional inhomogeneous Monge—
Ampere equation to algebraic equations. Some results obtained with the use of the classification of
three-dimensional nonconjugate subalgebras of the Lie algebra of the Poincaré group P(1,4) are pre-

sented.

Keywords: symmetry reduction, inhomogeneous Monge—Ampere equation, classification of the Lie al-
gebras, nonconjugate subalgebras of the Lie algebras, Poincaré group P(1,4).

Differential equations serve as one of the main tools in the construction of mathematical models of the pro-
cesses running in the surrounding world. In numerous cases, the constructed differential equations have nontriv-
ial symmetry. To study these equations, we can use, in particular, the classical Lie—Ovsyannikov method [1,
17]. With the help of this approach, it is possible, in particular, to perform symmetry reduction and construct the
classes of invariant solutions of the investigated equations (see [1,9, 10, 13, 17, 18, 19] and the references there-
in).

For the classification of symmetry reductions and invariant solutions of differential equations with nontrivi-
al symmetry, the authors proposed [11] to use the structural properties of low-dimensional nonconjugate subal-
gebras of the same rank as the Lie algebras of the symmetry groups of the investigated equations.

In solving various problems of geometry, geometric analysis, string theory, cosmology, geometric optics,
optimal transfer, one-dimensional gas dynamics, meteorology, and oceanography, we obtain the so-called
Monge—Ampere equations in spaces of different dimensions and different types. At present, there is a signifi-
cant number of available works devoted to the investigation of equations of this kind, in particular [2, 7, 8, 14—
16, 20-23] (see also the references therein).

The present work is devoted to the study of relationships between the structural properties of the three-
dimensional nonconjugate subalgebras [3] of the Lie algebra of the group P(1,4), the types of symmetry reduc-
tions, and the invariant solutions of the (1+3)-dimensional inhomogeneous Monge—Ampere equation.

As a result of the symmetry reduction of the investigated equation, we obtain the following reduced equa-
tions:

— algebraic equations;
— first-order linear ordinary differential equations (ODE);

— nonlinear ODE of the first order;
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— nonlinear ODE of the second order;
— partial differential equations.

The results concerning the symmetry reduction of the (143)-dimensional inhomogeneous Monge—Ampere
equation to the first-order ODE and its invariant solutions can be found in [4, 12].

In the present work, we give only our results concerning the symmetry reduction of the investigated equa-
tion to algebraic equations. For this purpose, we first consider some results obtained for the Lie algebra of the
group P(1,4) and its nonconjugate subalgebras.

1. Lie Algebra of the Group P(1,4) and Its Nonconjugate Subalgebras

The Poincaré group P(1,4) is a group of rotations and translations of the five-dimensional Minkowski
space M (1,4). Among the groups important for theoretical and mathematical physics, a special place is occu-
pied by the group P(1,4). This is the smallest group that contains, as subgroups, both the symmetry group of
relativistic physics (Poincaré group P(1,3)) and the symmetry group of nonrelativistic physics (extended Gali-

lean group G(1,3) [5)).
The Lie algebra of the group P(1,4) is specified by 15 basis elements My, =-M,,, pv= 0,1,2,3,4,
and Pu’ u=0,1,2,3,4, satisfying the following commutation relations:

[R,.P,]=0,
[Muv’Po] = gvcpu _gucpv’
[Myy M6 1= 8u6Myp +8ypMyuc = 8upMys =~ 8voM -
where Suv» MV = 0,1,2,3,4, is a metric tensor with the following components:

800="811="8n="83="8a =1

and Suv =0 if u#v.
In the present work, we consider the following representation for the Lie algebra of the group P(1,4)

[6]:

d d d
p=-2, p=--2  p=--9
07 dx,’ 1 ox,’ 2 ox,’
___0 __Jd _ _
P3——E, P4 ——E, MHV _xHPV_xVP},l’ X4 =U.

Further, we pass from M v and B, tothe following linear combinations:

G =My, Ly = My, Ly, =-M,;, Ly= My,
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P :Ma4_MOa’ Ca:Ma4+M0a, (l=1,2,3,

a

Py -P
X, =-2+% X,=P, k=123 X,

_Bth
2 - .

2

The classification of all nonconjugate subalgebras of the Lie algebra of the group P(1,4) (whose dimen-

sions do not exceed three) into the classes of isomorphic subalgebras was performed in [3]. As a result of the
performed classification, it was established that there exist three-dimensional nonconjugate subalgebras of the

Lie algebra of the group P(1,4) of the following types: 3A;, A, ®A,, A3,1, A3’2, A3’3, A3’4, A3’6, Aglj,
A3’8, and A3’9.

2. On the Symmetry Reduction of the (1+3)-Dimensional Inhomogeneous Monge—Ampere Equation to
the Algebraic Equations

In the present work, we consider an inhomogeneous Monge—Ampere equation of the form
det(u,,) = M1-uu")®,  A#0, (1)

where

u=u(x), x=(xy,%,%,x3)€M(,3),

0% u v Vo Ju
u, = =———, u = g%, U, ==s—,
wv E)xM ox,, Qo 7 dx,
gy = (L-1-1-D3,,, p.v,e=0123,

and M (1,3) is a (1+3)-dimensional Minkowski space.

In 1983, Fushchych and Serov [6] studied the symmetry and constructed multiparameter families of exact
solutions to the multidimensional Monge—Ampere equation. It follows from the results obtained in [6] that, in
particular, the investigated inhomogeneous equation (1) is invariant under the group P(1,4).

In what follows, we present our results concerning the symmetry reduction of the investigated equation to
algebraic equations.

Subalgebras of the Type 3A,.
1. (P,-vX;,v>0)®(P,— X, —8X;,8 2 0)®(X,):
The ansatz

x5(x, +u)2 —(pry +0xy —x3)(xg +u)—x; = O(®), = x,+u.
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The reduced equation
o* +20° +&% +y2 + Do’ + 2720 +v? = 0.
The solution of the (1+3)-dimensional inhomogeneous Monge—Ampere equation is given by
(xg +u)t + 2(x, +u) + (3 +yr + D(x, +u)? +2y2(x0 +u)+y%> = 0.
2. (B-1X3.7>0)® (P - X,) @ (X, ):
The ansatz
x3(xo+Lt)2—(YJc1—)c3)()c()+u)—yx1 =o(®), ®=x,+u.
The reduced equation
(@+D)(*+0?) =0.
The solutions of the reduced equation are
o+1=0, yz+w2 = 0.
The solutions of the (1+3)-dimensional inhomogeneous Monge—Ampére equation are
Xo+ut+l=0, (x,+u)+y*=0.
3. (P)®(P,— X, -8X;,8>0)®(X,):
The ansatz
xX3(xg +u)=0x, + x5 = @(®), ® = xy+u.
The reduced equation
(@+1D*+8% =0
The solution of the reduced (1+3)-dimensional inhomogeneous Monge—Ampere equation
(x, +u+1)2+8% =0.

Note that the left-hand sides of ansatzes 1,2, and 3 are polynomials in the invariant ® = x; +u.
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4. (P - X5)®(P,)®(X,):
The ansatz

__ M

X3 =0(w), ®=xy+tu.

The reduced equation
o®>+1)=0.
The solutions of the reduced equations are
0©=0, o’ +1=0.
The solutions of the (1+3)-dimensional inhomogeneous Monge—Ampere equation are
Xgt+u =0, (x0+u)2+1:0.
5. (P—X,)®(X,)®(X,):
The ansatz

__ 3

Xy =), ®=x,+tu.

The reduced equation
2 -
o +1)=0.
The solutions of the reduced equations are
0=0 o’ +1=0.

The solutions of the (143)-dimensional inhomogeneous Monge—Ampere equation is

Xgt+u =0, (x0+u)2+1:0.
Subalgebras of the Type A3’1 .

1. (4X,,P, - X, —YX;5, P, + X, —uX, —8X;,7y>0,8#0,1>0):
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The ansatz
x53(xy + u)? - (yx; +8x, — x5 ) (X + 1)+ (8 —Y)x; — X, + X3 = O(W),
®=xy+u.
The reduced equation
o’ +2uo)3 +(82 +yz +|,L2 +2)032 +2u(y2 +1)w+(8—w)2 +yz +1=0.
The solution of the (1+3)-dimensional inhomogeneous Monge—Ampere equation
(xg +u)4 +20(x, +u)3 + (82 + yz + uz +2)(xy + u)2
+ 20y +1)(x +u)+ (@ =) +y2 +1=0.
2. (4X,,P— X, — VX5, P+ X, — X,y >0,u>0):
The ansatz
x5 (X 1) = (pr) = 1) (g + 1) = Y, — Y, + x5 = (o),
®=x,+u.
The reduced equation
o’ +2u033 +(\(2 +u2 +2)032 +2u(y2 +1)w+72(u2 +1)+1=0.
The solution of the (1+3)-dimensional inhomogeneous Monge—Ampere equation
(xg + u)4 +2U(xy + u)3 + (y2 +u2 +2)(xy + u)2
+2u(Y% +1)(x + )+ Y A +1)+1= 0.
3. (4X,,P - X,, P+ X, —uX, —8X;,8 >0,u #0):
The ansatz
x3(xy + u)? - (8x, —xy)(xy +u)+0x; + x5 = G(W),

(J)=x0+1/t
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The reduced equation
ot +210° + (3% +1? +2)0° + 20 +8%+1=0.
The solution of the (1+3)-dimensional inhomogeneous Monge—Ampere equation
(g + 1) +2U(xy +u) + (8% + 1 +2)(xo +u)* +2U(xy +u)+8* +1 = 0.

4. (4X,.P,-X,, P, + X, - 8X;,8>0):
The ansatz

xs3(xy + u)? - Ox, (xg +u)+0x, + x5 = @(0),

®=x,+u.
The reduced equation
(@ +1)(@* +8*+1) = 0.
The solutions of the reduced equation are
0>+1=0, o>+8>+1=0.

The solutions of the (1+3)-dimensional inhomogeneous Monge—Ampere equation are

(g +u)*+1=0, (xo+u)?+8*+1=0.
5. (4X,.P, - X, —-BX;, P, + X, . >0):
The ansatz

xs3(xy + u)? - Bx, (xg +u)—Px, + x5 = ¢(w),

®=x,+u.
The reduced equation
(co2 +1)(o)2 +B2 +1)=0.

The solutions of the reduced equation are



ON THE SYMMETRY REDUCTION OF THE (1+3)-DIMENSIONAL INHOMOGENEOUS MONGE—-AMPERE EQUATION 675
o’+1=0, o?+p’>+1=0.
The solutions of the (1+3)-dimensional inhomogeneous Monge—Ampere equation are
(o +u)* +1=0, (xo+u)’+B*+1=0.
6. (4X,.P—X,, P, + X, —uX, 0 #0):
The ansatz
x3(xy + u)2 +Ux3(xg tu)+x; = Q(w),
®=x,+u.
The reduced equation
o’ + po+1=0.
The solution of the (1+3)-dimensional inhomogeneous Monge—Ampere equation
(xg +u)2 +U(xy+u)+1=0.
Note that the left-hand sides of ansatzes 1, 2, ..., 6 are polynomials in the invariant
®=x,+u.
7. (2uX,.Py— X5, X, +1X5,0>0):
The ansatz
X3 — WX

X, ——=—1 (@), o=x,+u.
2 xytu ¢(@) 0

The reduced equation
o@?+u>+1)=0.
The solutions of the reduced equation are
=0, o +p*+1=0.

The solutions of the (1+3)-dimensional inhomogeneous Monge—Ampere equation are
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Xgt+u =0, (x0+u)2+u2+1:0.

CONCLUSIONS

We establish the relationship between the types of three-dimensional nonconjugate subalgebras of the Lie
algebra of the Poincaré group P(1,4) and the symmetry reductions to the algebraic equations for the (1+3)-
dimensional inhomogeneous Monge—Ampere equation. We also present some invariant solutions of the investi-
gated equation.

As indicated above, there exist three-dimensional nonconjugate subalgebras of the Lie algebra of the Poin-
caré group P(1,4) of the following types [3]: 3A;, A, ®A,, A3,1, A3’2, A3’3, A3’4 s A3’6 s Aglj s A3’8 , and
Azg.

For the (1+3)-dimensional inhomogeneous Monge—Ampere equation, we obtain reductions to the algebraic
equations for some nonconjugate subalgebras of the following two types: 34, and Aj; .

The constructed solutions of the (1+3)-dimensional inhomogeneous Monge—Ampere equation are polyno-
mials of the first, second, and fourth degrees with respect to the invariant x;, +u.

On behalf of all authors, the corresponding author states that there is no conflict of interest.
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